ON THE DENSITY OF UNNORMALIZED TAMAGAWA NUMBERS
OF ORTHOGONAL GROUPS III

AKIHIKO YUKIE

1. INTRODUCTION

This is part III of a series of three papers. In this series of papers, we determine the
density of unnormalized Tamagawa numbers of projective special orthogonal groups
defined over a fixed number field.

Let k£ be a number field and A its ring of adeles. Throughout this paper,

(1.1) G = GL(1) x GL(n), V = Sym*Aff(n).

We regard V' as the space of quadratic forms in n > 1 variables. Let V}* = {z €
Vi | detz # 0}. If x € V;*® then we define the special orthogonal group SO(x) in the
well-known manner. We define PSO(z) to be SO(x) modulo its center. Then

_ ] SO(=) n odd,
PSO(e) = {SO(JG) J{£1,} n even.

We denote the set of k-isomorphism classes of algebraic groups over k of the form
SO(x) by S,. Then S, is in bijective correspondence with the set of k-isomorphism
classes of algebraic groups over k of the form PSO(x).

In part I, we proved that the correspondence Gy\V;® > z — SO(x) € S, is a
bijective map. We also defined the notion of the discriminant A, € Z-, for x € V;*
and an invariant measure dg, on the adelization PSO(x),. Roughly speaking, it is the
measure defined by the Iwasawa decomposition. The volume vol(PSO(z),/ PSO(x))
with respect to dg. is finite, and we call it the unnormalized Tamagawa number
PSO(x).

Our main theorems are Theorem 6.12 in part II [9] and Theorem 5.9 in this part.
Our results are over an arbitrary number field &k, but we state them here assuming
that £ = Q for simplicity.

For convenience, we put r = [g], ie.,r= “T_l (n odd) and r =
prime number p, we put

(n even). For a
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Let I'(s) be the classical gamma function. We put
(1.2) Tr(s) =7 2T(2), Te(s) = (2m) T (s).
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For 0 <i <, let S,; be the subset of S, consisting of groups of the form PSO(x)
where z is a quadratic form with signature (i,n — 1).

Theorem 1.3. Suppose that n = 2r + 1 > 3 is odd. Then

lim X753 vol(SO(x)4/SO()g)vol(SO(y)a/SO(y)o)
Aa,
2
- n+i(n—i+1)+ . -
I ( H [r(j H I'z(j) H C(Z])) HE:D'
1<5<1 1<j<n—1i 1<5<r D

Note that PSO(x) = SO(x) if n is odd.
Theorem 1.4. Suppose that n = 2r > 4 s even. Then
lim X5 ) vol(PSO(x)s/ PSO(x)q)
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Since our work is a generalization of Datskovsky’s work [1], our method works for

n = 2 also, and can prove the following known result of Goldfeld—Hoffstein [6].

Theorem 1.5. (Goldfeld—Hoffstein)

(F:Q]=2
0<Ap<X
. —3/2 _ -2 3 4
Jim X > hp= 18 (11? p+p)
[F:Q)=2
0<—Ap<X

where hp, Rp are the class number and the regulator of of the quadratic field F re-
spectively.

In this part we prove Theorem 1.4. For a general introduction, the reader should
see the introduction of part I. Here we discuss issues specific to this part.

We use the zeta function theory for the case (1.1) to prove Theorem 1.4. There is a
possibility that one can use the explicit method as in part II (which uses a technique
n [10]). However, we do not restrict ourselves to the ground field Q and the pole
structure of the zeta function for the space of quadratic forms has been determined
by the author in Chapter 4 of [24]. So at this point, using the zeta function theory is
probably the easiest way to prove Theorem 1.4.

The notion of prehomogeneous vector spaces was introduced by M. Sato in the
early 1960’s. The principal parts of the global zeta functions for some prehomoge-
neous vector spaces were determined by Shintani [19], [20], Sato-Shintani [18] and
the author [24], [25], [26]. As for the present case, Siegel determined the density
of vol(SO(x)g/SO(z)z) for integral equivalence classes of quadratic forms in [21].
Siegel’s approach was quite classical and does not use the zeta function theory. Shin-
tani [20] tried to interpret Siegel’s result from the viewpoint of zeta function theory



and obtained a partial result. He succeeded in determining the principal parts of the
zeta function for the set of positive definite quadratic forms. The author obtained
the principal parts of the zeta function without any condition on the signature in
[24]. In the meantime, Ibukiyama—Saito [10] proved an “explicit formula” for the
zeta function for this case when the ground field is Q.

Shintani’s method in [19] and the second author’s approach in [24] were similar and
use the Eisenstein series in an essential manner. Ibukiyama-Saito’s method was quite
different from that in [19], [24]. Roughly speaking, their approach uses a relatively
simple orbit structure for this case and computes the global zeta function using the
local zeta functions. In the case where n is odd, they expressed the zeta function as a
sum of two functions which are products of Riemann zeta functions. In the case where
n is even, which is the main concern of this part, they expressed the zeta function
using Riemann zeta functions and the Eisenstein series of half integral weight. It
is possible to figure out the pole structure of the Eisenstein series of half integral
weight, but is of about the same difficulty as to figure out the pole structure of the
zeta function for the case n = 2.

Theorems 1.3, 1.4 are density theorems for rational equivalence classes in compari-
son with Siegel’s result. Generally speaking, it is more difficult to count objects which
are sparse. Since infinitely many integral equivalence classes are rationally equiva-
lent, one has to filter out the ambiguity to deduce the density for rational equivalence
classes. The method which achieves this task is called the filtering process (see [2],
[3], [13], etc.). In order to apply this filtering process, one has to know the residue
at the rightmost pole of the zeta function and find a uniform estimate of local zeta
functions. As we stated above, we use the author’s result for the global zeta function.

In [10], the Igusa zeta function was computed explicitly. However, local orbital
zeta functions were not computed and we do need their information. If we extremely
simplify the situation, when p is an odd prime, the Igusa zeta function for the present
case is in the form

F(s) = Ai(p) fi(s) + As(p) fo(s)
+p ) Ag(p) fa(s) + pm T A(p) fals) + o BT A (p) o (9),

where A;(p),..., As(p) are constants which are close to 1 and fi(s), ..., f5(s) are the
local orbital zeta functions. We have to estimate fi(s),..., f5(s) for Re(s) > %, and

the coefficients of f3(s), fa(s), f5(s) at s = 5 are close to p2,p 3, p 2.

So for example, we can bound f5(s) by something like p? F'(s) around s = %, but this
does not accomplish what we need. We speculate that further analysis along the line
of [10] computes the local orbital zeta functions explicitly. However, even though we
use the formulation of [10], we only estimate the local orbital zeta functions without
finding their explicit forms, which is fairly simple.

Even though we do not have to determine the explicit form of the local orbital zeta
functions, we do have to prove that the constant term of the g-expansion of the local
orbital zeta function is 1 except for a finite number of places. In [12] Kable and the
author generalized Datskovsky’s approach and introduced the notion of the “omega
set” for that purpose. However, if the stabilizer is not a torus then it is not easy to
construct omega sets. We prove in Section 7 a proposition (Proposition 7.3) which
makes it possible to prove that the constant term of the g-expansion of the local



orbital zeta function is 1 for general prehomogeneous vector spaces. For the present
case, it has already been proved in part I that the assumption of Proposition 7.3 is
satisfied.

There have been many works on Siegel’s “local density”. We compute the local
factor of the constant in Theorem 1.4 at finite places in Section 6 and the computation
is essentially the same as that for the local density. If the ground field is Q,, the local
density is known for all cases. However, the local density over an arbitrary dyadic
field seems unknown and difficult. To deal with ramified cases over dyadic fields, we
group together those orbits, which makes the computation simple and uniform for all
finite places.

The computation of the local factor of the constant in Theorem 1.4 at infinite places
is essentially done in part II. It can basically be reduced to the comparison between
the measure defined by the Iwasawa decomposition and the measure defined by the
Tamagawa measure. We briefly discuss how to relate the computation to that in part
IT in Section 9.

For the rest of the introduction, we discuss the organization of this part. Through-
out this paper except for Section 6, n > 2 is an even integer. In Section 2 we discuss
notations used throughout this part. In Section 3 we review results from parts I,II
which are needed in this part. In Sections 4, 5, we deduce Theorem 1.4 assuming
results in later sections. In Section 6 we determine the local factor at finite places
of the constant in Theorem 1.4. We need this result to prove a uniform estimate of
the local zeta functions in Section 8 and so Section 6 had to come earlier. We have
discussed the content of Section 7 above. In Section 8 we prove a uniform estimate
of the local zeta functions using results in [10]. In Section 9 we determine the local
factor at infinite places of the constant in Theorem 1.4. In Section 10 we specialize
to the case k = Q, n = 2, deduce the theorem of Goldfeld—hoffstein and explain that
the values of ¢, , we obtained are compatible with the constants in [1].

2. NOTATION

In this section we define basic notations. More specialized notation will be intro-
duced in the section where it is required.

If X is a finite set then §X will denote its cardinality. The standard symbols Q, R,
C and Z will denote respectively the set of rational, real and complex numbers and
the rational integers. The set of positive real numbers is denoted by R.. If R is any
ring then R* is the set of invertible elements of R, and if V' is a variety defined over
R then Vi denotes the set of R-valued points. If G is an algebraic group then G°
denotes its identity component.

Throughout this paper, k is a fixed number field except in Section 3 where k is an
arbitrary field. Let 901, M, My, May, Mr and M denote respectively the set of all
places of k, all infinite places, all finite places, all dyadic places (those dividing the
place of Q at 2), all real places and all imaginary places.

Let O be the ring of integers of k. If v € 9 then k, denotes the completion of k
at v and | |, denotes the normalized absolute value on k,. If v € M; then O, denotes
the ring of integers of k,, m, a uniformizer in O,, p, the maximal ideal of O, and ¢,
the cardinality of O,/p,. If a € k, and (a) = p, then we write ord,(a) = i (or simply
ord(a) =1). If i is a fractional ideal in k, and a — b € i then we write a = b mod i.



We denote the absolute discriminant of & by Ay. Let r1, ro, hg, R and e, be, re-
spectively, the number of real places, the number of complex places, the class number,
the regulator and the number of roots of unity contained in k. It will be convenient
to set

(2.1) € = 2"(27) " hy Rye;, .

We assume that the reader is familiar with basic definitions and facts concerning
adeles and ideles. These may be found in [22]. The ring of adeles, the group of ideles
and the adelic absolute value of k are denoted by A, A* and | | respectively. Let
Al = {t € A* | |t| = 1}. Suppose that [k : Q] =n. For A € R, A € A* is the idele
whose component at any infinite place is A'/" and whose component at any finite
place is 1. Clearly, |A| = .

If V' is a vector space over k then we let V be its adelization, and V., and V;
its infinite and finite parts. Let S(V4), S(Va), S(Vt) and S(V4,) be the spaces of
Schwartz-Bruhat functions on each of the indicated domains.

We choose a Haar measure dz on A so that fA/k dr = 1. For any v € 9, we

choose a Haar measure dz, on k, so that fOU dx, = 1. Let dx, be the Lebesgue
measure if v € Mg, and two times the Lebesgue measure if v € M. It is known that
dr = |Ag|7V2 ], dzy (see [22, p.91]).

We define a Haar measure d*t' on A' so that fAl/kX d*t' = 1. Using this measure,
we choose a Haar measure d*t on A* so that

ft)d*t = / FOAHYd* A<t
AX 0 Al

where d*\ = A~!d\. For any v € M, we choose a Haar measure d*t, on k) so that
Jox @*t, = 1. Let d*t, = |t,[,'dt, if v € M.

We later have to compare the global measure and the product of local measures,
and for that purpose it is convenient to denote the product of local measures on A, A
as follows

(2.2) dper = [ [ da . dist =[] d*to -

It is well-known (see [22, pp. 91,95]) that

(2.3) dr = |Ag| 2dpr, d¥t = CpldXt.
Let (x(s) be the Dedekind zeta function of k. We define
(2.4) Zi(s) = |Aul2 (7 30(5))7 ((27m) "L (5))™ Culs) -

This definition differs from that in [22, p. 129] by the inclusion of the |A|*/? factor
and from that in [24] by a factor of (27)™. It is known ([22, p. 129]) that

(2.5) Res,—1 Ce(s) = |Ax|72€,, andso  Res,—i Zi(s) = €.

3. REVIEW OF FACTS FROM PARTS I, II

In this section, we briefly review results on quadratic forms from parts I and II. Let
k be an arbitrary field in this section. For the rest of this paper except for Section 6,
n is an even integer.



Throughout this paper,
(3.1) G = GL(1) x GL(n), V = Sym*Aff(n)

for n > 1. We regard V' as the space of quadratic forms.
We denote the n-dimensional unit matrix by I,,. Let T = Ker(G — GL(V)). It is
easy to see that

(3.2) T ={(t; tol,)) | to € GL(1)}.

We express elements of V' as

(3.3) zv] = injvivj

(]

where v = (v1,...,v,) (v is an n-dimensional row vector) and vy, . .., v, are variables.
If ch k # 2 then we may identify x with the following symmetric matrix

2011 T2 v T1in

Tia 2T - Lon
(3.4) M,=| .

T1in Lon te 2xnn

We choose (x;;) as the coordinate system for V. It would be convenient to be able
to use matrix computation even if chk = 2. If chk = 2 then by slight abuse of
notation, we regard 2 in diagonal entries as a variable, and 2 in other entries as 0.
This may be a little confusing but it will be more convenient than the definition (3.3)
of x[v] itself. For example, if chk = 2 and y = (y;;) corresponds to the matrix

(i ?) G §> (é ?) - (1+22u 2(11+22fu2))

then 11 = 1,912 = 1,400 = 1 +u + u?.

The group G acts on V' by (g1,¢92)z[v] = qiz[vge]). Let P(x) = det M, and
x(g1,92) = g(det g2)%. Then y is a character of G. Let V* = {z € V' | P(z) # 0}. If
x € V* then it is called a semi-stable point. It is easy to see that P(gx) = x(g9)P(z)
forge Gandz € V.

We put

Let w be the element of V such that

(3.5) M, =
H

Then w € Vi®. So this element is universally generic (this notion was defined in
Section 2 [15]).



If Gy, Gy are algebraic groups over k then G is called a k-form of GGy if there exists
a finite separable extension F'/k such that G; x F' = Gy x F. For x € V;* we define

GO(x) = {g € GL(n) | Ja(g)(g) € GL(1) gz = a(g)z},
(3.6) O(z) = {g € GL(n) | gr = a(g)z},
SO(x) = O(x) N SL(n).

These groups are smooth algebraic groups over k if chk # 2. GO(x) and SO(z) are
smooth over k even if chk = 2, but O(z) is not. If chk = 2 then we consider these
groups only set-theoretically.

Suppose that ch k # 2. Let GO(x)° be the identity component and Z its subgroup
of scalar matrices. We define

(3.7) PGO(z)° = GO(x)°/Z, PSO(z) =SO(x)/{*I,}.
As algebraic groups over k,

PGO(z)° = PSO(xz).
Since we assumed that n is even, [GO(z) : GO(x)°] = 2.

Remark 3.8. Note that if ' D k is a field then (GO(z)°/T)p = GO(x)%/Tr, but
(SO(x)/{£I.})r may not coincide with SO(z)r/{£1,}. Therefore, the set-theoretic

quotients GO(x)%/Tr, SO(z)r/{£I,} may not coincide.
The following proposition is proved in Proposition 3.12 [8].

Proposition 3.9. Suppose that chk # 2 and that n > 4. Then the set Gi\V;* is in
bijective correspondence with the set of k-forms of PGO(w)° of the form PGO(z)°.
If x € V¥ then the corresponding k-form is PGO(x)°.

If n = 2 then it is known that the set G \V;® is in bijective correspondence with
the set of isomorphism classes of separable extensions of k of degree at most two.
Moreover, if F' corresponds to x € Gi\V;® then G = GL(1)r as algebraic groups
over k (see [23, pp. 285, 309-310]). For even n > 4, let S,, be the set of k-isomorphism
classes of algebraic groups over k of the form PGO(z)°.

We assume that k is a number field for the rest of this section. We review the
choice of a set of representatives for GkU\V,ff for v € M in part I and for v € M, in
part II in the following.

We first consider the case v € M. We put A, = #(kS/(kX)?) — 2. Note that
A, = 2 if v is not dyadic. Suppose that ag,by € O and a root of 22 + agz + by = 0
generates the unramified quadratic extension of k,. We choose Eisenstein polynomials
pi(2) = 2> +a;z+b; =0 (j =1,...,\,) so that if F} is the splitting field of p;(z)

over k, then {F; | j =1,...,\,} is a complete set of representatives of isomorphism
classes of ramified quadratic extensions of k,.
We put

(2 a (2 a;\ .  (Avin



Note that “in”and “dq” stand for “inert” and “division quarternion” respectively.
Let w, s, be the element w in (3.5). If n > 2 is even then we define

H H
310 wv in — s wv rm.i) =
( ) ; H ,(rm, ) H
Av,in Av,(rm,j)
where j =1,...,\,. If n > 4 is even then we define
H
( ) ,dq H
Av,dq

If we have to show the dimension n then we may write w,, , sp, €tc.
If n = 2 then
{wv,sp; wv,in<: Av,in)7 wv,(rm,1)7 cee 7wv,(rm,>\1,)}
is a complete set of representatives for Gy, \V;&® ([23, pp. 285, 309-310]). The following
proposition is Proposition 4.16 in [§].

Proposition 3.12. If n > 4 is even and v € My then

{wv,sm Wy iny Wy, (rm,1)s + - - » Wo,(rm,Ay) s wv,dq}

is a complete set of representatives for Gy, \V;*.

If v €M and z € G, Wysp, Gry Wy iny G, Wo,(rm,j)» Gr, Wo,dq then we say that the
type of x is (sp), (in), (rm), (dq) respectively.

Suppose that v € 9Mg. Then Gy, \V® is represented by quadratic forms with
signatures

0,n),...,(5,%).

Therefore, we regard i = 0,...,5 as the index which parametrizes the orbit space

G, \Vi®. Fori=0,...,5, we put

(3.13) Wz = (_Iﬁ In_ﬁ) .

It is well-known that {w,,...,w, »} is a complete set of representatives of G, \V;>.
Clearly, |P(wy;)|, = 1 for all i. If v € M then Gy, \V® consists of a single point
and is represented by w, s, = I,,. The condition |P(w, )|, = 1 is satisfied also.

For all v € M, we call wygp, ete., standard orbital representatives for Gy, \V>. We
denote by 1 the index of the representatives, i.e.,

i =sp, in, (rm,7), dq

ifveM,1=0,...,5 if veMgand i =sp if v € Mc. The following proposition is
Proposition 4.22 [8].

Proposition 3.14. Let n = 2r > 2 be even. If v € 9 and x € Vksj 18 a standard
representative then there exists an element 7, of Gy, not in G r, Whose order is two.
If v € My then one can choose 1, in Gyi, N K,.



This completes a general review of parts I and II. More specific theorems and
propositions will be quoted where they are needed.

4. THE DENSITY THEOREM AND THE FORMULATION OF THE PROOF

For the rest of this paper, k is a fixed number field. In this section, we discuss the
formulation of the filtering process and deduce the density theorem assuming results
in later sections.

We first recall the definition of the global zeta function for the space (G,V), and
review results in [24] on the poles of the zeta function. The zeta function is approx-
imately the Dirichlet generating series for the sequence vol(GS , /TaGS ;). However,
each term has a factor which is basically the local orbital integral. In order to control
the contribution from such factors, we have to use the filtering process used in works
such as [2], [3], [1], [12], [13], [14]

We choose an invariant measure on GL(n)s now. Let T'C GL(n) be the subgroup
consisting of diagonal matrices, and N C GL(n) the subgroup consisting of lower
triangular matrices with diagonal entries 1. Then B = T'N is a Borel subgroup of G.
We use the notation

t
t:a<t1,...,tn>: ,tl,...,tnGAX,

tn
(4.1)

n(n—1)
n(u) = , U= (Uij>i>j cA 2
U 1

for elements of Ty, Ny respectively. Let K = [[ con Kv, where K, = O(n) (the
classical orthogonal group) if v € Mg, K, = U(n) (the classical unitary group) if
v € Mc, and K, = GL(n)o, if v € M;. The group G, has an Iwasawa decomposition
Gy = KTyNy. So any element g € G, can be written as g = k(g)t(g)n(u(g)),

n(n—1)

where k(g) € K, t(g) = a(ti(g),...,tu(g)) € (AX)", and u(g) € A== . For z =
(21,...,2n) € C*and t = a(ty, ..., t,) € Ty, we define t* = [t1|** - - - |t,|*. Alsoif v €
9N then we define ¢Z = |t1|? - - - [t, | for 2 = (21,...,2,) € C" and t = a(ty,...,t,) €
Tk, . Let p be half the sum of the weights of N with respect to conjugations by elements
of T'. Let du =[], ; dug;. This is an invariant measure on Ny. We choose an invariant
measure dx on K so that fK dk = 1. Let d*t = d*ty---d*t,, (t = a(ty,...,t,)) and
db = t=2°d*tdu (t2* = [],_, [t; 't;]). We choose dg = t~?dkd*tdu as an invariant
measure on Gj.
Let G = {g € Gy | |det g| = 1}, and

(4.2) dp(\) = a(A, ..., )

1<j

for A € R,. Let dg® be the invariant measure on G such that for any measurable
function f(g) on Gy,

f(g)dg =n / T @) Ay,
Ga 0 G



where d*\ = A\~'d\. We define invariant measures on Gy, , K,, By,, Ni,, Tk, similarly,
and denote them by dg,, dk,, db,, du,,d*t, respectively. Then

(4.3) du= 0T [[due, d*t =" [Tt
Let
(4.4) g, — Zr2) - Zi(n)

(i
(see (2.1)). The constant %, is the volume of G /G}, with respect to the measure
dg®. We define 2J; = 1 for convenience. B

Let d*t (resp. d;f) be the measure on 7 compatible under the isomorphism
Ty, = AX with the measure defined on AX in Section 2 (resp. the product measure
(2.2)). We define a measure d*t, on kX similarly. Then d*t = Q,;ldlff.

Let G be as in (1.1). Then Gy = A* x GL(n),. Let K,,, be the maximal compact
subgroup of GL(n)y, defined above. We put K, = K;, x K, , and K = [[, K,.
Then K,, K are maximal compact subgroups of G, , Ga, and Gi,, G, have Iwasawa
decompositions with K,, K as the maximal compact subgroups respectively.

We express elements of G, or Gy, as g = (tg, ¢1). If we have to indicate the place
v, we may use the index v. Using the measures on A* and GL(n), defined above, we

define dg = d*todg,. Write G = G/T (see (3.2)), so that V is a faithful representation
of G. Since T = GL(1) as groups over k, the first Galois cohomology group of T is
trivial, and it follows that Gp = GF/TF for any field F' D k. Thus Gy = GA/TA and
GA/ G =Gy /TAGk. For z € Vi* or V;*, the identity component of the stabilizer of
z in Gy or ékv can be regarded as

G2, /Ty = PGO(z)5 = PSO(x)s, or G2 /Th, = PGO(2);, =2 PSO(z),

respectively. Since n is even, [PGO(z) : PGO(z)°] = 2. Let K, = K, CGp, K =

KT, C Gy. Tt is an exercise problem to show that these are maximal compact sub-
groups 1 using the Cartan decomposition in Gk, or Ga.

Let to be the parameter of T’ as in (3 2). Let dg (resp. d’gﬂ,) be the measure on Gy
(resp. Gkv) which satisfies dg = dg d*ty (resp. dg, = dg, d*to,). Let dpg = [], ddo-
By (2.3) and (4.3), we obtain the following relation

n(n 1)

(4.5) dg = |Ag|” ¢, "dyg.

If v € M; then measures on G, | é; r, were chosen in Sections 7,8 of [8]. If z is a
standard orbital representative then dg , (resp. dg;’,v) is the measure on Gy, (resp.

é;k ) such that the volume of G, NK, (resp. Go, NK,)is1. Ifz e VS is arbitrary
then we express x = JWoji where w, ; is a standard orbltal representative, and define

measures on G, and ka by the pull-back of the measures on G;, ., and G°
by the conjugation by g. Since the volume of Tk NK,=0) is 1, dgm G de

If v € M, then the choice of the measures dg; ,,, dg;, on GY, , G r, Was discussed
in Section 4 of part II. Since the computation at infinite places is essentially over in

10



part II, we simply point out that dg;, , is defined using an Iwasawa decomposition and
dg, , is chosen so that it is compatible with dg; , and the standard measure on T}, .

For v € M and = € V%, let dg,,,, be the measure on Gy, /G5, = ~ G /sz such
that if f is a measurable function on Gy, z then

_n+l
/ fdhwd = | F@IPG)T dy.
Gy /G2, Gy

There exists a constant b, , > 0 such that

(4.6) dg, = by vdg, ,dgy,

Since the measures are compatible with the measure d*t,,,
g, = bsvdg), gy,

also.
If x € V;® then we put

gy = [ dds0r  deg = [ 9.

veIM veEM
We define d,, g similarly.

Definition 4.7. For ® € §(V,) and s € C, we define
z@.5)= [ @Y oG,
G /G Z

zeVes

The integral Z(®, s) is called the global zeta function for (G, V). It has been proved
in Proposition (4.1.5) [24, p. 110] that the integral converges absolutely and locally
uniformly if Re(s) > 4. However, a slightly different formulation was used in [24]
and we have to say a few words about the difference of the formulations.

We recall the definition of the zeta function used in [24] specializing to the case of
the trivial character. Let G = A'x GL(n), and dg°® = d*t3dg} for ¢° = (t,¢?) € GY,
where d*t} is the measure on A! in Section 2 and dg! is defined above.

In the situation of Definition 4.7, the zeta function for the present case in [24] is
the following integral

Z5(®,s) = / XY B(AgPx)d* Adg”,
R4 xGQ /Gy

zEVS

where \¢g'z is the scalar multiplication of A to ¢°z.

Let f& C T, be the subgroup which corresponds to A! by the isomorphism T =
AX. We have (R, x GO)/T} =~ G’A by the map which sends the class of (), ¢°)
to the class of (A, 1,)g°. We have G = (R2 x G9)/(R, x T}) where R, x TA is
included in R? x G9 by (Az ) — (A»TTQ,)\%,F) and R3 x G} maps onto G, by
(A1, A2, 0°) — (A, du(X2)) 9Ty (see (4.2) for the definition of dy(%)). In this quotient
we have chosen the measure dg to be compatible with the measures nd*\; d* )\, dg” on
R2 x G and d* Ay d*T' on Ry x T} Since d*(AM=2)d* Ay = d*Ad* Ay, it follows that
the measures nd*\dg° and d*t! are compatible with the measure dg in the quotient
(Ry x G9)/T} ~G

11



Furthermore, |x(A,1)] = A" and the volume of T}/Tj, is 1, which imply that

Z(®,s) = nZ*(®,ns). Let ®(0) be the Fourier transform of ® evaluated at the
origin, and so is simply the integral of ® over the V. In Theorem (4.0.1) [24, p. 106],

it is shown that Z*(®, s) has a meromorphic continuation to the region Re(s) > ”72

with a simple pole at s = @ with residue ‘H,@(O). Thus, we arrive at the following

theorem.

Theorem 4.8. The zeta function Z(®,s) has an analytic continuation to the region
n+1

Re(s) > § except for a possible simple pole at s = "= with residue QInEI;(O).

~

We define (@) = ®(0) for & € S(Vi). For v € M and &, € S(V}, ), we define the
local version of the distribution () by

(49) 5(D,) = / D,(y)dy.
View
Since dim V = 2 [if ¢ = ©,®, then
n(n+1)
(4.10) (@) = AT 1 J[Su(@0).

This completes our review of the analytic properties of the global zeta function.
We now return briefly to the local situation.

For z € V* and ®, € §(V4,), we define the local orbital zeta function of x by the
following integral

Zac,v(q)v) 8) = bm,v/ |X(g;,v>|f}q)ﬂ(g;,vx)dglz,v
Gkv /Gg ky
(1.11) —blPE [ IP@EIG 2 ),
Gkv/G; ko

g—ntl
b lP@ [ PG dy
G,
If z € V¥ and & = @P, € S(V,) then we define
(4.12) Zy(®,5) = || Zow(®u.9)

veEM

and call it the global orbital zeta function of x. If v € 9 then there exists a unique
index 1 such that z € Gg,w,; (w,; is a standard representative). We shall write
Eew(Pu,8) = Zu,,0(Py,8) and Z(P,8) = [[,conZew(Po,s). We call Z,,(Py, s)
the standard local orbital zeta function and Z,(®,, s) the standard global orbital zeta
function.

The following proposition can be proved by the same argument as that in Propo-
sition 5.23 [12, p. 528] and (4.11), and we leave the proof to the reader.

Proposition 4.13. If v € Vi* and y € Gy, v then

(1) bx,v = bym;
(2) Zow(Pu, ) = [P(2) ;7| P(Y)[5Zy0(Po, 5).

In particular, Z, (®y, s) = Zyo( Py, s) if |P(z)|y = |PY)o-

12



For z € V®, let A, be the discriminant defined in Definitions 5.4, 5.6 in [8].
Proposition 4.14. For z € V*® and ® = @9, € S(V,) we have
Z(®,s) = A °EL (D, s).

Proof. For each v € M let 1,(x) be the index such that © € Gy, wy;,). Then by
Proposition 4.13,

|P(wv,ﬂu(ac))|f;

Bl Ber8) = RO Wy iy (Pos )
4.15 v
(4.15) _ Pwus@)ly — (®,, 5)
[P ()] T

Since n is even, by the definition of A, in [8], [[,con|P(Wvi.))ls = A% Note
that |P(w,;)|, = 1 for standard orbital representatives if v € M.,. Since x € V&,
P(x) € k*, and so the Hasse principle implies that [[ .oz [P(2)[, = 1. Now taking
the product over all v € 90t on both sides of (4.15) proves the identity. O

For convenience we introduce the abbreviation
(4.16) Ry = %|Ak] e,
For x € V*, we put
(4.17) V(z) = vol( ;A/TA ak) = VOI(NgA/égk)-
Proposition 4.18. If ® = @9, € S(V,) then we have

Z(®,s) =R Y ASV(2)Z,(D,s).

TEGR\V,E

Proof. Since Grx = {vyz | v € Gx/Gyr}, we have

7,5 = Y /G @S oG dg

zeGi\vge T 4/ TAG’“ V€L G
= > [ h@reand
2€GL\VES Gu/TpGak
1 LY Y ~ . o
9 Z /  Ix(@®(gr)dg since Gy : Gypl =
2€G\Vee ¥ Gal/TaG
cx Y [ @@ g by 05)
xeGk\Vss Gp /TG
C Y (D) [ K@) d,
xEGk\Vqs v Ga/G3

- / 4 by (46)
OA/TAGO

1> ([ Zew( @0, 9)) - vOU(GE o /TuGS) by (4.11)

mEGk\VSS v
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=R Y Z(®,5)V(z) by (4.12)

T€GR\VS®

=R Z AV (z)2,(P,s) by Proposition 4.14.
TECL\V

O

The filtering process was originally used in [3] (or in [4], [5] implicitly). We describe
the filtering process specializing to the present situation.

We set Sy = Mo UMy, and fix a finite set S O Sy of places of k. For each finite
subset 7' O S of M we consider T-tuples wy = (w,)yer Where each w, is one of the
standard orbital representatives. If v € My, x,y € Vi® and & € Gy, y (resp. z,y are
of the same type) then we write z ~ y (resp. z < y). If v € M, then we write z ~ y
or x < y if x,y are in the same Gy, -orbit. So the notions z ~ y, x < y differ only if
v € M; and they are of the type (rm)

If © ~ w, (resp. © < w,) for all v € T then we write  ~ wr (resp. = < wr).

Definition 4.19. For any v € My, @, is the characteristic function of V.

Let Z;0(s) = E40(Poo,8) and Z,7(s) = [[gr Za0(s). From the integral defin-
ing =, ,(s) it follows that for v ¢ Sy this function may be expressed as =, ,(s) =
Zfi_oo Qg0,iGy s for certain real non-negative coefficients Qg0 > 0.

In Section 7 we shall prove that the following condition is satisfied.

Condition 4.20. For all v ¢ S and all z € V2, we have ag,; = 0 for ¢+ < 0 and
Qg0 = 1.

Suppose that we have Dirichlet series L;(s) = >~ l;,,m™® for i = 1,2 where

R >l >0. Ifl,, <ly, for all m > 1 then we shall write Li(s) < La(s). In
Section 8 we shall establish that for every v ¢ Sy and a small number § > 0, there
exists a Dirichlet series L,s(s) = Y ioglpig, " with real non-negative coefficients
which satisfies the following condition (since the dependency on ¢ is not very serious,

we do not include the index 0 in [,; to easy the notation).

Condition 4.21. (1) For all v ¢ Sy and = € V.55, 2, ,(s) < Lys(5).
(2) The series defining L, (s) converges to a holomorphic function and the prod-
uct [T g, Lso(s) converges absolutely and uniformly if Re(s) > § + 6.
(3) For all v ¢ Sy, l,0 =1 and [,; > 0 for all 7.

For any T' 2 S we define Lsr(s) = [[,¢7 Lvs(s). Both Z,7(s) and Lsr(s) are
Dirichlet series and if we let

oo o0
(4.22) Eer(s) =Y abr,,m™®, Lsr(s) =Y Ip,m™>,
m=1 m=1
then aj 7, (vesp. [7.,,) is the sum of the terms [[, 7 azvi, (vesp. [[,gplos,) over

all possible factorizations m = [] 4r ¢». Since the number of such factorizations
is finite, this sum is well-defined. It follows from Conditions 4.20 and 4.21 that
0<a;rm <, and that a; , =1 forall z € V;* all T 2 S and all m > 1. We
shall use these observations in the proof of Theorem 4.29 below.
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We define
(4.23) Gor(s) = ) ASV(2)Zar(s)
rE€GE\V® xrwr
and
(4.24) ost() = D ASV(@)Ear(s),
TEGE\VS xrws
which is the sum of &,,.(s) over all wr = (w,),er which extends the fixed S-tuple wg.
In order to determine the analytic properties of these Dirichlet series we require the

following lemma. The proof is similar to that in Lemma 6.17 [12, p. 534], and so we
leave it to the reader.

Lemma 4.25. Let v € M, x € V& and r € C. Then there exists ®, € S(V4,)
such that the support of ®, is contained in Gy, x, Zy,(Py, s) is an entire function and

Zyw( Py, 1) # 0.

Proposition 4.26. LetT O S be a finite set of places of k, and wr a T -tuple as above.
The Dirichlet series &,,,(s) has a meromorphic continuation to the region Re(s) > %.

Its only possible singularity in this region is a simple pole at s = ”T“ with residue

n+1
RQ H b |P (UU s
veT
where
n(n+1) o
RQ 1 ‘Ak‘ nZQ‘Ak| 2¢km

Proof. For each v € T we choose ¢, € §(Vj,) so that supp(®,) C Gy, w,. Let

=) P, @ (X) Puo € S(Va).

veT v¢T

For v € T we have =, ,(®,,s) = 0 unless z ~ w, and hence

$) = Ri([[Buun(@urs)) D ASV(2)Epr(s)

veT rE€GE\V® xrwr
Ri([]Bon(®or5))Eur(5)
veT

by Proposition 4.18. By Lemma 4.25 and Theorem 4.8, this formula implies the first
statement.

Now choose @, for v € T so that =, ,(P., ”T“) # 0. It follows directly from the
n+tl

definition (4.11) that =, ,(®,, =) = by, | P(wy)|e 2 Zy(®,) for all v € T, and so
the residue of &,,(s) at s = 25t is

n+1
b ol Pwy)]o PN ' Res nt1 £ (P, s).
Y1 CAEES Il )| s Z(,)

veT veT

We have X,(®,0) =1 for v ¢ T and hence Theorem 4.8 and (4.10) imply that
Res_ne1 Z(®,s) = |Ay 75 0, [[ Su(@
T2

veT
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The last two equations imply that the residue of ,.(s) at s = ==

R AL TG, ([0 P2 ),

veT

which gives the second claim. 0

Corollary 4.27. The Dirichlet series &,41(s) has a meromorphic continuation to
the region Re(s) > 5. Its only possible singularity in this region is a simple pole at

L with residue

822

+1

Ro (L 05l Pl ) T D (s 2 ),

veS veET\S =

where the sum is over all standard orbital representatives for Gy, \V;

Proof. We have {5 7(s) = >, &ur(s) where the sum is over all T-tuples wr which
extend the S-tuple wg. The claim follows immediately. 0
ntl
Welet E, =Y b 1|P(z)|,? forv ¢ Sy, where the sum is over all standard orbital
representatives, x, for orbits in G, \V;®. In Section 6 we shall prove that the following
condition holds.

Condition 4.28. The product va s, v converges to a positive number.

We are now ready to state and prove, subject to Conditions 4.20, 4.21 and 4.28,
the theorem which is the goal of this section.

Theorem 4.29. Let S O Sy be a finite set of places of k and wg an S-tuple of
standard orbital representatives. Then

lim X2 v 2R, T (031,12 nH E,.
2 =
P Z (z) n+1 QH(“’“’l ()l H

z€GR\V® rrws vES vgS
Az<X

Proof. In the following, sums over x will be understood to include the conditions
r € GE\V;® and =~ wg as well as any further conditions which may be explicitly
imposed.

We have &, 1(s) = >, ¢m™® where

Cm = Z V(z)a; Ayp1d -
z,n,Azd=m

Applying the Tauberian theorem (Theorem I [17, p. 464]) to &, r(s), we obtain

) _ntl B n+1
Xll_)H})oX 2 Z V de wa U’P Wy ’ 2 H E

z,d,Agd<X veS veT\S

We shall denote the right hand side of this equation by L. Note that L = limp_gn L1
is the right hand side of the equation in the statement. Since a1, > 0 for all d and
a, 7, = 1 we obtain

n+1
limsup X~ 2 Z Viz) < Lp

X—00 A<X
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n+1
for all T, and so limsupy_, . X 2 ZA <x V(z) < L. It follows that there is a

constant C' such that 7, _ V(z) < CX% y for all X > 0 (note that if X < 1 then
the sum is 0). Furthermore,

Z Vi) = Z V(x)a;,T,d_ Z V(x>a:,T,d

Ay<X Ad<X Apd<X,d>2

Z Z V an Z V(x)l;“,d
Agd<X Agd<X,d>2

= 3 VWi - Yot 3 Via
Apd<X d=2 Ag <X/d
Agd<X d=2

ntl

= Y V(@airg—CX 2 (Le(") —1).

Agd<X

It follows that, for all 7' 2 S,

liminf X~ 2 Z V(r) > Ly — C(Lp(™L) — 1)

X—o0
A <X
and letting 7" — 90T we obtain
I Ll
im 1£f X~ Z V(z) > L
A, <X
since limp_gp Ly ("3~ ntly — 1. O

Now we can remove the assumption S O Sy from Theorem 4.29.

Theorem 4.30. Let S be a finite set of places. Then the statement of Theorem 4.29
holds without the assumption S O Sy.

Proof. Let Sy = S U Sy and choose an Si-tuple, ws, = (w,) extending wg. According
to Theorem 4.29,

) _ n(n+1)
(4.31) lim X772 ; V(z)
Ap<X

exists and equals

— 1322 IT eolP@wa)l? ) - ] &

veEST v¢ Sy

Taking the summation over all wg, which extends wg, we obtain the statement of
Theorem 4.29 without the assumption S O Sj. U
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5. THE EXPLICIT FORM OF THE DENSITY THEOREM

In this section we shall make the constant in Theorem 4.30 more explicit. We
remind the reader that we still assume that n = 2r > 2 is an even integer.

We first make the constant Ry in Theorem 4.30 more explicit. By the definitions
(2.4), (4.4) of B,, and Z(s),

[,(z) for v € M, be as in (1.2). For v € My, we put [',(s) = (1 — ¢;*)~'. Then
) = | 2 HUEQ)T ( ) SO
Ry = 2|Ay|TEF2E e T Do)+ To(n)

veEM

_ (n=2)(n+1)
=200, ¢ G []Tu(@) - Tun).
veEM

Let
Zi(s

(5.1)

For v € 9y we put
n+1

(5.2) eo(x) = b |P(x)[? . B, _ZEU

where z € V* in the definition of £,(x) and the sum is taken over all standard orbital
representatives for Gy, \V;” in the definition of £,. By (5.1), the density in Theorem
4.29 is

(n=2)(n+1)
4‘Ak| % H(sv(wy)rfu@) T Fv(”)) H(E'UFU(Q) U Fv(n))‘

veS v¢S

(5.3) m(ws) =

n+1

If v € My then we put

(5.4) () = eu(y)

y=x
where y runs through all standard orbital representatives such that y < x. Note that
the notions x ~ y and z < y differ only if x, y are of the type (rm). If z is an orbit of
the type (rm) then we can compute €,(x) if v ¢ Mg4,. However, computing ¢, (z) for
individual orbits seems difficult if v € Mgy, and so we only use g,(z) in the density
theorem. We put
4| Ax|”

(n— 2)(n+1)

= TG @@ - Lo [T R) Tl

veES v¢S

(5.5) i(ws) =

n+1
Lemma 5.6. Let v € M and v € Vi°. Then

eo(2) = vol(K,x),
where the volume is with respect to the measure on Vi, such that vol(Vo,) = 1.

Proof. Let f be the characteristic function of K,. We evaluate ka f(gv)dg, using
(4.6) as follows. By definition

f(gv)dgv = bl’w/ (/ f g:c Ug:vv ,v) dg:,r,v‘
Gry/Gok,
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Index Ep(wp)h(2) -+ - Ty(n)

(sp) AR (1 — g ) (1+q,7)
(in) A (1 — g ) (1 —q")
(rm) A(n,v)g, (1 — g, )1 —¢,%)

nw) — (r=1) o2
(dq) A( )qv?)( )(11117%72 )(A=g,"")

TABLE 1. ,(x) for v finite

Let g, , € Gy,. We first integrate f(g, ,95,) With respect to G

I g,y € i,y Gop € Grg, a0 f(g,00:,) # 0 then g, o0z, € K. So Gz € KoGig,
Suppose that k € K h € Gy, and g, , = kh. If g7 S Gy, then g, g7, € K,
if and only if ¢/, (G2, N K,). We have chosen the measure on G5, so that
the volume of Gok ﬂ K, is 1. Since dgj, is an invariant measure, the volume of
h~'(G3,, NK,) is also 1. Therefore,

1 g,, € K,Gj

0 otherwise.

zky

G’O

x ko

By Proposition 3.14, K,G5,. = K,Gyk,. So fGO f(9,.94.,)dgs., is the characteris-

tic function of K,G,. If @ is the characteristic functlon of K,z then G — ©(g5.,7)
is the characteristic function of K,G,,. Therefore,

f(9s w90 2)dGn {

1= [ floddn =bo | i =bew [ PO dy
Gr, KvGay /G2, Kox
But |P(y)|, = |P(z)], for all y € K,z, and so
1 = by P(z)]0 nTHVOl(KUx).
So the lemma follows. O
Let n = 27 and
(5.7) Aln,v) = L p@n,@)-Tyn).

[[=(1 - ¢")

We record the values of &,(w,)I',(2) ---['y(n) for v € M in Table 1. Note that the
type (dq) occurs only if n > 4. The first column displays the type of the orbit and
the second, &,(z)[',(2) - - - ',(n), where z is the standard orbital representative for the
orbit. The values of g,(z)I",(2) ---T',(n) will be computed in Section 6.

We recall that if v € 9 then {w,; | 1 = 0,...,r} is the set of standard orbital
representatives where w,; is defined in (3.13). If v € M then w, s, = I, is the only
standard orbital representative.
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We state the values of €,(w,)I",(2) - - - ', (n) at infinite places in the following propo-
sition.

Proposition 5.8. (1) If v € Mg then
—n i(n—i+1) 3 i
eu(wy)To(2) - To(n) =272 [ Te() ] Te().
1<j<i 1<j<n—1
(2) If v € M then
eu(wosp)T0(2) - Ty(n) = 27 (4m)" T Trl(j)-
1<j<n

There is no misprint in (2) and we did mean I'g(j). Proposition 5.8 will be proved
in Section 9. We shall discuss that these values are compatible with Proposition 4.4
[1] if n = 2 at the end of Section 10.

The following proposition follows from Table 1 immediately.

Proposition 5.9. Let v € ;.
(1) If n > 4 then E,I',(2)---Ty(n) is equal to

B . o 1 B 1_(];1 2 1_q;(7"*1) 1_qv—2r
A(njv)<1_%2_%2 gt Lo )( Y

(2) If n =2 then then E,I',(2)---Ty(n) is equal to
A2v)(1-¢"—¢  +¢,)=01-¢")"1-¢" —¢  + a0

Since [[, I'y(2) ---I'y(n) converges absolutely, Proposition 5.9 implies that Condi-
tion 4.28 is satisfied. Therefore, if we can verify Conditions 4.20, 4.21 and 4.28 and
carry out the computations of b, ,,, then we obtain the following theorem by Theorems
4.29, 4.30.

Theorem 5.10. Let S D M., be a finite set of places of k and ws an S-tuple of
standard orbital representatives. Then

lim XJLTH Z V(z) = m(ws),

X—o00

TXWwWg
A<X

where M(wg) is defined in (5.5), &,(x)[',(2) - --T'y(n) and E,I',(2) ---T'y(n) forv e My
are given in Table 1 and Proposition 5.9, and ,(x)I',(2) - - - T'y(n) forv € My, is given
in Proposition 5.8.

Note that in Theorem 5.10, S does not have to contain Sy. The rest of this paper
will be devoted to verifying Conditions 4.20, 4.21 and 4.28 and to the computation
of by ,.

6. £,(z) FOR FINITE PLACES

Throughout this section, v € M. In this section we shall compute ,(x) for all
standard orbital representatives x. We continue to assume that n = 2r is even. We
denote O, /p, by F, and express reduction modulo p, as W, s, etc. In the following,
if x = (2;),y = (vij) € Vo, and d € N then we use the notation z =y mod p, etc.,
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if z;; = y;; mod p? for all 4, j. Note that we use the coordinate system (3.3), and 2’s
in the diagonal entries of (3.4) are not taken into the consideration.

Let wy, 4 sp, €tc., be as in (3.10), (3.11). The orders of GO(w, «p)r,, €tc., are known
as follows (see [11, pp. 146-147] and Lemma 11.2 [8])

T

#GO (W wsp)r, = 207 1=, )1 +¢,7) " [0 - 0™),

j=1
(61) #Go(w2r+1,v,sp)Fv == qgrQHH(l — q;l) H(l — q;2j),
j=1
HGO(@arin)e, = 2471 = ;) (1 — ;") T (1 = ).
7j=1

Let A(n,v) be as in (5.7). We recall that |P(wysp)|s = |P(Wyin)]o = 1.

Proposition 6.2. Let n = 2r. Then

Eu(Wo,sp)T0(2) -+ Ty(n) = A<2’ 2 (1— Qv_l)(l +q,"),
5v(wv7in)rv(2) - Ty(n) = A(Z’ v (1 - qfu_l)(l -q,").

Proof. Let 1 = sp or in. Let D C Vi, be the set of elements z such that x = w,;
mod p,. We first prove the following lemma.

Lemma 6.3. For 1 = sp or in, D C K,w, ;.

Proof. Since the proof is similar, we only consider the case 1 = in, which is slightly
more non-trivial than the case 1 = sp.
Let
1 J
J = EM(T’—l,T—l)OU, w = Av,in
1 J

Then it is easy to see that there exists h € K, such that w' = hw, .
Suppose that we can show that x = w’ mod p, implies x € K,w’. Then

T =w,;, modp, = hr=w modp,
— hz € K,u'
= 1 € h 'K hwyjn = KWy in.

So it is enough to consider w’ instead.
Let n(u) be asin (4.1). Suppose that x = v’ mod p,. We first consider y = (y;;) =
n(n+1)
n(u)xr and try to choose u = (u;;) € p, > so that y;; = 0 for i +j > n + 2 except
for (¢,7) = (r + 1,7 + 1). Then we consider z = (z;;) = "n(u')y and try to choose
n(n+1)
u' = (uj;) €po *  sothat z;; = 0 for i + j < n except for (4,7) = (r,7).
Let Y = (Yij)itjznt2,6.9)#0+10+1) a)nd Z = (zij)iti<n,ig)#ea)- I i, uj; € py for all
2r—1)—1

1,7 then Y, Z are elements of pf,( . In both cases we apply Hensel’s lemma in
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the form [7, p. 64]. So we only have to verify that the reduction modulo p, of the
differentials of the maps u — Y, v’ — Z at the origin are surjective.

Since the situation is similar, we only consider the map u — Y. Consider the ring
of dual numbers F,[e]/(€?). Let N = (N;;) € M(n, n)g, be the lower triangular matrix
with diagonal entries 0 such that the (i, j)-entry is N;; for ¢ > j. The origin v = 0
corresponds to the unit matrix n(0) = I,,. So we identify tangent vectors at the origin
u = 0 with elements of the form I,, + ¢/N. Then

(I, + eN)YW'(I, + eN) =W + e(Nw' +w'"N)

(@' is the reduction modulo p of w’).
Suppose that N is in the following form

N, 00
N=|Ny 00
Ns 0 0

where Ny, Ny € M(r — 1,7 —1)g,, No € M(2,r — 1), and NV is lower triangular with
diagonal entries 0. Then

0 0 Ny J
Nw +w'tN = 0 0 NyJ
JINy J'Ny NsJ + J'Ng

We choose N3 so that Ny = (n;;) = N3J is lower triangular. Then N3J + JIN; =
Ny + 'Ny and this can be an arbitrary symmetric matrix. Note that the diagonal
entries of Ny + 'Ny are 2n}y,...,2n._,,_;. As we discussed after (3.4), 2’s in the
coefficients are formal variables and so do not have any effect even if chk = 2.

Other parts are obvious and matrices of the above form exhaust matrices of the
form

0 0 Y
0 0 Y,
Y Y, Vi

where Y3 is symmetric and entries of Y; above the anti-diagonal line are 0.

This proves that the reduction modulo p, of the differential of the map u — Y
is surjective. The consideration is similar for the map v — Z. Therefore, we may
assume that entries of x are 0 except for the anti-diagonal line and the central (2, 2)-
block. This reduces the problem to the case n = 2.

Similarly as above, we consider

([2 + GN)Zvyint([Q + EN)
for N € M(2,2)g,. If N = (27) then

N7y o+ Al N = ( 2(2ac +b3)  ba + 2¢3 + 257) .

ba + 260 + 2ay 20y
Since 3
20 b 0 o
det [ b 2 2a| = (4ac—b*)b #0
0 0 b

in IF,, szn + qu’intN can be an arbitrary symmetric matrix.
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By Hensel’s lemma, this completes the proof of the lemma. 0J

We continue the proof of Proposition 6.2. If g € K, x,y € D and gxr = y then
g mod p, is an element of the stabilizer Gy y,, which is isomorphic to GO(W, i), -
Conversely, if ¢ mod p, is an element of Gz f,, then gD C D. Therefore,

—nnt)  #Gp,
sl =% 0

Then Proposition 6.2 follows from Lemma 5.6, the third formula in (6.1) and the
well-known formula for #Gf, .
The computation of vol(K,w,,) is similar and slightly easier. O

The following corollary is obvious.
Corollary 6.4. (g,(w,sp) + €(wWyin))Tw(2) - Ty(n) = A(n,v)(1 — g 1).

We next consider the type (rm). Let wy (rm1), - - -, Wy, (rm,2,) D€ the standard orbital
representatives of the type (rm) as in Proposition 3.12.

Proposition 6.5. We have

)\'u
Z 5U(wv,(rm7j))r‘v(2) e Fv(n) = A(”’? U)Qv_l(]' - qv_l)(l - qv_n)
j=1

Moreover, if v ¢ My, then

1
E‘:v(U}v,(rm,j))Fv(2) T FU(TL) = §A(na U)qv_l(l - q;1)<1 - Qv_n)
forj=1,2.

Proof. Let D be the set of symmetric matrices of the form

I
(6.6) v = X
Tpn—1
Ty - Tp- an
where X = w,,_1, mod p,, 21,...,291 € P, and ord,(z,) = 1.

Let ‘H be the subgroup of K, consisting of elements of the form

a1
h
th
Ap—1
by -+ b, ¢
where tohw,_24in = Wp—24,imn mod P, b1,..., b1 € p, and c € O,

Clearly, Wy, (rm,1)5 - + - s W, (rm,Ay) €D.

Lemma 6.7. D C U?;lKvwv’(rm’j).
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Proof. Consider elements of D in the form (6.6). By Lemma 11.5 [9], we may assume
that X = wy,_1,sp. Then it is easy find g € K, so that

H

gr = H
2 Yn—1
Yn—1 Yn
and y,_1 € p,, ord,(y,) = 1.
This reduces the consideration to the case n = 2. Then the proof is known (see [1,
p. 222]), but we include the proof for the reader’s sake.
Suppose that n = 2 and « is a root of the Eisenstein polynomial 22 + z;2 + x5 = 0.
By assumption, there exists ¢ such that if 7, is a root of 2% + a;z + b; = 0 then
k,(a) = ky(m,). Since both «, m, are uniformizers, « = ¢, + d where ¢ € O, d € p,.

Then
2 oz (1 0\/2 &\ (1 0
1 229) \—d c) \a; 2b; —d ¢/’

We continue the proof of Proposition 6.5. It is easy to see that if ¢ € H then
gD C D. Conversely, suppose that x,y € D, g € K, and gr = y. Let g be in the

following form
_ (4 h a
g = 0 b ¢

where h € M(n — 1,n —1)p,, a € M(n —1,1)p,, b € M(1,n — 1)p, and ¢ € O,. By
reduction modulo p,, gT = y. Since

)
we obtain

(6.8) g7 =t (@”‘1’“"% —m_’“l’“’s"tf;-) :

O

Therefore, b = 0, which implies that ¢ € OX. Hence, g € H.
By the above consideration,

Ao _n(n=1) #GL(1)p, #GL(n)r
> vollKwoemp) = ¢, " V(1 - "_1)#G0(wn_1vs;)m (- 1)

j=1

_n(n-1) . —(n—l)
In the above formula, ¢, * is the volume of the set of X = w,_146p, G ,
q, (1 — g, ') are the volumes of the sets of (x1,...,7, 1) € p" ', z, € p,\p? respec-

tively and ¢"~!, (g, — 1) are the number of possibilities for b, ¢ modulo p, respectively.
Then the first statement of Proposition 6.5 follows from Lemma 5.6 and the second
formula in (6.1).

Suppose that v ¢ 9Mgy,. Let 7, be a uniformizer and p a non-square unit. There
are exactly two orbits of the type (rm). They are orbits of elements of the form
(6.6) where x,/m, = 1,u. It can easily be verified that whether or not z,/m, is a
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square does not change by the action of the group H. So instead of D, we define
subsets Dy, D, according as x,, /7, is a square or not. Since the volume of the set of
T, € p,\p? such that z,/m, is a square is half the volume of p,\p?, we obtain the
second statement of Proposition 6.5. O

We finally consider the type (dq).
Proposition 6.9. If n = 2r > 4 then

31— )21 =g ") (1 — g2
4(1—¢q;?) '

Proof. Let D be the set of symmetric matrices of the form

Ev(Wy.aq)Tw(2) -+ - Ty(n) = A(n,v)

I Y1
X : :
(6.10) r = Tn—2 Yn—2
xl PR xn—? aY
Y o0 Yn—2
where X = w,,_94m, ¥ = Ay mod p,, z;,y; € p, for all ¢ and ord, (o) = 1.
Let ‘H be the subgroup of K, consisting of elements of the form

(3] by

hy
(6.11) h=|to,

Qp—2 bn—2
1 e Cp—9
di - dy_o ha
where tohlwn_z,v’in = Wnp—20,n mod Po, Ci,di € Py for all 7 and hQAUJn = 'YAv,in
mod p,, for some v € O.
It is easy to see that HD C D.

Lemma 6.12. D C K,w, 4q.

Proof. Suppose that € D is in the form (6.10). By Lemma 6.3 (for n — 2), we may
assume that X = w,_9,i,. Then it is easy to find an element h € H so that if we
replace x by hx then z; = y; = 0 for all 7 and o = 7,,.

Then we have to find h € GL(2)p, such that hY = w,;,. This was already carried
out at the end of the proof of Proposition 6.5. ([l

We continue the proof of Proposition 6.9. Suppose that z, 2’ € D, h € K, and
hx = 2'. By reduction modulo p,, h7 = 7. By a similar computation as in (6.8), h
is in the form (6.11) and tohiwp—2.4in = Wp—24in mod p,, ¢;, d; € p, for all i. Then
hy € GL(2)0,.

By computation, if x is in the form (6.10) then the last (2,2)-block of hx is con-
gruent modulo p? to tyahsY . Suppose that the last (2, 2)-block of 2’ is oY and that
Y =7A,m, Y =7A,m mod p, with v,7" € OF. Then

tohg Ay in = toahyY = 'Y =’ A,  mod p2.

Since ord,(a) = ord,(a’) = 1, there exists v € O, such that
hQAv,in = Vl/Av,in mod pv-
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Therefore, h € 'H.
By the above consideration,

VOl(Kywy aq) = vol(D)#(K,/H)

7(77.71)(1172)
=q ¢ " g —-1)g,°

#GL(1)r, #GL(n)r,
#GO(Wn—2,0,in) 7, #FGO(W2,0,in)F, qg(n—z)
(n—1)(n—2)

Note that ¢, 2 is the volume of the set of X = w,,_2, 1, and that qv_Q(n_Q) is the
volume of the set of z1,...,y,_2 € p,. Since aY is determined modulo p? and there
are g, — 1 possibilities for a modulo p?, the volume of the set of oY is (g, — 1)g;°.
Then Proposition 6.9 follows from Lemma 5.6 and the third formula in (6.1). U

X

7. THE CONSTANT TERM OF THE g-EXPANSION

In this section we formulate a way to prove that Condition 4.20 is satisfied. Since
our argument works in a fairly general situation, we make enough definitions to state
Proposition 7.3 below. We consider general prehomogeneous vector spaces in what
follows.

Let (G V) be an irreducible regular prehomogeneous vector space defined over k,

v € Mand K, C Gk an open compact subgroup. Suppose that P(z) € k[V]is anon-
constant polynomial, y(g) a rational character of G and and that P(gz) = x(g)P(z)
for g € G and z € V. Since P is not a constant, y is not the trivial character. Let
m=dimV and N =deg P. If (G,V) is the pair (3.1) then m = "(”TH) and N =n.

Suppose that z € V® = {y € V4, | P(y) # 0}. Since (G,V) is a regular preho-
mogeneous vector space, G, is reductive (or one can make this the definition of the
regularity) and so ka has a unimodular measure. We choose an invariant measure
dg, (resp. dgy,) on G, (resp. G ) so that vol(K,) =1 (vol(K, N G k) =1).

Let dg., , be the measure on Gkv/ G° ok, such that if f is a measurable function on
ékvx then

ﬂ @i, = [ F@)PG) N dy.
Gy /GO Gkvx

There exists a constant b, , > 0 such that

(7'1) d?jv = bz,vdgé,vdgg,v'
For ® € §(V},,) and s € C, we define
Zpw(®,5) = bxv/ X (gga,v”sq)(g;,vx)d’g;,v
Gkv/G

We fix an integral structure on V. If <I> is the characteristic function of Vj», then
we denote Z, (P, s) by Z,.,(s). We consider the following condition.

Condition 7.2. If g € G, and gz € Vp, then x(g) € O,. Moreover, if x(g) € O
then g € K,G3,,

Since ord,(x(¢,,)) € Z, we can express Zg,(s) as Zyo(s) = > o0 gaq™®
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Proposition 7.3. If Condition 7.2 is satisfied then a,q =0 if d <0 and azp = 1.

Proof. Let Xq = {g, € Gy, | Gor € Vo,, ordy(x(3s)) = d}. Then X, is clearly right
Gy ,-invariant. It is easy to see that a,q = by, fXd/@" dg.. .. Condition 7.2(2)
x ky ’

implies that Xy =0 if d <0, and so a, 4 = 0if d < 0. Also X, = l?végkv. So

~
Qg0 = bm,v /~ ~ _ dg:p,v'
KoGgy, /Gok,

Let f(g,) be the characteristic function of l?v. We integrate f on ékv using the
decomposition dg, = b, ,dg, ,dg, . The first part of the proof of Lemma 5.6 works
and so -

SO 1 g7, € K,G®
! 17 d "o T, VM x kyo
. f(92090.0)4G5 0 otherwise.

x ko

So the above integral is the characteristic function of [?Ué; k.- Lherefore,

1= [ S5, = b /

Gy K

I~/
- - dgCE,U = az’o‘
KoGgy, /Gok,

O

We now return to the prehomogeneous vector space (1.1). Proposition 7.3 can be
used to show that the constant term of the g-expansion of the standard local orbital
zeta function is 1. Proposition 5.23 [8] and Proposition 3.14 imply that Condition 7.2
is indeed satisfied. Therefore, we have the following proposition.

Proposition 7.4. If x € Vi* is a standard orbital representative then Condition 7.2
1s satisfied. Therefore, Condition 4.20 is satisfied for x also.

Remark 7.5. As pointed out at the end of Section 3 of [14], the constant term of the
local orbital zeta function may not necessarily be 1. However, if the constant term
is 1, then we expect that Condition 7.2 is satisfied. So Proposition 7.3 is a place to
start if one tries to prove that the constant term is 1. In [12] the notion of omega
sets was used to carry out this task. In general we no longer have to construct omega
sets, but if we can find them, then it may be more efficient to use omega sets than to
use Proposition 7.3.

8. A UNIFORM ESTIMATE OF THE LOCAL ORBITAL ZETA FUNCTIONS

The purpose of this section is to verify Condition 4.21. So we assume that v € 9\ Sy
and x € V;*. We continue to assume that n = 2r > 2 is even.
Let X, ={g, € G, | gux € Vo, }. By Proposition 7.4,

—_

22l = 1= b [, I i
X(gk ) Epo

Since n is even, ord,(x(g)) is always even. So if y = g, . and x(g,,) € p, then
ord,(P(y)) > ord,(P(z)) + 2 and ord,(P(y)) — ord,(P(x)) is even. Let

(8.1) Y, ={y € G,z N Vp, | ord,(P(y)) > ord,(P(x)) + 2}.
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In the following, we very often use Y, as the limit of integrals. It is easy to see that
s_ntl
Z20(s) = 1= bealP@ [ PG dy
Yz

Since v ¢ Sy, we have determined b, ,, for all orbits in Propositions 6.2, 6.5 and 6.9.
Let A(n,v) be as in (5.7). We put B(n,v) =T,(2)---T,(n)A(n,v)~! and

s1—q¢)(1+¢7) (sp), L (), (in)
o st=aha-gn (), (rfn)’ ’
S EL et P e T G Nl D
—1 —(r—1 —27r .
Z11(1—% )2(1_1(J—Uq; )(1—gy °") (dq), Qv q

Then

L ntl ) nt1
bew = o(x) T |P(2)]s* = B(n,v)a;’vﬁx,AP(xﬂv?
in all cases. Therefore,

,S+HT+1 g—ntl

Zow(8) = 1= B(n,v)0g, 000 (@) [P(y)le * dy.
Yo

We choose a small number § > 0. Suppose that Re(s) > % 4 4. Since ord,(P(y)) —
ord,(P(z)) is even,

Erw(s)—1
) 16

gyl o _
= Bln v Bl P [P P
Yz

_ —s4-ntL = s—2—6 —2j(s—2—0
< Bln vl P@LT [ S IP@IE P

o2 dy
1 15 %_2(5_%_5) ~14s
= Bln, o) b0l P@ s [ 1Py
]_ - q’U 2 Y:c
Since we would like to avoid unnecessary complications arising from the introduc-
tion of the number § > 0, we introduce the following notation.

Definition 8.2. Let f1(), f2(0) > 0 be real functions of §. If there exist constants
Chs,Cy > 0 (Cy does not depend on 0) independent of the place v such that f;(J) <
C1.595%° f2(6), then we use the notation

f1(6) <5 f2(6).
We devote the rest of this section to proving the following proposition.

Proposition 8.3. Ifv ¢ Sy and x is a standard orbital representative then

1_5 _1lus _
Paw| P(2)]5 Py)lo* " dy a5 g;"
Yz

If we assume this proposition then we can verify Condition 4.21 as follows.

Proposition 8.4. Condition 4.21 is satisfied.
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Proof. By assumption, there exist constants C; s > 0, C such that

2(s— 2 —9)

n
2

—_ —14C58 —1 Qv
SgolS 1 < Cis B y V)& n
) ( ) C, 4, ¢ (TL U) T,V 2 é

, —2(s—2-9)

It is easy to see that there exists a constant C' independent of v such that B(n,v)a; <

C'. By absorbing C into (4,
q—2(s—g—5)
ELU(S) . 1 < CL(Sq—l—I—CQ(S v

v 1_ qv_g(s_

=)

The right hand side no longer depends on z, and so we denote it by Ls,(s).
Suppose that Re(s) > § 4 (Cy + 1)d. It is easy to see that
Cis -
‘Lé,v(s)‘ < qu 1 025.

Therefore, [],45,(1 + [Lsw(s)|) converges absolutely and uniformly for Re(s) > § +
(Cy +1)d. Since 6 > 0 is small, Condition 4.21 is satisfied. O

Before proving Proposition 8.3, we recall results on local zeta functions in [10].

Let v be a large integer and R, = O,/pY. Let S,(R,) be the set of symmetric
matrices x with entries in R,. Let n = n; + --- + n,, be a partition of n. We denote
this partition by {n;}. For each i let t; be a non-negative integers satisfying

0<t; <ty <ty <tp.

We denote this sequence by {¢;}. For such {n;} and {¢;}, we define S°(R,, {n;}, {t;})
to be the subset of S,,(R,) consisting of elements of the form

e 0 0
R mT2Ey - 0
0 0 - 0

0 0 - 7w,

where z; € S,.(R,) and detx; € RY. It is known [16] that any element of S, (R,)
is equivalent by the action of GL(n)g, to an element of SY(R,, {n;},{t;}), and that
{n;},{t;} depends only on x. Note that since v ¢ Mgy, 2’s in the diagonal entries do
not cause any problem.

Let

Su(Ry, {ni}, {t:}) = GL(n)r, Sp(Ry, {ni}, {t:}),
i.e., the set of elements which are equivalent to elements of SO(R,,{n;}, {t;}). Then

For z € S%(R,,{n;},{t:}) , let H, be the subgroup of GL(n)r
ments g such that gz € SY(R,,{n;}, {t:}).

consisting of ele-

v

Remark 8.5. We have been considering GL(1) x GL(n)-equivalence throughout this pa-
per and so the reader may find it strange that we now consider GL(n)g, -equivalence.
All we need is the orders of the sets SX(R,, {n;}, {t:}), Sn(Ry,{ni},{t;}) in Lemma
8.6 and Proposition 8.7 (or more specifically (8.9)) below. It is possible to use
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GL(1) x GL(n)-equivalence and obtain the same result. However, since GL(n)g, -
equivalence was used in [10, p. 1110], we chose to use the formulation in [10] for this
part.

The following lemma is Lemma 3.2 [10, p. 1110].
Lemma 8.6. The order #H, depends only on {n;},{t;} and

#GL(H)RV _ #GL(n>RU « q*’/21gi<jgm "i”j*21§i<1gm tinin;
#H [T, #GL(n:) R,

if v s sufficiently large.

Let p, : Vo — S,(R,) be the natural projection. Given {n;},{t;}, we choose v
sufficiently large and define

Dp({ni}, {t:}) = p, " (Sp(Ro, {na}, {t:}),
Du({ni}, {t:}) = p, " (Su(Ro, {ni}, {t:})).
For any positive integer [, we define
e(l,v) = {<1 1) (L= ™) r=2r 4,
’ A—gH1 =g 1—g® ™) 1=2n
We put
L-g ) - (=g e(niv)
=g - A=-q™)
Qnd i) = Y0 6D S

1<i<m 1<i<j<m

f({ni}) =

The following proposition is essentially used (but not explicitly) in [10]. We include
its proof for the reader’s sake.

Proposition 8.7. vol(D, ({n;}, {t:})) = f({n;})qw @1,

Proof. We first prove the following lemma without assuming that n is even.

n(n+1)

Lemma 8.8. For all n, #Vg* = e(n,v)q, *

Proof. Any element of Vi* is in the form T where # € V5 and 7 is the reduction
modulo p,. Let w,; be the standard orbital representative in the orbit of . Then
r € Gp,wy; N Vo,. By Proposition 5.23 [8], ord,(P(x)) = ord,(P(w,;)). Since
P(z) # 0, ord,(P(z)) = 0. Therefore, ord,(P(w,;)) = 0 and so 1 = sp or in. The
case 1 = in occurs only if n is even.

If x = gwysp O gw,in then x(g) € OF and so g € K,Gyk,. So we may assume
that g € K,. By reduction modulo p,, T € Gp, Wy or Gr, W, in Therefore, we only
have to count elements in the G, -orbits of wygp, wyin. If n is odd then #V§° =
#Gr,/Gu, ., r,- If nis even then #Vi° = #Gr, /Gy, ., F, + #Gr,/Guw, ., F,- In both
cases the lemma follows from (6.1). O
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To consider 7liz; mod p” is the same as to consider  mod p”~%. Therefore, by
Lemma 8.8,

(8.9 #0(Ry, i} 1)) He n vyl "
Since GL(n)e, surjects to R,,

#GL(7) g, 0

vol(Pu({nit, {tih)) = ——g —=vol(Dy({ni}, {t:}))

€ e
- %q TSR ), (1)

o q—l’% #GL<n)Ru > *V21§i<j§m ”i”j*21gi<jgm tinin;
— Yvu m v
[T GL(m)Ry

nl(n +1)
X He N, v

fv—”‘";” vn-ym?) (1—g¢ ) (1—q™)

= Qv qu m _ —n;
[[Z(1—q 1)'-'(1—% )
X qv V21<z<]<m ning— Zl<z<]<mt ning H e nl7 qu_ti)w
i=1

Simplifying the result, we obtain the formula of the proposition. O

Now we are ready to prove Proposition 8.3.
Proof of Proposition 8.3. Note that if y € D,,({n;}, {t;}) then

|P(y)]o = g, =m0,
Let x be a standard orbital representative. Obviously,
—3+0
Pl s Y[ Py
Ya YoNDn({ni},{t:})

{ni}.{t:}
By the above remark, the right hand side is equal to
(3-6) S0y nits
> vol(Dy({ni}, {t:}))qv :
Ymen({nl}v{tl})7&®

Since the number of partitions of n is finite, there is a constant C' independent of v
such that f({n;}) < C. Therefore, we may ignore this factor. So

ﬁrv|P / |P | 2+5dy

—QUni}{t:H)+(5-0) 7, nits
s ﬁrv’P( )l Z Qv 2 ! .
YoNDn({ni},{t:})#0

We now consider each case. Since the number of partitions is finite, we may fix

{ni}.

(sp), (in) Let = wy g OF Wy .

(8.10)
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In these cases 3, = 1 and |P(x)|, = 1. So the right hand side of (8.10) is equal to

—QUni} {t:H+(5-0) 7Ly nit
(8.11) > o =L
YaDn ({ni},{t:})#0
If y € Y, then ord,(P(y )) > 2. The exponent of g, is

(8.12) —Z ’t =) tingn; — 5ant < - Z Zt;.

1<J

1
Since (1 — ¢, 2)~! < 10 for all v,
—Q({ni} {t:H)+(E—6) > nits qv_l _
Z @ {nit{t:H+(3-0) 7Ly < R
some t; >2 (1 — Qv 2>m
Therefore, we only have to consider {t;} such that ¢; <1 for all i. So the number of
terms we have to consider is finite, and we may consider individual terms in the sum
(8.11) without taking the sum.
If i # j and t;,t; > 0 then — ), 3¢; < —1, and so

ni b {t D +H(E—8) 0 nity _
a QUnib{t:))+(5-0) 2%, a4 qvl'

So the only case we have to consider is m = 2, ¢t; = 0, t, = 1. However, ord,(P(y)) =1

if y € D,({n:},{t:}), which contradicts to the assumption ordv(P(y)) > 2.
This completes the consideration for the cases (sp), (in).

(rm) We consider the cases & = Wy, (zm,1) OF Wy, (rm,2) Next.
In these cases 3;, = qu, |P(2)], = ¢, '. So the right hand side of (8.10) is equal to

(813) qé‘f"s Z qv_Q({ni}a{ti})"‘(%—(s) iy ”iti.
YoNDn({ni},{t:})#0
If y € Y, then ord,(P(y)) > 3. Using (8.12), we only have to consider terms such
that t; < 2 for all . If i # j and ¢;,¢; > 0 then the left hand side of (8.12) is at most

—3 — 3 — 1 < —2. Therefore, since 0 is small,

2
105 QU N6 g, 3
q5+6qv QUna}{t:ih+(3-0) XiZy niti Qv < g,

Therefore, we only consider the case where m = 2, t; = 0 and ¢, = 1,2. Since
2
ord,(P(y)) = nata > 3, ng > 2 if t5 = 2 and ny > 3 if £ = 1. Then —%2152 < —4,
Therefore,
1 ) . 1_ mooo g _7
qEMq;Q({nZ}’{tZ})HQ 8) 323y miti <a 5+0 < gl

This completes the consideration for the cases (rm).

(dq) We finally consider the case x = w, 4q (Which means n > 4).
In this case (., = ¢, |P(z)], = ¢, %. So the right hand side of (8.10) is equal to

_Q n; p,{ti 7_5 i= n;t;
(8.14) q3+25 Z @ {nib{t:H+(3-0) 22324 .

YoNDn ({n:},{t:})#0
If y € Y, then ord,(P(y)) > 4. By a similar argument as above, we only have to
2
consider terms such that ¢; <5 for all 7. If £; > 0 and n; > 3 then —%ti < —%. So
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we may assume that n; < 2 for all 7. If there are three indices 7; < 75 < i3 such that
ti17ti27ti3 > ( then til > 1,151'2 > Q,tis > 3. So

which implies that

- Bt ) +H(E-0) o nits — _
(8.15) q2+25qu({n}{ N+(5—0) "% n <q 142 qvl'
So we may assume that there are at most two indices 7 such that ¢; > 0.
We consider terms such that there are exactly two indices 7 < j such that ¢;,¢; > 0.
Then t; > 2. Unless n; = n; =1,

2

J
——th — —tj — nmjtl S —?l — ’I’Lj —

2 2

So (8.15) holds also.
Therefore, we may assume that n; = n; = 1. Then ord,(P(y)) =t; +t; > 4. So

2 2
n; nj t; +1
—Eltz — ?]tj — nzn]t, = — ! J tz S —3

Therefore, (8.15) holds also.
Now we are left with the terms such that there is exactly one i such that ¢; > 0.
Then ¢ must be m. If n,, = 1 then ord,(P(y)) = t,, is even. If we apply the element

1

_im
2
T

to y then y becomes an integral symmetric matrix such that dety € O,°.

We have shown in the proof of Lemma 8.8 that the type of y is (sp) or (in), which is
a contradiction. Therefore, we may assume that n,, = 2. Since ord,(P(y)) = nyt, =
2t,, > 4, t,, > 2. Then —%tm < —4. Hence, (8.15) holds also.

This completes the proof of Proposition 8.3, and so the proof of Proposition 8.4
also. U

9. g,(x) FOR INFINITE PLACES

We assume that v € 9, throughout this section. In this section we compute €,(z)
for standard representatives z. It will turn out that the computation of ¢,(x) has
essentially been done in part II.

Let z € Vi be a standard representative. The canonical measure dg, , on Gy, was
defined in Definition 4.17 [9] and the Tamagawa measure dy, , on Gy, was defined
in Definition 9.7 [8]. There is a constant c; , such that dg, , = ¢ du . The value
of ¢, , was computed in Propositions 5.20, 5.34 [9] as follows.

Proposition 9.1. Let n = 2r.
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(1) If v € My and © = w,; where 0 <1 = r then

_py inzitl) . .
=22 HFR(]) H I'r(7)

1<j<i 1<j<n—i

(2) If v € M and © = w, 5, then

! _2—3r+1 47T H F]R

v,T
1<j<n
This proposition and the following proposition proves Proposition 5.8.

Proposition 9.2. If v € M., and x is a standard representative then

Proof. We chose the measure dg,, , so that if ® is a measurable function on G,z then

n+1

/ B(g, ,2)dg,, = / () Pl T dy
Gy /G2, Gy

By Proposition 3.14, there exists an element v, of K, N Gy, not in G5, such that
v = 1. Let f(g,) be a measurable function on Gy, such that f(g,) = f(gove). It
is easy to see that we can choose such f so that it is integrable on Gj, and that
kav f(gv)dg, # 0. We define a function F(g,,,) of g, , € Gy, as follows

F(g,.) / f(9yn90.0)d

Since f(gv) = f(goz),

//
F(g,,) = ¢, f(GenGn)die(gs,) = oo / f(Gsn ) dp(dl )
G; ‘Lkv

This implies that there exists a function ® on Gy, such that F(g, ) = ®(g, 7).
It is explained in Lemma 5.1 that

dg, =T1,(2) - Ty(n)dps vdpin o

Note that I',(1) = 1. If x € V® is a standard representative then |P(z)|, = 1 and so
() = b;i;-
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Therefore,

gv(x)FU(Q) T Fv(n) G f(gv)d:ul,vd#n,v

= b;j; f(90)dg,
G,

/ ( / f(Genbn0)d ) g, .,
Gkv/sz
= / ® (g, )y, ,

Gkv/G;kv

_ntl

~ [ owIPwl T dy

G, T
= / F(g,.,)di'(g,.,)

Gy /Ga iy

= S Flal A" (6L ) i ()
- Gr /G gzvgmv gw,v o g$,v
ky z ko zkv

Cl/

= ;x f(gv>d/~51,vd,un,v-
G,

This proves the proposition. [l

10. THE CASE k=Q, n =2

In this section we interpret out result in the case £k = Q and n = 2. We assume
that k£ = Q throughout this section.
Let ¢(s) be the Riemann zeta function. We put

_ —r— —or— _ 1 _p—(r—1) =27
E_{l_pz_p2 1y 2 2+ip3(1p)(1111_2 a—p=n)
=

1\

p Y

1_p72_p73+p*4 "’L:2

Let S, ; be the subset of S,, consisting of groups of the form PSO(x) such that z is a
quadratic form with signature (i,n —1). Then Theorem 5.10 states

lim 5 Y vol(PSO(x)a/ PSO()y)

xGSnyi,AE<X

27n+w+2

= @@ ¢ [T ) ] =) [

1<j<i 1<j<n—i )

which gives the statement in Introduction.
Now we specialize to the case n = 2. In this case 1 = 0,1. It is easy to see that
I'r(1) =1, FR(Q) = 7!, If i = 0 then the above constant is

C( HE H —pP—p P +pY).
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If 1 = 1 then the above constant is

2
1VII@f:%IIU—p”—p”+p4)
p p

If i = 1 then our measure on Gy coincides with that in [1, p. 224]. If 1 = 0 the
choice of the measure on Gy is slightly different from that in [1, p. 224]. In this
situation G = C* and its maximal compact subgroup is C' which can be identified
with the classical special orthogonal group SO(2). In [1, p. 224], the measure dh” on
C* was defined using the measure dx on SO(2) such that the volume of SO(2) is 2,
i.e., if f is a measurable function on C* then

F(R" )R = / FA)dRIA LN = 2 / F(sA)dRd
CX* ClxRX ClxR4
Therefore, this is the measure d*tc on C* regarded as the algebraic group C* over
the ground field C. We defined our measure dg; p so that the volume of SO(2) is 1
(see Definition 4.17 [9]). Therefore, dh" = 2mdg} . So if we use the measure in [1],
then the answer for this case has to be multiplied by 27.

If n = 2 then Gg\ Vg’ is in bijective correspondence with extensions of Q of degree
at most two. When we count them we may ignore the trivial extension Q. If F/Q is
a quadratic extension which corresponds to x € Vi then i = 1 (resp. 1 = 0) at the
infinite place means that F' is a real (resp. imaginary) quadratic extension of Q. It
is proved in Proposition 5.1 [1, p. 229] that

VOI(GOA/G o) = 2¢p.
Therefore, we obtain
: -3 -2 -3 —4
[ S DN ) (EVEES AR
0<E+Ap<X p

(5 x (2m)/2 = 7{—; of course).

If Fis a real (resp. imaginary) quadratic field then € = 4hpRpep' (resp.
QWhFRFel?l = 27rhpe;1). Except for a finite number of quadratic fields, ep = 2.
If er = 2 then € = 2hp Ry if F is real and Q:F = whp if F'is imaginary. Therefore,

lm X7 Y hpRp = (1 —pP=p Pt Hp ),
0<Ap<X
. -3 -2 -3 4
Jmoxr N hF—18 <1 P =p ),
0<—Ap<X
Thus, we obtain the theorem of Goldfeldeoffstein.
If n=2and v e Mg then 1 = 0, 1. Proposition 9.1 states that c” (27?)_1 if

i=0andc], =1ifi1=1. Since by, =¢e,(z)"" = 2I'r(2)c,, " =2/(nc
4 1=0
ba: v = ’
’ {% i=1.
If we use the measure in [1], the value for the case 1 = 0 has to be divided by 27 and

SO by oy = % This of course is compatible with Proposition 4.4 [1, p. 224].
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Suppose that n =2 and v € Mc. In this case our measure on Gy, ~coincides with
that in [1]. Then Proposition 9.1 states that ¢ , = 27?(47)['r(2) = 1. It is easy to
see that T'c(1) =1, T'c(2) = (27)~'. So

1
bew = o(x) "t =20¢c(2)) 7 = —.
m

V,T

This also is compatible with Proposition 4.4 [1, p. 224].
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