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Abstract. We formulate (and prove under a certain assumption) a conjecture relating

the order of Somekawa’s Milnor K-group attached to a torus T and the value of the Artin

L-function attached to the cocharacter group of T (regarded as an Artin representation)

at s = −1. The case T = Gm reduces to the classical Birch-Tate conjecture.

1. Introduction

The Birch-Tate conjecture states that, for a totally real number field K, the following

equality should hold:

|ζK(−1)| = |K2(OK)|
|W2(K)| .

Here ζK(s) is the Dedekind zeta function of K, K2(OK) is the second K-group of the ring

OK of integers in K, and W2(K) = H0(K,Q/Z(2)). This equality is proved up to a power

of 2 by Wiles [21] .

We shall formulate a conjecture with a coefficients in a torus T , which reduces to the

Birch-Tate conjecture recalled above when T = Gm. Let T be a torus over a number

field K, and let X(T ) = Hom(Gm, T ) be the cocharacter group. Then X ⊗ C is a finite

dimensional representation of the absolute Galois group GK of K with finite image, i.e.

an Artin representation. Let LK(X(T ), s) be the Artin L-function attached to it. We set

W T (K) = H0(K, X(T )⊗Q/Z(2)). We write KT (K) for the Milnor K-group K(K; T,Gm)

attached to T and Gm introduced by Somekawa [17]. (We will recall the definition of

KT (K) in §2.) In §4, we define a subgroup KT (OK) of KT (K). When T = Gm, we have

identities

LK(X(T ), s) = ζK(s), W T (K) ∼= W2(K), KT (OK) ∼= K2(OK).

We propose the following generalization of the Birch-Tate conjecture, which we shall prove

for a certain class of tori.
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Conjecture 1.1. Let T be a torus over a totally real number field K. Assume T is split

by a totally real field. Then the equality

|LK(X(T ),−1)| = |KT (OK)|
|W T (K)|

should hold.

Remark 1.2. The assumption that T is split by a totally real number field implies that

LK(X(T ),−1) is a non-zero (rational) number (cf. proof of Theorem 4.8).

In §2, we introduce a condition for a torus (over an arbitrary field) to ‘admit a motivic

interpretation’, and prove the following.

Proposition 1.3. A torus split by a meta-cyclic extension admits a motivic interpretation.

(A finite Galois extension E/F of fields is called meta-cyclic if all Sylow subgroups of

Gal(E/F ) are cyclic.)

We also have some examples of tori which admits a motivic interpretation without being

split by a meta-cyclic extension (see Remark 2.10). Our main result is the following.

Theorem 1.4. Let L/K be an extension of totally real fields, and let T be a torus over

K split by L. If T admits a motivic interpretation, then the equality

|LK(X(T ),−1)| = |KT (OK)|
|W T (K)|

holds up to a power of 2.

This result will be proved in §4, where we also prove an analogous result for a torus

over a global field of positive characteristic. In §3, we study KT (k) for a torus T over a

local field k.

1.1. Conventions. For a field F , we fix an algebraic closure F̄ , and all algebraic extension

of F is supposed to be a subfield of F̄ . We write GF for the absolute Galois group of F .

For a torus T over a F , we write X(T ) = Hom(T,Gm) for the cocharacter group of T .

Let A be an abelian group. For a non-zero integer n, we write A[n] and A/n for the

kernel and cokernel of the map n : A → A. We define ATor = ∪nA[n] (resp. Adiv =

Im(Hom(Q, A) → Hom(Z, A) = A)) to be the subgroup of torsion elements (resp. the

maximal divisible subgroup) in A. For a prime number p, we define A[p∞] = ∪nA[pn]

(resp. Ap−div = Im(Hom(Z[1p ], A) → Hom(Z, A) = A)) to be the subgroup of p-primary

torsion elements (resp. the maximal p-divisible subgroup) in A. We write A/div = A/Adiv

and A/p − div = A/Ap−div. When a group G acts on A, we write AG and AG for the

invariants and coinvariants of A by G.

2. Milnor K-group attached to a torus

In this section, F will be an arbitrary field.
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2.1. Definition and basic properties. Somekawa [17] has introduced the Milnor K-

group K(F ; G1, . . . , Gr) attached to a family of semi-abelian varieties G1, . . . , Gr over F .

In this paper, we only need a special case where G1 = T is a torus, G2 = Gm and r = 2.

To ease the notation, we put

KT (F ) = K(F ;T,Gm).

It is defined as a quotient

(1) KT (F ) =
⊕

E/F

T (E)⊗ E∗/R,

where E runs all finite extensions of F , and R is the group generated by the elements of

the following form:

• (Projection formula) Let E1/E2/F be a tower of finite extensions, and let a ∈
T (E1), b ∈ E∗

2 . Then

NE1
E2

(a)⊗ b− a⊗RE1
E2

(b)

is a generator of R. Here NE1
E2

: T (E1) → T (E2) and RE1
E2

: E∗
2 ↪→ E∗

1 are the norm

and restriction maps respectively.

• (Weil reciprocity) Let F (C) be a function field of one variable over F , and let S be

the set of all normalized discrete valuation on F (C) over F . For v ∈ S, we write

Ov (resp. Fv) for the valuation ring (resp. the residue field). Let a ∈ T (F (C)) and

b, c ∈ F (C)∗. Set S(b) = {v ∈ S | v(b) 6= 0}. Assume that a ∈ T (Ovi) if v 6∈ S(b).

Then ∑

v∈S(b)

a(v)⊗ ∂v(b, c) +
∑

v∈S\S(b)

∂v(a, c)⊗ b(v)

is a generator of R. Here ∂v is the local symbol defined in [15], while a(v) ∈ T (Fv)

and b(v) ∈ F ∗
v denote the the reduction of a and b respectively. (Recall that ∂v(b, c)

is the usual tame symbol.)

The class of a⊗b ∈ T (E)⊗E∗ in KT (F ) is written by {a, b}E/F . We recall some properties

of this group.

Lemma 2.1 ([17] Theorem 1.4.). The correspondence {a, b}E/F 7→ NE
F {a, b} defines a

canonical isomorphism

KGm(F ) ∼= K2(F ),

where the right hand side is the usual second K-group, and NE
F is the norm map.

We often identify KGm(F ) with K2(F ) by this isomorphism.

Lemma 2.2 ([17] Proposition 1.5). Let T be a torus over F , and let n be a natural number

invertible in F . Then we have a homomorphism

hT
F : KT (F )/n → H2(F, T [n]⊗ µn)
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called the Galois symbol. This map satisfies that hT
F ({a, b}E/F ) = CorE

F ((a) ∪ (b)) for any

finite extension E/F , a ∈ T (E) and b ∈ E∗. Here (a) ∈ H1(E, T [n]) denotes the image

of a by the connecting homomorphism associated to the exact sequence 1 → T [n] → T
n→

T → 1, and similarly for (b) ∈ H1(E, µn).

Remark 2.3. By the Merkurjev-Suslin theorem [9], the Galois symbol hT
F above is bijec-

tive when T = Gm. It is conjectured by Somekawa [17] that hT
F should be always injective.

In Proposition 2.11 below, we shall show the injectivity of hT
F under a certain assumption

on T . However, the surjectivity does not hold in general. (For example, see Proposition

3.4). See [16] for a related result.

Lemma 2.4 ([16] Lemma 3). Let E/F be a finite separable extension of fields. Let T be a

torus over E, and let S = ResE
F T be the Weil restriction. Then, we have an isomorphism

KT (E) ∼= KS(F ).

A sequence of algebraic groups G′ → G → G′′ over F is called Zariski exact if G′(E) →
G(E) → G′′(E) is exact for any extension E/F .

Lemma 2.5 ([16] Lemma 2). Let R → S → T → 0 be a Zariski exact sequence of tori

over F . Then the sequence

KR(F ) → KS(F ) → KT (F ) → 0

is exact as well.

2.2. Motivic interpretation. We recall Lichtenbaum’s weight two motivic complex.

Review 2.6. Let Z(2) be the weight two motivic complex, which is a two-term complex of

discrete GF -modules (concentrated on degrees one and two) constructed by Lichtenbaum

[6, 7]. We recall some properties of Z(2).

(1) There is a canonical isomorphism H2(F,Z(2)) ∼= K2(F ).

(2) We have H3(F,Z(2)) = 0.

(3) If n ∈ Z is invertible in F , then we have a triangle Z(2) n→ Z(2) → µ⊗2
n → Z(2)[1].

(4) If the characteristic p of F positive, then we have a triangle Z(2)
ps

→ Z(2) →
νs(2)[−2] → Z(2)[1], where νs(2) is the second logarithmic Hodge-Witt sheaf of

level s.

(5) There is a product map Z(1)⊗L Z(1) → Z(2). (Here Z(1) ∼= Gm[−1].)

Let T be a torus over F , and let X = X(T ) be the cocharacter group of T . For a finite

extension E/F , we have a homomorphism

(2) T (E)⊗E∗ ∼= H1(E, X⊗Z(1))⊗H1(E,Z(1)) ∪→ H2(E, X⊗Z(2))
NE

F→ H2(F,X⊗Z(2))

deduced by the product and norm maps.
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Definition 2.7. We say T admits a motivic interpretation if the homomorphism (2)

induces, via eq. (1), an isomorphism

KT (F )
∼=→ H2(F, X ⊗ Z(2)).

We expects any torus admits a motivic interpretation. In the next subsection, we prove

this under a certain assumption.

Remark 2.8. (1) It follows from Lemma 2.4 and Shapiro’s lemma that, if a torus T

over F admits a motivic interpretation, then the base change T ⊗F E of T by a

finite separable extension E/F admits a motivic interpretation as well.

(2) In order to prove that the map (2) factors through KT (F ), one has to show that

it kills R in eq. (1). There is no difficulty in proving this for the projection

formula. As for the Weil reciprocity, it seems that a natural way to prove this

is to use the weight three motivic complex Z(3) (and to show the vanishing of

H3(F (C), X⊗Z(3)) → ⊕vH
2(F (v), X⊗Z(2)) sum→ H2(F, X⊗Z(2)) where F (C) is

the function field of an irreducible smooth proper curve C over F , and v runs all

closed points of C). If one used Voevodsky’s definition of Z(r), this would follow

from the Gysin sequence [22]. However, Voevodsky’s theory is developed under

the assumption of the resolution of singularity. Because we will also consider the

global fields of positive characteristic, we avoid the use of Voevodsky’s theory. See

also [10] for a related result.

2.3. Tori split by a meta-cyclic extension. We recall some facts from [3]. A torus P

over F is called quasi-trivial if P is isomorphic to ⊕i ResEi
F Gm, where Ei runs a family of

finite tensions of F . A torus Q over F is called flasque if H1(E,X(Q)) = 0 for all finite

extension E/F . A torus I over F is called invertible if there exists a torus I ′ over F such

that I ⊕ I ′ is quasi-trivial. We have implications ‘quasi-trivial ⇒ invertible ⇒ flasque’.

If T is a torus over F split by E, then there exists an exact sequence

(3) 0 → Q → P → T → 0,

where P (resp. Q) is a quasi-trivial (resp. flasque) torus over F split by E. We call (3)

a flasque resolution of T . A flasque resolution (3) is unique up to a direct summand of a

quasi-trivial torus in P and Q.

Proposition 2.9. Let T be a torus over F , and let (3) be a flasque resolution of T . If Q

is invertible, then T admits a motivic interpretation.

Proof. Review 2.6 (1) and Lemma 2.1 show that a split torus admits a motivic interpreta-

tion. By Lemma 2.4 and Shapiro’s lemma, the same holds for a quasi-trivial torus, hence

also for an invertible torus.

Assume a torus T admits a flasque resolution (3). If Q is invertible, then H1(F ′, Q) =

H3(F ′, X(Q)⊗ Z(2)) = 0 for any extension F ′/F by Hilbert 90 and Review 2.6 (2). This
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in particular implies that (3) is Zariski exact, and we have by Lemma 2.5 a commutative

diagram with exact rows

KQ(F ) → KP (F ) → KT (F ) → 0

↓∼= ↓∼= ↓
H2(F, X(Q)⊗ Z(2)) → H2(F,X(P )⊗ Z(2)) → H2(F,X(T )⊗ Z(2)) → 0,

showing the well-definedness and bijectivity of the right vertical map. ¤

Proof of Proposition 1.3. It follows from a result of Endo-Miyata [4] (see also [3]) that a

flasque torus split by a meta-cyclic extension is always invertible. Now Proposition 1.3 is

a consequence of Proposition 2.9. ¤

Remark 2.10. We give a few examples of a torus T which satisfies the assumption of

Proposition 2.9 without being split by a meta-cyclic extension.

(1) Let E/F be a finite Galois extension which is not meta-cyclic. Let T be the

kernel of the norm map ResE
F Gm → Gm. Then the dual torus Ť of T satisfies

the assumption of Proposition 2.9, since it fits into an exact sequence 0 → Gm →
ResE

F Gm → Ť → 0.

(2) Let C be an integral proper curve over F whose normalization is isomorphic to

the projective line P1. Assume that all singular points on C are of coordinate axes

type (cf. [20]). Then the generalized Jacobian variety T of C is a torus satisfying

the assumption of Proposition 2.9. Indeed, such T fits into an exact sequence

0 → ⊕s ResFs
F Gm → ⊕s ⊕t∈S(s) ResFt

F Gm → T → 0,

where s runs all singular points of C, and S(s) is the inverse image of s by the

normalization map.

2.4. A few auxiliary results.

Proposition 2.11. Let T be a torus over F and let X = X(T ). Assume that T admits a

motivic interpretation, and that n ∈ Z is invertible in F . Then we have an isomorphism

H0(F, T [n]⊗ µn) ∼= H1(F, X ⊗ Z(2))[n]

and exact sequences

0 → H1(F, X ⊗ Z(2))/n → H1(F, T [n]⊗ µn) → KT (F )[n] → 0

0 → KT (F )/n → H2(F, T [n]⊗ µn) → H3(F, X ⊗ Z(2))[n] → 0.

Proof. This follows from the distinguished triangle X ⊗Z(2) n→ X ⊗Z(2) → T [n]⊗ µn →
X ⊗ Z(2)[1] deduced from Review 2.6 (3). ¤
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Corollary 2.12. Let T be a torus over F and let X = X(T ). Assume T admits a motivic

interpretation. Let p be a prime different from the characteristic of F . For a natural

number r, we put X̂p(r) = lim← X ⊗ µ⊗r
pn . Then we have isomorphisms

KT (F )[p∞]/div ∼= H2(F, X̂p(2))Tor
∼= H1(F, X ⊗Qp/Qp(2))/div .

(Here H2(F, X̂p(2)) denotes the continuous Galois cohomology.)

Proof. This proof is almost identical to [19] Theorem 3.5. Set M = T [p]⊗ µp. We have a

commutative diagram with exact rows

0 → KT (F )[p] → KT (F )
p→ KT (F ) → KT (F )/p → 0

↑surj ↓h ↓h ↓inj

H1(F,M) → H2(F, X̂p(2)) → H2(F, X̂p(2)) → H2(F, M),

where the left and right vertical arrows are the maps in Proposition 2.11, and h is the

‘continuous symbol’ defined by the same way as Tate [19]. Since H2(F, X̂p(2)) has

no p-divisible subgroup (cf. [19] Proposition 2.1), we see ker(h) = KT (F )p−div and

coker(h)Tor = 0. This implies that KT (F )[p∞] → H2(F, X̂p(2))Tor is a surjection whose

kernel is KT (F )[p∞]div = KT (F )div[p∞]. This proves the first identity. The second iso-

morphism is given by [19] Proposition 2.3. ¤

Lemma 2.13. Let T be a torus over F . Then H3(F, X(T )⊗ Z(2)) is a torsion group of

finite exponent. Moreover we have H3(F, X(T )⊗Z(2))[p∞] = 0 if cdp(F ) ≤ 2 for a prime

p 6= Char(F ), or if [F : F p] ≤ p for p = Char(F ).

Proof. We set X(2) = X(T ) ⊗ Z(2). We take a finite separable extension E/F which

splits T. Then we know H3(E, X(2)) = 0 by Review 2.6 (2). By the norm argument, we

see that H3(F,X(2)) is annihilated by n = [L : K]. To prove the second assertion, we

write n = pkm with (p,m) = 1. By Review 2.6 (3) (resp. (4) ), H3(F, X(2))[p∞] injects to

H3(F, T [pk]⊗ µpk) (resp. H1(F, X(T )⊗ νk(2))) when p 6= Char(F ) (resp. p = Char(F )),

which is trivial by assumption. ¤

Lemma 2.14. Let T be a torus over a field F of positive characteristic p. Assume [F :

F p] ≤ p. Then KT (F ) and KT (F )[p∞] are p-divisible.

Proof. (Cf. [18] p. 205.) It is enough to show the p-divisibility of KT (F ). We take

x ∈ T (E), y ∈ E∗ where E/F is a finite extension. Because the norm maps (E1/p)∗ → E∗

and T (E1/p) → T (E) are bijective, there exist x′ ∈ T (E1/p), y′ ∈ (E1/p)∗ such that

N(x′) = x,N(y′) = y. Then we have {x, y}E/F = p{x′, y′}E1/p,F , and we are done. ¤

3. Local field

When k is a local field, we can prove that any torus over k admits a motivic interpre-

tation. This is an immediate consequence of Theorem 1.3 if k = R (or k = C).
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3.1. Non-archimedean local field.

Lemma 3.1. Let T be a torus over a non-archimedean local field k.

(1) KT (k) is the direct sum of a finite group and a uniquely divisible group.

(2) If p = Char(k) > 0, then KT (k)[p∞] = 0.

(3) Let k1/k be a finite extension. Then the norm map Nk1
k : KT (k1) → KT (k) is

surjective.

(4) Let m be a natural number invertible in k. Then, the Galois symbol

KT (k)/m → H2(k, T [m]⊗ µm)

is bijective.

(5) Let X̂(r) = lim← X(T ) ⊗ µ⊗r
n and Q/Z(r)′ = lim→ µ⊗r

n , where n runs through natural

numbers prime to the characteristic of k. Then we have isomorphisms

KT (k)Tor
∼= KT (k)/div ∼= H2(k, X̂(2)) ∼= H1(k,X ⊗Q/Z(2)′)/div ∼= X̂(1)Gk

.

Proof. We take a finite Galois extension k′/k that splits T . It is proved in [8] that K2(k′)
is the direct sum of a finite group and a uniquely divisible group. By the norm argument,

this shows that KT (k) is the direct sum of a uniquely divisible group and a torsion group

of finite exponent. If Char(k) = p > 0, then KT (k)[p∞] is both divisible (by Lemma 2.14)

and of finite exponent, hence trivial. This proves (2).

We prove (3). When Char(k) = 0, this is proved in [23] Proposition 3.1. The same proof

works as well when p = Char(k) > 0, if [k1 : k] is prime to p. The general case can be

reduce to this case. Indeed, the map KT (k1)div → KT (k)div induced by Nk1
k is surjective by

the norm argument. Thus it suffice to show the surjectivity of KT (k1)/div → KT (k)/div,

which is equivalent to that of KT (k1)[n] → KT (k)[n], where n is the exponent of KT (k)Tor.

By (2), we know that n is prime to p. Hence we are reduced to the case [k1 : k] is prime

to p by the norm argument.

We prove (4) and (5). We have a commutative diagram

KT (k′)/m ∼= H2(k′, T [m]⊗ µm) ∼= T [m]Gk′

↓N ↓
Cork′

k
↓proj.

KT (k)/m
h→ H2(k, T [m]⊗ µm) ∼= T [m]Gk

.

The upper horizontal map is bijective by the Merkurjev-Suslin Theorem [9]. The right

vertical map is surjective because it is induced by the identity map on T [m]. This shows

the surjectivity of h. This also shows that the kernel of h◦N is
∑

σ∈Gal(k′/k)(1−σ)KT (k′),
which is killed by N due to the ‘projection formula’ relation. In view of the surjectivity

of N proved in (3), this shows (4). Now (5) is an immediate consequence.

Lastly, we prove (1). If n is the exponent of KT (k)Tor, we have

KT (k)Tor
∼= KT (k)/n ∼= H2(k, T [n]⊗ µn),
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by (4). Since the right hand side is a finite group, we see that KT (k)Tor is finite. This

completes the proof. ¤

Theorem 3.2. Let T be a torus over a non-archimedean local field k. Then T admits a

motivic interpretation.

Proof. We take a finite Galois extension k′/k which splits T . We set X(2) = X(T )⊗Z(2).

We are going to show that (2) induces the homomorphism ρ fitting into the commutative

diagram
KT (k′) ∼= H2(k′, X(2))

↓N ↓
KT (k)

ρ→ H2(k, X(2)).

The right vertical map is surjective. Indeed, setting T ′ = ker[Resk′
k T → T ], we have a

distinguished triangle

X(T ′)⊗ Z(2) → Resk′
k X(2) → X(2) → X(T ′)⊗ Z(2)[1],

but we have H3(k,X(T ′) ⊗ Z(2)) = 0 by Lemma 2.13. The left vertical map N is also

surjective by Lemma 3.1 (3). Lemma 3.1 (5) shows that the kernel of N is generated by

the elements of the form x − σ(x) with x ∈ KT (k′) and σ ∈ Gal(k′/k). Such an element

is killed in H2(k, X ⊗ Z(2)) as well. This show the existence and surjectivity of ρ.

Since KT (k)div is uniquely divisible, one sees that ρ|KT (k)div
is injective by the norm

argument. On the other hand, ρ|KT (k)Tor
is also injective as the composition

KT (k)Tor
∼= KT (k)/n → H2(k,X(2))/n → H2(k, T [n]⊗ µn)

(here n is the exponent of KT (k)Tor) is bijective by Lemma 3.1 (4). Now the theorem

follows from Lemma 3.1 (1). ¤

Remark 3.3. If p is a prime different from the residue characteristic of k, then H1(k, X⊗
Qp/Zp(2))div = 0. If further T has good reduction Tv over the residue field F, then

H1(k, X ⊗Qp/Zp(2)) ∼= Tv(F)[p∞].

3.2. Archimedean local field. Because K2(C) is uniquely divisible, KT (C) is uniquely

divisible for any torus T over C. Any torus T over R admits a motivic interpretation by

Theorem 1.3. We see that KT (R) is the direct sum of the finite group KT (R)Tor and the

uniquely divisible group KT (R)div. We need to know the structure of KT (R)Tor. Note

that any torus over R is isomorphic to a direct sum of copies of tori appearing in the

following proposition.

Proposition 3.4. We have KT (R)Tor
∼= Z/2Z (resp. 0) if T = Gm (resp. if T = ResCRGm

or ker[ResCRGm → Gm]). Moreover, for any even natural number n, the exact sequence

0 → KT (R)/n → H2(R, T [n]⊗ µn) → H3(R, X(T )⊗ Z(2))
9



is isomorphic to the following sequence:

0 → Z/2Z→ Z/2Z→ 0 if T = Gm

0 → 0 → 0 → 0 if T = ResCRGm

0 → 0 → Z/2Z→ Z/2Z if T = ker[ResCRGm → Gm].

Proof. The case T = Gm is well-known. The other cases can be deduced from Lemma 2.4

and the exact sequence 1 → ker[ResCRGm → Gm] → ResCRGm → Gm → 1. ¤

4. Global field

Let K be a global field. For a place v of K, we write Kv for the completion of K with

respect to v. For a finite place v of K, we write Fv (resp. Knr
v ) for the residue field of v

(resp. the maximal unramified extension of Kv). When K is a number field, we write OK

for the ring of integers in K, and set C = Spec(OK). When K is of positive characteristic,

we assume K is the function field of a smooth projective irreducible curve C over a finite

field F.

4.1. Bloch-Moore exact sequence. We recall some known results.

Theorem 4.1. (1) (Somekawa [17]) Let T be a torus over K. Set X = X(T ) and

X̂(r) = lim← X ⊗µ⊗r
n where n runs through natural numbers invertible in K. Let m

be the order of the finite group X̂(1)GK
. Then we have an exact sequence

KT (K) → (
⊕

v 6|∞
X̂(1)GKv

)⊕ (
⊕

v|∞
KT (Kv)/m) → X̂(1)GK

→ 0.

(2) (Moore [11], Garland [5]) There exists an exact sequence

0 → WK2(K) → K2(K) → ⊕
v:non complex

µ(Kv) → µ(K) → 0,

where WK2(K) is a finite group (so-called wild kernel). In particular, K2(K) is

a torsion group without any p-divisible subgroup for any prime p. In the number

field case, this also implies the finiteness of

K2(C) = ker[K2(K) → ⊕
v 6|∞
F∗v].

(In the function field case, we have WK2(K) = K2(C).)

We shall prove the finiteness of the kernel of the first map in (1) when T admits a

motivic interpretation in Proposition 4.6 below.
10



4.2. Definition of KT (OK) and KT (C). Let T be a torus over K, and let X = X(T ).

By Theorem 4.1 and the norm argument, we see that KT (K) is a torsion group without

any p-divisible subgroup for any prime p. Hence, by Lemma 2.14 we have KT (K)[p∞] = 0

if p = Char(K) > 0.

Definition 4.2. For each prime p 6= Char(K), we define

KT (C)[p∞] = ker[KT (K)[p∞] →
∏

v 6|p∞
H1(Knr

v , X ⊗Qp/Zp(2))GFv ].

Here the v-component of the map is the composition

KT (K)[p∞] → KT (Kv)[p∞] ∼= H1(Kv, X ⊗Qp/Zp(2)) → H1(Knr
v , X ⊗Qp/Zp(2))GFv ,

where the second isomorphism is given by Theorem 3.2 and Remark 3.3. We then define

KT (C) = ⊕
p6=Char(K)

KT (C)[p∞].

In the number field case, we also write KT (C) = KT (OK).

Remark 4.3. Let p be a prime different from Char(K).

(1) When T admits a motivic interpretation, we have an isomorphism KT (K)[p∞] ∼=
H1(K,X⊗Qp/Zp(2))/div by Corollary 2.12. The corank of H1(K, X⊗Qp/Zp(2))

is r2 dimT , where r2 is the number of complex places on K by [19] Corollary to

Theorem 6.5. Hence, if further K is totally real or of positive characteristic, then

we have

KT (K)[p∞] ∼= H1(K,X ⊗Qp/Zp(2)).

(2) When T has good reduction at a finite place v, we have

H1(Kv, X ⊗Qp/Zp(2)) ∼= Tv(Fv)[p∞]

(cf Remark 3.3). The map KT (K)[p∞] → Tv(Fv)[p∞] can be interpreted by the

analogous way as the Hilbert symbol (cf. [17] §3). In particular, we see K2(C) =

KT (C) if T = Gm.

(3) Summarizing, if K is totally real or of positive characteristic, and if T admits a

motivic interpretation, then KT (OK)[p∞] is isomorphic to the kernel of

H1(K, X ⊗Qp/Zp(2)) → ⊕
v 6∈S,v 6|p

Tv(Fv)[p∞] ⊕
v∈S,v 6|p

H1(Knr
v , X ⊗Qp/Zp(2))GFv ,

where S is a finite set of places of K including all infinite places and all places

where T has bad reduction.
11



4.3. Hasse principle and the finiteness of KT (C). In Proposition 4.6 below, we prove

the finiteness of KT (C) when T is a torus which admits a motivic interpretation. In the

proof, we need the following result.

Proposition 4.4 (Hasse principle). Let T be torus over K, and let X(2) = X(T )⊗Z(2).

(1) For all i ≥ 3, we have an isomorphism

H i(K,X(2)) ∼= ⊕
v|∞

H i(Kv, X(2)).

(2) Suppose that T admits a motivic interpretation. Let L/K be a finite Separable

extension. For each infinite place v of K, we choose a place w(v) of L above v.

Then we have an isomorphism of finite groups

KT (K)/NL
KKT (L) ∼= ⊕

v|∞
KT (Kv)/N

Lw(v)

Kv
KT (Lw(v)).

(When Char(K) > 0, both statements mean that the left hand sides are trivial.)

Remark 4.5. It is possible to compute the finite group appearing in (2) explicitly by

using Proposition 3.4. When T = Gm, Proposition 4.4 (2) is proved in [1, 2]. See also [23]

Proposition 4.1 for a related result.

Proof. Firstly, we claim that H i(K,X(2)) is a torsion group of finite exponent for all

i ≥ 3. This is reduced to the case T = Gm by the norm argument. By Review 2.6

(2), we have H3(K,Z(2)) = 0. We also see H4(K,Z(2)) = H3(K,Q/Z(2)) is a torsion

group of exponent at most 2. For i ≥ 5, the claim follows from the spectral sequence

Em,n
2 = Hm(K,Hn(Z(2))) ⇒ Hm+n(K,Z(2)), together with the fact that Hn(Z(2)) = 0

unless n = 1, 2.

Let ni be the exponent of H i(K,X(2)) for i ≥ 3. We set n to be the prime to Char(K)-

part of nini+1 and put M = T [n]⊗ µn. The distinguished triangle X(2) n→ X(2) → M →
X(2)[1] induces a commutative diagram with exact rows:

0 → H i(K,X(2)) → H i(K, M) → H i+1(K,X(2)) → 0

↓fi ↓∼= ↓fi+1

0 → ⊕
v|∞

H i(Kv, X(2)) → ⊕
v|∞

H i(K, M) → ⊕
v|∞

H i+1(K, X(2)) → 0

Here the middle vertical map is an isomorphism by the Poitou-Tate theorem (cf. [14] §6.3

Théorème B). This shows the injectivity of fi for all i ≥ 3 and (using the injectivity of

f4 thus obtained) the surjectivity of fi for all i ≥ 3 as well. When Char(K) = p > 0, a

similar argument using Review 2.6 (4) shows that H i(K, X(2))[p∞] = 0 for all i ≥ 3. This

completes the proof of (1).

We prove (2). Let S be the kernel of the norm map ResL
K T → T . We set Y = X(S) and

Y (2) = Y ⊗ Z(2). Then we have a distinguished triangle Y (2) → ResL
K X(2) → X(2) →

12



Y (2)[1]. By the assumption that T admits a motivic interpretation, this induces the exact

sequence at the upper row in the following commutative diagram

0 → KT (K)/KT (L) → H3(K,Y (2)) → H3(L,X(2))

↓ ↓ ↓
0 → ⊕

v|∞
N

Lw(v)

Kv
KT (Lw(v)) → ⊕

v|∞
H3(Kv, Y (2)) → ⊕

v|∞
⊕
w|v

H3(Lw, X(2))

The exact sequence at at the lower row in the diagram is deduced in a similar way, by noting

the following facts (v is a place of K): (i) The base change of ResL
K T to Kv is isomorphic

to ⊕w|v ResLw
Kv

(T ⊗K Kv). (ii) The image of the norm map NLw
Kv

: KT (Lw) → KT (Kv) is

the same for all w over v (because L/K is separable). (iii) When v is a finite place, the

norm map NLw
Kv

: KT (Lw) → KT (Kv) is surjective by Lemma 3.1 (3). Now the assertion

follows since the middle and right vertical maps are bijective by (1). ¤

Proposition 4.6. If T is a torus over K which admits a motivic interpretation, then

KT (C) is a finite group.

Proof. We take a finite Galois extension L/K which splits T . Let G = Gal(L/K). For a

prime p 6= Char(K), we have a commutative diagram with exact rows

KT (CL)[p∞]G → KT (L)[p∞]G → ⊕
v 6|p∞

[⊕
w|v

H1(Lnr
w , X ⊗Qp/Zp(2))GFw ]G → 0

↓ ↓f ↓
0 → KT (C)[p∞] → KT (K)[p∞] → ⊕

v 6|p∞
H1(Knr

v , X ⊗Qp/Zp(2))GFv ] → 0.

If T has good reduction at v, then the v-component of the right vertical map is an iso-

morphism since it is isomorphic to

(⊕w|vX̂p(1)GLw
)G
∼= X̂p(1)GKv

.

Hence the kernel of the right vertical map is finite. By Theorem 4.1, KT (CL) is a finite

group. By Proposition 4.4 (2), the cokernel of f is a finite group which is trivial if p 6= 2

or Char(K) > 0. This completes the proof. ¤

4.4. Isogeny. We write Q/Z(2)′ = lim→ µ⊗2
n where n runs natural numbers prime to

Char(K). For a torus T over K, we set W T (K) = H0(K, X(T )⊗Qp/Zp(2)).

Proposition 4.7. Let T1, T2 be tori over K admitting a motivic interpretation. We as-

sume T1 and T2 are isogenous. If CharK > 0, then the equality

|KT1(C)|
|W T1(K)| =

|KT2(C)|
|W T2(K)|

holds. When K is a number field, the same equality holds up to a power of 2, if T1 and T2

are split by a totally real field.
13



Proof. We only prove the number field case. (The function field case is easier.) Let S be

a finite set of places of K including all infinite places and all places where T1 or T2 have

bad reduction. We fix an odd prime p, and set Mi = X(Ti) ⊗ Qp/Zp(2) for i = 1, 2. We

consider a commutative diagram with exact rows for i = 1, 2

0 → KTi(OK)[p∞] → H1(K,Mi) → ⊕v 6|pH1(Knr
v ,Mi)GFv → 0

↓ ‖ ↓
0 → H1(OK [ 1

pS ],Mi) → H1(K,Mi) → ⊕v 6|pSTi,v(Fv)[p∞] → 0,

where the lower row is the localization sequence of the etale cohomology, and the sur-

jectivity of the upper right horizontal map is due to Theorem 4.1 (1), which implies the

surjectivity of the lower right horizontal map as well. Thus we have an exact sequence

0 → KTi(OK)[p∞] → H1(OK [
1

pS
],Mi) → ⊕

v 6|p,v|S
H1(Knr

v , Mi)GFv → 0.

The localization sequence also implies that W Ti(K) = H0(OK [ 1
pS ],Mi), H2(OK [ 1

pS ],Mi) =

H2(K,Mi) = 0. (The last group is trivial because H2(K, Mi) is a torsion group of finite

exponent (by the norm argument) and H2(K,M) is p-divisible for any p-primary torsion

divisible group M).

Now we are reduced to showing the following equalities:

(i)
|H1(OK [ 1

pS ],M1)|
|H0(OK [ 1

pS ],M1)|
=
|H1(OK [ 1

pS ], M2)|
|H0(OK [ 1

pS ], M2)|
,

(ii) |H1(Knr
v ,M1)GFv | = |H1(Knr

v ,M2)GFv |.

The isogeny f : T1 → T2 implies an exact sequence

0 → C ⊗ µn → M1 → M2 → 0,

where C = ker(f) and n is the p-power part of the order of C. Then we have an exact

sequence

0 → ker(a) → H1(Knr
v , M1)

a→ H1(Knr
v ,M2) → 0,

in which ker(a) is a quotient of a finite group H1(Fv, C⊗µn). Since H1(Fv,H
1(Knr

v ,Mi)) ∼=
H2(Kv,Mi) = KT (Kv)⊗Qp/Zp = 0, we get an exact sequence

0 → ker(a)GFv → H1(Knr
v , M1)GFv → H1(Knr

v ,M2)GFv → H1(Fv, ker(a)) → 0.

Since ker(a) is a finite GFv -module, (ii) follows.

In order to prove (i), it suffice to show

|H0(OK [ 1
pS ], C ⊗ µn)| · |H2(OK [ 1

pS ], C ⊗ µn)|
|H1(OK [ 1

pS ], C ⊗ µn)| = 1.

By [12] Theorem 8.6.14, the left hand side is equal to
∏

v|∞

|H0(Kv, C ⊗ µn)|
||n||v .
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By the assumption that both T1 and T2 are split by a totally real field, C⊗µn is isomorphic

to a direct sum of copies of Z/nZ as GKv -modules for any v|∞. This completes the

proof. ¤

4.5. Main result. We now finish the proof of our main result Theorem 1.4. We recall

the statement, including the function field case.

Theorem 4.8. Let K be a global field, and let T be a torus over T . Assume that T admits

a motivic interpretation.

(1) Suppose that K is a totally real number field, and that T is split by a totally real

field L over K. Then the equality

|LK(X(T ),−1)| = |KT (OK)|
|W T (K)|

holds up to a power of 2.

(2) Suppose Char(K) = p > 0. Then the equality

|LK(X(T ),−1)| = |KT (C)|
|W T (K)|

holds. (Both sides are rational numbers prime to p.)

Proof. Since LK(X(T ), s) is real analytic (as X(T ) being an integral representation), it is

enough to show the equality after taking the m-th power for some m ∈ Z>0. Both sides

of the equation is stable under isogeny (by Proposition 4.7). By [13], there exist tori P,Q

over K such that

• Both P and Q are quasi-trivial and split by L/K.

• T⊕m ⊕ P is isogenous to Q for some m ∈ Z>0.

Hence we are reduced to the case T = ResM
K Gm for a subextension M/K of L/K. In

this case, we have LK(X(T ), s) = LK(IndM
K X(Gm), s) = ζM (s), KT (C) = K2(CM ) and

W T (K) = W2(M). Thus we are reduced to the case T = Gm, which is a theorem of Wiles

[21] in the number field case, or of Tate [18] in the function field case. ¤
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[8] A. Merkurjev, On the torsion in K2 of local fields. Ann. of Math. (2) 118 (1983), no. 2, 375–381.

[9] A. Merkurjev, A. Suslin, K-cohomology of Severi-Brauer varieties and the norm residue homomor-

phism. Math. USSR Izvestiya 21 (1983), 307–340.

[10] S. Mochizuki, Motivic interpretation of Milnor K-groups attached to Jacobian varieties. Preprint,

Arxiv: math.KT/0603241.

[11] C. Moore, Group extensions of p-adic and adelic linear groups. Inst. Hautes Études Sci. Publ. Math.

No. 35 1968 157–222.

[12] J. Neukirch, A. Schmidt, K. Wingberg, Cohomology of number fields. Grundlehren der Mathematis-

chen Wissenschaften, 323. Springer-Verlag, Berlin, 2000.

[13] T. Ono, Arithmetic of algebraic tori. Ann. of Math. (2) 74 1961 101–139.

[14] J.-P. Serre, Cohomologie galoisienne. Fifth edition. Lecture Notes in Mathematics, 5. Springer-Verlag,

Berlin, 1994.

[15] Algebraic groups and class fields. Graduate Texts in Mathematics, 117. Springer-Verlag, New York,

1988.

[16] M. Spiess, T. Yamazaki. A counterexample to generalizations of the Milnor-Bloch-Kato conjecture.

Preprint, arXiv:0706.4354.

[17] M. Somekawa, On Milnor K-groups attached to semi-abelian varieties. K-Theory 4 (1990), no. 2,

105–119.

[18] J. Tate, Symbols in arithmetic. Actes du Congrès International des Mathématiciens (Nice, 1970),

Tome 1, pp. 201–211. Gauthier-Villars, Paris, 1971.

[19] J. Tate, Relations between K2 and Galois cohomology. Invent. Math. 36 (1976), 257–274.

[20] J. Tong, Application d’Albanese pour les courbes et contractions. Math. Ann. 338 (2007), no. 2,

405–420.

[21] A. Wiles, The Iwasawa conjecture for totally real fields. Ann. of Math. (2) 131 (1990), no. 3, 493–540.

[22] V. Voevodsky, Triangulated categories of motives over a field. Cycles, transfers, and motivic homology

theories, 188–238, Ann. of Math. Stud., 143, Princeton Univ. Press, Princeton, NJ, 2000

[23] T. Yamazaki, Class field theory for a product of curves over a local field. To appear in Math. Z.

Mathematical Institute, Tohoku University, Aoba, Sendai 980-8578, Japan

E-mail address: ytakao@math.tohoku.ac.jp

16


