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1. Introduction

This is part III of a series of three papers. In this series of papers, we determine the
density of unnormalized Tamagawa numbers of projective special orthogonal groups
defined over a fixed number field.

Let k be a number field and A its ring of adèles. Throughout this paper,

(1.1) G = GL(1) × GL(n), V = Sym2Aff(n).

We regard V as the space of quadratic forms in n ≥ 1 variables. Let V ss
k = {x ∈

Vk | det x 6= 0}. If x ∈ V ss
k then we define the special orthogonal group SO(x) in the

well-known manner. We define PSO(x) to be SO(x) modulo its center. Then

PSO(x) =

{
SO(x) n odd,

SO(x)/{±In} n even.

We denote the set of k-isomorphism classes of algebraic groups over k of the form
SO(x) by Sn. Then Sn is in bijective correspondence with the set of k-isomorphism
classes of algebraic groups over k of the form PSO(x).

In part I, we proved that the correspondence Gk\V ss
k 3 x → SO(x) ∈ Sn is a

bijective map. We also defined the notion of the discriminant ∆x ∈ Z>0 for x ∈ V ss
k

and an invariant measure dg̃′′
x on the adèlization PSO(x)A. Roughly speaking, it is the

measure defined by the Iwasawa decomposition. The volume vol(PSO(x)A/ PSO(x)k)
with respect to dg̃′′

x is finite, and we call it the unnormalized Tamagawa number
PSO(x).

Our main theorems are Theorem 6.12 in part II [9] and Theorem 5.9 in this part.
Our results are over an arbitrary number field k, but we state them here assuming
that k = Q for simplicity.

For convenience, we put r =
[

n
2

]
, i.e., r = n−1

2
(n odd) and r = n

2
(n even). For a

prime number p, we put

Ep = 1 +
5

4
p−2 +

1

4
p−3 − p−r−1 − 3

2
p−r−2 − 1

2
p−r−3 +

1

4
p−2r−2 +

1

4
p−2r−3,

E ′
p = 1 − p−2 − p−2r−1 + p−2r−2 +

1

4
p−3 (1 − p−1)2(1 − p−(r−1))(1 − p−2r)

1 − p−2
.

Let Γ(s) be the classical gamma function. We put

(1.2) ΓR(s) = π− s
2 Γ( s

2
), ΓC(s) = (2π)1−sΓ(s).
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For 0 ≤ i ≤ r, let Sn,i be the subset of Sn consisting of groups of the form PSO(x)
where x is a quadratic form with signature (i, n − i).

Theorem 1.3. Suppose that n = 2r + 1 ≥ 3 is odd. Then

lim
X→∞

X−n+1
2

∑
x,y∈Sn,i
∆x∆y<X

vol(SO(x)A/SO(x)Q)vol(SO(y)A/SO(y)Q)

=
2−n+i(n−i+1)+2

n + 1

( ∏
1≤j≤i

ΓR(j)
∏

1≤j≤n−i

ΓR(j)
∏

1≤j≤r

ζ(2j)

)2 ∏
p

Ep.

Note that PSO(x) ∼= SO(x) if n is odd.

Theorem 1.4. Suppose that n = 2r ≥ 4 is even. Then

lim
X→∞

X−n+1
2

∑
x∈Sn,i
∆x<X

vol(PSO(x)A/ PSO(x)Q)

=
2−n+

i(n−i+1)
2

+2

n + 1

∏
1≤j≤i

ΓR(j)
∏

1≤j≤n−i

ΓR(j)
∏

1≤j≤r

ζ(2j)
∏

p

E ′
p.

Since our work is a generalization of Datskovsky’s work [1], our method works for
n = 2 also, and can prove the following known result of Goldfeld–Hoffstein [6].

Theorem 1.5. (Goldfeld–Hoffstein)

lim
X→∞

X−3/2
∑

[F :Q]=2
0<∆F≤X

hF RF =
π2

36

∏
p

(1 − p−2 − p−3 + p−4),

lim
X→∞

X−3/2
∑

[F :Q]=2
0<−∆F≤X

hF =
π

18

∏
p

(1 − p−2 − p−3 + p−4)

where hF , RF are the class number and the regulator of of the quadratic field F re-
spectively.

In this part we prove Theorem 1.4. For a general introduction, the reader should
see the introduction of part I. Here we discuss issues specific to this part.

We use the zeta function theory for the case (1.1) to prove Theorem 1.4. There is a
possibility that one can use the explicit method as in part II (which uses a technique
in [10]). However, we do not restrict ourselves to the ground field Q and the pole
structure of the zeta function for the space of quadratic forms has been determined
by the author in Chapter 4 of [24]. So at this point, using the zeta function theory is
probably the easiest way to prove Theorem 1.4.

The notion of prehomogeneous vector spaces was introduced by M. Sato in the
early 1960’s. The principal parts of the global zeta functions for some prehomoge-
neous vector spaces were determined by Shintani [19], [20], Sato-Shintani [18] and
the author [24], [25], [26]. As for the present case, Siegel determined the density
of vol(SO(x)R/SO(x)Z) for integral equivalence classes of quadratic forms in [21].
Siegel’s approach was quite classical and does not use the zeta function theory. Shin-
tani [20] tried to interpret Siegel’s result from the viewpoint of zeta function theory
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and obtained a partial result. He succeeded in determining the principal parts of the
zeta function for the set of positive definite quadratic forms. The author obtained
the principal parts of the zeta function without any condition on the signature in
[24]. In the meantime, Ibukiyama–Saito [10] proved an “explicit formula” for the
zeta function for this case when the ground field is Q.

Shintani’s method in [19] and the second author’s approach in [24] were similar and
use the Eisenstein series in an essential manner. Ibukiyama–Saito’s method was quite
different from that in [19], [24]. Roughly speaking, their approach uses a relatively
simple orbit structure for this case and computes the global zeta function using the
local zeta functions. In the case where n is odd, they expressed the zeta function as a
sum of two functions which are products of Riemann zeta functions. In the case where
n is even, which is the main concern of this part, they expressed the zeta function
using Riemann zeta functions and the Eisenstein series of half integral weight. It
is possible to figure out the pole structure of the Eisenstein series of half integral
weight, but is of about the same difficulty as to figure out the pole structure of the
zeta function for the case n = 2.

Theorems 1.3, 1.4 are density theorems for rational equivalence classes in compari-
son with Siegel’s result. Generally speaking, it is more difficult to count objects which
are sparse. Since infinitely many integral equivalence classes are rationally equiva-
lent, one has to filter out the ambiguity to deduce the density for rational equivalence
classes. The method which achieves this task is called the filtering process (see [2],
[3], [13], etc.). In order to apply this filtering process, one has to know the residue
at the rightmost pole of the zeta function and find a uniform estimate of local zeta
functions. As we stated above, we use the author’s result for the global zeta function.

In [10], the Igusa zeta function was computed explicitly. However, local orbital
zeta functions were not computed and we do need their information. If we extremely
simplify the situation, when p is an odd prime, the Igusa zeta function for the present
case is in the form

F (s) = A1(p)f1(s) + A2(p)f2(s)

+ p−(s−n−1
2

)A3(p)f3(s) + p−(s−n−1
2

)A4(p)f4(s) + p−(2s−n+2)A5(p)f5(s),

where A1(p), . . . , A5(p) are constants which are close to 1 and f1(s), . . . , f5(s) are the
local orbital zeta functions. We have to estimate f1(s), . . . , f5(s) for Re(s) > n

2
, and

the coefficients of f3(s), f4(s), f5(s) at s = n
2

are close to p−
1
2 , p−

1
2 , p−2.

So for example, we can bound f5(s) by something like p2F (s) around s = n
2
, but this

does not accomplish what we need. We speculate that further analysis along the line
of [10] computes the local orbital zeta functions explicitly. However, even though we
use the formulation of [10], we only estimate the local orbital zeta functions without
finding their explicit forms, which is fairly simple.

Even though we do not have to determine the explicit form of the local orbital zeta
functions, we do have to prove that the constant term of the q-expansion of the local
orbital zeta function is 1 except for a finite number of places. In [12] Kable and the
author generalized Datskovsky’s approach and introduced the notion of the “omega
set” for that purpose. However, if the stabilizer is not a torus then it is not easy to
construct omega sets. We prove in Section 7 a proposition (Proposition 7.3) which
makes it possible to prove that the constant term of the q-expansion of the local
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orbital zeta function is 1 for general prehomogeneous vector spaces. For the present
case, it has already been proved in part I that the assumption of Proposition 7.3 is
satisfied.

There have been many works on Siegel’s “local density”. We compute the local
factor of the constant in Theorem 1.4 at finite places in Section 6 and the computation
is essentially the same as that for the local density. If the ground field is Qp, the local
density is known for all cases. However, the local density over an arbitrary dyadic
field seems unknown and difficult. To deal with ramified cases over dyadic fields, we
group together those orbits, which makes the computation simple and uniform for all
finite places.

The computation of the local factor of the constant in Theorem 1.4 at infinite places
is essentially done in part II. It can basically be reduced to the comparison between
the measure defined by the Iwasawa decomposition and the measure defined by the
Tamagawa measure. We briefly discuss how to relate the computation to that in part
II in Section 9.

For the rest of the introduction, we discuss the organization of this part. Through-
out this paper except for Section 6, n ≥ 2 is an even integer. In Section 2 we discuss
notations used throughout this part. In Section 3 we review results from parts I,II
which are needed in this part. In Sections 4, 5, we deduce Theorem 1.4 assuming
results in later sections. In Section 6 we determine the local factor at finite places
of the constant in Theorem 1.4. We need this result to prove a uniform estimate of
the local zeta functions in Section 8 and so Section 6 had to come earlier. We have
discussed the content of Section 7 above. In Section 8 we prove a uniform estimate
of the local zeta functions using results in [10]. In Section 9 we determine the local
factor at infinite places of the constant in Theorem 1.4. In Section 10 we specialize
to the case k = Q, n = 2, deduce the theorem of Goldfeld–hoffstein and explain that
the values of c̃′′v,x we obtained are compatible with the constants in [1].

2. Notation

In this section we define basic notations. More specialized notation will be intro-
duced in the section where it is required.

If X is a finite set then ]X will denote its cardinality. The standard symbols Q, R,
C and Z will denote respectively the set of rational, real and complex numbers and
the rational integers. The set of positive real numbers is denoted by R+. If R is any
ring then R× is the set of invertible elements of R, and if V is a variety defined over
R then VR denotes the set of R-valued points. If G is an algebraic group then G◦

denotes its identity component.
Throughout this paper, k is a fixed number field except in Section 3 where k is an

arbitrary field. Let M, M∞, Mf, Mdy, MR and MC denote respectively the set of all
places of k, all infinite places, all finite places, all dyadic places (those dividing the
place of Q at 2), all real places and all imaginary places.

Let O be the ring of integers of k. If v ∈ M then kv denotes the completion of k
at v and | |v denotes the normalized absolute value on kv. If v ∈ Mf then Ov denotes
the ring of integers of kv, πv a uniformizer in Ov, pv the maximal ideal of Ov and qv

the cardinality of Ov/pv. If a ∈ kv and (a) = pi
v then we write ordv(a) = i (or simply

ord(a) = i). If i is a fractional ideal in kv and a − b ∈ i then we write a ≡ b mod i.
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We denote the absolute discriminant of k by ∆k. Let r1, r2, hk, Rk and ek be, re-
spectively, the number of real places, the number of complex places, the class number,
the regulator and the number of roots of unity contained in k. It will be convenient
to set

(2.1) Ck = 2r1(2π)r2hkRke
−1
k .

We assume that the reader is familiar with basic definitions and facts concerning
adèles and idèles. These may be found in [22]. The ring of adèles, the group of idèles
and the adèlic absolute value of k are denoted by A, A× and | | respectively. Let
A1 = {t ∈ A× | |t| = 1}. Suppose that [k : Q] = n. For λ ∈ R+, λ ∈ A× is the idèle
whose component at any infinite place is λ1/n and whose component at any finite
place is 1. Clearly, |λ| = λ.

If V is a vector space over k then we let VA be its adèlization, and V∞ and Vf

its infinite and finite parts. Let S(VA), S(V∞), S(Vf) and S(Vkv) be the spaces of
Schwartz–Bruhat functions on each of the indicated domains.

We choose a Haar measure dx on A so that
∫

A/k
dx = 1. For any v ∈ Mf, we

choose a Haar measure dxv on kv so that
∫
Ov

dxv = 1. Let dxv be the Lebesgue
measure if v ∈ MR, and two times the Lebesgue measure if v ∈ MC. It is known that
dx = |∆k|−1/2

∏
v dxv (see [22, p. 91]).

We define a Haar measure d×t1 on A1 so that
∫

A1/k× d×t1 = 1. Using this measure,

we choose a Haar measure d×t on A× so that∫
A×

f(t)d×t =

∫ ∞

0

∫
A1

f(λt1)d×λd×t1,

where d×λ = λ−1dλ. For any v ∈ Mf, we choose a Haar measure d×tv on k×
v so that∫

O×
v

d×tv = 1. Let d×tv = |tv|−1
v dtv if v ∈ M∞.

We later have to compare the global measure and the product of local measures,
and for that purpose it is convenient to denote the product of local measures on A, A×

as follows

(2.2) dprx =
∏

v

dxv , d×
prt =

∏
v

d×tv .

It is well-known (see [22, pp. 91,95]) that

(2.3) dx = |∆k|−
1
2 dprx, d×t = C−1

k d×
prt.

Let ζk(s) be the Dedekind zeta function of k. We define

(2.4) Zk(s) = |∆k|
s
2 (π− s

2 Γ( s
2
))r1((2π)1−sΓ(s))r2ζk(s) .

This definition differs from that in [22, p. 129] by the inclusion of the |∆k|s/2 factor
and from that in [24] by a factor of (2π)r2 . It is known ([22, p. 129]) that

(2.5) Ress=1 ζk(s) = |∆k|−1/2Ck, and so Ress=1 Zk(s) = Ck .

3. Review of facts from parts I, II

In this section, we briefly review results on quadratic forms from parts I and II. Let
k be an arbitrary field in this section. For the rest of this paper except for Section 6,
n is an even integer.
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Throughout this paper,

(3.1) G = GL(1) × GL(n), V = Sym2Aff(n)

for n ≥ 1. We regard V as the space of quadratic forms.

We denote the n-dimensional unit matrix by In. Let T̃ = Ker(G → GL(V )). It is
easy to see that

(3.2) T̃ = {(t̃−2
0 , t̃0In) | t̃0 ∈ GL(1)}.

We express elements of V as

(3.3) x[v] =
∑
i≤j

xijvivj

where v = (v1, . . . , vn) (v is an n-dimensional row vector) and v1, . . . , vn are variables.
If ch k 6= 2 then we may identify x with the following symmetric matrix

(3.4) Mx =


2x11 x12 · · · x1n

x12 2x22 · · · x2n
...

...
. . .

...
x1n x2n · · · 2xnn


We choose (xij) as the coordinate system for V . It would be convenient to be able

to use matrix computation even if ch k = 2. If ch k = 2 then by slight abuse of
notation, we regard 2 in diagonal entries as a variable, and 2 in other entries as 0.
This may be a little confusing but it will be more convenient than the definition (3.3)
of x[v] itself. For example, if ch k = 2 and y = (yij) corresponds to the matrix(

1 0
u 1

)(
2 1
1 2

) (
1 u
0 1

)
=

(
2 1 + 2u

1 + 2u 2(1 + u + u2)

)
then y11 = 1, y12 = 1, y22 = 1 + u + u2.

The group G acts on V by (g1, g2)x[v] = g1x[vg2]. Let P (x) = det Mx and
χ(g1, g2) = gn

1 (det g2)
2. Then χ is a character of G. Let V ss = {x ∈ V | P (x) 6= 0}. If

x ∈ V ss then it is called a semi-stable point. It is easy to see that P (gx) = χ(g)P (x)
for g ∈ G and x ∈ V .

We put

H =

(
0 1
1 0

)
.

Let w be the element of V such that

(3.5) Mw =

H
. . .

H

 .

Then w ∈ V ss
k . So this element is universally generic (this notion was defined in

Section 2 [15]).
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If G1, G2 are algebraic groups over k then G2 is called a k-form of G1 if there exists
a finite separable extension F/k such that G1 × F ∼= G2 × F . For x ∈ V ss

k we define

(3.6)

GO(x) = {g ∈ GL(n) | ∃α(g)(g) ∈ GL(1) gx = α(g)x},
O(x) = {g ∈ GL(n) | gx = α(g)x},

SO(x) = O(x) ∩ SL(n).

These groups are smooth algebraic groups over k if ch k 6= 2. GO(x) and SO(x) are
smooth over k even if ch k = 2, but O(x) is not. If ch k = 2 then we consider these
groups only set-theoretically.

Suppose that ch k 6= 2. Let GO(x)◦ be the identity component and Z its subgroup
of scalar matrices. We define

(3.7) PGO(x)◦ = GO(x)◦/Z, PSO(x) = SO(x)/{±In}.

As algebraic groups over k,

PGO(x)◦ ∼= PSO(x).

Since we assumed that n is even, [GO(x) : GO(x)◦] = 2.

Remark 3.8. Note that if F ⊃ k is a field then (GO(x)◦/T̃ )F = GO(x)◦F /T̃F , but
(SO(x)/{±In})F may not coincide with SO(x)F /{±In}. Therefore, the set-theoretic

quotients GO(x)◦F /T̃F , SO(x)F /{±In} may not coincide.

The following proposition is proved in Proposition 3.12 [8].

Proposition 3.9. Suppose that ch k 6= 2 and that n ≥ 4. Then the set Gk\V ss
k is in

bijective correspondence with the set of k-forms of PGO(w)◦ of the form PGO(x)◦.
If x ∈ V ss

k then the corresponding k-form is PGO(x)◦.

If n = 2 then it is known that the set Gk\V ss
k is in bijective correspondence with

the set of isomorphism classes of separable extensions of k of degree at most two.
Moreover, if F corresponds to x ∈ Gk\V ss

k then G◦
x
∼= GL(1)F as algebraic groups

over k (see [23, pp. 285, 309–310]). For even n ≥ 4, let Sn be the set of k-isomorphism
classes of algebraic groups over k of the form PGO(x)◦.

We assume that k is a number field for the rest of this section. We review the
choice of a set of representatives for Gkv\V ss

kv
for v ∈ Mf in part I and for v ∈ M∞ in

part II in the following.
We first consider the case v ∈ Mf. We put λv = ](k×

v /(k×
v )2) − 2. Note that

λv = 2 if v is not dyadic. Suppose that a0, b0 ∈ O×
v and a root of z2 + a0z + b0 = 0

generates the unramified quadratic extension of kv. We choose Eisenstein polynomials
pj(z) = z2 + ajz + bj = 0 (j = 1, . . . , λv) so that if Fj is the splitting field of pj(z)
over kv then {Fj | j = 1, . . . , λv} is a complete set of representatives of isomorphism
classes of ramified quadratic extensions of kv.

We put

Av,in =

(
2 a0

a0 b0

)
, Av,(rm,j) =

(
2 aj

aj bj

)
j = 1, . . . , λv, Av,dq =

(
Av,in

πvAv,in

)
.
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Note that “in”and “dq” stand for “inert” and “division quarternion” respectively.
Let wv,sp be the element w in (3.5). If n ≥ 2 is even then we define

(3.10) wv,in =


H

. . .
H

Av,in

 , wv,(rm,j) =


H

. . .
H

Av,(rm,j)


where j = 1, . . . , λv. If n ≥ 4 is even then we define

(3.11) wv,dq =


H

. . .
H

Av,dq

 .

If we have to show the dimension n then we may write wn,v,sp, etc.
If n = 2 then

{wv,sp, wv,in(= Av,in), wv,(rm,1), . . . , wv,(rm,λv)}
is a complete set of representatives for Gkv\V ss

kv
([23, pp. 285, 309–310]). The following

proposition is Proposition 4.16 in [8].

Proposition 3.12. If n ≥ 4 is even and v ∈ Mf then

{wv,sp, wv,in, wv,(rm,1), . . . , wv,(rm,λv), wv,dq}
is a complete set of representatives for Gkv\V ss

kv
.

If v ∈ Mf and x ∈ Gkvwv,sp, Gkvwv,in, Gkvwv,(rm,j), Gkvwv,dq then we say that the
type of x is (sp), (in), (rm), (dq) respectively.

Suppose that v ∈ MR. Then Gkv\V ss
kv

is represented by quadratic forms with
signatures

(0, n), . . . , (n
2
, n

2
).

Therefore, we regard i = 0, . . . , n
2

as the index which parametrizes the orbit space
Gkv\V ss

kv
. For i = 0, . . . , n

2
, we put

(3.13) wv,i =

(
−Ii

In−i

)
.

It is well-known that {wv,0, . . . , wv, n
2
} is a complete set of representatives of Gkv\V ss

kv
.

Clearly, |P (wv,i)|v = 1 for all i. If v ∈ MC then Gkv\V ss
kv

consists of a single point
and is represented by wv,sp = In. The condition |P (wv,sp)|v = 1 is satisfied also.

For all v ∈ M, we call wv,sp, etc., standard orbital representatives for Gkv\V ss
kv

. We
denote by i the index of the representatives, i.e.,

i = sp, in, (rm, j), dq

if v ∈ Mf, i = 0, . . . , n
2

if v ∈ MR and i = sp if v ∈ MC. The following proposition is
Proposition 4.22 [8].

Proposition 3.14. Let n = 2r ≥ 2 be even. If v ∈ M and x ∈ V ss
kv

is a standard
representative then there exists an element τx of Gx kv not in G◦

x kv
whose order is two.

If v ∈ Mf then one can choose τx in Gx kv ∩ Kv.
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This completes a general review of parts I and II. More specific theorems and
propositions will be quoted where they are needed.

4. The density theorem and the formulation of the proof

For the rest of this paper, k is a fixed number field. In this section, we discuss the
formulation of the filtering process and deduce the density theorem assuming results
in later sections.

We first recall the definition of the global zeta function for the space (G, V ), and
review results in [24] on the poles of the zeta function. The zeta function is approx-

imately the Dirichlet generating series for the sequence vol(G◦
x A/T̃AG◦

x k). However,
each term has a factor which is basically the local orbital integral. In order to control
the contribution from such factors, we have to use the filtering process used in works
such as [2], [3], [1], [12], [13], [14]

We choose an invariant measure on GL(n)A now. Let T ⊆ GL(n) be the subgroup
consisting of diagonal matrices, and N ⊆ GL(n) the subgroup consisting of lower
triangular matrices with diagonal entries 1. Then B = TN is a Borel subgroup of G.
We use the notation

(4.1)

t = a(t1, . . . , tn) =

t1
. . .

tn

 , t1, . . . , tn ∈ A×,

n(u) =

1 0
. . .

u 1

 , u = (uij)i>j ∈ A
n(n−1)

2

for elements of TA, NA respectively. Let K =
∏

v∈M Kv, where Kv = O(n) (the
classical orthogonal group) if v ∈ MR, Kv = U(n) (the classical unitary group) if
v ∈ MC, and Kv = GL(n)Ov if v ∈ Mf. The group GA has an Iwasawa decomposition
GA = KTANA. So any element g ∈ GA can be written as g = κ(g)t(g)n(u(g)),

where κ(g) ∈ K, t(g) = a(t1(g), . . . , tn(g)) ∈ (A×)n, and u(g) ∈ A
n(n−1)

2 . For z =
(z1, . . . , zn) ∈ Cn and t = a(t1, . . . , tn) ∈ TA, we define tz = |t1|z1 · · · |tn|zn . Also if v ∈
M then we define tzv = |t1|z1

v · · · |tn|zn
v for z = (z1, . . . , zn) ∈ Cn and t = a(t1, . . . , tn) ∈

Tkv . Let ρ be half the sum of the weights of N with respect to conjugations by elements
of T . Let du =

∏
i>j duij. This is an invariant measure on NA. We choose an invariant

measure dκ on K so that
∫

K
dκ = 1. Let d×t = d×t1 · · · d×tn (t = a(t1, . . . , tn)) and

db = t−2ρd×tdu (t−2ρ =
∏

i<j |t
−1
i tj|). We choose dg = t−2ρdκd×tdu as an invariant

measure on GA.
Let G0

A = {g ∈ GA | | det g| = 1}, and

(4.2) dn(λ) = a(λ, . . . , λ)

for λ ∈ R+. Let dg0 be the invariant measure on G0
A such that for any measurable

function f(g) on GA,∫
GA

f(g)dg = n

∫ ∞

0

∫
G0

A

f(dn(λ)g0)d×λdg0,

9



where d×λ = λ−1dλ. We define invariant measures on Gkv , Kv, Bkv , Nkv , Tkv similarly,
and denote them by dgv, dkv, dbv, duv, d

×tv respectively. Then

(4.3) du = |∆k|−
n(n−1)

4

∏
v

duv, d×t = C−n
k

∏
v

d×tv.

Let

(4.4) Vn =
Zk(2) · · ·Zk(n)

Cn−1
k

(see (2.1)). The constant Vn is the volume of G0
A/Gk with respect to the measure

dg0. We define V1 = 1 for convenience.

Let d×t̃ (resp. d×
prt̃) be the measure on T̃A compatible under the isomorphism

T̃A ∼= A× with the measure defined on A× in Section 2 (resp. the product measure
(2.2)). We define a measure d×t̃v on k×

v similarly. Then d×t̃ = C−1
k d×

prt̃.
Let G be as in (1.1). Then GA = A× ×GL(n)A. Let Kn,v be the maximal compact

subgroup of GL(n)kv defined above. We put Kv = K1,v × Kn,v and K =
∏

v Kv.
Then Kv, K are maximal compact subgroups of Gkv , GA, and Gkv , GA have Iwasawa
decompositions with Kv, K as the maximal compact subgroups respectively.

We express elements of GA or Gkv as g = (t0, g1). If we have to indicate the place
v, we may use the index v. Using the measures on A× and GL(n)A defined above, we

define dg = d×t0dg1. Write G̃ = G/T̃ (see (3.2)), so that V is a faithful representation

of G̃. Since T̃ ∼= GL(1) as groups over k, the first Galois cohomology group of T̃ is

trivial, and it follows that G̃F
∼= GF /T̃F for any field F ⊇ k. Thus G̃A ∼= GA/T̃A and

G̃A/G̃k
∼= GA/T̃AGk. For x ∈ V ss

k or V ss
kv

, the identity component of the stabilizer of

x in G̃A or G̃kv can be regarded as

G◦
x A/T̃A ∼= PGO(x)◦A

∼= PSO(x)A, or G◦
x kv

/T̃kv
∼= PGO(x)◦kv

∼= PSO(x)kv

respectively. Since n is even, [PGO(x) : PGO(x)◦] = 2. Let K̃v = KvT̃kv ⊆ G̃kv , K̃ =

KT̃A ⊆ G̃A. It is an exercise problem to show that these are maximal compact sub-
groups using the Cartan decomposition in Gkv or GA.

Let t̃0 be the parameter of T̃ as in (3.2). Let dg̃ (resp. dg̃v) be the measure on G̃A

(resp. G̃kv) which satisfies dg = dg̃ d×t̃0 (resp. dgv = dg̃v d×t̃0,v). Let dprg̃ =
∏

v dg̃v.
By (2.3) and (4.3), we obtain the following relation

(4.5) dg̃ = |∆k|−
n(n−1)

4 C−n
k dprg̃.

If v ∈ Mf then measures on G◦
x kv

, G̃◦
x kv

were chosen in Sections 7,8 of [8]. If x is a
standard orbital representative then dg′′

x,v (resp. dg̃′′
x,v) is the measure on G◦

x kv
(resp.

G̃◦
x kv

) such that the volume of G◦
x kv

∩Kv (resp. G̃◦
x kv

∩K̃v) is 1. If x ∈ V ss
kv

is arbitrary
then we express x = gwv,i where wv,i is a standard orbital representative, and define

measures on G◦
x kv

and G̃◦
x kv

by the pull-back of the measures on G◦
wv,i kv

and G̃◦
wv,i kv

by the conjugation by g. Since the volume of T̃kv ∩ Kv
∼= O×

v is 1, dg′′
x,v = dg̃′′

x,vd
×t̃v.

If v ∈ M∞ then the choice of the measures dg′′
x,v, dg̃′′

x,v on G◦
x kv

, G̃◦
x kv

was discussed
in Section 4 of part II. Since the computation at infinite places is essentially over in
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part II, we simply point out that dg′′
x,v is defined using an Iwasawa decomposition and

dg̃′′
x,v is chosen so that it is compatible with dg′′

x,v and the standard measure on T̃kv .

For v ∈ M and x ∈ V ss
kv

, let dg′
x,v be the measure on Gkv/G

◦
x kv

∼= G̃kv/G̃
◦
x kv

such
that if f is a measurable function on Gkvx then∫

Gkv /G◦
x kv

f(g′
x,vx)dg′

x,v =

∫
Gkv x

f(y)|P (y)|−
n+1

2
v dy.

There exists a constant bx,v > 0 such that

(4.6) dgv = bx,vdg′
x,vdg′′

x,v.

Since the measures are compatible with the measure d×t̃v,

dg̃v = bx,vdg′
x,vdg̃′′

x,v

also.
If x ∈ V ss

k then we put

dprg
′
x =

∏
v∈M

dg′
x,v, dprg

′′
x =

∏
v∈M

dg′′
x,v.

We define dprg̃
′′
x similarly.

Definition 4.7. For Φ ∈ S(VA) and s ∈ C, we define

Z(Φ, s) =

∫
eGA/ eGk

|χ(g̃)|s
∑

x∈V ss
k

Φ(g̃x)dg̃ .

The integral Z(Φ, s) is called the global zeta function for (G, V ). It has been proved
in Proposition (4.1.5) [24, p. 110] that the integral converges absolutely and locally
uniformly if Re(s) > n+1

2
. However, a slightly different formulation was used in [24]

and we have to say a few words about the difference of the formulations.
We recall the definition of the zeta function used in [24] specializing to the case of

the trivial character. Let G0
A = A1×GL(n)0

A, and dg0 = d×t̃10dg0
1 for g0 = (t̃10, g

0
1) ∈ G0

A
where d×t̃10 is the measure on A1 in Section 2 and dg0

1 is defined above.
In the situation of Definition 4.7, the zeta function for the present case in [24] is

the following integral

Z∗(Φ, s) =

∫
R+×G0

A/Gk

λs
∑

x∈V ss
k

Φ(λg0x)d×λdg0,

where λg0x is the scalar multiplication of λ to g0x.

Let T̃ 1
A ⊆ T̃A be the subgroup which corresponds to A1 by the isomorphism T̃A ∼=

A×. We have (R+ × G0
A)/T̃ 1

A
∼= G̃A by the map which sends the class of (λ, g0)

to the class of (λ, In)g0. We have G̃A ∼= (R2
+ × G0

A)/(R+ × T̃ 1
A) where R+ × T̃ 1

A is

included in R2
+ × G0

A by (λ
eT , t̃1) → (λ−2

eT
, λ

eT , t̃1) and R2
+ × G0

A maps onto G̃A by

(λ1, λ2, g
0) → (λ1, dn(λ2))g

0T̃A (see (4.2) for the definition of dn(∗)). In this quotient
we have chosen the measure dg̃ to be compatible with the measures nd×λ1 d×λ2 dg0 on

R2
+×G0

A and d×λ
eT d×t̃1 on R+× T̃ 1

A. Since d×(λλ−2
eT

)d×λ
eT = d×λd×λ

eT , it follows that

the measures nd×λ dg0 and d×t̃1 are compatible with the measure dg̃ in the quotient

(R+ × G0
A)/T̃ 1

A
∼= G̃A.
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Furthermore, |χ(λ, 1)| = λn and the volume of T̃ 1
A/T̃k is 1, which imply that

Z(Φ, s) = nZ∗(Φ, ns). Let Φ̂(0) be the Fourier transform of Φ evaluated at the
origin, and so is simply the integral of Φ over the VA. In Theorem (4.0.1) [24, p. 106],

it is shown that Z∗(Φ, s) has a meromorphic continuation to the region Re(s) > n2

2

with a simple pole at s = n(n+1)
2

with residue VnΦ̂(0). Thus, we arrive at the following
theorem.

Theorem 4.8. The zeta function Z(Φ, s) has an analytic continuation to the region

Re(s) > n
2

except for a possible simple pole at s = n+1
2

with residue VnΦ̂(0).

We define Σ(Φ) = Φ̂(0) for Φ ∈ S(VA). For v ∈ M and Φv ∈ S(Vkv), we define the
local version of the distribution Σ(Φ) by

(4.9) Σv(Φv) =

∫
Vkv

Φv(y)dy.

Since dim V = n(n+1)
2

, if Φ = ⊗vΦv then

(4.10) Σ(Φ) = |∆k|−
n(n+1)

4

∏
v

Σv(Φv).

This completes our review of the analytic properties of the global zeta function.
We now return briefly to the local situation.

For x ∈ V ss
kv

and Φv ∈ S(Vkv), we define the local orbital zeta function of x by the
following integral

(4.11)

Zx,v(Φv, s) = bx,v

∫
Gkv /G◦

x kv

|χ(g′
x,v)|svΦv(g

′
x,vx)dg′

x,v

= bx,v|P (x)|−s
v

∫
Gkv /G◦

x kv

|P (x)|sv|χ(g′
x,v)|svΦv(g

′
x,vx)dg′

x,v

= bx,v|P (x)|−s
v

∫
Gkv x

Φv(y)|P (y)|s−
n+1

2
v dy.

If x ∈ V ss
k and Φ = ⊗Φv ∈ S(VA) then we define

(4.12) Zx(Φ, s) =
∏
v∈M

Zx,v(Φv, s)

and call it the global orbital zeta function of x. If v ∈ M then there exists a unique
index i such that x ∈ Gkvwv,i (wv,i is a standard representative). We shall write
Ξx,v(Φv, s) = Zwv,i,v(Φv, s) and Ξx(Φ, s) =

∏
v∈M Ξx,v(Φv, s). We call Ξx,v(Φv, s)

the standard local orbital zeta function and Ξx(Φv, s) the standard global orbital zeta
function.

The following proposition can be proved by the same argument as that in Propo-
sition 5.23 [12, p. 528] and (4.11), and we leave the proof to the reader.

Proposition 4.13. If x ∈ V ss
kv

and y ∈ Gkvx then

(1) bx,v = by,v,
(2) Zx,v(Φv, s) = |P (x)|−s

v |P (y)|svZy,v(Φv, s).

In particular, Zx,v(Φv, s) = Zy,v(Φv, s) if |P (x)|v = |P (y)|v.
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For x ∈ V ss
k , let ∆x be the discriminant defined in Definitions 5.4, 5.6 in [8].

Proposition 4.14. For x ∈ V ss
k and Φ = ⊗Φv ∈ S(VA) we have

Zx(Φ, s) = ∆−s
x Ξx(Φ, s) .

Proof. For each v ∈ M let iv(x) be the index such that x ∈ Gkvwv,iv(x). Then by
Proposition 4.13,

(4.15)

Zx,v(Φv, s) =
|P (wv,iv(x))|sv

|P (x)|sv
· Zwv,iv(x),v(Φv, s)

=
|P (wv,iv(x))|sv

|P (x)|sv
· Ξx,v(Φv, s).

Since n is even, by the definition of ∆x in [8],
∏

v∈M |P (wv,iv(x))|sv = ∆−s
x . Note

that |P (wv,i)|v = 1 for standard orbital representatives if v ∈ M∞. Since x ∈ V ss
k ,

P (x) ∈ k×, and so the Hasse principle implies that
∏

v∈M |P (x)|v = 1. Now taking
the product over all v ∈ M on both sides of (4.15) proves the identity. ¤

For convenience we introduce the abbreviation

(4.16) R1 =
1

2
|∆k|−

n(n−1)
4 C−n

k .

For x ∈ V ss
k , we put

(4.17) V (x) = vol(G◦
x A/T̃AG◦

x k) = vol(G̃◦
x A/G̃◦

x k).

Proposition 4.18. If Φ = ⊗Φv ∈ S(VA) then we have

Z(Φ, s) = R1

∑
x∈Gk\V ss

k

∆−s
x V (x)Ξx(Φ, s).

Proof. Since Gkx ∼= {γx | γ ∈ Gk/Gx k}, we have

Z(Φ, s) =
∑

x∈Gk\V ss
k

∫
GA/ eTAGk

|χ(g̃)|s
∑

γ∈Gk/Gx k

Φ(g̃γx) dg̃

=
∑

x∈Gk\V ss
k

∫
GA/ eTAGx k

|χ(g̃)|sΦ(g̃x) dg̃

=
1

2

∑
x∈Gk\V ss

k

∫
GA/ eTAG◦

x k

|χ(g̃)|sΦ(g̃x) dg̃ since [Gx k : G◦
x k] = 2

= R1

∑
x∈Gk\V ss

k

∫
GA/ eTAG◦

x k

|χ(g̃)|sΦ(g̃x) dprg̃ by (4.5)

= R1

∑
x∈Gk\V ss

k

(∏
v

bx,v

) ∫
GA/G◦

x A

|χ(g̃′)|sΦ(g̃′x) dprg
′
x

·
∫

G◦
x A/ eTAG◦

x k

dprg̃
′′
x by (4.6)

= R1

∑
x∈Gk\V ss

k

(∏
v

Zx,v(Φv, s)
)
· vol(G◦

x A/T̃AG◦
x k) by (4.11)
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= R1

∑
x∈Gk\V ss

k

Zx(Φ, s)V (x) by (4.12)

= R1

∑
x∈Gk\V ss

k

∆−s
x V (x)Ξx(Φ, s) by Proposition 4.14.

¤

The filtering process was originally used in [3] (or in [4], [5] implicitly). We describe
the filtering process specializing to the present situation.

We set S0 = M∞ ∪ Mdy and fix a finite set S ⊇ S0 of places of k. For each finite
subset T ⊇ S of M we consider T -tuples ωT = (ωv)v∈T where each ωv is one of the
standard orbital representatives. If v ∈ Mf, x, y ∈ V ss

kv
and x ∈ Gkvy (resp. x, y are

of the same type) then we write x ≈ y (resp. x ³ y). If v ∈ M∞ then we write x ≈ y
or x ³ y if x, y are in the same Gkv -orbit. So the notions x ≈ y, x ³ y differ only if
v ∈ Mf and they are of the type (rm)

If x ≈ ωv (resp. x ³ ωv) for all v ∈ T then we write x ≈ ωT (resp. x ³ ωT ).

Definition 4.19. For any v ∈ Mf, Φv,0 is the characteristic function of VOv .

Let Ξx,v(s) = Ξx,v(Φv,0, s) and Ξx,T (s) =
∏

v/∈T Ξx,v(s). From the integral defin-
ing Ξx,v(s) it follows that for v /∈ S0 this function may be expressed as Ξx,v(s) =∑∞

i=−∞ ax,v,iq
−is
v for certain real non-negative coefficients ax,v,i ≥ 0.

In Section 7 we shall prove that the following condition is satisfied.

Condition 4.20. For all v /∈ S0 and all x ∈ V ss
kv

, we have ax,v,i = 0 for i < 0 and
ax,v,0 = 1.

Suppose that we have Dirichlet series Li(s) =
∑∞

m=1 li,mm−s for i = 1, 2 where
R 3 li,m ≥ 0. If l1,m ≤ l2,m for all m ≥ 1 then we shall write L1(s) 4 L2(s). In
Section 8 we shall establish that for every v /∈ S0 and a small number δ > 0, there
exists a Dirichlet series Lv,δ(s) =

∑∞
i=0 lv,iq

−is
v with real non-negative coefficients

which satisfies the following condition (since the dependency on δ is not very serious,
we do not include the index δ in lv,i to easy the notation).

Condition 4.21. (1) For all v /∈ S0 and x ∈ V ss
kv

, Ξx,v(s) 4 Lv,δ(s).
(2) The series defining Lδ,v(s) converges to a holomorphic function and the prod-

uct
∏

v/∈S0
Lδ,v(s) converges absolutely and uniformly if Re(s) ≥ n

2
+ δ.

(3) For all v /∈ S0, lv,0 = 1 and lv,i ≥ 0 for all i.

For any T ⊇ S we define Lδ,T (s) =
∏

v/∈T Lv,δ(s). Both Ξx,T (s) and Lδ,T (s) are
Dirichlet series and if we let

(4.22) Ξx,T (s) =
∞∑

m=1

a∗
x,T,mm−s, Lδ,T (s) =

∞∑
m=1

l∗T,mm−s,

then a∗
x,T,m (resp. l∗T,m) is the sum of the terms

∏
v/∈T ax,v,iv (resp.

∏
v/∈T lv,iv) over

all possible factorizations m =
∏

v/∈T qiv
v . Since the number of such factorizations

is finite, this sum is well-defined. It follows from Conditions 4.20 and 4.21 that
0 ≤ a∗

x,T,m ≤ l∗T,m and that a∗
x,T,1 = 1 for all x ∈ V ss

k , all T ⊇ S and all m ≥ 1. We
shall use these observations in the proof of Theorem 4.29 below.
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We define

(4.23) ξωT
(s) =

∑
x∈Gk\V ss

k ,x≈ωT

∆−s
x V (x)Ξx,T (s)

and

(4.24) ξωS ,T (s) =
∑

x∈Gk\V ss
k ,x≈ωS

∆−s
x V (x)Ξx,T (s),

which is the sum of ξωT
(s) over all ωT = (ωv)v∈T which extends the fixed S-tuple ωS.

In order to determine the analytic properties of these Dirichlet series we require the
following lemma. The proof is similar to that in Lemma 6.17 [12, p. 534], and so we
leave it to the reader.

Lemma 4.25. Let v ∈ M, x ∈ V ss
kv

and r ∈ C. Then there exists Φv ∈ S(Vkv)
such that the support of Φv is contained in Gkvx, Zx,v(Φv, s) is an entire function and
Zx,v(Φv, r) 6= 0.

Proposition 4.26. Let T ⊇ S be a finite set of places of k, and ωT a T -tuple as above.
The Dirichlet series ξωT

(s) has a meromorphic continuation to the region Re(s) > n
2
.

Its only possible singularity in this region is a simple pole at s = n+1
2

with residue

R2

∏
v∈T

b−1
ωv ,v|P (ωv)|

n+1
2

v ,

where
R2 = R−1

1 |∆k|−
n(n+1)

4 Vn = 2|∆k|−
n
2 Cn

kVn.

Proof. For each v ∈ T we choose Φv ∈ S(Vkv) so that supp(Φv) ⊆ Gkvωv. Let

Φ =
⊗
v∈T

Φv ⊗
⊗
v/∈T

Φv,0 ∈ S(VA).

For v ∈ T we have Ξx,v(Φv, s) = 0 unless x ≈ ωv and hence

Z(Φ, s) = R1

( ∏
v∈T

Ξωv ,v(Φv, s)
) ∑

x∈Gk\V ss
k ,x≈ωT

∆−s
x V (x)Ξx,T (s)

= R1

( ∏
v∈T

Ξωv ,v(Φv, s)
)
ξωT

(s)

by Proposition 4.18. By Lemma 4.25 and Theorem 4.8, this formula implies the first
statement.

Now choose Φv for v ∈ T so that Ξωv ,v(Φv,
n+1

2
) 6= 0. It follows directly from the

definition (4.11) that Ξωv ,v(Φv,
n+1

2
) = bωv ,v|P (ωv)|

−n+1
2

v Σv(Φv) for all v ∈ T , and so

the residue of ξωT
(s) at s = n+1

2
is

R−1
1

( ∏
v∈T

b−1
ωv ,v|P (ωv)|

n+1
2

v

)( ∏
v∈T

Σv(Φv)
)−1

Res
s=

n+1
2

Z(Φ, s) .

We have Σv(Φv,0) = 1 for v /∈ T and hence Theorem 4.8 and (4.10) imply that

Res
s=

n+1
2

Z(Φ, s) = |∆k|−
n(n+1)

4 Vn

∏
v∈T

Σv(Φv) .
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The last two equations imply that the residue of ξωT
(s) at s = n+1

2
is

R−1
1 |∆k|−

n(n+1)
4 Vn

( ∏
v∈T

b−1
ωv ,v|P (ωv)|

n+1
2

v

)
,

which gives the second claim. ¤
Corollary 4.27. The Dirichlet series ξωS ,T (s) has a meromorphic continuation to
the region Re(s) > n

2
. Its only possible singularity in this region is a simple pole at

s = n+1
2

with residue

R2

( ∏
v∈S

b−1
ωv ,v|P (ωv)|

n+1
2

v

)
·

∏
v∈T\S

∑
x

(
b−1
x,v|P (x)|

n+1
2

v

)
,

where the sum is over all standard orbital representatives for Gkv\V ss
kv

.

Proof. We have ξωS ,T (s) =
∑

ωT
ξωT

(s) where the sum is over all T -tuples ωT which
extend the S-tuple ωS. The claim follows immediately. ¤

We let Ev =
∑

x b−1
x,v|P (x)|

n+1
2

v for v /∈ S0, where the sum is over all standard orbital
representatives, x, for orbits in Gkv\V ss

kv
. In Section 6 we shall prove that the following

condition holds.

Condition 4.28. The product
∏

v/∈S0
Ev converges to a positive number.

We are now ready to state and prove, subject to Conditions 4.20, 4.21 and 4.28,
the theorem which is the goal of this section.

Theorem 4.29. Let S ⊇ S0 be a finite set of places of k and ωS an S-tuple of
standard orbital representatives. Then

lim
X→∞

X−n+1
2

∑
x∈Gk\V ss

k ,x≈ωS

∆x≤X

V (x) =
2

n + 1
R2

∏
v∈S

(
b−1
ωv ,v|P (ωv)|

n+1
2

v

)
·
∏
v/∈S

Ev .

Proof. In the following, sums over x will be understood to include the conditions
x ∈ Gk\V ss

k and x ≈ ωS as well as any further conditions which may be explicitly
imposed.

We have ξωS ,T (s) =
∑∞

m=1 cmm−s where

cm =
∑

x,n,∆xd=m

V (x)a∗
x,T,d .

Applying the Tauberian theorem (Theorem I [17, p. 464]) to ξωS ,T (s), we obtain

lim
X→∞

X−n+1
2

∑
x,d,∆xd≤X

V (x)a∗
x,T,d = 2

n+1
R2

( ∏
v∈S

b−1
ωv ,v|P (ωv)|

n+1
2

v

)
·

∏
v∈T\S

Ev .

We shall denote the right hand side of this equation by LT . Note that L = limT→MLT

is the right hand side of the equation in the statement. Since a∗
x,T,d ≥ 0 for all d and

a∗
x,T,1 = 1 we obtain

lim sup
X→∞

X−n+1
2

∑
∆x≤X

V (x) ≤ LT
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for all T , and so lim supX→∞ X−n+1
2

∑
∆x≤X V (x) ≤ L. It follows that there is a

constant C such that
∑

∆x≤X V (x) ≤ CX
n+1

2 for all X > 0 (note that if X < 1 then
the sum is 0). Furthermore,∑

∆x≤X

V (x) =
∑

∆xd≤X

V (x)a∗
x,T,d −

∑
∆xd≤X,d≥2

V (x)a∗
x,T,d

≥
∑

∆xd≤X

V (x)a∗
x,T,n −

∑
∆xd≤X,d≥2

V (x)l∗T,d

=
∑

∆xd≤X

V (x)a∗
x,T,d −

∞∑
d=2

l∗T,d

∑
∆x≤X/d

V (x)

≥
∑

∆xd≤X

V (x)a∗
x,T,d − CX

n+1
2

∞∑
d=2

l∗T,dd
−n+1

2

=
∑

∆xd≤X

V (x)a∗
x,T,d − CX

n+1
2 (LT (n+1

2
) − 1) .

It follows that, for all T ⊇ S,

lim inf
X→∞

X−n+1
2

∑
∆x≤X

V (x) ≥ LT − C(LT (n+1
2

) − 1)

and letting T → M we obtain

lim inf
X→∞

X−n+1
2

∑
∆x≤X

V (x) ≥ L

since limT→M LT (n+1
2

) = 1. ¤

Now we can remove the assumption S ⊇ S0 from Theorem 4.29.

Theorem 4.30. Let S be a finite set of places. Then the statement of Theorem 4.29
holds without the assumption S ⊇ S0.

Proof. Let S1 = S ∪ S0 and choose an S1-tuple, ωS1 = (ωv) extending ωS. According
to Theorem 4.29,

(4.31) lim
X→∞

X−
n(n+1)

2

∑
x≈ωS1
∆x≤X

V (x)

exists and equals

2

n + 1
R2

∏
v∈S1

(
b−1
ωv ,v|P (ωv)|

n+1
2

v

)
·

∏
v/∈S1

Ev .

Taking the summation over all ωS1 which extends ωS, we obtain the statement of
Theorem 4.29 without the assumption S ⊇ S0. ¤
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5. The explicit form of the density theorem

In this section we shall make the constant in Theorem 4.30 more explicit. We
remind the reader that we still assume that n = 2r ≥ 2 is an even integer.

We first make the constant R2 in Theorem 4.30 more explicit. By the definitions
(2.4), (4.4) of Vn and Zk(s),

R2 = 2|∆k|−
n
2 CkZk(2) · · ·Zk(n)

Let Γv(z) for v ∈ M∞ be as in (1.2). For v ∈ Mf, we put Γv(s) = (1 − q−s
v )−1. Then

Zk(s) = |∆k|
s
2

∏
v∈M Γv(s). So

(5.1)

R2 = 2|∆k|−
n
2
+ 1

2
(2+3+···+n)Ck

∏
v∈M

Γv(2) · · ·Γv(n)

= 2|∆k|−
(n−2)(n+1)

4 Ck

∏
v∈M

Γv(2) · · ·Γv(n).

For v ∈ Mf we put

(5.2) εv(x) = b−1
x,v|P (x)|

n+1
2

v , Ev =
∑

x

εv(x),

where x ∈ V ss
kv

in the definition of εv(x) and the sum is taken over all standard orbital
representatives for Gkv\V ss

kv
in the definition of Ev. By (5.1), the density in Theorem

4.29 is

(5.3) m(ωS) =
4|∆k|−

(n−2)(n+1)
4 Ck

n + 1

∏
v∈S

(εv(ωv)Γv(2) · · ·Γv(n))
∏
v/∈S

(EvΓv(2) · · ·Γv(n)).

If v ∈ Mf then we put

(5.4) εv(x) =
∑
y³x

εv(y)

where y runs through all standard orbital representatives such that y ³ x. Note that
the notions x ≈ y and x ³ y differ only if x, y are of the type (rm). If x is an orbit of
the type (rm) then we can compute εv(x) if v /∈ Mdy. However, computing εv(x) for
individual orbits seems difficult if v ∈ Mdy, and so we only use εv(x) in the density
theorem. We put

(5.5) m(ωS) =
4|∆k|−

(n−2)(n+1)
4 Ck

n + 1

∏
v∈S

(εv(ωv)Γv(2) · · ·Γv(n))
∏
v/∈S

(EvΓv(2) · · ·Γv(n)).

Lemma 5.6. Let v ∈ Mf and x ∈ V ss
kv

. Then

εv(x) = vol(Kvx),

where the volume is with respect to the measure on Vkv such that vol(VOv) = 1.

Proof. Let f be the characteristic function of Kv. We evaluate
∫

Gkv
f(gv)dgv using

(4.6) as follows. By definition∫
Gkv

f(gv)dgv = bx,v

∫
Gkv /G◦

x kv

(∫
G◦

x kv

f(g′
x,vg

′′
x,v)dg′′

x,v

)
dg′

x,v.
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Index εv(ωv)Γv(2) · · ·Γv(n)

(sp) A(n,v)
2

(1 − q−1
v )(1 + q−r

v )

(in) A(n,v)
2

(1 − q−1
v )(1 − q−r

v )

(rm) A(n, v)q−1
v (1 − q−1

v )(1 − q−2r
v )

(dq) A(n,v)
4

q−3
v

(1−q−1
v )2(1−q

−(r−1)
v )(1−q−2r

v )

1−q−2
v

Table 1. εv(x) for v finite

Let g′
x,v ∈ Gkv . We first integrate f(g′

x,vg
′′
x,v) with respect to g′′

x,v.
If g′

x,v ∈ Gkv , g′′
x,v ∈ G◦

x kv
and f(g′

x,vg
′′
x,v) 6= 0 then g′

x,vg
′′
x,v ∈ Kv. So g′

x,v ∈ KvG
◦
x kv

.
Suppose that κ ∈ Kv, h ∈ G◦

x kv
and g′

x,v = κh. If g′′
x,v ∈ G◦

x kv
then g′

x,vg
′′
x,v ∈ Kv

if and only if g′′
x,v ∈ h−1(G◦

x kv
∩ Kv). We have chosen the measure on G◦

x kv
so that

the volume of G◦
x kv

∩ Kv is 1. Since dg′′
x,v is an invariant measure, the volume of

h−1(G◦
x kv

∩ Kv) is also 1. Therefore,∫
G◦

x kv

f(g′
x,vg

′′
x,v)dg′′

x,v =

{
1 g′

x,v ∈ KvG
◦
x kv

,

0 otherwise.

By Proposition 3.14, KvG
◦
x kv

= KvGx kv . So
∫

G◦
x kv

f(g′
x,vg

′′
x,v)dg′′

x,v is the characteris-

tic function of KvGx kv . If Φ is the characteristic function of Kvx then g′
x,v → Φ(g′

x,vx)
is the characteristic function of KvGx kv . Therefore,

1 =

∫
Gkv

f(gv)dgv = bx,v

∫
KvGx kv /G◦

x kv

dg′
x,v = bx,v

∫
Kvx

|P (y)|
−n+1

2
v dy.

But |P (y)|v = |P (x)|v for all y ∈ Kvx, and so

1 = bx,v|P (x)|
−n+1

2
v vol(Kvx).

So the lemma follows. ¤
Let n = 2r and

(5.7) A(n, v) =
1∏r

j=1(1 − q−2j
v )

= Γv(2)Γv(4) · · ·Γv(n).

We record the values of εv(ωv)Γv(2) · · ·Γv(n) for v ∈ Mf in Table 1. Note that the
type (dq) occurs only if n ≥ 4. The first column displays the type of the orbit and
the second, εv(x)Γv(2) · · ·Γv(n), where x is the standard orbital representative for the
orbit. The values of εv(x)Γv(2) · · ·Γv(n) will be computed in Section 6.

We recall that if v ∈ MR then {wv,i | i = 0, . . . , r} is the set of standard orbital
representatives where wv,i is defined in (3.13). If v ∈ MC then wv,sp = In is the only
standard orbital representative.
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We state the values of εv(ωv)Γv(2) · · ·Γv(n) at infinite places in the following propo-
sition.

Proposition 5.8. (1) If v ∈ MR then

εv(wv,i)Γv(2) · · ·Γv(n) = 2−n+
i(n−i+1)

2

∏
1≤j≤i

ΓR(j)
∏

1≤j≤n−i

ΓR(j).

(2) If v ∈ MC then

εv(wv,sp)Γv(2) · · ·Γv(n) = 2−3r(4π)r
∏

1≤j≤n

ΓR(j).

There is no misprint in (2) and we did mean ΓR(j). Proposition 5.8 will be proved
in Section 9. We shall discuss that these values are compatible with Proposition 4.4
[1] if n = 2 at the end of Section 10.

The following proposition follows from Table 1 immediately.

Proposition 5.9. Let v ∈ Mf.

(1) If n ≥ 4 then EvΓv(2) · · ·Γv(n) is equal to

A(n, v)

(
1 − q−2

v − q−2r−1
v + q−2r−2

v +
1

4
q−3
v

(1 − q−1
v )2(1 − q

−(r−1)
v )(1 − q−2r

v )

1 − q−2
v

)
.

(2) If n = 2 then then EvΓv(2) · · ·Γv(n) is equal to

A(2, v)(1 − q−2
v − q−3

v + q−4
v ) = (1 − q−2

v )−1(1 − q−2
v − q−3

v + q−4
v ).

Since
∏

v Γv(2) · · ·Γv(n) converges absolutely, Proposition 5.9 implies that Condi-
tion 4.28 is satisfied. Therefore, if we can verify Conditions 4.20, 4.21 and 4.28 and
carry out the computations of bx,v, then we obtain the following theorem by Theorems
4.29, 4.30.

Theorem 5.10. Let S ⊃ M∞ be a finite set of places of k and ωS an S-tuple of
standard orbital representatives. Then

lim
X→∞

X−n+1
2

∑
x³ωS
∆x≤X

V (x) = m(ωS),

where m(ωS) is defined in (5.5), ε̄v(x)Γv(2) · · ·Γv(n) and EvΓv(2) · · ·Γv(n) for v ∈ Mf

are given in Table 1 and Proposition 5.9, and ε̄v(x)Γv(2) · · ·Γv(n) for v ∈ M∞ is given
in Proposition 5.8.

Note that in Theorem 5.10, S does not have to contain S0. The rest of this paper
will be devoted to verifying Conditions 4.20, 4.21 and 4.28 and to the computation
of bx,v.

6. εv(x) for finite places

Throughout this section, v ∈ Mf. In this section we shall compute εv(x) for all
standard orbital representatives x. We continue to assume that n = 2r is even. We
denote Ov/pv by Fv and express reduction modulo pv as wv,sp, etc. In the following,
if x = (xij), y = (yij) ∈ VOv and d ∈ N then we use the notation x ≡ y mod pd

v, etc.,
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if xij ≡ yij mod pd
v for all i, j. Note that we use the coordinate system (3.3), and 2’s

in the diagonal entries of (3.4) are not taken into the consideration.
Let wn,v,sp, etc., be as in (3.10), (3.11). The orders of GO(wv,sp)Fv , etc., are known

as follows (see [11, pp. 146–147] and Lemma 11.2 [8])

(6.1)

#GO(w2r,v,sp)Fv = 2q2r2−r+1
v (1 − q−1

v )(1 + q−r
v )−1

r∏
j=1

(1 − q−2j
v ),

#GO(w2r+1,v,sp)Fv = q2r2+r+1
v (1 − q−1

v )
r∏

j=1

(1 − q−2j
v ),

#GO(w2r,v,in)Fv = 2q2r2−r+1
v (1 − q−1

v )(1 − q−r
v )−1

r∏
j=1

(1 − q−2j
v ).

Let A(n, v) be as in (5.7). We recall that |P (wv,sp)|v = |P (wv,in)|v = 1.

Proposition 6.2. Let n = 2r. Then

εv(wv,sp)Γv(2) · · ·Γv(n) =
A(n, v)

2
(1 − q−1

v )(1 + q−r
v ),

εv(wv,in)Γv(2) · · ·Γv(n) =
A(n, v)

2
(1 − q−1

v )(1 − q−r
v ).

Proof. Let i = sp or in. Let D ⊆ VOv be the set of elements x such that x ≡ wv,i

mod pv. We first prove the following lemma.

Lemma 6.3. For i = sp or in, D ⊆ Kvwv,i.

Proof. Since the proof is similar, we only consider the case i = in, which is slightly
more non-trivial than the case i = sp.

Let

J =

 1

. . .

1

 ∈ M(r − 1, r − 1)Ov , w′ =

 J
Av,in

J


Then it is easy to see that there exists h ∈ Kv such that w′ = hwv,in.

Suppose that we can show that x ≡ w′ mod pv implies x ∈ Kvw
′. Then

x ≡ wv,in mod pv =⇒ hx ≡ w′ mod pv

=⇒ hx ∈ Kvw
′

=⇒ x ∈ h−1Kvhwv,in = Kvwv,in.

So it is enough to consider w′ instead.
Let n(u) be as in (4.1). Suppose that x ≡ w′ mod pv. We first consider y = (yij) =

n(u)x and try to choose u = (uij) ∈ p
n(n+1)

2
v so that yij = 0 for i + j ≥ n + 2 except

for (i, j) = (r + 1, r + 1). Then we consider z = (zij) = tn(u′)y and try to choose

u′ = (u′
ij) ∈ p

n(n+1)
2

v so that zij = 0 for i + j ≤ n except for (i, j) = (r, r).
Let Y = (yij)i+j≥n+2,(i,j)6=(r+1,r+1) and Z = (zij)i+j≤n,(i,j) 6=(r,r). If uij, u

′
ij ∈ pv for all

i, j then Y, Z are elements of p
r(2r−1)−1
v . In both cases we apply Hensel’s lemma in
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the form [7, p. 64]. So we only have to verify that the reduction modulo pv of the
differentials of the maps u → Y , u′ → Z at the origin are surjective.

Since the situation is similar, we only consider the map u → Y . Consider the ring
of dual numbers Fv[ε]/(ε

2). Let N = (Nij) ∈ M(n, n)Fv be the lower triangular matrix
with diagonal entries 0 such that the (i, j)-entry is Nij for i > j. The origin u = 0
corresponds to the unit matrix n(0) = In. So we identify tangent vectors at the origin
u = 0 with elements of the form In + εN . Then

(In + εN)w′t(In + εN) = w′ + ε(Nw′ + w′tN)

(w′ is the reduction modulo p of w′).
Suppose that N is in the following form

N =

N1 0 0
N2 0 0
N3 0 0


where N1, N3 ∈ M(r − 1, r − 1)kv , N2 ∈ M(2, r − 1)kv and N1 is lower triangular with
diagonal entries 0. Then

Nw′ + w′tN =

 0 0 N1J
0 0 N2J

J tN1 J tN2 N3J + J tN3

 .

We choose N3 so that N4 = (n′
ij) = N3J is lower triangular. Then N3J + J tN3 =

N4 + tN4 and this can be an arbitrary symmetric matrix. Note that the diagonal
entries of N4 + tN4 are 2n′

11, . . . , 2n
′
r−1r−1. As we discussed after (3.4), 2’s in the

coefficients are formal variables and so do not have any effect even if ch k = 2.
Other parts are obvious and matrices of the above form exhaust matrices of the

form  0 0 Y1

0 0 Y2
tY1

tY2 Y3


where Y3 is symmetric and entries of Y1 above the anti-diagonal line are 0.

This proves that the reduction modulo pv of the differential of the map u → Y
is surjective. The consideration is similar for the map u′ → Z. Therefore, we may
assume that entries of x are 0 except for the anti-diagonal line and the central (2, 2)-
block. This reduces the problem to the case n = 2.

Similarly as above, we consider

(I2 + εN)Av,in
t(I2 + εN)

for N ∈ M(2, 2)Fv . If N =
(

α β
γ 0

)
then

NAv,in + Av,in
tN =

(
2(2aα + bβ) bα + 2cβ + 2aγ

bα + 2cβ + 2aγ 2bγ

)
.

Since

det

2a b 0
b 2c 2a
0 0 b

 = (4ac − b 2)b 6= 0

in Fv, NAv,in + Av,in
tN can be an arbitrary symmetric matrix.
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By Hensel’s lemma, this completes the proof of the lemma. ¤

We continue the proof of Proposition 6.2. If g ∈ Kv, x, y ∈ D and gx = y then
g mod pv is an element of the stabilizer Gw′ Fv , which is isomorphic to GO(wv,in)Fv .
Conversely, if g mod pv is an element of Gw′ Fv , then gD ⊆ D. Therefore,

vol(Kvwv,in) = q
−n(n+1)

2
v

#GFv

#GO(wv,in)Fv

.

Then Proposition 6.2 follows from Lemma 5.6, the third formula in (6.1) and the
well-known formula for #GFv .

The computation of vol(Kvwv,sp) is similar and slightly easier. ¤

The following corollary is obvious.

Corollary 6.4. (εv(wv,sp) + ε(wv,in))Γv(2) · · ·Γv(n) = A(n, v)(1 − q−1
v ).

We next consider the type (rm). Let wv,(rm,1), . . . , wv,(rm,λv) be the standard orbital
representatives of the type (rm) as in Proposition 3.12.

Proposition 6.5. We have

λv∑
j=1

εv(wv,(rm,j))Γv(2) · · ·Γv(n) = A(n, v)q−1
v (1 − q−1

v )(1 − q−n
v ).

Moreover, if v /∈ Mdy then

εv(wv,(rm,j))Γv(2) · · ·Γv(n) =
1

2
A(n, v)q−1

v (1 − q−1
v )(1 − q−n

v )

for j = 1, 2.

Proof. Let D be the set of symmetric matrices of the form

(6.6) x =

 X

x1
...

xn−1

x1 · · · xn−1 2xn


where X ≡ wn−1,v,sp mod pv, x1, . . . , x2r−1 ∈ pv and ordv(xn) = 1.

Let H be the subgroup of Kv consisting of elements of the formt0,

 h

a1
...

an−1

b1 · · · bn−1 c




where t0hwn−2,v,in ≡ wn−2,v,in mod pv, b1, . . . , bn−1 ∈ pv and c ∈ O×
v .

Clearly, wv,(rm,1), . . . , wv,(rm,λv) ∈ D.

Lemma 6.7. D ⊆ ∪λv
j=1Kvwv,(rm,j).
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Proof. Consider elements of D in the form (6.6). By Lemma 11.5 [9], we may assume
that X = wn−1,v,sp. Then it is easy find g ∈ Kv so that

gx =


H

. . .
H

2 yn−1

yn−1 yn


and yn−1 ∈ pv, ordv(yn) = 1.

This reduces the consideration to the case n = 2. Then the proof is known (see [1,
p. 222]), but we include the proof for the reader’s sake.

Suppose that n = 2 and α is a root of the Eisenstein polynomial z2 +x1z +x2 = 0.
By assumption, there exists i such that if πv is a root of z2 + aiz + bi = 0 then
kv(α) = kv(πv). Since both α, πv are uniformizers, α = cπv + d where c ∈ O×

v , d ∈ pv.
Then (

2 x1

x1 2x2

)
=

(
1 0
−d c

)(
2 ai

ai 2bi

) t (
1 0
−d c

)
.

¤
We continue the proof of Proposition 6.5. It is easy to see that if g ∈ H then

gD ⊆ D. Conversely, suppose that x, y ∈ D, g ∈ Kv and gx = y. Let g be in the
following form

g =

(
t0,

(
h a
b c

))
where h ∈ M(n − 1, n − 1)Ov , a ∈ M(n − 1, 1)Ov , b ∈ M(1, n − 1)Ov and c ∈ Ov. By
reduction modulo pv, g x = y. Since

x = y =

(
wn−1,v,sp 0

0 0

)
,

we obtain

(6.8) g x = t0

(
hwn−1,v,sp

th wn−1,v,sp
tb

bwn−1,v,sp
th bwn−1,v,sp

tb

)
.

Therefore, b = 0, which implies that c ∈ O×
v . Hence, g ∈ H.

By the above consideration,

λv∑
j=1

vol(Kvwv,(rm,j)) = q
−n(n−1)

2
v q−(n−1)

v q−1
v (1 − q−1

v )
#GL(1)Fv#GL(n)Fv

#GO(wn−1,v,sp)Fvq
n−1
v (qv − 1)

.

In the above formula, q
−n(n−1)

2
v is the volume of the set of X ≡ wn−1,v,sp, q

−(n−1)
v ,

q−1
v (1 − q−1

v ) are the volumes of the sets of (x1, . . . , xn−1) ∈ pn−1
v , xn ∈ pv\p2

v respec-
tively and qn−1

v , (qv−1) are the number of possibilities for b, c modulo pv respectively.
Then the first statement of Proposition 6.5 follows from Lemma 5.6 and the second
formula in (6.1).

Suppose that v /∈ Mdy. Let πv be a uniformizer and µ a non-square unit. There
are exactly two orbits of the type (rm). They are orbits of elements of the form
(6.6) where xn/πv = 1, µ. It can easily be verified that whether or not xn/πv is a
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square does not change by the action of the group H. So instead of D, we define
subsets D1,D2 according as xn/πv is a square or not. Since the volume of the set of
xn ∈ pv\p2

v such that xn/πv is a square is half the volume of pv\p2
v, we obtain the

second statement of Proposition 6.5. ¤
We finally consider the type (dq).

Proposition 6.9. If n = 2r ≥ 4 then

εv(wv,dq)Γv(2) · · ·Γv(n) = A(n, v)
q−3
v (1 − q−1

v )2(1 − q
−(r−1)
v )(1 − q−2r

v )

4(1 − q−2
v )

.

Proof. Let D be the set of symmetric matrices of the form

(6.10) x =


X

x1 y1
...

...
xn−2 yn−2

x1 · · · xn−2

y1 · · · yn−2
αY


where X ≡ wn−2,v,in, Y ≡ Av,in mod pv, xi, yi ∈ pv for all i and ordv(α) = 1.

Let H be the subgroup of Kv consisting of elements of the form

(6.11) h =

t0,


h1

a1 b1
...

...
an−2 bn−2

c1 · · · cn−2

d1 · · · dn−2
h2




where t0h1wn−2,v,in ≡ wn−2,v,in mod pv, ci, di ∈ pv for all i and h2Av,in ≡ γAv,in

mod pv for some γ ∈ O×
v .

It is easy to see that HD ⊆ D.

Lemma 6.12. D ⊆ Kvwv,dq.

Proof. Suppose that x ∈ D is in the form (6.10). By Lemma 6.3 (for n − 2), we may
assume that X = wn−2,v,in. Then it is easy to find an element h ∈ H so that if we
replace x by hx then xi = yi = 0 for all i and α = πv.

Then we have to find h ∈ GL(2)Ov such that hY = wv,in. This was already carried
out at the end of the proof of Proposition 6.5. ¤

We continue the proof of Proposition 6.9. Suppose that x, x′ ∈ D, h ∈ Kv and
hx = x′. By reduction modulo pv, hx = x′. By a similar computation as in (6.8), h
is in the form (6.11) and t0h1wn−2,v,in ≡ wn−2,v,in mod pv, ci, di ∈ pv for all i. Then
h2 ∈ GL(2)Ov .

By computation, if x is in the form (6.10) then the last (2, 2)-block of hx is con-
gruent modulo p2

v to t0αh2Y . Suppose that the last (2, 2)-block of x′ is α′Y ′ and that
Y ≡ γAv,in, Y ′ ≡ γ′Av,in mod pv with γ, γ′ ∈ O×

v . Then

t0αh2Av,in ≡ t0αh2Y ≡ α′Y ′ ≡ α′Av,in mod p2
v.

Since ordv(α) = ordv(α
′) = 1, there exists γ′′ ∈ O×

v such that

h2Av,in ≡ γ′′Av,in mod pv.
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Therefore, h ∈ H.
By the above consideration,

vol(Kvwv,dq) = vol(D)#(Kv/H)

= q
− (n−1)(n−2)

2
v q−2(n−2)

v (qv − 1)q−6
v

× #GL(1)Fv#GL(n)Fv

#GO(wn−2,v,in)Fv#GO(w2,v,in)Fvq
2(n−2)
v

.

Note that q
− (n−1)(n−2)

2
v is the volume of the set of X ≡ wn−2,v,in and that q

−2(n−2)
v is the

volume of the set of x1, . . . , yn−2 ∈ pv. Since αY is determined modulo p2
v and there

are qv − 1 possibilities for α modulo p2
v, the volume of the set of αY is (qv − 1)q−6

v .
Then Proposition 6.9 follows from Lemma 5.6 and the third formula in (6.1). ¤

7. The constant term of the q-expansion

In this section we formulate a way to prove that Condition 4.20 is satisfied. Since
our argument works in a fairly general situation, we make enough definitions to state
Proposition 7.3 below. We consider general prehomogeneous vector spaces in what
follows.

Let (G̃, V ) be an irreducible regular prehomogeneous vector space defined over k,

v ∈ Mf and K̃v ⊆ G̃kv an open compact subgroup. Suppose that P (x) ∈ k[V ] is a non-

constant polynomial, χ(g) a rational character of G̃ and and that P (gx) = χ(g)P (x)

for g ∈ G̃ and x ∈ V . Since P is not a constant, χ is not the trivial character. Let

m = dim V and N = deg P . If (G, V ) is the pair (3.1) then m = n(n+1)
2

and N = n.

Suppose that x ∈ V ss
kv

= {y ∈ Vkv | P (y) 6= 0}. Since (G̃, V ) is a regular preho-

mogeneous vector space, G̃x is reductive (or one can make this the definition of the

regularity) and so G̃x kv has a unimodular measure. We choose an invariant measure

dg̃v (resp. dg̃′′
x,v) on G̃kv (resp. G̃◦

x kv
) so that vol(K̃v) = 1 (vol(K̃v ∩ G̃◦

x kv
) = 1).

Let dg̃′
x,v be the measure on G̃kv/G̃

◦
x kv

such that if f is a measurable function on

G̃kvx then ∫
eGkv / eG◦

x kv

f(g̃′
x,vx)dg̃′

x,v =

∫
eGkv x

f(y)|P (y)|−
m
N

v dy.

There exists a constant bx,v > 0 such that

(7.1) dg̃v = bx,vdg̃′
x,vdg̃′′

x,v.

For Φ ∈ S(Vkv) and s ∈ C, we define

Zx,v(Φ, s) = bx,v

∫
eGkv / eG◦

x kv

|χ(g̃′
x,v)|sΦ(g̃′

x,vx)dg̃′
x,v

We fix an integral structure on Vkv . If Φ is the characteristic function of VOv then
we denote Zx,v(Φ, s) by Zx,v(s). We consider the following condition.

Condition 7.2. If g ∈ G̃kv and gx ∈ VOv then χ(g) ∈ Ov. Moreover, if χ(g) ∈ O×
v

then g ∈ K̃vG̃
◦
x kv

.

Since ordv(χ(g′
x,v)) ∈ Z, we can express Zx,v(s) as Zx,v(s) =

∑∞
d=−∞ ax,dq

−ds.
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Proposition 7.3. If Condition 7.2 is satisfied then ax,d = 0 if d < 0 and ax,0 = 1.

Proof. Let Xd = {g̃v ∈ G̃kv | g̃vx ∈ VOv , ordv(χ(g̃v)) = d}. Then Xd is clearly right

G̃x kv -invariant. It is easy to see that ax,d = bx,v

∫
Xd/ eG◦

x kv

dg̃′
x,v. Condition 7.2(2)

implies that Xd = ∅ if d < 0, and so ax,d = 0 if d < 0. Also X0 = K̃vG̃
◦
x kv

. So

ax,0 = bx,v

∫
eKv

eG◦
x kv

/ eG◦
x kv

dg̃′
x,v.

Let f(g̃v) be the characteristic function of K̃v. We integrate f on G̃kv using the
decomposition dg̃v = bx,vdg̃′

x,vdg̃′′
x,v. The first part of the proof of Lemma 5.6 works

and so ∫
eG◦

x kv

f(g̃′
x,vg̃

′′
x,v)dg̃′′

x,v =

{
1 g̃′′

x,v ∈ K̃vG̃
◦
x kv

,

0 otherwise.

So the above integral is the characteristic function of K̃vG̃
◦
x kv

. Therefore,

1 =

∫
eGkv

f(g̃v)dg̃v = bx,v

∫
eKv

eG◦
x kv

/ eG◦
x kv

dg̃′
x,v = ax,0.

¤
We now return to the prehomogeneous vector space (1.1). Proposition 7.3 can be

used to show that the constant term of the q-expansion of the standard local orbital
zeta function is 1. Proposition 5.23 [8] and Proposition 3.14 imply that Condition 7.2
is indeed satisfied. Therefore, we have the following proposition.

Proposition 7.4. If x ∈ V ss
kv

is a standard orbital representative then Condition 7.2
is satisfied. Therefore, Condition 4.20 is satisfied for x also.

Remark 7.5. As pointed out at the end of Section 3 of [14], the constant term of the
local orbital zeta function may not necessarily be 1. However, if the constant term
is 1, then we expect that Condition 7.2 is satisfied. So Proposition 7.3 is a place to
start if one tries to prove that the constant term is 1. In [12] the notion of omega
sets was used to carry out this task. In general we no longer have to construct omega
sets, but if we can find them, then it may be more efficient to use omega sets than to
use Proposition 7.3.

8. A uniform estimate of the local orbital zeta functions

The purpose of this section is to verify Condition 4.21. So we assume that v ∈ M\S0

and x ∈ V ss
kv

. We continue to assume that n = 2r ≥ 2 is even.
Let Xx = {gv ∈ Gv | gvx ∈ VOv}. By Proposition 7.4,

Ξx,v(s) − 1 = bx,v

∫
Xx/G◦

wv,i kv

χ(g′x,v)∈pv

|χ(g′
x,v)|svdg′

x,v.

Since n is even, ordv(χ(g)) is always even. So if y = g′
x,vx and χ(g′

x,v) ∈ pv then
ordv(P (y)) ≥ ordv(P (x)) + 2 and ordv(P (y)) − ordv(P (x)) is even. Let

(8.1) Yx = {y ∈ Gkvx ∩ VOv | ordv(P (y)) ≥ ordv(P (x)) + 2}.
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In the following, we very often use Yx as the limit of integrals. It is easy to see that

Ξx,v(s) − 1 = bx,v|P (x)|−s
v

∫
Yx

|P (y)|s−
n+1

2
v dy.

Since v /∈ S0, we have determined bx,v for all orbits in Propositions 6.2, 6.5 and 6.9.
Let A(n, v) be as in (5.7). We put B(n, v) = Γv(2) · · ·Γv(n)A(n, v)−1 and

αx,v =


1
2
(1 − q−1

v )(1 + q−r
v ) (sp),

1
2
(1 − q−1

v )(1 − q−r
v ) (in),

1
2
(1 − q−1

v )(1 − q−2r
v ) (rm),

1
4

(1−q−1
v )2(1−q

−(r−1)
v )(1−q−2r

v )

1−q−2
v

(dq),

βx,v =


1 (sp), (in),

qv (rm),

q3
v (dq).

Then

bx,v = εv(x)−1|P (x)|
n+1

2
v = B(n, v)α−1

x,vβx,v|P (x)|
n+1

2
v

in all cases. Therefore,

Ξx,v(s) − 1 = B(n, v)α−1
x,vβx,v|P (x)|−s+n+1

2
v

∫
Yx

|P (y)|s−
n+1

2
v dy.

We choose a small number δ > 0. Suppose that Re(s) > n
2

+ δ. Since ordv(P (y))−
ordv(P (x)) is even,

Ξx,v(s) − 1

= B(n, v)α−1
x,vβx,v|P (x)|−s+n+1

2
v

∫
Yx

|P (y)|s−
n
2
−δ

v |P (y)|−
1
2
+δ

v dy

4 B(n, v)α−1
x,vβx,v|P (x)|−s+n+1

2
v

∫
Yx

∞∑
j=1

|P (x)|s−
n
2
−δ

v q
−2j(s−n

2
−δ)

v |P (y)|−
1
2
+δ

v dy

= B(n, v)α−1
x,vβx,v|P (x)|

1
2
−δ

v
q
−2(s−n

2
−δ)

v

1 − q
−2(s−n

2
−δ)

v

∫
Yx

|P (y)|−
1
2
+δ

v dy.

Since we would like to avoid unnecessary complications arising from the introduc-
tion of the number δ > 0, we introduce the following notation.

Definition 8.2. Let f1(δ), f2(δ) ≥ 0 be real functions of δ. If there exist constants
C1,δ, C2 > 0 (C2 does not depend on δ) independent of the place v such that f1(δ) ≤
C1,δq

C2δ
v f2(δ), then we use the notation

f1(δ) / δ f2(δ).

We devote the rest of this section to proving the following proposition.

Proposition 8.3. If v /∈ S0 and x is a standard orbital representative then

βx,v|P (x)|
1
2
−δ

v

∫
Yx

|P (y)|−
1
2
+δ

v dy / δ q−1
v .

If we assume this proposition then we can verify Condition 4.21 as follows.

Proposition 8.4. Condition 4.21 is satisfied.
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Proof. By assumption, there exist constants C1,δ > 0, C2 such that

Ξx,v(s) − 1 4 C1,δq
−1+C2δ
v B(n, v)α−1

x,v

q
−2(s−n

2
−δ)

v

1 − q
−2(s−n

2
−δ)

v

It is easy to see that there exists a constant C independent of v such that B(n, v)α−1
x,v ≤

C. By absorbing C into C1,δ,

Ξx,v(s) − 1 4 C1,δq
−1+C2δ
v

q
−2(s−n

2
−δ)

v

1 − q
−2(s−n

2
−δ)

v

.

The right hand side no longer depends on x, and so we denote it by Lδ,v(s).
Suppose that Re(s) ≥ n

2
+ (C2 + 1)δ. It is easy to see that

|Lδ,v(s)| ≤
C1,δ

1 − q−2C2δ
v

q−1−C2δ
v .

Therefore,
∏

v/∈S0
(1 + |Lδ,v(s)|) converges absolutely and uniformly for Re(s) ≥ n

2
+

(C2 + 1)δ. Since δ > 0 is small, Condition 4.21 is satisfied. ¤

Before proving Proposition 8.3, we recall results on local zeta functions in [10].
Let ν be a large integer and Rν = Ov/p

ν
v . Let Sn(Rν) be the set of symmetric

matrices x with entries in Rν . Let n = n1 + · · · + nm be a partition of n. We denote
this partition by {ni}. For each i let ti be a non-negative integers satisfying

0 ≤ t1 < t2 < t2 · · · < tm.

We denote this sequence by {ti}. For such {ni} and {ti}, we define S0
n(Rν , {ni}, {ti})

to be the subset of Sn(Rν) consisting of elements of the form

x =


πt1

v x1 0 · · · 0
0 πt2

v x2 · · · 0
0 0 · · · 0
0 0 · · · πtm

v xm


where xi ∈ Sni

(Rν) and det xi ∈ R×
ν . It is known [16] that any element of Sn(Rν)

is equivalent by the action of GL(n)Rν to an element of S0
n(Rν , {ni}, {ti}), and that

{ni}, {ti} depends only on x. Note that since v /∈ Mdy, 2’s in the diagonal entries do
not cause any problem.

Let

Sn(Rν , {ni}, {ti}) = GL(n)RνS
0
n(Rν , {ni}, {ti}),

i.e., the set of elements which are equivalent to elements of S0
n(Rν , {ni}, {ti}). Then

Sn(Rν) = ∪Sn(Rν , {ni}, {ti}).

For x ∈ S0
n(Rν , {ni}, {ti}) , let Hx be the subgroup of GL(n)Rν consisting of ele-

ments g such that gx ∈ S0
n(Rν , {ni}, {ti}).

Remark 8.5. We have been considering GL(1)×GL(n)-equivalence throughout this pa-
per and so the reader may find it strange that we now consider GL(n)Rν -equivalence.
All we need is the orders of the sets S0

n(Rν , {ni}, {ti}), Sn(Rν , {ni}, {ti}) in Lemma
8.6 and Proposition 8.7 (or more specifically (8.9)) below. It is possible to use
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GL(1) × GL(n)-equivalence and obtain the same result. However, since GL(n)Rν -
equivalence was used in [10, p. 1110], we chose to use the formulation in [10] for this
part.

The following lemma is Lemma 3.2 [10, p. 1110].

Lemma 8.6. The order #Hx depends only on {ni}, {ti} and

#GL(n)Rν

#Hx

=
#GL(n)Rν∏m

i=1 #GL(ni)Rν

× q
−ν

P

1≤i<j≤m ninj−
P

1≤i<j≤m tininj

v

if ν is sufficiently large.

Let pν : VO → Sn(Rν) be the natural projection. Given {ni}, {ti}, we choose ν
sufficiently large and define

D0
n({ni}, {ti}) = p−1

ν (S0
n(Rν , {ni}, {ti})),

Dn({ni}, {ti}) = p−1
ν (Sn(Rν , {ni}, {ti})).

For any positive integer l, we define

e(l, v) =

{
(1 − q−1

v )(1 − q−3
v ) · · · (1 − q

−(2r+1)
v ) l = 2r + 1,

(1 − q−1
v )(1 − q−3

v ) · · · (1 − q
−(2r−1)
v ) l = 2r.

We put

f({ni}) =
(1 − q−1

v ) · · · (1 − q−n
v )

∏m
i=1 e(ni, v)∏m

i=1(1 − q−1
v ) · · · (1 − q−ni

v )
,

Q({ni}, {ti}) =
∑

1≤i≤m

ti
ni(ni + 1)

2
+

∑
1≤i<j≤m

tininj.

The following proposition is essentially used (but not explicitly) in [10]. We include
its proof for the reader’s sake.

Proposition 8.7. vol(Dn({ni}, {ti})) = f({ni})q−Q({ni},{ti})
v .

Proof. We first prove the following lemma without assuming that n is even.

Lemma 8.8. For all n, #V ss
Fv

= e(n, v)q
n(n+1)

2
v .

Proof. Any element of V ss
Fv

is in the form x where x ∈ V ss
Ov

and x is the reduction
modulo pv. Let wv,i be the standard orbital representative in the orbit of x. Then
x ∈ Gkvwv,i ∩ VOv . By Proposition 5.23 [8], ordv(P (x)) = ordv(P (wv,i)). Since
P (x) 6= 0, ordv(P (x)) = 0. Therefore, ordv(P (wv,i)) = 0 and so i = sp or in. The
case i = in occurs only if n is even.

If x = gwv,sp or gwv,in then χ(g) ∈ O×
v and so g ∈ KvGx kv . So we may assume

that g ∈ Kv. By reduction modulo pv, x ∈ GFvwv,sp or GFvwv,in Therefore, we only
have to count elements in the GFv -orbits of wv,sp, wv,in. If n is odd then #V ss

Fv
=

#GFv/Gwv,sp Fv . If n is even then #V ss
Fv

= #GFv/Gwv,sp Fv + #GFv/Gwv,in Fv . In both
cases the lemma follows from (6.1). ¤
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To consider πti
v xi mod pν

v is the same as to consider x mod pν−ti
v . Therefore, by

Lemma 8.8,

(8.9) #S0
n(Rν , {ni}, {ti}) =

m∏
i=1

e(ni, v)q
(ν−ti)

ni(ni+1)

2
v .

Since GL(n)Ov surjects to Rν ,

vol(Dn({ni}, {ti})) =
#GL(n)Rν

#Hx

vol(D0
n({ni}, {ti}))

=
#GL(n)Rν

#Hx

q
−ν

n(n+1)
2

v #S0
n(Rν , {ni}, {ti}))

= q
−ν

n(n+1)
2

v
#GL(n)Rν∏m
i=1 GL(ni)Rν

× q
−ν

P

1≤i<j≤m ninj−
P

1≤i<j≤m tininj

v

×
m∏

i=1

e(ni, v)q
(ν−ti)

ni(ni+1)

2
v

= q
−ν

n(n+1)
2

v q
ν(n2−

P

i n2
i )

v
(1 − q−1

v ) · · · (1 − q−n
v )∏m

i=1(1 − q−1
v ) · · · (1 − q−ni

v )

× q
−ν

P

1≤i<j≤m ninj−
P

1≤i<j≤m tininj

v

m∏
i=1

e(ni, v)q
(ν−ti)

ni(ni+1)

2
v .

Simplifying the result, we obtain the formula of the proposition. ¤
Now we are ready to prove Proposition 8.3.

Proof of Proposition 8.3. Note that if y ∈ Dn({ni}, {ti}) then

|P (y)|v = q−
Pm

i=1 niti
v .

Let x be a standard orbital representative. Obviously,∫
Yx

|P (y)|−
1
2
+δ

v dy ≤
∑

{ni},{ti}

∫
Yx∩Dn({ni},{ti})

|P (y)|−
1
2
+δ

v dy.

By the above remark, the right hand side is equal to∑
Yx∩Dn({ni},{ti})6=∅

vol(Dn({ni}, {ti}))q
( 1
2
−δ)

Pm
i=1 niti

v .

Since the number of partitions of n is finite, there is a constant C independent of v
such that f({ni}) ≤ C. Therefore, we may ignore this factor. So

(8.10)

βx,v|P (x)|
1
2
−δ

v

∫
Yx

|P (y)|−
1
2
+δ

v dy

/ δ βx,v|P (x)|
1
2
−δ

v

∑
Yx∩Dn({ni},{ti}) 6=∅

q
−Q({ni},{ti})+( 1

2
−δ)

Pm
i=1 niti

v .

We now consider each case. Since the number of partitions is finite, we may fix
{ni}.

(sp), (in) Let x = wv,sp or wv,in.
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In these cases βx,v = 1 and |P (x)|v = 1. So the right hand side of (8.10) is equal to

(8.11)
∑

Yx∩Dn({ni},{ti})6=∅

q
−Q({ni},{ti})+( 1

2
−δ)

Pm
i=1 niti

v .

If y ∈ Yx then ordv(P (y)) ≥ 2. The exponent of qv is

(8.12) −
∑

i

n2
i

2
ti −

∑
i<j

tininj − δ
∑

i

niti ≤ −
∑

i

1

2
ti.

Since (1 − q
− 1

2
v )−1 ≤ 10 for all v,∑

some ti≥2

q
−Q({ni},{ti})+( 1

2
−δ)

Pm
i=1 niti

v ≤ q−1
v

(1 − q
− 1

2
v )m

/ δ q−1
v .

Therefore, we only have to consider {ti} such that ti ≤ 1 for all i. So the number of
terms we have to consider is finite, and we may consider individual terms in the sum
(8.11) without taking the sum.

If i 6= j and ti, tj > 0 then −
∑

i
1
2
ti ≤ −1, and so

q
−Q({ni},{ti})+( 1

2
−δ)

Pm
i=1 niti

v / δ q−1
v .

So the only case we have to consider is m = 2, t1 = 0, t2 = 1. However, ordv(P (y)) = 1
if y ∈ Dn({ni}, {ti}), which contradicts to the assumption ordv(P (y)) ≥ 2.

This completes the consideration for the cases (sp), (in).

(rm) We consider the cases x = wv,(rm,1) or wv,(rm,2) next.
In these cases βx,v = qv, |P (x)|v = q−1

v . So the right hand side of (8.10) is equal to

(8.13) q
1
2
+δ

v

∑
Yx∩Dn({ni},{ti}) 6=∅

q
−Q({ni},{ti})+( 1

2
−δ)

Pm
i=1 niti

v .

If y ∈ Yx then ordv(P (y)) ≥ 3. Using (8.12), we only have to consider terms such
that ti ≤ 2 for all i. If i 6= j and ti, tj > 0 then the left hand side of (8.12) is at most
−1

2
− 1

2
− 1 ≤ −2. Therefore, since δ is small,

q
1
2
+δ

v q
−Q({ni},{ti})+( 1

2
−δ)

Pm
i=1 niti

v ≤ q
− 3

2
+δ

v ≤ q−1
v .

Therefore, we only consider the case where m = 2, t1 = 0 and t2 = 1, 2. Since

ordv(P (y)) = n2t2 ≥ 3, n2 ≥ 2 if t2 = 2 and n2 ≥ 3 if t2 = 1. Then −n2
2

2
t2 ≤ −4.

Therefore,

q
1
2
+δ

v q
−Q({ni},{ti})+( 1

2
−δ)

Pm
i=1 niti

v ≤ q
− 7

2
+δ

v ≤ q−1
v .

This completes the consideration for the cases (rm).

(dq) We finally consider the case x = wv,dq (which means n ≥ 4).
In this case βx,v = q3

v , |P (x)|v = q−2
v . So the right hand side of (8.10) is equal to

(8.14) q2+2δ
v

∑
Yx∩Dn({ni},{ti})6=∅

q
−Q({ni},{ti})+( 1

2
−δ)

Pm
i=1 niti

v .

If y ∈ Yx then ordv(P (y)) ≥ 4. By a similar argument as above, we only have to

consider terms such that ti ≤ 5 for all i. If ti > 0 and ni ≥ 3 then −n2
i

2
ti ≤ −9

2
. So
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we may assume that ni ≤ 2 for all i. If there are three indices i1 < i2 < i3 such that
ti1 , ti2 , ti3 > 0 then ti1 ≥ 1, ti2 ≥ 2, ti3 ≥ 3. So

−
∑

i

n2
i

2
ti ≤ −3,

which implies that

(8.15) q2+2δ
v q

−Q({ni},{ti})+( 1
2
−δ)

Pm
i=1 niti

v ≤ q−1+2δ
v / δ q−1

v .

So we may assume that there are at most two indices i such that ti > 0.
We consider terms such that there are exactly two indices i < j such that ti, tj > 0.

Then tj ≥ 2. Unless ni = nj = 1,

−n2
i

2
ti −

n2
j

2
tj − ninjti ≤ −n2

i

2
− n2

j − ninj ≤ −3.

So (8.15) holds also.
Therefore, we may assume that ni = nj = 1. Then ordv(P (y)) = ti + tj ≥ 4. So

−n2
i

2
ti −

n2
j

2
tj − ninjti = −ti + tj

2
− ti ≤ −3.

Therefore, (8.15) holds also.
Now we are left with the terms such that there is exactly one i such that ti > 0.

Then i must be m. If nm = 1 then ordv(P (y)) = tm is even. If we apply the element
1

. . .
1

π
− tm

2
v


to y then y becomes an integral symmetric matrix such that det y ∈ O×

v .
We have shown in the proof of Lemma 8.8 that the type of y is (sp) or (in), which is

a contradiction. Therefore, we may assume that nm = 2. Since ordv(P (y)) = nmtm =

2tm ≥ 4, tm ≥ 2. Then −n2
m

2
tm ≤ −4. Hence, (8.15) holds also.

This completes the proof of Proposition 8.3, and so the proof of Proposition 8.4
also. ¤

9. εv(x) for infinite places

We assume that v ∈ M∞ throughout this section. In this section we compute εv(x)
for standard representatives x. It will turn out that the computation of εv(x) has
essentially been done in part II.

Let x ∈ V ss
kv

be a standard representative. The canonical measure dg′′
x,v on G◦

x kv
was

defined in Definition 4.17 [9] and the Tamagawa measure dµ′′
x,v on G◦

x kv
was defined

in Definition 9.7 [8]. There is a constant c′′v,x such that dg′′
x,v = c′′v,xdµ′′

x,v. The value
of c′′v,x was computed in Propositions 5.20, 5.34 [9] as follows.

Proposition 9.1. Let n = 2r.
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(1) If v ∈ MR and x = wv,i where 0 5 i 5 r then

c′′v,x = 2−n+
i(n−i+1)

2
+1

∏
1≤j≤i

ΓR(j)
∏

1≤j≤n−i

ΓR(j).

(2) If v ∈ MC and x = wv,sp then

c′′v,x = 2−3r+1(4π)r
∏

1≤j≤n

ΓR(j)

This proposition and the following proposition proves Proposition 5.8.

Proposition 9.2. If v ∈ M∞ and x is a standard representative then

εv(x)Γv(2) · · ·Γv(n) =
c′′v,x

2

Proof. We chose the measure dg′
x,v so that if Φ is a measurable function on Gkvx then

∫
Gkv /G◦

x kv

Φ(g′
x,vx)dg′

x,v =

∫
Gkv x

Φ(y)|P (y)|−
n+1

2
v dy

By Proposition 3.14, there exists an element νx of Kv ∩ Gx kv not in G◦
x kv

such that
ν2

x = 1. Let f(gv) be a measurable function on Gkv such that f(gv) = f(gvνx). It
is easy to see that we can choose such f so that it is integrable on Gkv and that∫

Gkv
f(gv)dgv 6= 0. We define a function F (g′

x,v) of g′
x,v ∈ Gkv as follows

F (g′
x,v) =

∫
G◦

x kv

f(g′
x,vg

′′
x,v)dg′′

x,v.

Since f(gv) = f(gvνx),

F (g′
x,v) = c′′v,x

∫
G◦

x kv

f(g′
x,vg

′′
x,v)dµ(g′′

x,v) =
c′′v,x

2

∫
Gx kv

f(g′
x,vg

′′
x,v)dµ(g′′

x,v)

This implies that there exists a function Φ on Gkvx such that F (g′
x,v) = Φ(g′

x,vx).
It is explained in Lemma 5.1 that

dgv = Γv(2) · · ·Γv(n)dµ1,vdµn,v.

Note that Γv(1) = 1. If x ∈ V ss
kv

is a standard representative then |P (x)|v = 1 and so
εv(x) = b−1

x,v.
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Therefore,

εv(x)Γv(2) · · ·Γv(n)

∫
Gkv

f(gv)dµ1,vdµn,v

= b−1
x,v

∫
Gkv

f(gv)dgv

=

∫
Gkv /G◦

x kv

(∫
G◦

x kv

f(g′
x,vg

′′
x,v)dg′′

x,v

)
dg′

x,v

=

∫
Gkv /G◦

x kv

Φ(g′
x,vx)dg′

x,v

=

∫
Gkv x

Φ(y)|P (y)|−
n+1

2
v dy

=

∫
Gkv /Gx kv

F (g′
x,v)dµ′(g′

x,v)

=
c′′v,x

2

∫
Gkv /Gx kv

(∫
Gx kv

f(g′
x,vg

′′
x,v)dµ′′(g′′

x,v)

)
dµ′(g′

x,v)

=
c′′v,x

2

∫
Gkv

f(gv)dµ1,vdµn,v.

This proves the proposition. ¤

10. The case k = Q, n = 2

In this section we interpret out result in the case k = Q and n = 2. We assume
that k = Q throughout this section.

Let ζ(s) be the Riemann zeta function. We put

Ep =

{
1 − p−2 − p−2r−1 + p−2r−2 + 1

4
p−3 (1−p−1)2(1−p−(r−1))(1−p−2r)

1−p−2 n = 4,

1 − p−2 − p−3 + p−4 n = 2.

Let Sn,i be the subset of Sn consisting of groups of the form PSO(x) such that x is a
quadratic form with signature (i, n − i). Then Theorem 5.10 states

lim
X→∞

X−n+1
2

∑
x∈Sn,i,∆x<X

vol(PSO(x)A/ PSO(x)k)

=
2−n+

i(n−i+1)
2

+2

n + 1
ζ(2)ζ(4) · · · ζ(n)

∏
1≤j≤i

ΓR(j)
∏

1≤j≤n−i

ΓR(j)
∏

p

Ep

which gives the statement in Introduction.
Now we specialize to the case n = 2. In this case i = 0, 1. It is easy to see that

ΓR(1) = 1, ΓR(2) = π−1. If i = 0 then the above constant is

1

3
ζ(2)ΓR(1)ΓR(2)

∏
p

Ep =
π

18

∏
p

(1 − p−2 − p−3 + p−4).
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If i = 1 then the above constant is

2

3
ζ(2)ΓR(1)2

∏
p

Ep =
π2

9

∏
p

(1 − p−2 − p−3 + p−4).

If i = 1 then our measure on G◦
x R coincides with that in [1, p. 224]. If i = 0 the

choice of the measure on G◦
x R is slightly different from that in [1, p. 224]. In this

situation G◦
x R

∼= C× and its maximal compact subgroup is C1 which can be identified
with the classical special orthogonal group SO(2). In [1, p. 224], the measure dh′′ on
C× was defined using the measure dκ on SO(2) such that the volume of SO(2) is 2π,
i.e., if f is a measurable function on C× then∫

C×
f(h′′)dh′′ =

∫
C1×R×

f(κλ)dκ|λ|−1dλ = 2

∫
C1×R+

f(κλ)dκd×λ.

Therefore, this is the measure d×tC on C× regarded as the algebraic group C× over
the ground field C. We defined our measure dg′′

x,R so that the volume of SO(2) is 1
(see Definition 4.17 [9]). Therefore, dh′′ = 2πdg′′

x,R. So if we use the measure in [1],
then the answer for this case has to be multiplied by 2π.

If n = 2 then GQ\V ss
Q is in bijective correspondence with extensions of Q of degree

at most two. When we count them we may ignore the trivial extension Q. If F/Q is
a quadratic extension which corresponds to x ∈ V ss

Q then i = 1 (resp. i = 0) at the
infinite place means that F is a real (resp. imaginary) quadratic extension of Q. It
is proved in Proposition 5.1 [1, p. 229] that

vol(G̃◦
x A/G̃◦

x Q) = 2CF .

Therefore, we obtain

lim
X→∞

X− 3
2

∑
0<±∆F <X

CF =
π2

18

∏
p

(1 − p−2 − p−3 + p−4)

( π
18

× (2π)/2 = π2

18
of course).

If F is a real (resp. imaginary) quadratic field then CF = 4hF RF e−1
F (resp.

2πhF RF e−1
F = 2πhF e−1

F ). Except for a finite number of quadratic fields, eF = 2.
If eF = 2 then CF = 2hF RF if F is real and CF = πhF if F is imaginary. Therefore,

lim
X→∞

X− 3
2

∑
0<∆F <X

hF RF =
π2

36

∏
p

(1 − p−2 − p−3 + p−4),

lim
X→∞

X− 3
2

∑
0<−∆F <X

hF =
π

18

∏
p

(1 − p−2 − p−3 + p−4).

Thus, we obtain the theorem of Goldfeld–Hoffstein.
If n = 2 and v ∈ MR then i = 0, 1. Proposition 9.1 states that c′′v,x = (2π)−1 if

i = 0 and c′′v,x = 1 if i = 1. Since bx,v = εv(x)−1 = 2ΓR(2)c′′v,x
−1 = 2/(πc′′v,x),

bx,v =

{
4 i = 0,
2
π

i = 1.

If we use the measure in [1], the value for the case i = 0 has to be divided by 2π and
so bx,v = 2

π
. This of course is compatible with Proposition 4.4 [1, p. 224].
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Suppose that n = 2 and v ∈ MC. In this case our measure on G◦
x kv

coincides with
that in [1]. Then Proposition 9.1 states that c′′v,x = 2−2(4π)ΓR(2) = 1. It is easy to

see that ΓC(1) = 1, ΓC(2) = (2π)−1. So

bx,v = εv(x)−1 = 2ΓC(2)c′′v,x
−1 =

1

π
.

This also is compatible with Proposition 4.4 [1, p. 224].
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