ON THE DENSITY OF UNNORMALIZED TAMAGAWA NUMBERS
OF ORTHOGONAL GROUPS 1
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1. INTRODUCTION

This is the first part of a series of three papers. In this series of papers, we deter-
mine the density of unnormalized Tamagawa numbers of projective special orthogonal
groups defined over a fixed number field.

Let k£ and A be a number field and its rings of adeles. Throughout this series of
papers

(1.1) G = GL(1) x GL(n), V = Sym>Aff".

We regard V' as the space of quadratic forms in n > 1 variables. In these papers we
mainly consider the case n > 3, but need to consider all positive integers n € Z- for
technical reasons. Let V® = {x € V| detz # 0} . For x € V;*, we define the special
orthogonal group SO(x) in the well-known manner. We define PSO(z) to be SO(z)
modulo its center, and call it the projective special orthogonal group of . Then

SO(x) n odd,
PSO(z) = { SO(x)/{£I,} n even.

We denote the set of k-isomorphism classes of algebraic groups over k of the form
PSO(z) by S,. Then S, can be naturally identified with the set of k-isomorphism
classes of algebraic groups over k of the form SO(z).

In Section 3, we prove that the correspondence Gx\V;® 3 © — PSO(z) € S, is a
bijective map. In Section 5, we define the discriminant A, € Z-, for x € V;®. In
Section 8, we define an invariant measure dg’/ on the adelization PSO(z), essentially
using its Iwasawa decomposition. This dg is not the classical Tamagawa measure on
PSO(x)y, which is defined using an invariant differential form defined over k.

The volume vol(PSO(z),/PSO(x),) with respect to dg., is finite, and we call it the
unnormalized Tamagawa number of PSO(x). This is an arithmetic invariant of some
interest. For example, if n = 2 then it can be described by the class number and the
regulator of the quadratic extension of k generated by the roots of x.

Our main theorems are Theorem 6.12 in part II [9] and Theorem 5.9 in part IIT [34].
Our results are over an arbitrary number field &k, but we state them here assuming
that £ = Q for simplicity.
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Let I'(s) be the classical gamma function. We put
Cg(s) = 7 2T(3), Te(s) = (2m)'°T(s).

For 0 <1 <, let S,; be the subset of S,, consisting of groups of the form PSO(x)
where x is a quadratic form with signature (i,n — 1).
For the special case kK = QQ, our main results can be formulated as follows.

Theorem 1.2. Suppose that n =2r +1 > 3 is odd. Then
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Note that SO(z) = PSO(x) if n is odd.
Theorem 1.3. Suppose that n = 2r > 4 is even. Then
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Since our work is a generalization of Datskovsky’s work [3], our method works for
n = 2 also, and can prove the following known result of Goldfeld-Hoffstein [7].

Theorem 1.4 (Goldfeld-Hoffstein).
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where hg, Rp are the class number and the regulator of the quadratic field F' respec-
tively.

Note that 1 —p2 —p 2L 4 p 22 =1 —p2 —p 34+ p*ifr =1, which is the
constant in the theorem of Goldfeld-Hoffstein.



For a nonzero integer D, let hp be the number of SL(2)z-equivalence classes of
primitive integral binary quadratic forms with discriminant D. It is known that hp
equals the narrow class number of the order of a quadratic field with discriminant D.
If D > 0 then one can define an analogue of the regulator for the above order, which
we denote by Rp. It is very famous that Gauss conjectured that

47T 3
Z hp ~ m}@.

0<—-D<X

The integral structure on the space of binary quadratic forms Gauss used was different
from the integral structure used nowadays. If the integral structure of this paper
(which is the same as that in Shintani [26], etc.,) is used, the constant 4/21 must be
replaced by 1/18. If we use the integral structure of this paper, Gauss’ conjecture for
D > 0 can be stated as follows:

Gauss’ conjecture was proved by Lipschutz [18] for the imaginary case (i.e., for
D < 0). The real case was proved by Siegel [27]. Mertens [19], Vinogradov [29], Shin-
tani [26] and Chamizo-Iwanic [2] worked on the error term estimates for these cases.
Shintani estimated the error term using the zeta function theory of prehomogeneous
vector spaces. Siegel’s result [27] contains the density theorem of equivalence classes
of integral quadratic forms in n > 2 variables.

Gauss’ conjecture was a conjecture essentially on integral equivalent classes of in-
tegral binary quadratic forms. Omne can naturally associate a quadratic field to a
binary quadratic form. Then a natural question is whether or not hp is related to the
class number of the quadratic field with discriminant D. The answer is yes in some
sense. If D is square-free then hp is indeed the narrow class number of the quadratic
field with discriminant D. However, in Gauss’ conjecture, hp’s for not necessarily
square-free D were counted. If m is a non-zero integer and D = m?2D’ then hp, Rp
can be easily described by hp/, Rp and m. So to get the density of hy Ry of quadratic
fields, one has to filter out the above ambiguity.

This ambiguity was first removed by Goldfeld-Hoffstein in [7]. Goldfeld-Hoffstein
used Eisenstein series of half integral weight to prove Theorem 1.4. Datskovsky gave
another proof by using the zeta function theory of the prehomogeneous vector space
(1.1) for the case n =2 in [3].

Theorems 1.2, 1.3 are density theorems on rational equivalence classes Gg\V{3® and
so differs from Siegel’s result in some sense. We obtain natural objects such as Q-
isomorphism classes of (projective) special orthogonal groups by considering G\ V.
What we do is to remove the ambiguity based on the difference between integral
equivalence classes and rational equivalence classes.

Considering rational equivalence classes sometimes makes the consideration easier
and sometimes more difficult. If there are not enough equivalence classes, the consid-
eration becomes easier. This is the case for odd n. If there are still many equivalence
classes, the consideration becomes more difficult, because it is difficult to count sparse
objects. This is the case for even n. For this reason, we use different methods for odd
n and even n.



The notion of prehomogeneous vector spaces was introduced by M. Sato in the
early 1960’s. The pair (1.1) is a typical example of prehomogeneous vector spaces.
The principal parts of the global zeta functions for some prehomogeneous vector
spaces, including (1.1), were determined by Shintani [25], [26] and Yukie [35], [36],
[37].  Ibukiyama-Saito [11] proved an “explicit formula” for the zeta function for
(1.1) when the ground field is Q. They expressed the zeta function as a sum of two
functions which are products of Riemann zeta functions in the case where n is odd,
and expressed the zeta function using Riemann zeta functions and the Eisenstein
series of half integral weight in the case where n is even.

For the rest of this introduction, we consider (1.1) over an arbitrary number field
k. The main purpose of parts I, II is to prove Theorem 1.2. For this purpose, we use
a Dirichlet series Z(s) defined by
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when n is odd. This Z (s) is not the zeta function of the prehomogeneous vector
space (1.1). In part II, we shall express Z (s) as a sum of two Euler products by
a technique used in [11], and prove that 2(3)2 has the rightmost pole at s = "=
which is simple. Then the well-known Tauberian theorem (see Theorem I [21, p.464])
reduces the problem to the computation of the residue of Z (s)? at s = "TH The
slightly complicated form of Theorem 1.2 is a reflexion of the fact that Z (s)?, rather

than Z (s), has a simple pole at the rightmost pole. Even though we shall not prove
it, we expect that

X< Y vol(SO(2)/80(x)) < X%
TESn

for any € > 0 if n is odd.

For odd n, vol(SO(z)4/SO(x)x) can be expressed as 2 [, ¢, ., where 2 is the value of
classical Tamagawa number of SO(x) and ¢} , is a certain Euler factor corresponding
to the place v of k. If v is a finite place then it turns out that the computation of ¢ ,
reduces to the computation of the “local density” of . If k = Q then the local density
is known for all cases (see [8], [30]). However, there is a slight difficulty dealing with
arbitrary dyadic fields and so we use a method similar to that in [3], [15] to compute
Gy for v € Mg in Section 11. For even n, we shall group local orbits according to
their types and compute the sum of ¢ , for each type for v € 9 in part I11. We shall
compute ¢, , for infinite places (including the case where n is even) in part II. The

knowledge of ¢ , for all v and 2 and the relatively simple orbit space G\V;* enables
us to use a technique in [11] to Z(s). We shall discuss the method for odd n in the
introduction of part II in more detail (also see the comment at the end of Section 6).

We shall prove Theorem 1.3 in part III. We use the “filtering process” used in
[4], [3], [14], [15], [16] (also implicitly in [5], [6]) for that purpose. This approach is
based on the zeta function theory of the prehomogeneous vector space (1.1). Roughly



speaking, the zeta function Z(s) for this case is in the following form:

vol(SO(x)4/SO(x
zE€GE\V® z
where L,(s) is a certain L-function which depends on the orbit z € V®. So, in a
sense, we use the filtering process to remove the contribution from L,(s).

We speculate that it is possible to use the filtering process to the square of the zeta
function and obtain the same result for odd n. However, it is probably easier to apply
the explicit method in part II. There is also a possibility that one can use the explicit
method in part II for even n. However, since the principal parts of the zeta function
for the present case has been determined in [35], it is probably easier to use the zeta
function theory at this point. We discuss the method for even n in the introduction
of part III in more detail.

For the rest of the introduction, we discuss the organization of this part. Except
for Section 3 where k is an arbitrary field, £ is a number field. In this part n is
an arbitrary positive integer except for Sections 6, 9, 10, 11 where n > 3 is an odd
integer.

In Section 2, we discuss notations used throughout this part. In Section 3, we
investigate the relation between S,, and the orbit space G;\V;*® for an arbitrary field
k. In Section 4, we choose a set of representatives for local orbit spaces of (1.1)
at finite places. In Section 5, we define the notion of discriminant for quadratic
forms, and determine values of discriminants for the local representatives which we
choose in Section 4. In Section 6, we investigate the correspondence between the
global orbit space and the product of the local orbit spaces for odd n. In Sections
7 and 8, we define invariant measures on SO(z)a, etc., for x € V* essentially using
their Iwasawa decompositions, and define the notion of the unnormalized Tamagawa
number of SO(z),, etc., assuming the definition of the measures at infinite places in
part II. In this way, the reader can concentrate on finite places in this part, and on
infinite places in part II. In Section 9, we review some facts concerning the classical
Tamagawa number of SO(x). In Sections 10 and 11, we compute ¢, , for finite places
.

2. NOTATION

In this section, we define basic notations used throughout this paper. More spe-
cialized notations will be introduced in each section.

If X is a finite set then §X will denote its cardinality. The symbols Q, R, C and
Z will denote respectively the set of rational, real and complex numbers and the
rational integers. If a € R, then [a] will denote the largest integer z such that z < a.
The symbol R.y (resp. Rs() will denote the set of positive (resp. non-negative)
real numbers. Similarly, Z- (resp. Zs() will denote the set of positive (resp. non-
negative) integers. If R is any ring, then R* is the set of invertible elements of R. If
V' is a variety defined over R, then Vi denotes the set of R-points. If G is an algebraic
group, then G° denotes its identity component.

In this paper, we assume that k is a number field except for Section 3 where k is an
arbitrary field. We shall denote the ring of integers of k£ by O. The symbols I, M.,
M, Mgy, Mr and N will denote respectively the set of all places of k, all infinite



places, all finite places, all dyadic places (those dividing the place of Q at 2), all real
places and all imaginary places.

If v € M, k, denotes the completion of k at v and | |, the normalized absolute value
on k,. If v € My, then O, denotes the ring of integers of k,, m, a uniformizer of O,,
p, the maximal ideal of O, and ¢, the cardinality of O,/p,. If a € k, and (a) = p¢,
then we write ord,(a) = ¢ (or ord(a) = i if there is no confusion). If i is a fractional
ideal in k, and a — b € i, then we write a = b (i) or a = b (¢) if ¢ generates i.

If k1 /ko is a finite extension either of local fields or of number fields, then we denote
the relative discriminant of the extension by Ay, /i,, which is an ideal in the ring of
integers of ky. If Ky is either Q, or Q, we denote Ay /i, by Aj. We also denote
the classical absolute discriminant of k; over Q by the same symbol Ay, . Since this
number generates the ideal Ay, , the resulting notational identification is harmless.

We now return to k. The symbols 7, 79, hi, Ry and e, will denote respectively,
the number of real places, the number of imaginary places, the class number, the
regulator and the number of roots of unity contained in k. We put

(2.1) € = 2(27)? hy Rye;. .

We next define notations concerning adeles and ideles (see [31]). The ring of adeles,
the group of ideles and the adelic absolute value of k are denoted by A, A* and | |
respectively. Let A' = {t € A* | |t| = 1} and A; be the finite part of A. For
A€ Ry, A € A® is the idele whose component at any infinite place is AY/*@ and
whose component at any finite place is 1. Then [A| = .

We choose a Haar measure dr on A so that fA/k dr = 1. For any v € M, we
choose a Haar measure dx, on k, so that va dx, = 1. Let dx, be the Lebesgue
measure if v € Mg, and two times the Lebesgue measure if v € M. It is known that
dr = |Ag| V21, dzy (see [31, p.91]).

We later have to consider the product of local measures, and for that purpose it is
convenient to denote the product of local measures on A, A* as follows

(2.2) dper = [ [ da . dist =[] "t -

It is well-known (see [31, pp. 91,95]) that
(2.3) dr = |A| " VPdp, &t = & 5.
Let (x(s) be the Dedekind zeta function of k. We define
(2.4) Zi(s) = |Ag ] (x3T(E) ™ ((21)1°T(5))" C(s) -

This definition differs from that in [31, p.129] by the inclusion of the |A|*/? factor
and from that in [35] by a factor of (27)™. It is known ([31, p. 129]) that

(2.5) Ress—1 (x(s) = |Ak|_%€k, and so  Ress—1 Zi(s) = €.

For positive integers [, m, we define M(l,m) to be the set of [ x m matrices. We
denote the zero matrix of M(l, m) by 0;,,. If there is no confusion, we may write 0
instead of 0;,,,. We denote the unit matrix of M(m,m) by I,,.



3. STRUCTURE OF THE ORBIT SPACE

In this section, we assume that k is an arbitrary field. We denote its separable
closure by £%P. The main purpose of this section is to investigate the relation between
the sets of k-forms of orthogonal groups of various types and the set of rational orbits
in the space of quadratic forms.

Let n > 1 be an integer. We consider the following pair (G, V):

(3.1) G = GL(1) x GL(n), V = Sym*Aff"

where Sym?Aff" is the space of n-ary quadratic forms over k. In this paper, we mainly
investigate (3.1) for n > 3. We express an element z € V' as

(3.2) zv] = Z Tij V0
1<i<j<n

where v = (vy,--- ,v,) (v is an n-dimensional row vector) and vy, ---, v, are vari-
ables.
We associate to x, the symmetric matrix

2111 T2 s T1in
Ti2  2T9
(3.3) M, ="
. Tp—1n
T1n e Tn—1n 2$nn

If chk # 2 then z[v] = 27'wM, v and we can identify M, with z. Let n’ > 1 and
u € M(n', n). We denote 2~ 'uM,'u by z[u].
We define an action of g = (tp,¢1) € G = GL(1) x GL(n) on V as follows:

(g2)[v] = tox[vg].
Let T = Ker(G — GL(V)) and G = G/T. It is easy to see that
(3.4) T ={(i;* tol,)) | to € GL(1)}.
We put

%det M, n odd,
det M, n even.

(3.5) P(z) = {

We define a character y of GG as follows:

(3.6) x(g) =ty detg; (9= (to,q1) € G).

Then P(gz) = x(g)P(z). We say that a point x € V' is semi-stable if P(x) # 0. We
denote the set of semi-stable points of V' by V*.
For the rest of this paper, we put

e (0))



Let w,w” be the elements of V' such that
(
H

n odd,

H I
. ? n even.

n even. In
2

H

\

It is easy to see that P(w) = £1 and so w € V. It is obvious that there exists
a permutation matrix o such that ocw = w’, which implies that Grw = Grw'. So
P(w'") = £1 also. If n = 2r is even, we can choose such o so that the (j,2j — 1)-entry
and the (r + j, 2j)-entry are 1 for 1 < j < r. The point w is more convenient for our
purposes, but many textbooks on Lie groups use w’ to describe the split orthogonal
groups.

If x € V*° then we write

Go={9eCG|lgr=1a}, G,={geCG|gr=nx}

We regard GL(n) as a subgroup of G by the natural map GL(n) 3 g — (1,9) € G.
We define subgroups GO(z), O(x) and SO(x) of GL(n) respectively as follows:

GO(z) = {g€GL(n)|3(g) € GL(1) s.t. gxfv] = v(g)x[v]},
O(x) = {g€GL(n) | gzlv] = xlv]},
SO(x) = O(z)NSL(n).

We denote the identity component of GO(x) by GO(x)°. We call the map
7:GO(z) 3 g = 7(g) € GL(1)

in the definition of GO(x), the multiplicator of GO(z).

By simple Lie algebra computations, one can show that the groups GO(z) and
SO(z) are smooth algebraic groups over any k (even if chk = 2). The group O(x)
is a smooth algebraic group over k if chk # 2. We consider the above groups only
set-theoretically if ch k = 2. For the rest of this section, we assume that chk # 2. It
is well-known that SO(x) is the identity component of O(z). It is reductive if n > 2
and semi-simple if n > 3.

Let Z = {tI, | t € GL(1)}. Then Z is the center of GO(x). If n is odd (resp. even)
then Z N SO(z) = {I,,} (resp. ZNSO(x) = {£I,}). In both cases Z N SO(x) is the
center of SO(z). We define

(3.8) PSO(z) = SO(z)/(Z N SO(x)), PGO(z) = GO(x)/Z.

It is easy to see that GO(x)°/Z is the identity component of PGO(z). It is well-
known that PSO(z) =2 PGO(x)° as algebraic groups (however, if n is even then the
set-theoretic quotients SO(z)x/{£1l,}, GO(z)%/Zr may not coincide).

The following lemma is easy to prove and we simply state it without proof.

Lemma 3.9. If x € V™ then the projection to the second factor induces an isomor-

phism G, = GO(x).



Let n > 3 for the rest of this section. Let Aut (SO(w)) and Aut (PGO(w)°) (resp.
Int(SO(w)) and Int(PGO(w)®)) be the automorphism groups (resp. the inner auto-
morphism groups) of SO(w) and PGO(w)°.

If h € PGO(w) then we define an automorphism Ad(h) of PGO(w)° as follows:

Ad(h) : PGO(w)° >  — hah™' € PGO(w)°.
The group PGO(w)° is semi-simple since n > 3. If we denote the Dynkin diagram

of PGO(w)° by Dyn(PGO(w)®), then applying Proposition [1, p.190] to PGO(w)°,
there exists a natural injection

Aut (PGO(w)?)/Int(PGO(w)?) — Aut (Dyn(PGO(w)?)).
Since the Dynkin diagrams of PGO(w)® and SO(w) are of the same type,

{1} n is odd,
(3.10) Aut (Dyn(PGO(w)°)) =2 ¢ Z/2Z n # 8 is even,
63 n==~§

where &3 is the symmetric group of degree 3.
Lemma 3.11. Ifn > 3 then PGO(w) = Aut (PGO(w)°) = Aut (SO(w)).

Proof. We first assume that n > 3 is odd. We briefly review the proof of the fact that
GO(w)°® = GO(w) (which implies that PGO(w)° = PGO(w)). It is well-known that
SO(w) is connected as an algebraic group. Since Z = GL(1) C GO(w) is connected,
Z C GO(w)°. We show that GO(w); = SO(w);Zs, which proves that GO(w) is
connected. It is easy to see that if g € GO(w); then there exists ¢t € Zj such that
v(t) = v(g). So we may assume that g € O(w). Then detg = £1. Since —1,, € Z
and det(—1,) = —1, g € SO(w);Z;. This proves that GO(w) is connected.

The map PGO(w) 3 h — Ad(h) € Aut (PGO(w)) is surjective by (3.10). Moreover
this map is injective because the center of PGO(w) is trivial. Therefore, PGO(w) and
Aut (PGO(w)) are isomorphic by the map PGO(w) 3 h — Ad(h) € Aut (PGO(w)).
The argument is similar for Aut (SO(w))

We next assume that n is even. For g € PGO(x), we define Ad(g) € Aut (PGO(x)°)
similarly as above. We first prove that

(3.12) Aut (PGO(w)?)/Int(PGO(w)°) = Z/27Z.
(It is proved in [23, p. 90] that Aut (SO(w))/Int(SO(w)) = Z/2Z ). We put
In_4
(3.13) T = (]"—2 H) , 7= I !
1

If o is the permutation matrix defined after (3.7) then simple computations show that
oro~t =7/, Tt is easy to see that 7 € O(w) and 7 € O(w’).

It is easy to see that Ad(7’) stabilizes the standard Borel subgroup of PGO(w')°
and exchanges the last two roots of the Dynkin diagram of PGO(w’)°. So Ad(7’) is an
outer automorphism of PGO(w')°. This implies that Ad(7) is an outer automorphism
of PGO(w)® also. Thus, by (3.10), Aut (PGO(w)°)/Int(PGO(w)®) = Z/2Z for n # 8.



Suppose that n = 8. We assume that Aut (PGO(w)°)/Int(PGO(w)°) = &;3. and
deduce a contradiction.
We denote the spin group of degree 8 by Spin(8). Then

Aut (Spin(8))/Int(Spin(8)) = &s.

So every automorphism of Spin(8) is realized by an element of Aut (PGO(w)°). Let
(p, W) be the vector representation of Spin(8). By assumption, there exists ¢ €
Aut (PGO(w)®) such that p o ¢ is one of the half-spin representations. Note that
po¢(—1) = x(—1) is the identity. Here —1 is the scalar —1 in the Clifford algebra.
However, the image of —1 € Spin(8) by the half-spin representation is non-trivial,
which is a contradiction. Therefore, (3.12) holds for n = 8 also.

Since h maps to the non-trivial element of Aut (PGO(w)°)/Int(PGO(w)®) = Z/2Z
and the center of PGO(w) is trivial, PGO(w) = Aut (PGO(w)°). The rest of the
argument (including that for Aut (SO(w))) is similar to the case where n is odd. O

Lemma 3.11 implies that [GO(w) : GO(w)°] = 2 if n is even.
Lemma 3.14. Ifn = 3 is odd then G, = SO(w) x T.

Proof. Let (to,g) € Gyi. All automorphisms of SO(w) are inner by Lemma 3.11. So
there exists § € SO(w); such that Ad(g)(h) = ghg™' = ghg™" for all h € SO(w);.
Since g~'g commutes with all elements of SO(w)j, there exists ) € k* such that

g =1t,3. So GO(w);z = SO(w);T%. Since SO(w)z N Tz = {(1,1,)}, the map
SO(U)),; X TV,; — Gw,g

is an isomorphism.
Simple Lie algebra computations show that the differential of the above map is an
isomorphism. Note that SO(w) x T" and G,, are both smooth over k and there is a

natural map ¢, : SO(w) x T — G,. Since ¢, is an isomorphism over k, it is an
isomorphism over k. O

We next consider the relation between the sets of k-forms of SO(w), PGO(w)® and
the orbit space G,\V;®*. Let G; and Gy be algebraic groups over k. We say that
Go is a k-form of G if there exists a separable algebraic extension K/k such that
G1 XngGQ XkK.

We define the first Galois cohomology set H'(k, G) for an algebraic group G over
k in the same manner as in [13, p. 317], i.e. a I-cocycle h = {h,}  satisfies

the condition hy,,, = hy,h* for all n;, n, € Gal(k*P/k).

neGal(kser /k

Proposition 3.15. Let n > 3. The orbit space Gi\V3® is in bijective correspon-
dence with the set of k-isomorphism classes of algebraic groups in the form SO(x)
where x € V. It is also in bijective correspondence with the set of k-isomorphism
classes of algebraic groups in the form PGO(z)°. Moreover, if n is odd then the set
{SO(x)}xeGk\VI:s = {PGO(x)O}meGk\Vkss ezhausts all k-forms of SO(w) = PGO(w)°.

Proof. We first assume that n is odd. Using Theorem (1.7) [13, p.318], there is a
bijective map from G, \V;* to H'(k, G,,) = H'(k, Aut (SO(w))) x H'(k, T). Note that
H'(k,T) = {1} by Hilbert’s Theorem 90. It is known that H'(k, Aut (SO(w))) is in
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bijective correspondence with the set of k-forms of SO(w) (see [23, p.67]). Therefore,
G \V® is in bijective correspondence with the set of k-forms of SO(w) if n is odd.
We now prove that € V* corresponds to the k-form SO(z) of SO(w) by this corre-
spondence. If ¥ = g,w for g, = (t4.0,gr1) € Grser, then Ad (g, 'g7) € Aut (SO(w)pser ).
So  corresponds to the class of {Ad(g;1g7,)} Let G(z) be the k-form of
SO(w) corresponding to {Ad(g;&gzl)}neGal(ksep/k) :
We show that there is a natural isomorphism G(z)r = SO(x)g for any k-algebra R.

Let Ry = R®k*P. We define an action of n € Gal(k*P/k) on Rs by (r@x)" =r®a".
Let

neGal(kser /k)’

va(1) : SO(w)r, 3 g — Ad(g;1971)(9") € SO(w)r,.
Then the set G(x)g of R-rational points of G(x) can be expressed as

G(z)r = {9 € SO(w)r, [v2(n)(9) = g Vn € Gal(F**/k)}.
If g € SO(w)p, satisfies v,(n)(g) = g for all 5, then g, 199, € SO(z)g, and

(9219921)" = 92,1995 1-

So there is a natural isomorphism
SO(w)r, D G(zr)r > g — gx,lgg;j € SO(z)g.

Since there is a natural isomorphism G(z)r = SO(z)g for any k-algebra R, there is
an isomorphism between the algebraic groups G(z) and SO(x) over k (see THEOREM
20, p.17]). Thus, x € V3® corresponds to the k-isomorphism class of the k-form

We next assume that n is even. We consider ék\V,fs instead of G \V;*. Note that
G = G,/ T}, since H'(k,T) = {1}. By Theorem (1.6) [13, p. 318], there is a bijective
map

(3.16) G \VS = GV = ker <H1(k:, Go) — H'(k, é)) .
By Lemma 3.9 and Lemma 3.11, there is a bijective correspondence between
H'(k,G,) = H' (k, Aut (SO(w)))

and the set of k-forms of SO(w). Using (3.16) and this correspondence, we obtain a
map from G \V;® into the set of k-forms of SO(w). By the above argument, this map
is injective. It can be verified that it associates z € V;® to the k-form SO(x) by the
same argument as in the case where n is odd. The argument is similar for k-forms of

PGO(w)°.
This completes the proof of the proposition. ([l

If n is even, we define a real subgroup SO*(n) of SO(n)c as follows:

SO*(n) = {g € SO(n)clgJg" = J}

where J = (—In/z I”/Q) and ¢* is the complex conjugate of ‘g. It is known that

SO*(n) corresponds to the Satake diagram of type DIII and SO(x)g corresponds
to the Satake diagram of type DI or DII for any = € Vg°. Therefore, SO*(n) is
isomorphic to SO(w) over C, but not isomorphic to SO(z) over R for any = € V§°
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(see [10, pp.445-446,453,527,533]). Therefore, the R-form SO*(n) of SO(w) does
not come from Gg\Vj®.

4. A SET OF REPRESENTATIVES FOR THE LOCAL ORBIT SPACE

For the rest of this paper, we assume that k is a number field. The main purpose
of this section is to choose a set of representatives for Gy, \V;® for n > 2.
We assume that v € ;. Let

(4.1) m, =ord,2, A\, =1 (kvx/ (k‘vx)2> - 2.

First we review some facts concerning quadratic extensions of k,. There is a unique
unramified quadratic extension Fy of k, and it is generated by a root of an Artin-
Schreier polynomial

(4.2) po(2) = 2%+ apz + by

for a suitable choice of ag, by € O.. Its discriminant a2 — 4by is a unit. Moreover, Fj
is also generated by the square root of a non-square unit in the form

(4.3) e = 1+ 4c

for some ¢ € O. This p, corresponds to A in [22, p.164].
Now we turn to ramified quadratic extensions of k,. Every ramified quadratic
extension F' of k, is generated by either root of an Eisenstein polynomial

p(z) = 2* +az+b.
Let mr be a root of p(z). Then 7p is a uniformizer of F'. We have Op = O, [rr] and
Apsg, = (a® —4b)O,. Let | = ord,(a). If I > m, + 1, we may assume that a = 0
by the transformation z — z — (a/2). In this case, F' is generated by the square
root of a uniformizer of k, and Ag,, = p2metl It 1 < [ < m, then Ap, = p2
and F is generated by the square root of a? — 4b and also by the square root of

1—4a72b = 1+ 7™ "¢ for suitable ¢ € O/ . This exhausts all quadratic extensions
of k,. There are )\, isomorphism classes of ramified extensions of k,. We denote their

representatives by Fy, ---, F\,. Note that F{ is the unramified extension of k, which
corresponds to the Artin-Schreier polynomial (4.2). For each 1 < j < \,, let
(4.4) pi(2) = 2% + a;z + b;

be an Eisenstein polynomial which corresponds to Fj.

It is known that the orbit space G\V;® for n = 2 is in bijective correspondence
with the set of isomorphism classes of Galois extensions of k£ which are splitting fields
of degree two equations without multiple roots (see [33, pp. 285, 309-310]).

Let
. 2 Qo o 2 a; .
Av,m = <a0 2b0) 3 Av,(rm,]) - (aj QbJ) 1< J < )\v-

Then, for n = 2, we can choose a set of representatives for Gy, \V;® as follows:

(45) {H = ((1) é); Av,in; Av,(rm,l)a T Av,(rm,)\v)} C M<2a 2)’%

Now we consider all places v € 9t again. We recall definitions of some invariants of
quadratic forms over k,. An n-ary quadratic form x is called isotropic if there exists

12



a nonzero vector v € k' such that xz[v] = 0, anisotropic if not. It is known that by
the action of GL(n),, € Vi can be made into the following form:

H

H

I/

where 2’ is an anisotropic quadratic form. If the size of a2’ is my x mg then mg does
not depend on the choice of 2’ (see [22, pp.98-99]). We call (n — my)/2 the Witt
index of x. It is the split rank of SO(x). It is easy to see that a’ is anisotropic for
all &« € GL(1)g, if 2’ is anisotropic. Since aH € GL(2)g, H for all o € k), the Witt
index is also invariant under the action of Gy,. If v € M then the Witt index is
clearly [n/2]. If v € Mg and the Witt index of x € V3®* is m, then

(") ()
I or I

belongs to GL(n)rx. So the signature of z is (m, n —m) or (n —m, m).
Let z € Vi®. We define d,(x) to be the class of det M, in k) /(k))?, i.e.,

2P(z) n odd «

dy(x) = det M, = { mod (k))?.

P(x) n even
Note that this congruence is multiplicative. We always regard d,(x) as an element of
kX /(kX)?. Tt is clear that d, is invariant under the action of GL(n),. In this paper,
we call d,(z) the classical discriminant of x.

We next define the Hasse symbol of x € V. It is known that there exists a €
GL(n)g,z such that

aq 0
Ma: (alaaanek;)
0 o,

(see [22, p.90]). We define the Hasse symbol S,(z) by
Sy(z) = H (O‘ivaj)v

1<i<j<n
where ( , ), is the Hilbert symbol. The Hasse symbol S,(z) does not depend on the
choice of a and is invariant under the action of GL(n)g, (see [22, p. 167]).
In the classical theory of quadratic forms, a quadratic form

z(v) = Z L0V,

1<i<j<n

corresponds to the symmetric matrix 27! M,. The symbols d,(z) and S,(z) are the
discriminant and the Hasse symbol of 2M, in [22, pp.87, 167]. It can be verified
that the above d,(z) and S,(z) have the same properties as the discriminant and the
Hasse symbol in [22, pp. 87, 167].

The following theorem is Theorem (63:20) [22, p. 170].
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Theorem 4.6. Suppose that x, y € Vi*. Then GL(n),x = GL(n),y if and only if
dy(z) = dy(y) and Sy(z) = Su(y).

We define the modified Hasse symbol S, of x € Vi by
Sy(z) = S,(det M)
if n > 3 is odd.
Lemma 4.7. Suppose that n > 3 is odd, v € M and x, y € Vi°. Then Gy, x = G,y
if and only if S,(x) = Sy(y).
Proof. Since n is odd,
dy((det M,)x) = det ((det M,)M,) = (det M,)"tt =1 mod (k™).
Let (to,g1) € G, and y = (to, g1)z. Then
(det M)y = (t§" det g7, g1)(det M,,)x.

Since (det M, )y can be regarded as (1, (té"+1)/2 det gl)gl) (det M, )z and S, is invari-

ant under the action of GL(n)y,, S,((det M,)y) = S,((det M,)x).
Conversely, let z, y € V> and Sy(z) = S,(y). Since
d, ((det M,)x) = d, ((det M,)y) =1,
we have
GL(n)g, ((det My)z) = GL(n)k, ((det M,)y)
by Theorem 4.6. Since det M, det M;l is a scalar, G,z = G, y. [

Suppose that n is even, x € V* and a € k5. Then
Sy(az) = S, (! det Myz) = S, (a det M,x).
If y € Vi then

n(n+1) n(n+1)

Su(ay) = (a, (1) = (det My)"™)S,(y) = (a, (1) = det M,)S,(y)
So
S,(az) = (a, (—=1)™2 (det M,)"™1)S, (det M)

n(n+1)

= (a, (=1)™% det M,)S, (det M,z) = (a, (=1)"5 det M,)S, (2).

n(n+1)

If ord(det M,) = 1 then there exists a € k) such that (a,(—1)" 2z  detM,) = —1
((63:11a) [22, p. 165]). Therefore, Sy(z) is not Gy, -invariant if n is even.

We now choose a set of representatives for Gy, \V;>. We first consider the case
v € M. Suppose that n > 3 is odd. By the above lemma, there are at most two

G, -orbits in V3®. We define quadratic forms wy , and w) ., over k, as follows:

Av,in
4.9 =@ = ()

where A,;, is the symmetric matrix in (4.5). The indices “sp” and “rm” stand

respectively for “split” and “ramified”. It is easy to see that the above wg,sp and
0

w are both anisotropic.

v,rm
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Definition 4.9. Let n > 3 be odd. We define n-ary quadratic forms w, sp, Wy m € V;>

as follows:
H H
(4.10) Wy sp = - =W, Wym = -
: sSPp ) v,rm
H H
0 0
wv,sp wv,rm
. . . O 0
If there is no confusion, we write wyg,, wy, and Wy, Wry-

Proposition 4.11. Let n > 3 be odd. If v € My then {wsy, wym} is a complete set
of representatives for Gy, \Vi>. If v € M\ Myy then

Sp(wep) =1, Sy(wm) = —1.

Proof. The Witt indices of wg, and wyy, are respectively (n —1)/2 and (n —3)/2. So
G, Wsp # G, Wim. By Lemma 4.7, there are at most two G, -orbits in V> Therefore,
{Wsp, Wem } is a complete set of representatives for Gy, \ V.

Suppose that v € M\My,. It can easily be verified that (o, ap) = 1 for all

a1, ag € OF. The quadratic form wyg, can be made into the form (21("“)/2 721(71_1)/2)
bvy the action of GL(n),. Since +2 € O, §v(wsp) = 1. Since Gy, wsp # Gi, Wim,
Sy(wym) = —1. O

We next assume that n > 4 is even. We continue to assume that v € 9. We
define a quaternary quadratic form wgq as follows:

A
0 _ v,in
(4.12) w4 = < W%Awm)

where A, ;, is the symmetric matrix in (4.5). It is easy to see that w?

v,dq 15 anisotropic.

Remark 4.13. The index “dq” stands for “division quaternion algebra”. The above

w? d4q corresponds to the norm of the unique division quaternion algebra over &, (see

22, pp. 142-149)).

Definition 4.14. Let n > 4 be even. We define n-ary quadratic forms w; 4q, Wy sp,
Wy,in and Wy, (rm 5) for 1 < 7 < A, as follows:

17 H

Wy,sp = - y  Wyin = ' )
(4.15)

w'u (rrnj) - 9 wvdq — -
I 2. l' I’ l'
0

Ava(rmvj) wv,dq

0o _ 0
We put Wy iy = Ayin and Wy, (1. 5)
0 0 ,,.0
spr Winy Wim,j)»

= Ay, (rm,j) for 1 < 5 < A,. If there is no confusion,

we write w Wy, and Wep, Win, Wirm,j), Wdgq-
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In the above definition, the index “in” stands for “inert”. From now on, we shall
use the symbol 1 (or 1y, etc.,) for the index of the representatives. So i = sp or rm if
n is odd, and i = sp, in, (rm, j) or dq if n is even.

Proposition 4.16. Let n > 4 be even and v € M. Then

{wspu Win, w(rm,1)7 ceey w(rm,)\v)u wdq}

is a complete set of representatives for Gy, \V®.

Proof. We first prove that Gy, w;, # G, w;, for all 1; # 1. Since n is even, d, is
invariant under the action of Gy, . It is easy to see that

n

dy(Waq) = dy(wsp) = (—1)2,  dy(win) = (—1)%_1 det A, in,
dv(w(rm,j)) = (_1)%_1 det AU,(rm,j)
for 1 <j < A, So

dy(wi,) # dy(w;,) (11 # i2)
except for (i, 12) = (sp, dq). Therefore,
Gr,wiy, # Gr,wi, (11 # 12)
except for (i1,12) = (sp,dq). It is easy to see that the Witt index of wq, (resp. wsp)
is (n —4)/2 (resp. n/2). So Gy, waq # G, wsp. Thus, we have Gy, w;, # Gy, w;, for
all ]11 7£ ﬁQ.
We next prove that x € V;* belongs to Gy, w; for some i. It is known that an n-ary

quadratic form x over k, is isotropic if v € My and n > 5 (see (63:19) [22, p. 170]).
Therefore, the Witt index of z is n/2, (n —2)/2 or (n —4)/2. If it is n/2, x clearly
belongs to Gy, wsp. Let p, be a non-square unit whose square root generates the
unramified quadratic extension of k,. It is known that every anisotropic quaternary
quadratic form can be made into the following form:

1
(4.17) o
Uy Ty

by the action of GL(4)g, (see [22, p.169]). So the above quadratic form belongs to
the GL(4)x,-orbit of wi,. If the Witt index of x is (n —4)/2 then z is in the orbit of
(4.17). Since wy, is also in the orbit of (4.17), z is in the orbit of wg,.

Suppose that the Witt index of x is (n—2)/2. Then by the action of Gy, , « belongs
to the Gy, -orbit of a quadratic form in the following form:

H

H
A

where A corresponds to an anisotropic binary quadratic form. Note that A belongs to
the (k) x GL(2), )-orbit of one of the symmetric matrices A, om ;) in (4.5). If o € £
is a scalar then o € GL(2),, H. Therefore, x belongs to G, win or Gi, Wem,j) for
some 1 < j < A,

This completes the proof of the proposition. O

16



We now consider an arbitrary n > 2 (but still assume that v € M). Let w,; be
one of the representatives in (4.10), (4.15). We denote the Witt index of w,; by m
and put my = n — 2m. Multiplying an element of GL(1)p, x GL(n)e,, w,; can be
made into the following form:

v

(
0 —In
.y O2> o =10
(4.18) w;,ﬁ = 0 0 _[m
0 wy; O mo # 0.
\ -1, 0 0

Clearly G, w,; = Gy, w, ;.

If v € M; then we call w,; and wy, ; respectively the standard orbital representative
and the alternative orbital representative (or simply the standard representative and
the alternative representative) for Gy, \V;*. We use the standard orbital representa-
tives and the alternative orbital representatives depending on purposes. If there is no
confusion, we write w} instead of wy,;.

Definition 4.19. Let v € 9M; and z € V. If n is odd, we say that z is unramified
(resp. ramified) if x € Gy wsp (resp. © € Gp,wm). If n is even, we say that x is
unramified (resp. ramified) if x € Gr,wgp or © € Gr,win (resp. © € Gi, Wim,j) Or
x € Gkvwdq).

We consider this notion only for finite places.

If n is even and = € V;*, then we can associate the extension k,(\/(—1)"2d,(x))/k,.
There is a notion of ramification for quadratic extensions. If x = w, 44 then x is ram-
ified according to Definition 4.19. However, the extension k,(/(—1)"2d,(z))/k,
is trivial and so it is unramified. So the notion of ramification in the sense of
Definition 4.19 does not coincide with the notion of ramification of the extension
ko (\/ (= 1)"/2dy (2)) /Ky

We next consider the case v € M., Let r = [n/2].

Definition 4.20. Let n > 2. If v € ¢ then we define n-ary quadratic forms w, g,
and w!, . respectively as follows:

v,Sp
—1I,
Wy,sp = ]na w;sp = [n—2r
—1I,
If v € Mg then we define n-ary quadratic forms w, ; and wy,; for 0 < i < r respectively
as follows:
I
_Iﬂ 0 ! !
Woi =\ o 1 .]» Woi= Lo
n—1 _]']1

If there is no confusion, we write wg,, w, and w;, wj.

It is easy to see that Gy, w,; = Gkqu’],ﬁ for all i and v € M. Clearly, Gc\VE

consists of a single orbit and so we can choose w, g, or w;, ¢, as the representative.
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It is well-known that either of {wq, ---, w,} or {w(, ---, w.} is a complete set of
representatives for Gg\Vj®.

If v € Mg then the Witt index m coincides with 1. So from now on, if v € Mg
then we shall use 1 instead of m to express various matrices related to orbits.

Remark 4.21. Clearly, |P(w, )|, = |P(w, ;)]s = [1/2], if n is odd, and |P(wy;)|, =
|P(w,, ;)]s = 1if n is even. It would have been desirable to choose representatives x
so that |P(z)|, = 1. However, we shall consider the Iwasawa decompositions of the
stabilizers in part II, and for that purpose, it will turn out to be more convenient to
choose the above representatives w,; or wy, ;.

For v € My, we call w,; and w,; respectively a standard orbital representative

and an alternative orbital representative for Gy, \V;>.
Let r = [n/2] as above. We define o, 4, for v € M and o, ; for v € My as follows:

V=2 ) V2 V2
TIT‘ Or,n—2r TIT TIﬁ 01’1,n—21'1 711'1
Oysp = On—Qm I, o, On—2m y  Oupi = On—21’1,1’1 I, On—21’1,1’1
V=2 V2 V2 V2
D) Ir Or,n72r _T[r T[ﬁ 01'1,11721'1 _TIﬁ

Then o, spwy 5p = W, o, for v € M, and o, 3w, 5 = w,, ; for v € M.

We need the following proposition for later purposes.

Proposition 4.22. Let n = 2r > 2 be even. If v € M and x € Vi is a standard
representative then there exists an element 7, of Gy, not in G, whose order is two.
If v € M; then one can choose 1, in G, N K,.

Proof. The point of the first statement is that we can take 7, rationally over k,,.

We first consider the case v € 9. The statements are clearly satisfied for w, g,
and so we only consider w,; for 1 = in, (rm, j) and dq (if n > 4). Let «;, 8; be the
roots of p;(z). We put

((1 1) | . ((1 0\ .
1 =1In, 1 = 1n,
—ag —fo ag —1

(423) hvﬁ — Vvﬂ —
1 0 . .
( > 1= (rm,j).
\ Qa; —1

) 1 1 o ‘ )
\ <_aj _6]) 1= (rm>]>7

Then hy,;H'hyy = Ay, hv,ﬂHh;i = 1,; for 1 = in, (rm, j) by straightforward compu-
tations.
Let 7 be as in (3.13). If we put

g(v,1) = (I”_2 3 ) ) Top = (In_2 y > i =in, (rm, j),

(4.24) I, .
g(v, dq) - hv,in

_ In—Z
3 7-U,dq — U ;
v,in
V thv,in

then for 1 = in, (rm, j) and dq,
(425) Wy 5 = g(’U, n)w, g(“a ﬁ)Tg(U, ﬁ)il = Tv,i-
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We pointed out that 7 is an outer automorphism of GO(w)° in the proof of Lemma
3.11. Since 7,; € K,, this completes the proof of the proposition for v € M.

We next consider the case v € M. If v € M then the proposition is obvious
since V& consists of a single orbit, and so we assume that v € M.

Let 0 <1 <r. We put

Iy

g1 ( 1 1 ) (v.3) S
= — 5 U, 1) =

V2 \—v=1 y=1) 7

S

Since SH'S = I, the signature of g(v,i)w is (I,n —1). So g(v,i)w € G, Wy;.
Therefore, it is enough to prove the statement of the proposition for z = g(v, 1)w.

By simple computations,

g(v,))rg(v,i) P =a(l,---,1,-1) € Gpp,.

This completes the proof of the proposition. O

5. THE DISCRIMINANTS OF ORBITS

The main purpose of this section is to define the notion of discriminant for orbits
both locally and globally. We continue to assume that k& is a number field. We use
notations such as A\, in (4.1), etc., also in this section.

We first define some notations concerning G. Let T;, C GL(n) be the set of diagonal
matrices and N,, € GL(n) the set of lower triangular matrices whose diagonal entries
are 1. Then B, = T, N, is a Borel subgroup of GL(n).

We define the classical orthogonal group and the special orthogonal group as fol-
lows:

O(n) ={X € GL(n)r | XX = I,,}, SO(n) ={X € SL(n)g | X'X = I,,}.
We define the classical unitary group U(n) by U(n) = {X € GL(n)¢ | XX* = I,,}

where X* = 'X is the conjugate transpose of X. We define a subgroup K, , of
GL(n)y, as follows:

GL(H)OU v e My,
(5.1) Kmv = O(Tl) NS WR,
U(n) v E m(c.

It is known that GL(n), contains K, , as a maximal compact subgroup and has
the decomposition GL(n)g, = K, ,Bnk,. We define a subgroup K, of Gy, as follows:

Kv = Kl,v X Kn,v~
For the rest of this section we assume that v € 9t;.

Definition 5.2. For each v € M, we define an integral structure on V' by

2r11 112 T Tin
T12 21’22 . . .
Vo, = €Vi,|2i; €0, 1<i<j<n
: ’ ’ Tn—1n
T1in T Tn—1n 2xnn
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Lemma 5.3. We have P(z) € Z[z].

Proof. The statement is obvious if n is even. So we assume that n is odd. We prove
the lemma by induction on odd n. The case n = 1 is obvious and so we assume that
n > 3 is odd.

Let M, be the matrix obtained by removing the first row and the first column of
x, and M;; the matrix obtained by removing the first and the i-th rows and the first
and the j-th columns of = for 2 <7 < j < n. We consider the cofactor expansion of
x with respect to the first row and then consider the cofactor expansion with respect
to the first column. Since x is symmetric,

det x = 221y det My; — Z z}; det M, + 2 Z (—1)"7+! det M.
i=2 2<i<j<n

Since M/, is a symmetric matrix, det M}; is divisible by 2 as a polynomial in Z[z]| by
induction. So P(z) =27 det M, € Z[x]. O

The point w is “universally generic” in the sense of Section 2 [17]. So we may apply
Proposition 1 [17] to the present situation. However, since the proof is very easy, we
chose to include the above explicit proof.

Definition 5.4. We define the discriminant A, , of z € V;2* for v € M; as follows:
A,, = min { qgrdv<P<$’>>‘ v € Gp,rN Vo,,} )

Remark 5.5. The discriminant of x depends only on the orbit Gy, x. We defined the
above discriminant so that the discriminant of quadratic form wy, in Section 4 is 1
for all n. (see Proposition 5.23 below).

Let x € V. It is easy to see that z € Vp, and detx € O for all but finitely many

v € My. Therefore, A, , = qf,’rd”(P(z)) =1 for all but finitely many v € 9. Thus, we
can define the global discriminant as follows.

Definition 5.6. We define the discriminant A, of x € V;* as follows:
A =[] Avo
vEM

For the rest of this section, we determine the values of discriminants for standard
orbital representatives.
Let x € Vi°. We first state some conditions on .

Condition 5.7. If g € Gy, and gz € Vp,, then ord,(x(g)) > 0.

Condition 5.8. If g € Gj,, gz € Vp, and x(g) € O, then g € K,G,y,
Condition 5.9. If g = (1, g1) € Gy,, gz € Vo, and x(g) € O, then ¢; € K,, .
Condition 5.10. If z[v] € O, for a row vector v € k!, then v € O}.

We do not use Conditions 5.8, 5.9 and 5.10 to determine the discriminants. In

Section 8, we shall use Condition 5.8 to prove that the measures on GO(z)$ and
SO(z)a for x € V® are well-defined. Moreover, in part III, for even n > 2, we shall
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use Condition 5.8 to prove that the constant terms of the g-expansions of local orbital
zeta functions are 1 except for finitely many places.

Conditions 5.9 and 5.10 may be useful in the proof of the Iwasawa decompositions
of GO(wj)y, and SO(w}),. In Section 8, we shall define measures on GO(wj)g,
and SO(w!)g,. The Iwasawa decompositions tell us that the measures in Section 8
are natural in some sense. The Iwasawa decompositions of these groups are well-
known. For example, Satake [24] discusses the proof of the Iwasawa decomposition of
GO(w});, in [24, pp. 50-53]. However, the notation and the formulation in [24] are not
totally compatible with our paper. So we briefly discuss the Iwasawa decompositions
in Section 7.

Even though Conditions 5.8, 5.9 and 5.10 are not directly related to the notion of
discriminant, which is the topic of this section, we can verify that these conditions
and Condition 5.7 are satisfied for w; by the same argument. So we consider them in
this section for convenience.

Suppose that = € Vjp, satisfies Condition 5.7. If g € G, and gz € Vj»,, then

ord, (P(gx)) = ord, (x(g)) + ord, (P(x)) > ord, (P(z))
since P(gz) = x(g)P(z). Since ord, (P(z)) = min{ord, (P(z'))|2’ € G,z N Vo, },

JAVHIES ¢ P@) Thus we can determine the value of A, using Condition 5.7.
The following observation may be useful to verify that Conditions 5.7, 5.8 and 5.9
are satisfied for z € V3.
Suppose that we try to verify that Condition 5.7 is satisfied for x € V;°. If g € Gy,
and gz € Vp,, then we may replace g by kgh where k € K,,,, and h € G,. For, kgh

satisfies the conditions kghx € Vi, and

x(9) = x(rk)"'x(rgh), x(k) € OF.
Similarly, it suffices to verify that kgh € K,G.j, (resp. kg € K, ,) for some k €
Ky, b € Gy, in order to prove that x € V¥ satisfies Condition 5.8 (resp. Condition
5.9).
We first consider the case where n is odd and the Witt index is 0.

Lemma 5.11. Both w), and wy, in (4.8) satisfy Conditions 5.7, 5.8, 5.9 and 5.10.
Moreover
Ao =1, Ayo

sp? rm>V = Q’U'

Proof. Since the statement holds clearly for wgp, we only consider w

Let n = 3. We prove that w? satisfies Condition 5.10. Suppose that v =
(u1, ug, uz) € k2 satisfies the condition

0
rm*

0 2 2 2
win [V] = ui 4+ aguyug + bous + mus € O,.

Since ord, (u? + aguiug + bou3) is even and ord, (m,u3) is odd for any uy, us, uz € k,
u? + aguyus + boud, moui € O,. Thus, uy, us, uz € O,.

We now prove that w?, satisfies Conditions 5.7, 5.8 and 5.9. For three row vectors
vy, Vg, v3 € k3 and ty € kX, we put

Uy 2fi fo fs
g1 = % 5 g = (th gl)a gwgm = .f? 2f4 f5
U3 fs  f5 2fs
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It is easy to see that
fl == tOw?m[vl]7 f4 = tow?m[/UQ]? f6 = towl(")m[v3]'
We first prove that w?m satisfies Condition 5.9. Suppose that tqg = 1, gw?m € Vo,

and x(g) € OF. Multiplying an element of K3, from the left, we may assume that
g1 is in the following form:

ti 0 0 1 0 0 t 0 O
(512) 0 tQ 0 Uy 1 0 = tgul t2 0
0 0 t3 Ug Us 1 t3U2 t3U3 t3

where t1,to,t5 € kS and uy,ug,u3 € k,. Then vy = (¢4, 0,0), va = (taus, 2, 0),
V3 = (thQ, t3U3, tg) and

fl = wI(‘)m[Ul] - t%?

f4 = w?m[’l)g] = t%(u? + aogUy + bo),

fo = wl [vs] = t3(u3 + agugus + bouj + 7,).
Since fi1, f1, fo € O, and W’ satisfies Condition 5.10, 1, to, t3 € O,. Since x(g1) =
2132 € OF, t1, ta, t3 € OF. Since tauy, tzuz € O, uy, uz,uz € O,. Thus, g € K3.,.

We next prove that w?  satisfies Condition 5.7. Suppose that gu’ € Vp,. By

multiplying an element of K3, from the left and an element of T}, C G0 4, from
the right, we may assume that g; is in the form (5.12) and ¢; = 1. Then

fi = towd,[n] = to,
(513) f4 = tow?m [Ug] = t()tg(u% + apuq + bo),
f@ = tow?m [Ug] == t()tg(u% + apgUa2Us3 + bou§ + 7TU).

Since f; € O,, ty € O,. Tt is easy to see that tofy, = w’ [tovs], tofe = WP [tovs]. Since
w?m satisfies Condition 510, to’Ug = (totgul, totg, O), tovg = (tothQ, totg’LLg, totg) € Og
So tota, totz € O,. Since ord,(u? + agu; +by) < 0 and f; = tota(u? + aguy + by) € O,,
tots € O,. Since x(g) = (tot3)(tot3)*, x(g) € O..

We next prove that w?  satisfies Condition 5.8. Suppose that guw’ € Vo, and
x(g) € OF. Similarly as above, we may assume that ¢; is in the form (5.12) with
t1 =1 and fi, f4, fe are in the form (5.13). We already verified that

to, tota, tots, tots € O,,.
Since fs € O, and ord, (u3 + agugus + bou3 + m,) < 1, ord, (tgt3) > —1. Since
ord, (x(g)) = ord, (t5t3) + ord, (tot3) =0
and ord, (t2t3) > 0 is even, ord, (t2t3) = ord, (tot2) = 0. Since
ord, (x(g)) = ord, (tot3) + ord, (¢3t3) =0,

ord, (tot3) = ord, (t3t2) = 0. Thus, tg, ts, t3 € OX. It is easy to see that tof; =
w?, [toval, tofs = wl, [tovs]. Since tofy, tofs € O, and W satisfies Condition 5.10,
tovy, tovs € O3, Since ty € OX, vy, v3 € O3. Thus, g € K,.

Since ord, (P(wl))) =0, ord, (P(wd,)) = 1 and wl, and w), satisfy Condition 5.7,
we have Awgp,v =1land Ay = G-

This completes the proof of the lemma. 0

We next consider the case where n is even.
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Lemma 5.14. All of w? w?rm,j) for 1 <5 <X, and wy, satisfy Conditions 5.7, 5.8,

m’

5.9 and 5.10. Moreover

Aw?n,v = 17
OI‘dU AF/k»U .
Aw?rm,j)v“ = ( ’ ) (1 <7 )‘v) )
oo = G
Proof. The argument for the case w is similar to that for the case wgq. So we only
consider w?rm’ ;) and Wey-

Let n = 2. We first prove that w?rm i) satisfies Condition 5.10. Suppose that
v = (uy, ug) € k and that

w(() [v] = i + ajusus + bjus € O,.

rm,j)

If us = 0 then u; € O,. If uy # 0 then

w?rmJ) [v] = u5 ((u1u§1)2 + ajuguy + bj) € 0,.
Note that

ord, ((wiuz')? + ajuruy’ +b;) <0
if ord,(ujuy') < 0 and that

ord, ((wiuy')* + ajuuy' +b;) =1

if ord,(uju;') > 1. So ord,(u2) > 0. Since uy € O, and u? + ajujuy + bjui € O,,
U € Ov.

We now prove that w?rm i) satisfies Conditions 5.7, 5.8 and 5.9. For two row vectors

vy, vy € k2 and ty € kX, we put

(515) g1 = (Z;) = (t07 gl)? gw?rm,j) = (2.]{21 2];(‘23) :

It is easy to see that
Ji= tow?rm,j)[vl]> f3= tow?rm,j)[UQ]'

We first prove that w?rm’ i) satisfies Condition 5.9. Suppose that t; = 1, gw?rm 5 €

Vo, and x(g) € OF. Multiplying an element of K, from the left, we may assume
that ¢y is in the following form:

t 0\/1 0\ [t 0
where t1,ty € k) and uy € k,. Then v; = (t1, 0), vo = (tauy, t9) and

o= w?rm’j)[vl] = t%?
fs = Wi ple] = GBuf+au +by).

Since fi, f3 € O, and w?rm ) satisfies Condition 5.10, ¢, toug, to € O,. Since x(g) =
23 € OF, t1, t2 € OF. Thus, g1 € Ka,.
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We next prove that w?rm’ i) satisfies Condition 5.7. Suppose that gw? ) € Vo,. By

(rm,j

multiplying an element of K5, from the left and an element of Tkv C Gyo

from
(rm,) v

the right, we may assume that g¢; is in the form (5.16) and ¢; = 1. Then

fl = towo .[1)1] = to,
5.17 o)
(5.17) fo = towpy, ylva] = tot3(uf + ajur +by).

By assumption, f; = ty € O,. So tofz = w?rmJ) [tovs] € O,. Since w?rmyj) satisfies
Condition 5.10, tovy € O3. Thus, toty € O,. Since x(g) = t3t3, x(g9) € O,.
We next prove that w?rmvj) satisfies Condition 5.8. Suppose that g; is as above,
gw?rmvj) € Vo, and x(g) = (tot2)* € OX. Then tot, € OF. By assumption, tg € O,.

We first assume that ord,(t2) > 0. Since tg € O, and ord,(tots) = 0, to, t2 € O)F.
Since

ord,(f3) = ord,(uf + aju; + bj) > 0,

up € O,. Thus, g € K, C Kva?m’j) Ky -

We next assume that ord,(t;) < 0. Since ord, (tots) = 0, ord, (tot3) < 0. Since
f3 = tot%(ﬂ% + a;uy + bj) c OU,

ord, (uf + aju; + bj) > 0.
Thus, ord,(u;) > 1 and so ord, (uf + a;u; + b;) = 1. Since
ord,(fs) = ord, (tot3(ui + ajus +b;)) = 1+ ord,(t»)
and f3 € O,, ord,(t2) = —1 and so ord,(ty) = 1.

It is easy to see that
1 (1 0\ /0 1
@"Q)@ 1 0) ) € Gl ko

(1 oN/0o N\ /(.. (1 0\[(01
(560 w) (3 0)) = (7 (s ) (1 0)) =

Thus, g € K,G 0

(rm,) Bv”

Let n = 4. We first prove that wgq satisfies Condition 5.10. Suppose that v =
(u1, ug, us, ug) € k* and

and

wgq[v] = (u% + apui g + boug) + T, (ug + agusug + boui) € O,.

Since ord, (u} + aguius + bou3) is even and ord, (m, (u3 + aguzus + bou3)) is odd for
any up, s, us, Uy € ky, u + aguiug + boul, m, (u3 + aguszuy + boui) € O,. Thus,
Uy, U, U3, Uy € Ov-

We now prove that wgq satisfies Conditions 5.7, 5.8 and 5.9. For four row vectors
vy, Vg, U3, vy € ki and ty € kX, we put

1 2i o fs  a
R o B XA B AP
v fa i fo 2fi0
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It is easy to see that

fi = towgglvr],  fs = towgylva],  fs = towgglvs],  fio = tow§y[val-

We first prove that wgq satisfies Condition 5.9. Suppose that t; = 1, gwgq € Vo,
and x(g) € OF. Multiplying an element of Ky, from the left, we may assume that
g1 is in the following form:

ty 0 0 O 1 0 0 0 t1 0 0 0
(5 19> 0 tQ 0 O (51 1 0 O o tgul tg 0 0
' 0 O tg 0 U Ug 1 0 - t3U2 t3U3 tg 0
0O 0 0 t4 Uqg Uy Ug 1 t4U4 t4U5 t4u6 t4
where t1,--- ,ty € k) and uy,--- ,ug € k. Let fi1, f5, fs, fio be as above. Then
o= wgq [Ul] = t%v
f5 = wgq [UQ] = t% (U% + aguy + b()) s
fo = wilvs] = t3(uj+ aougus + bouz + ),
fio = wi fva] = ] (uf+ aousus + boud + Tyug + agmyus + boy) -

Since f1, fs, fs, fi0 € O, and wgq satisfies Condition 5.10,
t1, taun, to, tauz, tzus, t3, taus, taus, tyus, t4 € O,
Since x(g) = t3t3t3t3 € OF, t1, ta, t3, t4 € OF. Thus, g; € Ky,.
We next prove that wgq satisfies Condition 5.7. Suppose that gwgOl € Vo,. By
multiplying an element of K, from the left and an element of Tkv C Gy _, from the
right, we may assume that g; is in the form (5.19) and ¢; = 1. Then

fi = towl ] = to,
f5 = towgq[vg] = tot% (U% + apUy -+ bo) s
(520) 0 2 (2 2
fg = towdq[vg] = t0t3 (u2 + apusug + boU3 + 7Tv) s
f10 = tgwgq[l)4] = toti (ui + apguqus + boug + mu% + agmyug + boﬂ'v) .

Since fi € Oy, tg € Oy. So tofs = wyy[tova], tofs = wyy[tovs], tofio = wy,[tovs] € On.
Since w, satisfies Condition 5.10, tova, tovs, tovs € OF. Thus, tots, tots, tots € O,.
We consider f5. Since f5 = tot3 (u? + aguy + by) € O, and ord, (u? + aguy + by) <
0, ord,(tet2) > 0.
We consider fs. Since ord,(m,) = 1 and ord, (u3 + aguaus + bou3) is even for any
Ug, uz € ky, tot2m, € O, and so ord, (tgt3) > —1.
We consider fo. Since ord, (uj + aguqus +bou?) is even and ord, (m, (ug + ague + b))
is odd, totim, (u2 + ague + bo) € O,. Since ord,, (ug + ague + by) < 0, ord, (tet3) > —1.
Suppose that ord(x(g)) < 0. Since

ord, (t5t3) > 0, ord,(tot3), ord,(tot]) > —1,
ord(x(g)) = ord(tjtit3t2) > —2. Since ord(x(g)) is even, ord(x(g)) = —2 and
ord, (t%tg) =0, ord, (totg) = ord, (toti) =1,

Since tots € O,, ord,(t3) < —1 and ord,(ty) > 1. Since ord, (tot2) = 0, ord,(t2) =
—ord,(tg) < —1. This contradicts to the condition ord,(tgt3) > 0. Therefore,
ord(x(g)) = 0.
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We next prove that wgq satisfies Condition 5.8. Suppose that g = (to, ¢1) € Gk,
where g; is as above, gwgq € Vo, and x(g) € O. By multiplying an element of K,,
from the left and an element of fkv - ngq k, from the right, we may assume that g;
is in the form (5.19) and ¢; = 1. Then fi, f5, fs, fi0 are as in (5.20). So

ord,(ty), ord, (tet3) > 0, ord, (¢et3), ord, (tet]) > —1

and
tove = (totous, tota, 0, 0),
tovs = (totsug, totsus, tots, 0),
tova = (totaua, totaus, totsus, tots)

are elements of O;. Since

ord, (x(g)) = ord, (t3t3) + ord,(tot3) + ord, (tet3) = 0,

(5.21) (ord,(£3t3), ord, (tot3), ord,(tot3))

is equal to (2, —1, —1), (0, —1, 1), (0, 0, 0) or (0, 1, —1).

Suppose that ord, (tot2) = 0. If ord, (tgt3) = —1 (resp. ord,(tgt3) = —1), ord,(t3) <
—1 (resp. ord,(t;) < —1) and ord,(ty) > 1. Since ord,(tot2) = 0, ord,(tet3) < —1.
This contradicts to the condition ord, (tt3) € O,. So (5.21) is equal to (2, —1, —1)
or (0,0, 0).

Suppose that (5.21) is equal to (0, 0, 0). Since tg, tot3 € O, and ord,(t3t2) = 0,
ty, to € 05 Since tot%, toti € O:f, t3, t4 € Oqf Since tova, toUs, toUy € O?), u; € O,
for all 1 <¢ < 6. Thus, g € K, C KUngqu.

Suppose that (5.21) is equal to (2, —1, —1). Since ord, (¢ot3) = —1, ord, (o) is odd
and so ord,(ty) > 1. Since ord,(ty) + ord, (tot3) = 2 and tgt3 € O, ord,(ty) = 1 and
ord, (tgt3) = 1. Thus,

(5.22) (ord,(to), ord,(t2), ord,(t3), ord,(ts)) = (1, 0, =1, —1).

We consider f5 = tot3(u? +agu; + bp). Since ord, (tgt3) = 1 and ord,, (u? + agu; + by)
is even for any u; € k,, ord,(u? + aguy + bg) > 0. This implies that u; € O,.

We consider fy = tot3 (u3 + agugus + bou3 + m,). Since ord, (u3 + agugus + bou3)
is even for any ug, uz € k, and ord,(m,) = 1, tot3 (u3 + agugus + bou3) € O,. Since
ord, (tot3) = —1, ord, (u3 + agusus + bou3) > 2. Thus, ord,(us), ord,(u3) > 1. Since
fi0 € O, and ord, (tgt?) = —1, ord,(u4), ord,(us) > 1 and ord,(ug) > 0.

It is easy to see that

1 (I I
(WU ’ ( Tyl Iy Engqk”
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and
1 0 0 0

/ t2u1 tg 0 0 -1 I2 I2
0 t3U2 t3U3 tg 0 To 771)[2 I2
tay Taus taug t4

0 0 1 0

0 0 touy ¢
_ -1 2U 12
- tOﬂ—U ’ tg’ﬂ'v 0 t3U2 t3U3 < Kv'
t47rvu6 t47TU t4U4 t4u5
By (5.22) and the informations on ord,(u;),- - ,ord,(ug) obtained above, the condi-
tion g € Kvag k, follows. This completes the proof of Lemma 5.14. U
q

In the following, we consider the discriminants of representatives. If w,; is a
standard representative, we use the letter m for the Witt index as before. Also
mo =mn — 2m. So if n > 3 is odd then my = 1,3 according as 1 = sp,rm. If n > 4 is
even then my = 0,2,2,4 according as 1 = sp,in,rm,dq. We use the same m, my for
alternative representatives also.

Proposition 5.23. If n > 3 is odd, ws, and w,yw satisfy Condition 5.7. Moreover,
Awsp,v = 1a Awrm,v = Qv-

Ifn > 2 is even, Wep, Win, Wm,j) for 1 < j < N, and waq (if n > 4) satisfy Conditions
5.7 and 5.8. Moreover,

Ordv(AF-/kv) B 2
Ay = Dun =1, A = AL <), Auggw = G5

W(rm,j)sY

Proof. 1t suffices to prove that the statement holds for w! in (4.18) instead of wj;.
We first prove that w! satisfies Condition 5.7. Let g = (to, g1) € G,. Suppose that
gw; € Vo, and x(g) € Oy
By multiplying an element of K, from the left and an element of fkv C Gk, from
the right, g, can be made into the following form:

X1 0 0
(5.24) g =|Xoax Xeo O
Xz X3o Xag
where XH, tX33 S Bmkva X21, tX32 - M(mo,m)kv, X31 S M(m,m)kv and
1 1
123
Xog = Ny € Bk, -
- U 1

It is easy to see that Gy, contains the following matrices

‘X33 0 0 I, 0 0
0 Imo 0 s ’LU]gJ tX32 [mo 0
0 0 Xz Yai Xz Inm

where YEJ,l S Bmkv and Yél + tYEﬂ = U)]?[ng].
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By multiplying elements in the above forms from the right, ¢; in (5.24) can be
made into the following form:

X1 00
(5.25) Xor Xas 0
X31 0 [m
where Xo1 € M(mg, m)g,, X31 € M(m,m), and
th 1
Xu = € Bk,
t! u 1
! 1
to
Xop = y € Bk, -
- u 1
We express gw; as follows:
F, F, F
(5.26) gwy = | 'F, Fy Fs
'Fy 'Fy Fg
where Fy, F3, Fg € M(m,m),, Fs, "F5 € M(m,mg)x,, Fix € M(mg, mg)g,. Then
F1 — 0, FQ — 0,
(5.27) Fy = —to X1, Fi=tow][Xal,

Fs = —t0Xa1, Fo=—to("X31 + X31) .

To consider F} corresponds to the situation where the Witt index is 0 and ¢° =
(to, X22). So Lemmas 5.11 and 5.14 imply that ¢7° (ty - - - tm,)° € O,. This is x(g°)
for m = 0.

We consider F3. Since Fy = —tg X133 € M(m,m)e,, diagonal entries tot}, - -, tot!,
of tgX1; are elements of O,. Therefore,

X(g) = 15" (t2 -+ tmg)” (tot1)? -~ (tot},)° € O

Thus, w! satisfies Condition 5.7.
We next prove that w] satisfies Condition 5.8 if n > 4 is even. As above, we assume
that g = (to, g1) where ty € k) and ¢ is in the form (5.25) and that

xX(9) = 0 (ta - -ty (toth)?- - (tot),)? € OXF.
Since (" (ty - - tmy )%, toth, - - ., totl, are elements of O,,
0 (by -ty ) s Loty -+ ot € OF.

By Lemma 5.14, there exists (k1,k2) € K1, X Kpyo and (hy, he) € (GL(1) X
GL(m0)) w0 &, such that (to, X22) = (k1,K2)(h1, he). So, by multiplying

-1 -1

I, 0 0 hi'l, 0 0O
K1, 0 Ky O € KU, hl, 0 hy O € Gw"l .
0 0 I, 0 0 Inp
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from the left and the right, we may assume that

X1 0 0
(t(): gl) = 17 X21 [mg 0
X31 0 Im

We express gw! as (5.26). Since to = 1, F3 = —X11 € M(m,m)op, and F5 =
—Xo1 € M(mg,m)o,, X1 € GL(m)o, and Xz € M(mg,m)o,. Note that Gy,
contains matrices in the following form:

L, 0 0
0 In, O
YE’)l 0 Im

where Y3; € M(m, m);, and Y3; + ‘Y3 = 0.
Multiplying an element in the above form from the right, we may assume that Xs;
is in the following form:

uly 0
X3 = : :
/ /
Upt 0 Uy
Since gw; € Vo, and
2y e Uy
—F33 ="X31 + X3 = : : ;
Uy w0 2y
uj; € O, and so X3 € M(m,m)o,. Thus, g € K,Gyp, -
This completes the proof of Proposition 5.23. ([l

Corollary 5.28. If x € V;*® then there exists a finite subset M UMy, € S C M
such that x is unramified over k, if v ¢ S.

Proof. We choose S so that if v ¢ S then x € Vo, and |P(z)|, = 1. By the definition
of the discriminant, A, , = 1. Then the corollary follows from Proposition 5.23. [

6. EXISTENCE OF GLOBAL ORBITS WITH PRESCRIBED LOCAL CONDITIONS

In this section we assume that n > 3 is odd. The main purpose of this section is to
describe the image of the natural map from Gy \V;® to [, con G, \V;> by the modified
Hasse symbol.

We first review some facts concerning the action of GL(n) on quadratic forms. For
v € Mand z, € V>, we denote the classical discriminant of , by d,(x,). We denote
the Hasse symbol of z, by S,(x,) and the modified Hasse symbol S, ((det M., )x,) by
Sy(x,) as in Section 4.

The following theorem is the Hasse-Minkowski Theorem (66:4) [22, p. 189].

Theorem 6.1. Let x,y € V;*. Then GL(n)rx = GL(n)gy if and only if GL(n)y,x =
GL(n)g,y for all v € M.

In this paper we call the above theorem the Hasse principle for quadratic forms.
The following theorem is Theorem (72:1) [22, p. 203].
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Theorem 6.2. Let (z,) € [[,con Vs There exists v € Vi° such that GL(n)g,z =
GL(n)g,xy for all v € M if and only if (x,) satisfies the following three conditions.

(1) There exists o € k such that dy(z,) = a mod (kX)* for all v € M.
(2) Sy(xy) =1 for all but finitely many v € M.
(3) e () = 1,

Definition 6.3. Let ® be a map defined by
(6.4) GV 22— (x), € [ Gu\Vi.

veEM

It is easy to see that & is well-defined.
Lemma 6.5. Ifn > 3 is odd, ® is injective.

Proof. Suppose that z, 2’ € V;* and that there exists g, = (o, 91,) € G, such that
¥ = gyx for all v € M. We put gy = det M/ det M, € k*. Since x(gv) = tow
mod (k;)?,

det M = x(g,) det M, = to, det M, mod (k).
So go = to, mod (kX)?, which implies that

GL(n)k, (902) = GL(n), (ton)
for all v. So
GL(n)k, (90z) = GL(n)g, (to.7) = GL(n), 2’
for all v. By Theorem 6.1, GL(n); (goz) = GL(n)z’. Thus, Gyr = Gia'. O

Proposition 6.6. By the map ®, the orbit space Gi\V;&® corresponds bijectively to
the set of elements (z,) € [[,con Gk, \Vi> which satisfy the following two conditions.

(1) Sy(zy) =1 for all but finitely many v € M.
(2) [Toeom Sol@) = 1.

Proof. If © € Vi®, then ((det M,)z), clearly satisfies the above two conditions.

Suppose that (z,), € [[,conGr, \Vi> satisfies the above two conditions. Then
((det My, )xy), € [l,conGr, \Vi® satisfies Conditions (2) and (3) in Theorem 6.2.
Since n is odd,

dy((det M, )x,) = (det M,,)"dy(x,) = (det M,,)" =1 mod (k))*

and that 1 € k*. So ((det M,,)z,), also satisfies Conditions (1) in Theorem 6.2. By
Lemma 5.11, there exists x € V;* such that GL(n)g,x = GL(n)y, ((det M,,)x,) for
all v € M. So Gy, x = Gy, x, for all v € M. This implies that ® is a surjective map
to the set of elements (x,) which satisfy the two conditions in Proposition 6.6. [

Proposition 6.6 is a simple application of Theorem 6.2, which is classical and fa-
mous. We now explain the significance of Proposition 6.6 in comparison with Theorem
6.2. Theorem 6.2 contains a global condition on d,, whereas Proposition 6.6 contains
only a local condition for S, except for the condition (2). So G\V;® is nearly equal
to [, Gk, \V;® by Proposition 6.6.

In this series of papers, we use Proposition 6.6 for the following purpose. In part
I1, we define a Dirichlet series Z(s), which plays an important role in the proof of the
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main theorem, as a certain sum over G \V;®. We make Z(s) into a sum of two Euler
products. In this process, we use Proposition 6.6 in order to modify the sum over
Gr\V;® to a sum over [] Gy, \V;®. Even though Proposition 6.6 contains the global
condition (2) on S, we use a technique in [11] and remove the condition (2) in the
process of making Z(s) into a sum of two Euler products. In this manner, the use of
the group GL(1) x GL(n) in Proposition 6.6 is more convenient than the use of the
group GL(n) in Theorem 6.2 for our purposes.

7. MEASURES ON ORTHOGONAL GROUPS OF ORBITAL REPRESENTATIVES AT
FINITE PLACES

Let v € M; and w;; be an alternative orbital representative of Gy, \V;* defined

n (4. 18) The main purpose of this section is to define measures on GO(wy;);.
SO( w;, )k, and PGO(wy ;)5 essentially (but not directly) using their Iwasawa decom-
positions. The Iwasawa decomp051t10ns of these groups are well-known (see [24]). We
review them briefly for the sake of the reader later in this section.

In this section also, we use the notations wj);, w/, ; (Definitions 4.9, 4.14 and (4.18))

and T,,, N,, (at the beginning of Section 5).

Let T be as in (3.4). We identify T with the center of GO(x) for all z € V*
by Lemma 3.9. We define subgroups T}, (w’,), Ty (w!,,) and T, (w
GO(u,;)°, SO(u,;) and PGO(w);)° by v ’

To(w),s) = (GO(wy;) NT,)°, Talw,;) = (SO(wi ;) NT,)°, Tulw,;) = To(w),s) /T

v,1 v,1

w, ;) respectively of

Let Z, (w3 )k, Zp(w w5 )k, and Zn(w;i)kv be the centralizers of T),(wy,;), Tn(w;i) and
T (w! )111 GO(w), )° SO(w, )and PGO(wy, ;)° respectively.

’U]l

The groups GO( 1)° and SO( w, ;) contain the following matrices:

I, 0 0 uy € M(m, mo),
ni(u) = wS,ﬂ by Iy, 0 v = (1 ij) € M(m,m)y,, )
U1 wy Iy, V145 = 0 fori < j, V1 + t’Ul = 2’[1)27]-1[161]
I, 0
no(us) = 0 In O (ug € M(m, m)y,, us + ‘ug = 0),
U2 0 Im
us 0 0
ng(u3) = 0 [mo 0 (U3 S Nmkq,) .
0 0 ‘tug!

Let N,(w, ;) be the subgroup of GO(wy;,;)° generated by these elements. We regard
Ny (w), ;) as a subgroup of SO(w,, ;) and PGO(uwy,;)°. It is easy to see that T, (w, ;)x,
and Z,,(wy,; )k, Nn(wy, 3 )k, etc., are a maximal Spht torus and a minimal parabolic
subgroup of GO( vi)hy €tC.

Let Knv be as in (5. 1) We define subgroups K, (w},;) and K, (w];) respectively of

GO(w,;)y, and of SO(wy, ), as follows:
Kn(w);) = GO(w, )5, N Knw,  Kn(w);) = SO(w) )k, N Knpe.

v, v,1/ kv

Let [?n( ) be the image of K, (w m> in PGO(w,’m),‘;

v
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Clearly K, (w,;), etc., are open compact subgroups of GO(wy, ;)3 , etc.

Proposition 7.1. Let v € M; and w,; be an alternative orbital representative of
G, \Vi>. Then we have the following decompositions:

GO, )i, = Kt ) Zulw ) Kalwl) = Kafw

i v,1 v,1

SO(h e, = Knlw))Zu(w) e, Ka(w)) = Kn(w) ;) Zn(w] ;)i Nu(w) ),

v,1 v, v, v,1

PGO(w) )7, = Kn(w) ) Za(w) )i Kn(w)s) = Kn(w) ) Za(w), ;) Naw) ),

v,1 v,1 v, v,1

ﬁ)ZTL(w;),ﬁ)kv Nn(w;,ﬁ)kw

We call the above decompositions the Cartan decomposition and the Iwasawa de-
composition for each case.

Now we briefly review how to prove Proposition 7.1 using Conditions 5.9 and 5.10.
We only consider the Cartan decompositions of GO(wy, ;). for w;, ; such that mg # 0
since the proof is similar and easier for the case my = 0.

We express X € GO(wy,;);, using blocks {Xj;},_; ;5 as follows:

1 m-—1 my 1 m-1
1 X X Xz X Xy
m—1] Xo1  Xoo  Xoz Xog  Xys
X = mg X31 X3 X33 Xay X35
1 Xa Xy Xyz Xy Xy
m— 1\ Xz X2 X535 Xsg Xs5

Multiplying elements of K, (w,, ;) from both sides, if necessary, we may assume that

X X Xy Xis
Xo1 Xoo Xoy Xos
X X Xyy Xys
Xs51 Xso Xsa Xss

Then we obtain w);[Xus] — 2X4'Xyy — 2X4'Xys = 0 using the condition X €
GO(w!,;)3. . This implies w®; [ X33 Xus] = 2X 53 Xax + 2X 5 Xao' (X3 Xu5) € 20,.. So,
by Condition 5.10, X,;' X43 € O™. Here, we used Condition 5.10 in an essential man-
ner. For general x € V*, GO(z); (resp. SO(x),) may not have the Iwasawa decom-
position and the Cartan decomposition with GO(x); N Ky, (resp. SO(z)r, N K, ) as
the maximal compact subgroup. The essential reason why GO(wy,; )y, and SO(wy, ; ),
have the decompositions in Proposition 7.1 is that w;; satisfies Condition 5.10.

Since X € GO(w,,;), it follows easily that X € GO((w;,;)"). Considering its (4,4)-
block, one can duduce that ‘(X' X34)(w) ;)™ € O, This implies that (X ;' X34) €
O, Using these conditions, one can multiply suitable elements of K,(w/.) from
both sides and make X in the following form: ’

X1 X Xz X Xis
Xop Xoz 0 Xos
X3 X3z 0 Xz
0 0 Xu O
X5z Xs3 0 Xss

(7.2) X e M(2m,2m)o, .

(7.3) X =

After eliminating Xos, Xos5, X392, X35, X520, X53 by induction on m, one can eliminate
Xi9,-++, X155 also. Thus, we obtain the Cartan decomposition.
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Definition 7.4. Let v € M. We define invariant measures dg:,ﬂ, dg;’jﬂ and d@lﬁ
respectively on GO(wy ;)5 , SO(wy,; )k, and PGO(wy;);, so that

/ dg;l,ﬁ =1, /_ dg:,ﬁ =1, /~ C@Ju/,ﬁ =L
Kn(w! ) Ko (w),,) Ko(w),,)

v,1

Since GO(wy,;);, has the Iwasawa decomposition with K, (w; ;) as the maximal
compact subgroup, K, (w; ;) is called the special mazimal compact subgroup. Even
tough we did not use the Iwasawa decomposition to define a measure on GO(wy, ;)7
for v € M directly, Proposition 7.1 tells us that our choice of the measure is natural

in some sense. The situation is similar for SO(wy,;)x, and PGO(wy ;)7 -

8. CANONICAL MEASURES ON ORTHOGONAL GROUPS

The main purpose of this section is to define invariant measures on orthogonal
groups locally and globally which are canonical in some sense. We have defined
measures on GO(x);, ,SO(z)x,, PGO(x)g, for alternative orbital representatives x and
v € M. We shall define measures on GO(z);, ,SO(2)g,, and PGO(x)y, for alternative
orbital representatives x and v € M., in part II. We assume that we have chosen
measures dg, ;, dg, ; and dg, ; on such groups for all v € M.,

We first consider the local situation. Suppose that z = = agw,; € V¥ for a, =
(to, gl) S Gkv- Let
(8.1) G : Gy D by  hpay = g7 hegy € G,

It is easy to see that ¢,, (Gyk,) = Gw/ . S0 g, induces a map Gy, /G5,

G, /G2, - Also ¢,, induces a homomorphlsm G; ke Gw, - We denote these
maps also by ©Ya, - 7
Now we use the identification G, = GO(x), etc., (see Lemma 3.9). We define a
measure dg, , on G3, = GO(x);  as follows:
dgy, = (Pa.)"(dgys),

dg” is the pullback of dg;; by ¢a,. Since dg,; is an invariant measure on
GO( w,) n) ros dgy, is an invariant measure on GO(z); . We define invariant measures

dgsy s dg on SO( ko, PGO(2)7, similarly.
Lemma 8.2. The measures dg, dg;’v and dg, , do not depend on the choice of a,.
Proof. Suppose that o, = (to, g1), @ (tf), 91) € Gy, and v = quw, ; = ajw, ;. It
is easy to see that a,'al, € Gy 4, and g7t € GO(w i o

Let h = aj ', and hy = gy 'g}. Let @q, and o be the maps which were defined
n (8.1). Then, for h, € GO(2)} ,

Pay, (ha) = a;_lhxa; = (azh) " hy(agh) = B e  hyanh = @p 0 @, (he)
where
on: GO(Wy )y, 3 by — h™ o h=hy o ol € GO(wy )y, -
So
(g)"(dgys) = (o1 0 #g.)"(dgys) = (4.)" © (0n)"(dgys)-
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By Lemma 3.11 and the comment after that, [GO(w); ), : GO(w], D ]is1lor2ac-
cording as n is odd or even. If n is even then there exists 7,; € GO(w), )kv \GO(w, ;)%
such that TM = I,, by Proposition 4.22. Since the order of 7,; is ﬁmte, the map

SOTvn GO( ’U]l)z/u 9 hw/ 1 = lenlhw, ‘Tvvﬁ 6 Go(w’/l}ﬂl)zy
is measure preserving. Since dg, ; is a unimodular measure on GO(wy,,;); , the map
GO( vn)zv > hw;ﬁ = (h(l)) h hO S GO( vn)kv

for hY € GO(w n)o is also measure preserving. Therefore, (on)*(dgy ;) = dg,; for
he GO( L)k, for all n > 2. Thus, () (dgl;) = (124,)* (dgL)-
The proof is similar for dgsy . gy .- O

We continue to identify 7' with the center {tol,|to € GL(1)} of GO(x)°. Let d*tg

be the usual measure on k; = Ty, .

Proposition 8.3. Suppose that v € M;.
(1) If 2 € Vi* then dgl, = dgll ,d*o.
(2) If n >3 is odd and x € V® then dg, , = dgj,

Proof. Tt is enough to consider standard representatives. Let x € V;>® be a standard
representative. We first discuss the statement (1).
Let f be the characteristic function of K,NG3, C G5, . We compute the integral

of f with respect to the two measures dgj , and dg” d*ty. It follows from the definition

that [, f(gy,)dgs, = 1. Let g7, € Gok and (152, 101,,) € Ty,. It is ecasy to see
x ky ’ ? v

that f(g;’v(taQ, tol,)) = 0 unless g , € (K, N ka‘v)Tkv' So we express the above g ,

as k(g 2, ql,) for some k € K, NGY, and q € k.

Since d*t, is an invariant measure on 7}
v )

(8.4 [ H )G R L) = [ e Tl

Tk’u Tkv
Note that f(k (to 2,% I,)) # 0 if and only if to € OF. So the value of the integral (8.4)
is 1. Since the image of K, NG5, in Gor, is (K, NG3 .., VT, /T,

7020 B Pl )l 5 = [ 0,
G, 7 (KoNGS o )Ty [Ty
So the value of the above integral is 1 by the definition of dg; ,. Since dg;, and
dgs,. ,d*ty are invariant measures on G3, , dg , = dgli ,d*t, B
We next discuss the statement (2). It suffices to prove that, if (¢, tol,) € T,
and g € SO(z), satisfies (£, toln)g € K, then (t,% tol,),g € K,. Note that, if
(o2, toln)g € Ky, 1,2 € OF. So ty € OF. Therefore, g € K, N SO(z)g,. d

We shall prove a similar proposition in part II for v € 9
We call dg;,, dg,, and dgy, the canonical measures respectively on GO(z)g ,
SO(x)g, and PGO(x)ZU
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Definition 8.5. For z € V*, we define measures dg; ,, dg, , and dg; , respectively
on GO(z)3, SO(m) and PGO( ) as follows;

(86) xA - H dgz KB rA - H dgx KO3 dga:A H dg’x/,v'

veEM veEIM vEM

We call these measures the canonical measures also.

Lemma 8.7. Let x € V;*. Then, for all but finitely many v € My,

/ dg;,{,v =1, / dg;c,,v =
GO(z)3,NGL(n)o, SO(z)x, NGL(n)o,

Proof. Since the argument is similar for dg; ,, we only consider dg;,

Suppose that x € Gy, w;; where w;; is an alternative orbital representative. For
all but finitely many v € M, © € Vo, and ord, (P(x)) = 0. Then z is unramified
(see Definition 4.19), which implies that ord, (P(w};)) = 0. We only consider such
v E mf.

Since w’ satisfies Condition 5.8, ay,, € KUGw; s So we may assume that oy, €

K,. By the definition of dg/ 0

/ dg” — / dgl/ .
GO@), NGLo, pass (GO, NCL(M0,)

ky ky

- "
Qg U(GO( )O mGL(n)Ov)azv"-’ o

kv

(8.8)

Since ay, € K,
a;}) (GO(x)ZU NGL(n)o ) Qg = GO(w M)Z NGL(n)o, = Kn(w;’ﬂ).
So (8.8) is equal to
/ dgg,ﬁ =
n(wy, ;)

’Ull

This completes the proof of the lemma. O
Proposition 8.9. The measures dgj, ,, dg, , and dg, , are well-defined.

Proof. Since

Goa N [[ Ko = J] GO(2);, NGL(n)o,
vEN vEM
is an open compact subgroup of G 5, and its volume with respect to [[,coy dg; , is a
non-zero finite value, the measure dg , is well-defined by the above lemma. Similarly,
the measure dgj , is well-defined.

Let dX tNo be the measure on fA which is the product of the usual measures on all
k) Then dgy o = dgy, AdX . Since d}} to is well-defined, dg, » is well-defined also. [J

Definition 8.10. Let
vol(Giy 1/ Glar) = / g,
IA/GIk

for z € V. We call vol( ehn/ G:ck) the unnormalized Tamagawa number of G
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Note that if n > 3 is odd then G, can be identified with SO(z). In Section 10 and
part II, we shall compute the value of Vol( e/ ka) for odd n. The unnormalized
Tamagawa number vol(G, 4 /Gy ) is not the Tamagawa number T(G ) of SO(x) which
we shall review in the next section. It turns out that vol(G,a/ G, k) is equal to

7(Gy) ¢, . where €  is a local factor for v € 9 which can be expressed using the

veEM

local densities of SO(wy, ;) for the alternative orbital representatlves w, ; such that

; € Gg,z. The unnormahzed Tamagawa number vol(G, 5/ ka) is an important
1nvar1ant for G, = SO(x).

9. THE TAMAGAWA MEASURE ON Ga

In this section n > 3 is an odd integer. In this section we shall review some facts
concerning the Tamagawa measure on Gm s for x € V;*. Since Gm =~ SO(z) for odd
n > 3, these facts are well-known (see [28] and [32]).

We first define invariant measures both on éw &, and éw A using invariant differential
forms on G and V* which are defined over the global field k. Let g = (to, ¢1) € G,
and y € V. We express elements g; € GL(n),, and y € V;* as follows:

2y11 Y12 s Yin
g1 - Gin . .
e T TR I
gnl PO gnn . ° N yn—ln
Yin T Yn—1n 2ynn

We first define an invariant measure on Gy, . It is easy to see that

(9.1) v =ty dto A (det g;)~ /\ dgi;

1<7,5<n

is an invariant differential form on G = GL(1) x GL(n). Note that (9.1) is a differential
form over the global field k. For v € 9, we define a measure du,, = du,(g) on Gy, as
follows:

(9.2) dpt, = [to|, *dto |det a1, H dgi;

1<4,5<n

where dt, and dg;; are the usual measures on k, which we have chosen in Section 2.
Since (9.1) is an invariant differential form on Gy, , dp, is an invariant measure on
Gk, We call du, the Tamagawa measure on Gy, .

The following theorem is Theorem [28; p.118] with respect to the special case
GL(n).

Theorem 9.3. Let v € M. Then, for any v € Z~y,

_ tGL(n)o, /p - .
| det ga|," dgij = —gmaraer = 111 —a.7)
Lo [T o =" e =11

1<i,j<n v =1
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1GL(n)o, /py .

Note that — 775 is the local density of GL(n)g, for v € M. Using the above
Qu

lemma, we obtain

(9.4) / dpy = (1 — g7 T (1 - a77).

j=1

We next define invariant measures on V* and Gy, /Gy, for 2 € V. For v € 9N,
we define a measure dy on Vj, as follows:

(9.5) dy = H dyij

1<i<j<n

where dy;; is the usual measure on k,. For the rest of this paper, we denote the volume

of any measurable subset U C Vj, with respect to dy by vol(U). By definition,

vol(Vp,) = 1. It is easy to see that v/, = P(y) "T1)/2 /\ dy;; is a G-invariant
1<i<j<n

differential form over the global field k on V*. So |P(y)|; ™*V/2dy is a Gy, -invariant

. . r / /
measure on V. For x € Vi*, we define an invariant measure du;,, = du;, ,(g') on
Gy, /Gy, so that

_ntl
[ Plawde,= [ P@IPGLT
9'€Cry /G ky

yEGkvaz

for all measurable functions F” on V;**.
Now we define invariant measures on Gy, and Gy, for v € Vi*. On T}, =
{(ts% to1,)| to € Kk}, t5'dlo is an invariant differential form. So there exists an

invariant differential form 7/ on G, such that
v= AT A (t; dty).

We may not be able to express 7 explicitly. However, using 7 A (t, *dty) and 7", we
can define the following invariant measures dy, , and dji} , respectively on G, and

Gar,. Let dpg,, = d,uiv(%vo) be the Tamagawa measure on T, = GL(1);,. Then

(9.6) [ dup,—1-a
Try VK ’

for v € M. Since Hvesz ffk ~x. Apg , does not converge absolutely, we consider the

Tamagawa measure on 1" only locally.

Definition 9.7. Let x € V;*. We define an invariant measure du, , = du; ,(g") on
G, so that

/ F(g)dp, = / / F(g'g")dpiz, | ditg
9€Gk, 9'€G, /G iy 9" €G ¢ ky
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for all measurable functions F' on Gj,. We call du the Tamagawa measure on G,
Let x € Vi°. We define an invariant measure i), o ON G,,: ke = Guk,/ Tkv so that

/ FY(g") !, = / / F( ), | it
9"€Caky ’ 3"€Gury /Ty \JT0ETh, ’

If n is even then GO(z) # GO(z)°. By restricting du; , to GO(z); , we obtain a
differential form on GO(z); . This differential form comes from a differential form
over the global field k. Let wy ; be one of the alternative orbital representatives of
Vis. Then dg,, , and du,,  are invariant measures on Gy p,. So there exists a

constant ¢, ; > 0 such that dg” /= Coidpy, . We remind the reader that we shall

define dg” , , forve My in part II. Let d~” , be the canonical measure on CNJU,; -

Ull

Then dﬁg, and djfi!’,  are invariant measures on Gy ,. So there exists a constant
ﬁ’ v,n v,1
N 1 __=n ~1
Cyi >0 such that dgng o= Cu,ﬁdﬂw; v
: T~ / ~11 ~
If n > 3is odd then Gy k,/Tk, = SO(W,;)k,. So we can regard dgw,v o duw;j L 88

measures on SO(wy, ;)r,. Also we can regard ¢y ; as the constant which compares the
canonical measure and the Tamagawa measure.

Proposition 9.8. (1) Ifv € My then c; = (1 — ¢, ')7'C) ;.
(2) If v e My then c,; =<,

Proof. The statement (1) follows from (9.6). Since the Tamagawa measure on T}, is

the usual measure for v € M, the statement (2) follows. O

Definition 9.9. Let z € V;*®. We define a measure dji; , on G as follows:

ﬁg AT H dﬁgﬂ)'
veEIM
It is known that dji} , is well-defined since G, is semi-simple. Since G, contains
GL(1) as T, [Tocom, ka k., Ay, does not converge absolutely. So [, oy, diy,, is not
well-defined. We put

9.10 7(Gy) = | Ay~ 4m =5 di" .
~ ~ x’A
Gun/Gok
If n > 3 is odd then by Proposition 8.3, dji} , is the Tamagawa measure on é’x i

SO(z) and 7(G,) is the Tamagawa number of SO(z). The following theorem is
Theorem 4.5.1 [32, p.109].

Theorem 9.11. Suppose that n > 3 is odd. Then, for x € V*, (G ) = 2.

10. UNNORMALIZED TAMAGAWA NUMBER AND LOCAL CONSTANTS FOR ODD n

Let n > 3 be odd. Suppose that x € V;*® and = = Ocmw;,ﬂ for a,, € Gi,. We
remind the reader that G, = G and CN}’ CNJO =~ SO(zx) for odd n > 3. In this

section we shall express the value of Vol( wa/ ka) using ¢ . which we have defined
just before Proposition 9.8. For v € 91, we shall compute the explicit value of ¢ ; in
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part II. For v € M, we shall express the value of ¢ ; using vol(K,w; ;) and compute
the explicit value of vol(K,wy, ;) for alternative orbital representatives w;,; in Section

11. Thus, we obtain the explicit value of vol(Gy4/Gyy) for odd n > 3.
We first prove some properties of the Tamagawa measure.

Lemma 10.1. Let v € My and v € Vi°. Then

n+1

/ dp, = (1 — qv_l)|P(x)|;Tvol(Kvx) dﬁ’g,v'

/(GI kv mKﬂ)fkv /Tkv

Proof. Let fi, be the characteristic function of K, C Gi,. If ¢ € G, satisfies the
condition fk, (¢'Gyk,) # {0}, then ¢ € K,Gyy,. Let ¢ = xh where K € K, and
h € Ggp,. Then, since dji} , is an invariant measure,

[ e, = [ f et ).
G'gE ko Gm kv
By definition, fx, (kh) # 0if and only if kh € K, which is equivalent to h € G, NK,.
Since fg, is 1 on G, N Ky,

| aetmai,m= [ di,

G, 7 Gz gy NKy ’
it ¢ € K,Gor,.
Therefore,

x ko
_ntl
[am=[ | A N )
v Gar,NKo  JEGok,/Gok, GorkyNKy Kz
Since P(y) = P(z) for y € K,z,

[Pk dy =P [y = 1P ol ()
Ky Kyx
The set G r, N K, surjects to (Gyp, N K,) Tkv/fkv. If

(t[)? gl); (307 hl) € Gmkv N Kv
and (to, g1)(t52, tol,) = (S0, h1) for some #, € T}, then

(562, f()]n) = (to, gl)_1<80, h1> - Tkv N Kv,
which implies that t, € OX.
If dpz , is the Tamagawa measure on Ty, = GL(1)y,, /~ dpg,, = (1 - ¢ ') So

Ty NKo

[ | dur, ) ai,
Gy ipyNKy 7 (G oy NK )Ty / They Ty NKy ’ 7

—1—q / di,
(Gz kv m[(v)Tkv /Tkv

O

Let v € 9 be an arbitrary place. Suppose that gy € G, and x = goz’ € V;°. We
define ¢y, : Gy, — Gari,, etc., similarly as in (8.1).
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Proposition 10.2. On G.,, du,
Proof. Note that du, = du, ,du,
dft,

So we only have to prove that d,u;,v =
If F’ is a measurable function on Vi,

G, /Ger,- We denote this function by F'.

/ F(h) %, (dil )
he€Gly /Gy ky

(10.3)

Since dy, ,, is left Gy, -invariant, (10.3) is equal to
_n+l
/ Plha)din, = [ POIPGL T dy
hIIEGkv/Gz’kv yEGkvx’
n+1
= F' )Pyl * dy
yeGk, T
= F,(hw)dulx,v
ha eGkv /Gz ky
Therefore, ¢} (dul, ) = du, . So @y (dul, ) = duy,
Let dpg , be the Tamagawa measure on fkv as before. Then
dpty, = dfiy Az,  dpiy, = djity dug,.
Since
dlug,v = 90;0 (dﬂg/,v) = 30;0 (dlag’,vdlu’fm) = 30;0 (dlag’,v)d:u’f7w
dlag,v - 9020 (dﬂg’,v) . O
Suppose that x € V;°. Let 1,(z) be an index such that Gy, = Gi, Wy 3,(z)-
Proposition 10.4. Suppose that n > 3 is odd and x € V;°. Then
im SO(ar)
vol(G wA/Grk) = 2|A |d AZ,ﬁv(z)‘
veEIM
Proof. By Proposition 10.2,
~1 11 ~11 ~1 o~ ~1/
dgm,v = Py, (d~v S ( ) QOgT( Vi (T d,LL,w iv(m)’v) Cy ]11;(1)(pggp (dﬂw;n (@ )v> - Cv,ﬁv(r)d:u’m,v'
Therefore, dg; » = [I,con @9z, = [LoconCy s, () Mz, By Theorem 9.11,
VOI( :L‘A/ka) [ _ N” H ’U]lv x)/ dﬁg,A
GIA/sz vEM IA/sz
_ 2|Ak|d1m SO( ) fC\Z’ﬁv(w),
vEM
O

= 9020 (d:ug’,v
= dlu;c’,vdlug’,v
= o (At )Py (i )
()0;0 (dlLL/J?/,’U) :

)- On Gay,, divy, = ¢4, (dfi ).

. Since @} (dp) = djiy,

then F”(xx) is a measurable function on
Then

/ Fo g, (ha)dil,
hz’EGkv/Gz’kv '

F'(gohar gg 'x)dptly
hzl EGkv /Gz’kv

F'(gohyra)dpl, .
h‘w’EGkv/Gw’kv '
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11. THE VALUE OF THE CONSTANT ¢ ; AT FINITE PLACES

Throughout this section we assume that n > 3 is odd and v € M. In this section
we compute the value of ¢, ;. We first express ¢, ; in terms of vol(K,w, ;).

Lemma 11.1. Let v € M and w,; be a standard orbital representative for Gy, \V;
Then

n+1

E:)/,ﬁ = |P(wv7ﬁ)| : VOI K. Wy i H 1 _qv
7=1

Proof. By the definition of dg, .,

/ =1,
(G, 3ho ) Ty, /T, 7

By the definition of ¢

’U]17

—1
~r ~1/ ~1/
Cv,ﬁ _/ _ _ dng’ﬁ,v / _ _ dILL'lUU’ﬁ,’U
(G, s ko NKW) Ty /T, (G, s ko NKW) Ty [T,
—1
- ~1/
- / - - d/"bwv’ﬁ,v .
(G s ko NEW) Ty /Ty

Using Theorem 9.3 and Lemma and 10.1,

ntl
/ dit, = (1= g ) Pwes)e® (vol(Kyw,;)) ™" / d,
(G 10w NEK) Ty /Ty b

v

n+1 n
= |P(w,4)|o* (vol(Kyw,:)) " ] - ¢,7)
7=1
Therefore,
n+1

E:iﬁ = |P(wy;)]o * vol(Kyw,; H (1—q,7)
7=1

O

By Lemma 11.1, we only have to compute the value of vol(K,w,;) in order to
determine the value of the constant ¢ ;. We first define some notations used in the
computation of the value of vol(K,w, ;). Let m, = ord,2 and F, = O,/p,. Note that
F, = F, where ¢, = £(0,/m,0,). If there is no confusion, for ¢ € O,,, we denote the
element ¢ mod m, of F, also by ¢ by abuse of notation. We denote the set of squares
of FX by (FX)?. Tt is known that [F} : (FX)?] = 2 if v & Mgy, and (FX)? = FX if
v € Myy. We put

5 {1 v E My,
0 ve mdy,
ie., 20 = [FX : (FX)?] and §(FX)? = 27%4F>x.
If z = (zi5), y = (y;;) € Voo, and d € Z~, then we use the notation z =y mod 74,

etc., if z;; = y;; mod 7? for all i, j. Note that we use the coordinate system (3.2),
and regard 2’s in the diagonal entries of (3.3) as formal coefficients.
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Let ag, by € O be as in (4.2). Then a root of 2% + agz + by € F,[2] generates the
unique unramified quadratic extension L, of F,. Let ag, 6y € L, be the elements
such that

22+ agz +by = (2 +ap) (z+ Fo).
We denote the conjugate of n € L, by 7, and the norm map L} 3 n— nn € FX by
NL’U/]F’U It is known that NL v/Fy (L ) FX

Before computing the value of vol(K, wvvn) we review some facts concerning orders
of general orthogonal groups over [F,. Since we shall use similar computations in part
III, we consider all n (which means that we do not assume that n is odd).

We define an n-ary quadratic form @), s, over I, as follows:

Q [ ] . X1X2+"'+Xn_2Xn_1+X3L n23odd,
1P XX+ 4+ X X, n > 4 even.

where X = (X, ..., X,,) and X7, ..., X,, are variables. Similarly, for odd n > 3, we
define an (n — 1)-ary quadratic form @Q,,_1 i, over IF, as follows:

Qn-1im X =X1Xo+ -+ XpoaXns + XE,Q + ap X, 20X, 1 + bonhl

where X = (Xy, ..., X,_1) and X, ..., X,,_; are variables.
The following lemma is known (see [12, pp.146-147]).

Lemma 11.2. We have

( n—1

n(n—1) N .
200 q, 2 H(l —q; %) n odd,
ﬁO(Qn,Sp)]FU = =1

n(n—1) n % .
2¢p 2 (1+¢q %) ! H(l — ¢, %) n even.

\ =1

If n > 3 is odd then

(n=1)(n—2)

tO(Qu-1in)r, =2¢0 2> (1—qv 2 -1 )

.
—_

We now compute the value of the orders of GO(Q,—1in)r, and GO(Q,, sp)r, using
Lemma 11.2. For each general orthogonal group, we denote its multiplicator by ()
similarly as in previous sections.

We first consider GO(Qy.sp)r, for even n. Let v € F)* and

Y = (lea Yv27 R Ynfla Yn) = (X17 7X27 X37 ’YX47 Ty anla fYXn)

Then QnsplY] = 7Qnsp[X]. So the multiplicator v : GO(Qnep)r, 2 9 — Y(9) €
GL(1)g, is a surjective group homomorphism. Since the kernel of v is O(Qy,p)r,, the
sequence

I — O(Qn,sp)lﬁ‘v - GO(Qn,SP)Fv - GL(I)FU —1

is exact. Thus,

1GO(Qnsp)e, = HGL(Dr, X 10(Qnsp)r, = I X §0(Qn-1.5p)r,

42



We next consider GO(Qp—1,n)r, for odd n. We define binary quadratic forms Qgp
and QY over I, as follows:

0 [X] - Xn—QXn—la 9 [X] - X2_2 + a'OXn—QXn—l + bOXEL—la

sp in n

where X = (X9, X,,-1) and X,,_o, X,,_; are variables. Let v € F}. Since L, /F, is
a finite extension of finite fields, Ny, /r, (L) = F. So there exists n € L such that

v =nn. We put
(1 1 _(n O
t=(ay )@= (7 5) €L

Note that hya(n)h,' € GL(2),. Since h;'Qp, = Q2, and a(n)Q%, = vQY

in sp?

hﬂa(n)hgl ?n = VQ?n

Let
(Y1, Yo, oo Yy, Vi 3) = (X0, v Xo, X3, v Xy, ooy Xoa, 7Xo3),
(Y2, Yn1) = (Xn—2, Xuo1)hoa(n)hy, ™.
Then
Qu-1in[Y] =v(XaXo+ -+ X a Xy 3+ X2 o+ a0 Xn-2Xn-1 + boX?_1)

= ’an—l,in[X]'

So the multiplicator GO(Qu—-1m)r, 2 g — 7(9) € GL(1)p, is a surjective group
homomorphism. Since the kernel of the multiplicator is O(Qy,—1.m)r,, the sequence

1 — O(Qn-1m)r, = GO(Qn-1m)r, = GL(1)p, — 1
is exact. Thus,
1GO(Qn-1n)r, = §GL(1)r, X 10(Qn-1n)r, = IF X §O(Qn-1,n ), -
We next consider GO(Q,.sp)r, for odd n. Since n is odd,
GO(Qnsp)r, = SO(Qusp)r, X {toln|lo € F)}.

The multiplicator v(g) is equal to 1 for g € SO(Qnsp)r, and (tol,) = t2. Therefore,
the image of the multiplicator is (FX)* and

1 — O(Qusp)r, = GO(Qusp)r, — (Fy)* — 1
is an exact sequence. Thus,
GO (Qnsp)r, = H(F)? X 10(Qnsp)e, = 27" HF) X $0(Qnsp)r, -
Therefore, we arrive at the following lemma.

Lemma 11.3. We have

( n—1
n(n—1) 2 .
w? Y- n odd,
1GO(Qnsp)r, = =

1) B a2 N
20 7 (1-¢,H(1+¢q?) 11_1(1—%2) n even.

\ =1
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If n > 3 is odd, then

n—1

(n— 1)(n 2)+1 2 . T 722
ﬁGO(Qn 1 1n) = 2QU (1 - q ) 1 — QU

=1

.

Let @ be a binary quadratic form defined by
Q[X] = ClX12 + X1 X9 + 03X22 (Cl, Co, C3 € Ov)

for X = (X;, X3) where X;, X5 are variables. In the process of computing the value
of vol(K,w,;), we shall use the following lemma.

Lemma 11.4. Suppose that Q[X] = Q3 [X] mod m,. If v € OF, there exists g €
GL(2)o, such that gQ[X] = ~Qg[X]. Suppose that Q[X]| = Qf,[X] mod 7. If
v € QF, there exists g € GL(2)p, such that gQ[X] = ~Q? [X].

Proof. Since the argument is similar for QY [X], we only consider Qf [X] = X7 +
a9 X1 X5 + by X3. Suppose that Q[X] = QY [X] mod 7,. We put
Y=X <z; 212> s Q[Y] o [ ] f1X2 -+ f2X1X2 + fg mod Ty -
Then
fi =21+ apz120 + bozs — 1,
fg = 22123 + agz1 + Qgzez3 + 2[)022 — Qo,
fs = 23 + aozs.
By easy computations,
dof 8f 221 + agzo Qg2 + 2b022 0
J(Zl, Z9, 23) = (a Z) = 223 + ag apz3 + 2b0 221 + apz2
%j /) 1<i, j<3 0 0 223 + ag

and det J(1, 0, 0) = —ag (a2 — 4by) € F*. So, by using Hensel’s lemma, there exists
g1 € M(2,2)p, such that

915<é (1)) mod m,, ¢iQ[X]= ion[X]‘

Since g = I, mod 7, g1 € GL(2)0o,
Let v € O;. By the same argument as in the proof of the surjectivity of the
multiplicator

GO(Qun)r, 2 9 — 7(9) € GL(L)g,,

there exists g» € GL(2)p, such that Q% [X] = ~Q?[X]. Thus, for g = ga01,
9201 QIX] = 1Q0[X]. -

Now we return to the case where n > 3 is odd, and compute the value of vol(K,w, ;).
We first consider vol(K,w,s,). We define a subset D, 4, of Vo, as follows:

(11.5) Dysp =1{y € Vo,|y = wys, mod ,}.
Lemma 11.6. K,w, s = KD, p.
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Proof. Using block matrices, we can express Y € D, g, as follows:

i Y,
Y —
(3 )
where Y7 € M(2,2)0,, Yo € M(2,n —2)0,, Y3 € M(n —2,n — 2)p,. Since Y1 = ({})
mod 7,, Y1 € GL(2)p,. Therefore,

_ [2 02,n72 t, Yi 02n 2
- (—%Yfl In_g) SR 00 =0, L, vi-ny 'y

Since Y € D, 4, Yo =0 mod m,. Since Y3 — YoY, Y, = Ys mod 7, 1Y € D, sp-
So, by applying an element of K, ¥ can be made into the following form:

Yy
(11.7) Y =
Yont
2Yn1
2
where Y7, - -+, Y% e M(2,2)0,, YnT-‘rl € 0, and
}/Vl,“',YanlE <(1) (1)), YnTHE]. mod 7.

Since Yut1 = 1 mod my, Yapr € OF. By Lemma 11.4, there exists g, € GL(n)o,

such that ¢1Y = YnTvaysp. So, if we put g = (Y%fl, gl> € K,, then gY =w, . O
Let H, s, be the subgroup of K, defined by

(11.8) Hysp = {9 € Kol gwosp € Dop}-

Clearly Hy Dy sp = Dy sp-

Lemma 11.9. Ifn > 3 is odd then

3
i

=N
vol(Kywy sp) = H(l —q P,

Proof. Let A, C K, be a set of representatives for K, /H,,. Then

Kvwv,sp - |_| hDv,sp

hE.Av,sp

n(nt1)
and vol(hD,s) = vol(Dysp) = qv 2 for each h € A, 4.
If (to, 1) € Hysp, then g3 mod 7, is an element of GO(Qy,sp)r
uniquely determined by ¢g;. So

and tg mod m, is

v

PGL(Dr, X 4GL(n)r, _ =tz g1
ﬂGO<Qn,Sp)Fv HO

8K/ Hysp) =
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Therefore,

3
v
=

VOl(Kvwv,sp> = ﬂ(Kv/Hv,Sp) X V01<DU,Sp) = (1 _ q;2j*1).

<.
Il
o

We next consider vol(K,w, ). We define a subset D,y of Vo, as follows:

o le YvZ }/1 = Qn—l,in mod Ty,
D'L},rm - { (% Yé) € VO’U

Yo € m,M(n —1,1)p,, Y3 € 21,0
Lemma 11.10. K,wym = KDy m.

Proof. LetY = (3;12 )32 > € Dy rm. Similarly as in the proof of Lemma 11.6, by applying
an element of K, Y can be made into the following form:

v Yia
Y,
Y, na
’ 2
where Y7 1, -+, Y1,"T—1 € M(2,2)0,, Yo = 2wty (to € OX) and
. 0 1 - 2 ao
le,la T le,"T*:” - (1 O) ) le,"T*l - (ao 2b0> mod Ty -

By Lemma 11.4, there exists g; € GL(n — 1), such that ¢;Y; = talwn_l,%in. So,

if we put g = (to, (" 1)) € Ky, then gY = Wn,v,rm - U

Let H,,m be the subgroup of K, defined by

hll h12

t —_—
Tohot has ) hi, hQIEM(n 171)OU7

toh11@n-1in = @Qn-1,;n mod m,

Since (1, I,) € Hyrms HypmDuorm 2 Dyrm. Suppose that ¢ = (to, g1) € Hym and
Y € D,,m. Let g1 be as above. Using block matrices, we express Y and ¢gY as follows:

h11 € GL(TL — 1)01}7 h22 € O;j,
Hv7rm - (t07 gl) € Kv g1 = ( )

n—1 1 n—1 1
n—=1( Y1 Y _n=10Y Y]
(11.12) Y= (tYQ Y})>,9Y—1 <tY2/ ;)
It is easy to see that Y]/ = Q),,—1;n mod 7, and Y; =0 mod m,. We consider
Y =to (Wihmylthm + Tohas' Yo hoy + muho1 Yo' hoo + h22Y3h22) .

Since all diagonal entries of Y; are elements of 20,, tgm2hy1Y1"hyy € 2720,. Since
Yy € mM(n — 1,1)p, and T,hae' Yo' hoy = myho1 Yo hao, muhas' Yo hoy + Toho1 Yo' hoy €
2720, Therefore, Yy € 27,0, Thus, HymDoyrm = Dym-

Lemma 11.13. Let Y;, Y5 € Dym. Suppose that g € K, satisfies gY1 =Y, mod m,.
Then g € Hy .
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Proof. Let g = (to, g1). Using block matrices, we express g; € K, as follows:
n—1 1
glzn_l( 911 912)‘
1 921 Gg22
If we express Y, Y' = gY € D, similarly as (11.12), then
to 'Y = guYi'gn + g12'Ya"011 + 911Y2'012 + 912Ys'010,
(11.14) to Yy = gu Y1921 + 912" Y2'921 + 911Y2922 + 912Y3g20,
to'Ys = g Yi'g21 4 922'Y2'921 + 921Y2'922 + g22Y3900.

Since Y, € mM(n — 1,1)p, and Y3 € 21,0, t;'Y] = gnuYilgn mod 7,. Since
le’ YY = Canl,in mOd T,

t()gllQn—l,in = Qn—l,in mod Ty
Since t,'Y; € m,M(n — 1,1)0,, Y2 € 7,M(n — 1,1)0, and Y3 € 27,0,
12" Yo'ga1 + g11Yo'g22 + 12Y3'g20 € m,M(n — 1, 1), .

Therefore, ¢11Y1'g21 € mM(n — 1,1)p,. Since g11Y1 € GL(n — 1)o,, ‘921 € m,M(n —
1,1)p,. Since g1 € GL(n)o,, g22 € OF. O

Lemma 11.15. If n > 3 is odd then

3
|
—

M ‘

n—1

VOl( KWy yrm) = 2_1qv_1(1 —q )|l - qv_Qj_l).

.
Il
o

Proof. Let A,.m C K, be a set of representatives for K,/H, ;. By Lemma 11.13,
Kywyrm = [pea, . "Dyrm. It is easy to see that

_n(n-1)

VOl(hDy ) = vOl(Dyrm) = o

_ n(n+1)

=q * (1-¢")
for each h € A,,,. Since

x g, "V x g (1— g,

§GL(1)p, x §GL(n)g,

Kv Hvrm —
B Hom) = S G0 )e, X i T X SGL()s,
n—1
. netD g o B R o
=27, 7 T (l-g ) =g ) JJO -,
=0
we obtain

VOl( K ywy rm) = 8(Ky/Hypm) X vol(D

n—

’rm)

e

»
s

n—1

=27 (1—q 2 ) [[(1—gq¥M).

<
Il
o
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By (3.5), if n > 3 is odd then

1 1 = sp,
|P(woi)le = [Pwi)le=19q | . _
g, 1=rm.
By Lemmas 11.1, 11.9 and 11.15, we obtain the following proposition.

Proposition 11.16. Let v € M; and w,,; be an alternative orbital representative for
G, \Vi>. Then

((n—1
2
H(1 —-q¢,)! 1= sp,
~ =1
v n—1
1 n—1 _n—1 2 2% 1 .
27 (1—qv 2 )H(l—qv_ 97 1=rm.
\ i=1
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