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My Project

To speculate the Langlands parameter of an explicitly constructed
supercuspidal representation by means of checking

e the formal degree conjecture
(due to Hiraga, Ichino, Ikeda:J.Amer.Math.Soc.(2008)), and

e the root number conjecture
(due to Gross, Reeder:Duke Math.J. (2010))

In this talk, on Spy,(F) (F/Qp : finite ext., p # 2)
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1) To construct a supercuspidal representation = of Spo,(F),

2) To find a candidate of the Langlands parameter of =

@ : Wp — SO2,4+1(C),

3) To check the formal degree conjecture :

formal degree of @ w.r. to __dimy | ~v(Ad o ¢, 0)
Euler-Poincaré measure(abs.val.) | Ay,| |v(wo,Ad,0)|’
(w0 1 Wi x SLo(C) 294 s15(0) 2128 505,44 (C)

. the principal parameter,
Ap = Z50,, (c)(IMmp) and A, > x < m € I, © L-packet),

4) To check the root number cojecture : w(Ado ) = n(e) (e = —15,)
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F/Qp : a finite extension (p # 2)

O C F . the integer ring, p= O C O : the maximal ideal
F = O/p : the residue class field, |F| = q

G = Spo, . an O-group scheme

g = Lie(G@) : the Lie algebra O-scheme

¢ : F — C*:unitary character s.t. {z € F|¢Y(2z0)=1}=0
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e Construction of supercuspidal representation

Th (Stevens (Invent. math. (2008)).

7 . supercuspidal representation of G(F)

= T = cmp-ind(j(F)é with J C G(F):open compact, § € J

J=G(0), §:G(0) 2% q(0/p") -2 GLe(Vs) (1 < r:minimal)

( T = cmp—indggggé . depth-zero supercuspidal representation,

\ G(F) : representation theory of finite reductive group

r > 1 Need a good parametrization of G(O/p")"
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r>1 r=1+U1>1U>0, lminimal, i.e. I'= l =2,
[—1 r=21-1

K,(0/p") E Ker [6(0/p") E% c(0/ph)] = a(0/p")

m
§ €GO/ = 5|Kl(o/pr) = (@ qp(w_l/B(B, *))) by Clifford’'s theorem
pes?
with Q c g(0/p!") adjoint G(O/p")-orbit

B : g(O/pl/) X g(O/pl/) — O/pl/ . trace form

Fix an adjoint G(O/pl/)-orbit Q C g(O/pl/), and put

Q = {5 € G(O/p") : corresponds to Q}
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Th (Takase (to appear on Pacific J.Math.)).

0 =(w 'B(B,%)) 1:1 -
on G5(0/s") N K1(O/p") } 20 0pp €82

if Q (mod p) C g(F) is regular and non-singular, where
/
B e g(O) s.t. B (mod p") € Q and Gg = Zg(B).

{9 e Gg(O/p")"

Rem. 1) For G = Spy,,

Q = Q (mod p) C g(F) : regular
<= with respect to 8 (mod p) € g(F) C M, (F)
the characteristic polynomial = the minimal polynomial.

In this case Gg(0O) = G(0O) N O[B]* is commutative.

2) dimdgg = #Q2 - \r~2)AIMG-1ank&) (shechter:J. Pure Appl. Alg. (2019))
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Starting from a tamely ramified extension

K, /F : tamely ramified field extension, (K4 : F') = n,
K/K4 . quadratic field extension with Gal(K/K4) = (1) s.t.

K/K4 :unramified or K/F :totally ramified,
then 38 € Oi s.t. B+ B7 =0 and O = O[], and

O = OK+[w] st.w = —w )

. 1 1 1—€_|_ T
D(@,y) = JTk/r (w Kyt y) ( ey = e(K4/F)

IS a symplectic F-form on K s.t.

D(xB,y) + D(z,yB) =0 for Vo,y € K, ..B¢€sp(K,D)

B € sp5,,(0O) by the regular representation
w.r.to a suitable symplectic base on K
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Prop (Shintani (J.Math.Soc.Japan (1968))).

The characteristic polynomial of 3 (mod p) € spo,,(F) C Mo, (F)
is equal to its minimal polynomial.

6g9 € G(O/p")" corresponding to 6 : Gg(O/p") — C~

G(Op) = { € Of | Ni/k, () = 1] = Uk /K s

G5(0) =5 Gg(O/p") C (O /p%)* (e = e(K/F))

0: Uk g, — (O /pf)* — C

can.

5
69 G(O) —= G(O/p") 2% GLc(Vig,))
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Th.A If [g] =1'"> Max{2,2(e — 1)} then

1) T3 = cmp-indggggé is an irreducible supercuspidal rep. of G(F),

2) w.r. to the Haar measure dgpy(x) s.t. vol(G(O)) =1,

the formal degree of mg ¢ = dimdgg.

Rem. the Euler-Poincaré measure ug on G(F) is

dug(e) = (~1)"¢"" [[ (1 —q @ D) x dgpm ().

(See J.-P. Serre:Ann.Math.Stud. (1971)).
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Rem. 1) the multiplicity of 659 in mgglc(0) IS One,

2) dg is the unique irreducible constituent of mg gl (o)
which factors through G(0) =21 G(O/p").

3) mg g s generic if K/F is unramified.



e Candidate of Langlands parameter
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K/F: tamely ramified Galois extension of s.t. O = O[f]

Put 4 = 60 - ¢ with

C:UK/K+—><C

0 : UK/K_|_

= (Ox/p§E)™

— C*

s.t. c(:c)—1Va;eUK/K+m(1+p ) and

e — odd e — even
f=f(K/F)=1| f= even
c(—1) 1
(¢—=1)(n+1) n
(—1) 2 —(— 1)%5
-7 V=0-c

~

19'K>< T—T

>UK/K_|_

»C* (Gal(K/K4) = (1))
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Wip = Wr/IWk, W] D Wk /[Wk, Wk] ﬁ K™,

1 — K" = Wgp— Gal(K/F) — 1 exact

)

[aK/F] € HQ(GaI(K/F),KX) : fund. class

W ~
e = IndKff/Ff} irreducible rep. of Wy, on
Vo = {Gal(K/F) — C : function}

S, )= Y Hagp(r, ™) FeMY(rT) (9,9 € Vi)

~eGal(K/F')
. Wi p-invariant quad. form on Vg
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W ~
© =Ind, /"9 : Wi/ — O(Vg, S) = 02,(C)

_ can. Oddet ®

fr
0 Uk/k, =2 (O /)™ = €
U

73,9 = CMp-ind

> SO2,4-1(C)

G(F)

G(O)(Sﬁa@ . supercuspidal rep of Spo,(F)

Th.B The formal degree conjecture and the root number conjecture
are valid w.r. to wgg and .
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e Local factors of a representation ® : Wp — GL¢c (V)
Wg = (Fr) x Iy with I = Gal(F2'9/FY"), Fr|pur = Frobenius™1

—1
L(®,s) =det (1 — q_S@(FF)‘VIF>
P

1 . f=f(K/F) =1,
{(1+q58) f>1

if ® = Adop

(8,9, dp(z), s) = w(®) - ¢ PG (a(Ad o) = 2n2r)
{x € F|(z0p) = 1} = Op, /OF dp(z) = 1

L(®Y 1—5)

~y(P,s) = e(P,s) - L(®.9)
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00t Wi x SLo(C) 2% 515(C) 2128 50,,,41(C)

n

1
L(po,Ad,s) = [ (1-q¢ ®F1g%)
k=1

(0, Ad, b, dp(x), s) = w(po, Ad) - ¢*(POADG =) ( w(po, Ad) =1, )

a(ypo, Ad) = 2n°
[Apl =2  .dimy =1forVyx e A,
Th (formal degree conjecture).

the formal degree of g9 W.r. to abs. val. of Euler-Poincaré measure
_ 1 [v(Adoy,0)
| Ay| |v(¢0, Ad,0)|
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W ~
e Structure of Ado (O ddet®) (O = IndKff/Fﬁ)
500,+1(C) ={X € M5,41(C) | X + 'X =0}
Ad(g)X = gX tg for g € SOQn—I—l(C)

and (det®)|,x = 1, hence

Ado (0 @ det®) = \*(© & det ©)
= (N\?0) @ (@eto @) = (N\’0) w0

0 o+ 1,
xe(g) =1 S 9@ to=1, xp2e(9)=
\WEGaI(K/F)

{xe(@)? - xo(s?)]

N | —

for g = (O’,QZ‘) -~ WK/F = Ga|(K/F) a}b{(/F KX
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The structure of the order-two elements of Gal(K/F)

Ko/F : maximal unramified subext. of K/F

Gal(K/Ko) = (9),
Gal(K/F) = (4, p) with
pli, € Gal(Ko/F) : Frobenius™?!

e p 16p = 89 (Iwasawa:Transaction A.M.S. (1955)),

o pf =™ (0<m<e=e(K/F), f=f(K/F))
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Prop.
H={vy e Gal(K/F) | ~° =1} C Z(Gal(K/F))
and
( e e = even
1,62 : f = odd or ’
t I / { m = odd
f m
o= {1,p26 2} : e = 0dd,m = even
f e=m
{1,p26 2} . e = odd,m = odd
e f._m [ e-m
({1,02,p20 2,p26 2 } . f=-even,e=-even,m = even.
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Ado (O @ det ©)

= P AMend e @ Wd e @ Ind, 'y

reGal(K/F) {77&7_1} ~v2=1
m(T)#1 v7=1,7

where, for 1 # ~v € Gal(K/F),

Oy(z) = 9(zT)  (z e KX)

Xy Wkik, = Wk, /WK, Wk] —— Wk /IWk,, Wk,]

—— KJ - C*
l.c.f.t. (*7K/K’7)'19

with
1 :mENK/KV(KX),

Gal(K/Ky) = (7), (waK/KV):{—l ' & Ng e (K7)

Wi k7
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via W 2% Wi 2% Gal(K/F)

i %% %%
reGal(K/F)

m(7)#1
s.e(Adop, v, dp(x),s) is a product of powers of ¢ and Gauss sums:

G(x, V) = q—fn/2 Z X (w[—((n-Fd)t) R <w[_((n+d>t>
te(Ok /P )

for x 1 K* — C* s.t. x| x =1 with f = f(K/F),
K

1x
Lo

n=Min{0<1€Z|x(1+pk) =1}, D(K/Qp) = p%
and
T T/ — 1%
b T K —1%, g, €y /7, 5 @z SRRV ox
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We have a trivial cancellation

G(x,vK) - G(x 1, vK) = x(-1)
and
Th (Frohlich-Queyrut;Inv.Math. (1973)).

K/FE :quad. ext. s.t. K= E(&‘),&‘Q c E”, Xlpx =1
= G, vK) = x(e)

Then we have
Th. w(Adoy) =6(-1).

e
T30 = Cmp-'ndggg%%,e somge(—1l2p) = dg9(—12p) = 0(—1)

Cor (root number conjecture). w(Adop) = 77@79(—12“)
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e quasi-invariant symplectic form on © = Ind K/Fﬁ

v:Gal(K/F) — C* s.t. v(r) = -1

Du(p, )= > v(y) - Hag/p(n ) e(MY(rr) (o9 € Vi)

~eGal(K/F)
-quasi-Wy p-invariant symplectic form on Vg

%% -
Ind i{/Fﬁ

©, : WK/F K » GSpc(Veg, Dv) = GSp2,(C)

Spg Ccase

can.

WF WK/F —> GSp4((C) — GSp4((C>/(CX14 — 505((:)

Rem. Two ¢, 's are conjugate by an inner automorphism of SOg(C).
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Spg case

Gal(K/F) : cyclic & K/F : unramified or totally ramified

Th. 1) If Gal(K/F) is cyclic, the formal degree conjecture is valid
for mg g and yy. In this case |Ay, | = 2.

2) If Gal(K/F') is not cyclic, then |Ay,| = 4 and

v(Ad o ¢y, 0)
v(¥0,Ad,0)

1
is 5 of the formal degree of T30 with respect to the absolute value

1
Apy|

of the Euler-Poincaré measure.
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Spg Ccase

If Gal(K/F) = (p) is cyclic

1) Adopy= @ x@Ind, VEKIF 52 g Ind K/Fﬁp
xEGaI(K/F)

x(T)#1

1 if K/F is unramified,
2) w(Adoyy) = -1 | L
(—=1)4 :if K/F is totally ramified



