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ABSTRACT. We formulate (and prove under a certain assumption) a conjecture relating
the order of Somekawa’s Milnor K-group attached to a torus 7" and the value of the Artin
L-function attached to the cocharacter group of T' (regarded as an Artin representation)

at s = —1. The case T' = G,, reduces to the classical Birch-Tate conjecture.

1. INTRODUCTION

The Birch-Tate conjecture states that, for a totally real number field K, the following
equality should hold:
[ K2(Ok)|
= Tl
Here (k (s) is the Dedekind zeta function of K, K2(Of) is the second K-group of the ring
Of of integers in K, and Wo(K) = H°(K,Q/Z(2)). This equality is proved up to a power
of 2 by Wiles [21] .

We shall formulate a conjecture with a coefficients in a torus 7', which reduces to the
Birch-Tate conjecture recalled above when T' = G,,. Let T be a torus over a number
field K, and let X(7T') = Hom(G,,,T) be the cocharacter group. Then X ® C is a finite
dimensional representation of the absolute Galois group G of K with finite image, i.e.
an Artin representation. Let Ly (X (7'),s) be the Artin L-function attached to it. We set
WT(K) = H(K, X (T)®Q/Z(2)). We write KT (K) for the Milnor K-group K (K;T,G,,)
attached to T" and G,, introduced by Somekawa [17]. (We will recall the definition of
KT(K) in §2.) In §4, we define a subgroup K”(Og) of K*(K). When T = G,,, we have

identities
Li(X(T),s) = (k(s), WH(K) = Wy(K), K"(Ok) = K2(Ok).

We propose the following generalization of the Birch-Tate conjecture, which we shall prove

for a certain class of tori.
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Conjecture 1.1. Let T be a torus over a totally real number field K. Assume T is split
by a totally real field. Then the equality
K" (Ox)]
ILr(X(T), =Dl = =757
(W (K)
should hold.

Remark 1.2. The assumption that T is split by a totally real number field implies that
Li(X(T),—1) is a non-zero (rational) number (cf. proof of Theorem 4.8).

In §2, we introduce a condition for a torus (over an arbitrary field) to ‘admit a motivic

interpretation’, and prove the following.

Proposition 1.3. A torus split by a meta-cyclic extension admits a motivic interpretation.
(A finite Galois extension E/F of fields is called meta-cyclic if all Sylow subgroups of
Gal(E/F) are cyclic.)

We also have some examples of tori which admits a motivic interpretation without being

split by a meta-cyclic extension (see Remark 2.10). Our main result is the following.

Theorem 1.4. Let L/K be an extension of totally real fields, and let T be a torus over
K split by L. If T admits a motivic interpretation, then the equality
|K"(Ok))|
L (X(T), =1)| = "5 77
[WT(K)
holds up to a power of 2.

This result will be proved in §4, where we also prove an analogous result for a torus
over a global field of positive characteristic. In §3, we study K7 (k) for a torus T over a
local field k.

1.1. Conventions. For a field F, we fix an algebraic closure F', and all algebraic extension
of F is supposed to be a subfield of F. We write G for the absolute Galois group of F.
For a torus T over a F', we write X(T') = Hom(7T, G,,) for the cocharacter group of T
Let A be an abelian group. For a non-zero integer n, we write A[n| and A/n for the
kernel and cokernel of the map n : A — A. We define Ay, = U, A[n| (resp. Agiv =
Im(Hom(Q, A) — Hom(Z,A) = A)) to be the subgroup of torsion elements (resp. the
maximal divisible subgroup) in A. For a prime number p, we define A[p™] = U, A[p"]
(resp. Ap_giv = Im(Hom(Z[%],A) — Hom(Z, A) = A)) to be the subgroup of p-primary
torsion elements (resp. the maximal p-divisible subgroup) in A. We write A/ div = A/Agiy
and A/p —div = A/A,_qiy. When a group G acts on A, we write AG and Ag for the

invariants and coinvariants of A by G.

2. MILNOR K-GROUP ATTACHED TO A TORUS

In this section, F' will be an arbitrary field.
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2.1. Definition and basic properties. Somekawa [17] has introduced the Milnor K-
group K(F';Gq,...,G,) attached to a family of semi-abelian varieties G1,...,G, over F.
In this paper, we only need a special case where G; = T is a torus, Go = Gy, and r = 2.

To ease the notation, we put
KT(F) = K(F;T,G,).
It is defined as a quotient
(1) K'(F) = D T(E)® E*/R,
E/F
where F runs all finite extensions of F', and R is the group generated by the elements of
the following form:

o (Projection formula) Let Ei/Es/F be a tower of finite extensions, and let a €
T(Ey),b e E;. Then

Ni(a)®b—a® RE (D)

is a generator of R. Here Ng; :T(Ey) — T(E2) and Rg; : E5 — Ej are the norm
and restriction maps respectively.

e (Weil reciprocity) Let F'(C) be a function field of one variable over F', and let S be
the set of all normalized discrete valuation on F(C') over F. For v € S, we write
O, (resp. F),) for the valuation ring (resp. the residue field). Let a € T'(F(C')) and
b,c € F(C)*. Set S(b) ={v e S| v(b)#0}. Assume that a € T(O,,) if v € S(b).
Then

Z a(v) ® Oy(b, c) + Z Op(a,c) @ b(v)
veS(b) veS\S(b)
is a generator of R. Here 0, is the local symbol defined in [15], while a(v) € T'(F,)
and b(v) € F; denote the the reduction of a and b respectively. (Recall that 9,(b, c)

is the usual tame symbol.)

The class of a®b € T(E)® E* in KT (F) is written by {a, b} g/r. We recall some properties
of this group.

Lemma 2.1 ([17] Theorem 1.4.). The correspondence {a,b}p/r — Nf{a,b} defines a
canonical isomorphism

K (F) = K(F),

where the right hand side is the usual second K-group, and Nl{? is the norm map.
We often identify K®m (F) with K5(F) by this isomorphism.

Lemma 2.2 ([17] Proposition 1.5). Let T' be a torus over F', and let n be a natural number

inwvertible in F'. Then we have a homomorphism

hE KT(F)/n — H*(F,T[n] ® p,)
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called the Galois symbol. This map satisfies that hi;({a,b} g r) = CorZ((a) U (b)) for any
finite extension E/F, a € T(E) and b € E*. Here (a) € H(E,T[n]) denotes the image
of a by the connecting homomorphism associated to the exact sequence 1 — T[n] — T L
T — 1, and similarly for (b) € H'(E, j1,).

Remark 2.3. By the Merkurjev-Suslin theorem [9], the Galois symbol hL above is bijec-
tive when T = G,,. It is conjectured by Somekawa [17] that hZ should be always injective.
In Proposition 2.11 below, we shall show the injectivity of h:}C under a certain assumption
on T. However, the surjectivity does not hold in general. (For example, see Proposition
3.4). See [16] for a related result.

Lemma 2.4 ([16] Lemma 3). Let E/F be a finite separable extension of fields. Let T be a

torus over E, and let S = Reng be the Weil restriction. Then, we have an isomorphism
KT(E) = K%(F).

A sequence of algebraic groups G’ — G — G” over F is called Zariski exact if G'(E) —
G(E) — G"(E) is exact for any extension E/F.

Lemma 2.5 ([16] Lemma 2). Let R — S — T — 0 be a Zariski exact sequence of tori

over F'. Then the sequence
KE®(F) - K%F) - KT'(F) -0
is exact as well.

2.2. Motivic interpretation. We recall Lichtenbaum’s weight two motivic complex.

Review 2.6. Let Z(2) be the weight two motivic complex, which is a two-term complex of

discrete G p-modules (concentrated on degrees one and two) constructed by Lichtenbaum

[6, 7]. We recall some properties of Z(2).

(1) There is a canonical isomorphism H?(F,7Z(2)) = Ko(F).

(2) We have H3(F,Z(2)) = 0.

(3) If n € Z is invertible in F, then we have a triangle Z(2) = Z(2) — u2? — Z(2)[1].

(4) If the characteristic p of F positive, then we have a triangle Z(2) 7 7(2) —
vs(2)[—2] — Z(2)[1], where v5(2) is the second logarithmic Hodge-Witt sheaf of
level s.

(5) There is a product map Z(1) ®@“ Z(1) — Z(2). (Here Z(1) = G,,[-1].)

Let T be a torus over F', and let X = X (T') be the cocharacter group of T'. For a finite

extension E/F, we have a homomorphism
NE
(2) T(E)®E*~ H'(E,X®Z(1))® H\(E, Z(1)) = H*(E, X ®Z(2)) -5 H*(F,X®Z(2))

deduced by the product and norm maps.



Definition 2.7. We say T admits a motivic interpretation if the homomorphism (2)

induces, via eq. (1), an isomorphism
KT(F) S H*(F, X ® Z(2)).

We expects any torus admits a motivic interpretation. In the next subsection, we prove

this under a certain assumption.

Remark 2.8. (1) It follows from Lemma 2.4 and Shapiro’s lemma that, if a torus T’
over I’ admits a motivic interpretation, then the base change T ®r F of T by a
finite separable extension E/F admits a motivic interpretation as well.

(2) In order to prove that the map (2) factors through K7 (F), one has to show that
it kills R in eq. (1). There is no difficulty in proving this for the projection
formula. As for the Weil reciprocity, it seems that a natural way to prove this
is to use the weight three motivic complex Z(3) (and to show the vanishing of
H3(F(C), X ®Z(3)) — @,H*(F(v), X ®7Z(2)) =" H?*(F, X ®Z(2)) where F(C) is
the function field of an irreducible smooth proper curve C over F', and v runs all
closed points of C). If one used Voevodsky’s definition of Z(r), this would follow
from the Gysin sequence [22]. However, Voevodsky’s theory is developed under
the assumption of the resolution of singularity. Because we will also consider the
global fields of positive characteristic, we avoid the use of Voevodsky’s theory. See

also [10] for a related result.

2.3. Tori split by a meta-cyclic extension. We recall some facts from [3]. A torus P
over F' is called quasi-trivial if P is isomorphic to &; Resgi G, where E; runs a family of
finite tensions of F. A torus Q over F is called flasque if H'(FE, X(Q)) = 0 for all finite
extension E/F. A torus I over F is called invertible if there exists a torus I’ over F such
that I @ I’ is quasi-trivial. We have implications ‘quasi-trivial = invertible = flasque’.

If T is a torus over F' split by F, then there exists an exact sequence
(3) 0—-Q—P—T—0,

where P (resp. Q) is a quasi-trivial (resp. flasque) torus over F' split by E. We call (3)
a flasque resolution of T'. A flasque resolution (3) is unique up to a direct summand of a

quasi-trivial torus in P and Q.

Proposition 2.9. Let T be a torus over F, and let (3) be a flasque resolution of T'. If Q

1s invertible, then T admits a motivic interpretation.

Proof. Review 2.6 (1) and Lemma 2.1 show that a split torus admits a motivic interpreta-
tion. By Lemma 2.4 and Shapiro’s lemma, the same holds for a quasi-trivial torus, hence
also for an invertible torus.

Assume a torus T admits a flasque resolution (3). If Q is invertible, then H'(F’,Q) =

H3(F', X(Q) ® Z(2)) = 0 for any extension F’/F by Hilbert 90 and Review 2.6 (2). This
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in particular implies that (3) is Zariski exact, and we have by Lemma 2.5 a commutative

diagram with exact rows

K®(F) — KP(F) o KT(F) — 0
J J !
H*(F,X(Q)®Z(2) — H*F,X(P)®Z(2) — H*F,X(T)®Z(2)) —0,

showing the well-definedness and bijectivity of the right vertical map. O

Proof of Proposition 1.3. It follows from a result of Endo-Miyata [4] (see also [3]) that a
flasque torus split by a meta-cyclic extension is always invertible. Now Proposition 1.3 is

a consequence of Proposition 2.9. U

Remark 2.10. We give a few examples of a torus 7" which satisfies the assumption of

Proposition 2.9 without being split by a meta-cyclic extension.

(1) Let E/F be a finite Galois extension which is not meta-cyclic. Let T be the
kernel of the norm map ResZG,, — G,,. Then the dual torus T of T satisfies
the assumption of Proposition 2.9, since it fits into an exact sequence 0 — G,,, —
Res£ G, —» T — 0.

(2) Let C be an integral proper curve over F' whose normalization is isomorphic to
the projective line P'. Assume that all singular points on C' are of coordinate axes
type (cf. [20]). Then the generalized Jacobian variety T" of C' is a torus satisfying

the assumption of Proposition 2.9. Indeed, such T fits into an exact sequence
0— @ Res?s Gm — s Bres(s) Res? Gp — T — 0,

where s runs all singular points of C, and S(s) is the inverse image of s by the

normalization map.
2.4. A few auxiliary results.

Proposition 2.11. Let T be a torus over F' and let X = X(T'). Assume that T admits a

motivic interpretation, and that n € Z 1is invertible in F'. Then we have an isomorphism
HO(F,Tn] @ un) = H'(F, X © Z(2))[n]
and exact sequences

0— HYF,X®Z(2))/n— HY(F,Tn] ® u,) — KT (F)[n] -0
0— KT(F)/n — H*(F,T[n] ® pn) — H>(F, X @ 7Z(2))[n] — 0.

Proof. This follows from the distinguished triangle X ® Z(2) % X ® Z(2) — T[n] ® pn —
X ® Z(2)[1] deduced from Review 2.6 (3). O



Corollary 2.12. Let T be a torus over F' and let X = X(T). Assume T admits a motivic
interpretation. Let p be a prime different from the characteristic of F. For a natural

number r, we put Xp(r) =lmX ® u?f. Then we have isomorphisms
KT (F)[p™]/ div = H*(F, X,(2))mor = H' (F, X @ Qp/Qp(2))/ div.
(Here H(F, X,(2)) denotes the continuous Galois cohomology.)

Proof. This proof is almost identical to [19] Theorem 3.5. Set M = T'[p] ® p,. We have a
commutative diagram with exact rows
0— K'(F)[pl—  K'(F)= K'(F)—  K'(F)/p— 0
Tsurj In In Linj
HYF,M) — H*(F,X,(2)) — H*(F,X,(2)) — H(F,M),

where the left and right vertical arrows are the maps in Proposition 2.11, and A is the
‘continuous symbol’ defined by the same way as Tate [19]. Since H?(F, XP(Q)) has
no p-divisible subgroup (cf. [19] Proposition 2.1), we see ker(h) = KT (F),_qi, and
coker(h)or = 0. This implies that KT (F)[p>] — H2(F, X,(2))1or is a surjection whose
kernel is K7 (F)[p>®]aiv = KT (F)qiv[p™]. This proves the first identity. The second iso-
morphism is given by [19] Proposition 2.3. O

Lemma 2.13. Let T be a torus over F. Then H3(F, X(T) ® Z(2)) is a torsion group of
finite exponent. Moreover we have H3(F, X (T) ® Z(2))[p™] = 0 if cd,(F) < 2 for a prime
p # Char(F), or if [F : FP] <p for p = Char(F).

Proof. We set X(2) = X(T') ® Z(2). We take a finite separable extension E/F which
splits T. Then we know H?3(FE, X(2)) = 0 by Review 2.6 (2). By the norm argument, we
see that H3(F, X (2)) is annihilated by n = [L : K]. To prove the second assertion, we
write n = p*m with (p,m) = 1. By Review 2.6 (3) (resp. (4) ), H?(F, X (2))[p>] injects to
H3(F,T[pF] ® pyr) (vesp. HY(F,X(T) ® vx(2))) when p # Char(F) (resp. p = Char(F)),

which is trivial by assumption. O

Lemma 2.14. Let T be a torus over a field F of positive characteristic p. Assume [F :
FP] <p. Then KT(F) and KT (F)[p™>] are p-divisible.

Proof. (Cf. [18] p. 205.) It is enough to show the p-divisibility of KT (F). We take
x € T(E),y € E* where E/F is a finite extension. Because the norm maps (E'/?)* — E*
and T(E'Y?) — T(E) are bijective, there exist 2’ € T(E'P),y € (EYP)* such that
N(a2") =z, N(y') = y. Then we have {z,y}g/r = p{z’,¥'} p1/» p, and we are done. O

3. LOCAL FIELD

When £ is a local field, we can prove that any torus over k admits a motivic interpre-

tation. This is an immediate consequence of Theorem 1.3 if k =R (or k = C).
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3.1. Non-archimedean local field.

Lemma 3.1. Let T be a torus over a non-archimedean local field k.
(1) KT (k) is the direct sum of a finite group and a uniquely divisible group.
(2) If p = Char(k) > 0, then K*(k)[p>] = 0.
(3) Let k1/k be a finite extension. Then the norm map N,fl : KT(ky) — KT(k) is
surjective.

(4) Let m be a natural number invertible in k. Then, the Galois symbol
KT(k)/m — H?(k, T[m] © jum)

1s bijective.
(5) Let X(r) = imX (T) @ pu&" and Q/Z(r) = Limu®", where n runs through natural

n n

numbers prime to the characteristic of k. Then we have isomorphisms
KT (K)ror = K7 (k)/ div 2 H2(k, X(2)) = H'(k, X © Q/Z(2)')/div = X (1)g..

Proof. We take a finite Galois extension k'/k that splits T'. It is proved in [8] that Ka (k)
is the direct sum of a finite group and a uniquely divisible group. By the norm argument,
this shows that K7 (k) is the direct sum of a uniquely divisible group and a torsion group
of finite exponent. If Char(k) = p > 0, then KT (k)[p] is both divisible (by Lemma 2.14)
and of finite exponent, hence trivial. This proves (2).

We prove (3). When Char(k) = 0, this is proved in [23] Proposition 3.1. The same proof
works as well when p = Char(k) > 0, if [k : k] is prime to p. The general case can be
reduce to this case. Indeed, the map K7 (k1)giy — KT (k)giy induced by N ,f ! is surjective by
the norm argument. Thus it suffice to show the surjectivity of K7 (k;)/div — K7 (k)/div,
which is equivalent to that of K7 (k1)[n] — K7 (k)[n], where n is the exponent of K7 (k)or.
By (2), we know that n is prime to p. Hence we are reduced to the case [k; : k| is prime
to p by the norm argument.

We prove (4) and (5). We have a commutative diagram

ET(K)/m = H*K.,Tm|®pm) = Tmlc,
lN lCor}g, lproj.
KT(k)/m H2(k,TIm] ® pm) = Tmlg,.

=

The upper horizontal map is bijective by the Merkurjev-Suslin Theorem [9]. The right
vertical map is surjective because it is induced by the identity map on 7'[m]. This shows
the surjectivity of h. This also shows that the kernel of ho N is 3, c ai(u /1) (1 —o)KT(K"),
which is killed by N due to the ‘projection formula’ relation. In view of the surjectivity
of N proved in (3), this shows (4). Now (5) is an immediate consequence.

Lastly, we prove (1). If n is the exponent of K (k)r,, we have

KT (k)tor = K* (k) /n = H*(k, T[] © pn),
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by (4). Since the right hand side is a finite group, we see that K7 (k)1 is finite. This
completes the proof. O

Theorem 3.2. Let T be a torus over a non-archimedean local field k. Then T admits a

motivic interpretation.

Proof. We take a finite Galois extension k’/k which splits T. We set X (2) = X (T) ® Z(2).
We are going to show that (2) induces the homomorphism p fitting into the commutative
diagram
KTk = H*K,X(2)
IN !
KT(k) & H*k X(2).

The right vertical map is surjective. Indeed, setting T" = ker[Resl,f T — T], we have a

distinguished triangle
X(T') ® Z(2) — Resf X(2) — X(2) — X(T") @ Z(2)[1],

but we have H3(k, X(T") ® Z(2)) = 0 by Lemma 2.13. The left vertical map N is also
surjective by Lemma 3.1 (3). Lemma 3.1 (5) shows that the kernel of IV is generated by
the elements of the form x — o(x) with z € KT (k') and o € Gal(k’/k). Such an element
is killed in H?(k, X ® Z(2)) as well. This show the existence and surjectivity of p.

Since K7T(k)giy is uniquely divisible, one sees that p| KT (k)ap 18 injective by the norm

div

argument. On the other hand, p| KT (k) 1S also injective as the composition

Tor

K" (k)ror = KT (k)/n — H?(k, X(2))/n — H*(k,T[n] ® )

(here n is the exponent of KT (k)r,,) is bijective by Lemma 3.1 (4). Now the theorem

follows from Lemma 3.1 (1). O

Remark 3.3. If p is a prime different from the residue characteristic of k, then H(k, X ®
Qp/Zy(2))aiv = 0. If further T' has good reduction T, over the residue field F, then
HY(k, X ® Qp/Zy(2)) = T, (F)[p™].

3.2. Archimedean local field. Because K»(C) is uniquely divisible, K7 (C) is uniquely
divisible for any torus 7" over C. Any torus 7" over R admits a motivic interpretation by
Theorem 1.3. We see that KT (R) is the direct sum of the finite group KT (R)r,, and the
uniquely divisible group K7 (R)giy. We need to know the structure of K7 (R)to,. Note
that any torus over R is isomorphic to a direct sum of copies of tori appearing in the

following proposition.

Proposition 3.4. We have KT (R) 1o = Z/27 (resp. 0) if T = Gy, (resp. if T = Res§ Gy,

or ker[Res§ G,, — G,,]). Moreover, for any even natural number n, the exact sequence

0— KT(R)/n — H2(R, Tln]  jn) — H3(R, X (T) © Z(2))
9



18 isomorphic to the following sequence:

0—Z/2Z — Z]2Z — 0 if T =Gy,
0-0—-0—0 if T = Resg Gy,
0—0—7/22 — 7/27 if T = ker[Res§ G, — G-

Proof. The case T' = G, is well-known. The other cases can be deduced from Lemma 2.4

and the exact sequence 1 — ker[Resﬁ% Gm — Gy — Res% G,, — G, — 1. O

4. GLOBAL FIELD

Let K be a global field. For a place v of K, we write K, for the completion of K with
respect to v. For a finite place v of K, we write I, (resp. K]") for the residue field of v
(resp. the maximal unramified extension of K,). When K is a number field, we write O
for the ring of integers in K, and set C' = Spec(Og). When K is of positive characteristic,
we assume K is the function field of a smooth projective irreducible curve C' over a finite
field F.

4.1. Bloch-Moore exact sequence. We recall some known results.

Theorem 4.1. (1) (Somekawa [17]) Let T be a torus over K. Set X = X(T) and

X( ) = th @ u®" where n runs through natural numbers invertible in K. Let m

be the order of the finite group X(l)GK. Then we have an exact sequence
—~ ([P X Var,) @ @ KT(K)/m) — X(Da, — 0.
vlbo v|oo

(2) (Moore [11], Garland [5]) There exists an exact sequence

0= WEy(K) = Ka(K) — & p(K,) = u(K) — 0,

vinon complex
where WKs5(K) is a finite group (so-called wild kernel). In particular, Ko(K) is
a torsion group without any p-divisible subgroup for any prime p. In the number

field case, this also implies the finiteness of

Ko(C) = ksl () = & F.

(In the function field case, we have W Ky(K) = Ko(C).)

We shall prove the finiteness of the kernel of the first map in (1) when 7 admits a

motivic interpretation in Proposition 4.6 below.
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4.2. Definition of KT (Ok) and KT (C). Let T be a torus over K, and let X = X(T).
By Theorem 4.1 and the norm argument, we see that K7 (K) is a torsion group without

any p-divisible subgroup for any prime p. Hence, by Lemma 2.14 we have KT (K)[p>®] = 0
if p = Char(K) > 0.

Definition 4.2. For each prime p # Char(K), we define
K"(C)[p™] = ker[KT(K)[p™] — [[ H'(K}", X © Qy/Zp(2))].
v|poo

Here the v-component of the map is the composition
KT(K)[pOO] - KT(KU)[pOO] = Hl(KmX ® Qp/Zp(2)) — Hl(K;WaX ® Qp/Zp@))GF”»
where the second isomorphism is given by Theorem 3.2 and Remark 3.3. We then define

ENC)= @ K'(O)p™).
p#Char(K)

In the number field case, we also write K7 (C) = KT (Of).

Remark 4.3. Let p be a prime different from Char(K).

(1) When T admits a motivic interpretation, we have an isomorphism K7 (K)[p>] =
HY(K,X®Q,/Zy(2))/ div by Corollary 2.12. The corank of H' (K, X ®Q,/Z,(2))
is rodim T, where ry is the number of complex places on K by [19] Corollary to
Theorem 6.5. Hence, if further K is totally real or of positive characteristic, then

we have
K'(K)[p™] = H'(K, X @ Q,/Zy(2)).

(2) When T has good reduction at a finite place v, we have
H (K, X @ Qp/Zp(2)) = Ty (Fy) [p™]

(cf Remark 3.3). The map KT (K)[p>®] — T,(F,)[p™] can be interpreted by the
analogous way as the Hilbert symbol (cf. [17] §3). In particular, we see K5(C) =
KT(0)if T = Gy,

(3) Summarizing, if K is totally real or of positive characteristic, and if 7' admits a

motivic interpretation, then KT (O )[p™] is isomorphic to the kernel of

HY(K, X ®Qy/Zy(2) = @& T,(F)p¥] & H(K),X®Q/Zy(2),
vgSlp vESY|p
where S is a finite set of places of K including all infinite places and all places

where T" has bad reduction.
11



4.3. Hasse principle and the finiteness of K7 (C). In Proposition 4.6 below, we prove
the finiteness of K7 (C) when T is a torus which admits a motivic interpretation. In the

proof, we need the following result.

Proposition 4.4 (Hasse principle). Let T' be torus over K, and let X (2) = X (T') @ Z(2).

(1) For all i > 3, we have an isomorphism

HI(K,X(2) = © H (K, X(2)).

v|oo
(2) Suppose that T admits a motivic interpretation. Let L/K be a finite Separable
extension. For each infinite place v of K, we choose a place w(v) of L above v.
Then we have an isomorphism of finite groups

Lw v
KT (K)/NgKT(L) = ® KT (K) /N KT (L)

v]oo

(When Char(K) > 0, both statements mean that the left hand sides are trivial.)

Remark 4.5. It is possible to compute the finite group appearing in (2) explicitly by
using Proposition 3.4. When T' = G,,,, Proposition 4.4 (2) is proved in [1, 2]. See also [23]

Proposition 4.1 for a related result.

Proof. Firstly, we claim that H’(K,X(2)) is a torsion group of finite exponent for all
¢ > 3. This is reduced to the case T = G,, by the norm argument. By Review 2.6
(2), we have H3(K,Z(2)) = 0. We also see H*(K,Z(2)) = H3(K,Q/Z(2)) is a torsion
group of exponent at most 2. For ¢ > 5, the claim follows from the spectral sequence
Ey"" = H™(K,H"(Z(2))) = H™(K,Z(2)), together with the fact that H"(Z(2)) = 0
unless n =1, 2.

Let n; be the exponent of H*(K, X (2)) for i > 3. We set n to be the prime to Char(K)-
part of n;n;y1 and put M = T'[n] @ p,. The distinguished triangle X (2) = X (2) — M —

X (2)[1] induces a commutative diagram with exact rows:

0— HY(K, X(2)) —  HY{K,M) — HTY(K,X(2) —0
s e lfz‘+1
0— @ H(K,X(?2) — @©H(K,M) — &HYK X(2) —0
v]oo vloo v]oo
Here the middle vertical map is an isomorphism by the Poitou-Tate theorem (cf. [14] §6.3
Théoréeme B). This shows the injectivity of f; for all ¢ > 3 and (using the injectivity of
fa thus obtained) the surjectivity of f; for all i« > 3 as well. When Char(K) =p > 0, a
similar argument using Review 2.6 (4) shows that H*(K, X (2))[p™] = 0 for all i > 3. This
completes the proof of (1).
We prove (2). Let S be the kernel of the norm map Resk T — T. We set Y = X(S) and

Y(2) = Y ® Z(2). Then we have a distinguished triangle Y'(2) — Resk X (2) — X (2) —
12



Y (2)[1]. By the assumption that 7" admits a motivic interpretation, this induces the exact

sequence at the upper row in the following commutative diagram

0— KU(K)/K'(L) — H(KY(2) —  HY(LX(2)
! 1 l
0= & NGOV (Duw) = & H(ELYR) = & & B Ly, X(2)

The exact sequence at at the lower row in the diagram is deduced in a similar way, by noting
the following facts (v is a place of K): (i) The base change of Resk T to K, is isomorphic
t0 Dy Resfg: (T'®K Ky). (ii) The image of the norm map N[L(;" : KT(Ly,) — KT(K,) is
the same for all w over v (because L/K is separable). (iii) When v is a finite place, the
norm map N[%v“ : KT(Ly,) — KT(K,) is surjective by Lemma 3.1 (3). Now the assertion

follows since the middle and right vertical maps are bijective by (1). O

Proposition 4.6. If T is a torus over K which admits a motivic interpretation, then
KT(C) is a finite group.

Proof. We take a finite Galois extension L/K which splits 7. Let G = Gal(L/K). For a

prime p # Char(K), we have a commutative diagram with exact rows

E'(Cpp™le — E'(Lp¥le — & [& (LY, X @ Q/Zy(2)%]c —0

vlpoo wlv
l Ly !
0= KHOP™ = KHOR*) — 8 HUES X @ QL)) —0.

If T has good reduction at v, then the v-component of the right vertical map is an iso-

morphism since it is isomorphic to

A~

(®WIWXP(1)GLW o = Xp(l)GKU :

Hence the kernel of the right vertical map is finite. By Theorem 4.1, K7(Cy) is a finite
group. By Proposition 4.4 (2), the cokernel of f is a finite group which is trivial if p # 2
or Char(K) > 0. This completes the proof. O

4.4. Isogeny. We write Q/Z(2) = limu®? where n runs natural numbers prime to
Char(K). For a torus T over K, we set W1 (K) = HY(K, X(T) ® Q,/Z,(2)).

Proposition 4.7. Let T1,T5 be tori over K admitting a motivic interpretation. We as-
sume T1 and Ty are isogenous. If Char K > 0, then the equality

[KTH(C) _ [K™(0))
(WR(K)| W (K)

holds. When K is a number field, the same equality holds up to a power of 2, if T1 and T5

are split by a totally real field.
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Proof. We only prove the number field case. (The function field case is easier.) Let S be
a finite set of places of K including all infinite places and all places where 17 or T5 have
bad reduction. We fix an odd prime p, and set M; = X(T;) ® Q,/Z,(2) for i = 1,2. We
consider a commutative diagram with exact rows for ¢ = 1,2
0— K5H(Or)Pp™] — HYK,M) — GuuH (K" M) —0
l | |
0— Hl(OK[;%]a M;) — HYK,M;) —  @ypsTio(Fo)p™]  —0,
where the lower row is the localization sequence of the etale cohomology, and the sur-
jectivity of the upper right horizontal map is due to Theorem 4.1 (1), which implies the
surjectivity of the lower right horizontal map as well. Thus we have an exact sequence
0~ KT (0R)p™] — H'(Okl- o], M) = @& HMKI™, M) — 0,
pS vlplS
The localization sequence also implies that Wi (K) = HO(OK[I%S}, M;), H2(OK[%], M;) =
H?(K,M;) = 0. (The last group is trivial because H?(K, M;) is a torsion group of finite
exponent (by the norm argument) and H?(K, M) is p-divisible for any p-primary torsion
divisible group M).
Now we are reduced to showing the following equalities:
. [H'(Ok[p5), M1)|  |H (Ok|55], Mo)]
HO(Ox [ L], M) [H(Ox[ 5] M)
(id) | H (KT, My)S| = [HY (KL, M),

The isogeny f : 11 — 715 implies an exact sequence
0—-C®pup,— My — My — 0,

where C' = ker(f) and n is the p-power part of the order of C. Then we have an exact
sequence

0 — ker(a) — HY (K™, M) % HYK™, Ms) — 0,
in which ker(a) is a quotient of a finite group H'(F,, C®u,,). Since HY(F,, H (K", M;)) =
H?*(K,,M;) = KT(K,) ® Qp/Z, =0, we get an exact sequence

0 — ker(a)“™ — HY(K™, M;)% — HY K" My)%F — H(F,, ker(a)) — 0.

Since ker(a) is a finite G, -module, (i7) follows.
In order to prove (), it suffice to show
HO(Ok ], C @ )| - [HA(O 5], C @ )
(O[5, C )| )
By [12] Theorem 8.6.14, the left hand side is equal to
1 |H (K, C & )|
7]l '
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By the assumption that both T} and 75 are split by a totally real field, C'® u,, is isomorphic
to a direct sum of copies of Z/nZ as Gg,-modules for any v|oo. This completes the

proof. O

4.5. Main result. We now finish the proof of our main result Theorem 1.4. We recall

the statement, including the function field case.

Theorem 4.8. Let K be a global field, and let T be a torus over T. Assume that T admits

a motiwic interpretation.

(1) Suppose that K is a totally real number field, and that T is split by a totally real
field L over K. Then the equality
K" (Ox)]

L (X(T), —1)| = "= 77
[WT(K)]
holds up to a power of 2.

(2) Suppose Char(K) =p > 0. Then the equality

T
Le(X(T).~D)] = e

holds. (Both sides are rational numbers prime to p.)

Proof. Since Ly (X (T),s) is real analytic (as X (7T') being an integral representation), it is
enough to show the equality after taking the m-th power for some m € Z~y. Both sides
of the equation is stable under isogeny (by Proposition 4.7). By [13], there exist tori P, Q
over K such that

e Both P and @ are quasi-trivial and split by L/K.

o 79" @ P is isogenous to @ for some m € Zg.

Hence we are reduced to the case T = Res¥ G, for a subextension M/K of L/K. In
this case, we have Li(X(T),s) = Lx(Ind¥ X(G,,),s) = Cu(s), KT(C) = Ko(Cyy) and
WT(K) = Wy(M). Thus we are reduced to the case T = G, which is a theorem of Wiles
[21] in the number field case, or of Tate [18] in the function field case. O
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