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My Project

To speculate the Langlands parameter of an explicitly constructed

supercuspidal representation by means of checking

• the formal degree conjecture

(due to Hiraga, Ichino, Ikeda:J.Amer.Math.Soc.(2008)), and

• the root number conjecture

(due to Gross, Reeder:Duke Math.J. (2010))

In this talk, on Sp2n(F ) (F/Qp : finite ext., p ̸= 2)
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1) To construct a supercuspidal representation π of Sp2n(F ),

2) To find a candidate of the Langlands parameter of π:

φ :WF → SO2n+1(C),

3) To check the formal degree conjecture :

formal degree of π w.r. to
Euler-Poincaré measure(abs.val.)

=
dimχ

|Aφ|
·
∣∣∣∣∣γ(Ad ◦ φ,0)
γ(φ0,Ad,0)

∣∣∣∣∣ ,
(φ0 :WF × SL2(C)

proj.−−−→ SL2(C)
Sym2n−−−−−→ SO2n+1(C)

: the principal parameter,

Aφ = ZSO2n+1(C)(Imφ) and Aφ̂ ∋ χ↔ π ∈ Πφ : L-packet),

4) To check the root number cojecture : w(Ad ◦ φ) = π(ϵ) (ϵ = −12n)
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F/Qp : a finite extension (p ̸= 2)

O ⊂ F : the integer ring, p = ϖO ⊂ O : the maximal ideal

F = O/p : the residue class field, |F| = q

G = Sp2n : an O-group scheme

g = Lie(G) : the Lie algebra O-scheme

ψ : F → C×:unitary character s.t. {x ∈ F | ψ(xO) = 1} = O
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• Construction of supercuspidal representation

Th (Stevens (Invent. math. (2008)).

π : supercuspidal representation of G(F )

⇒ π = cmp-indG(F )
J δ with J ⊂ G(F ):open compact, δ ∈ Ĵ

J = G(O), δ : G(O)
can.−−−→ G(O/pr)

δ−−→ GLC(Vδ) (1 ≤ r:minimal)

r = 1 ⇒


π = cmp-indG(F )

G(O)δ : depth-zero supercuspidal representation,

G(F)̂: representation theory of finite reductive group

r > 1 Need a good parametrization of G(O/pr)̂
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r > 1 r = l+ l′, l ≥ l′ > 0, l:minimal, i.e. l′ =

l : r = 2l,

l − 1 : r = 2l − 1

Kl(O/p
r)

def.
= Ker

[
G(O/pr)

can.−−−→ G(O/pl)
]
→̃ g(O/pl

′
)

δ ∈ G(O/pr)̂ ⇒ δ|Kl(O/pr) =

⊕
β∈Ω

ψ(ϖ−l
′
B(β, ∗))

m by Clifford’s theorem

with Ω ⊂ g(O/pl
′
) adjoint G(O/pl

′
)-orbit

B : g(O/pl
′
)× g(O/pl

′
)→ O/pl

′
: trace form

Fix an adjoint G(O/pl
′
)-orbit Ω ⊂ g(O/pl

′
), and put

Ω̂= {
δ ∈ G(O/pr)̂: corresponds to Ω

}
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Th (Takase (to appear on Pacific J.Math.)).{
θ ∈ Gβ(O/pr)̂∣∣∣∣∣ θ = ψ(ϖ−l

′
B(β, ∗))

on Gβ(O/p
r) ∩Kl(O/pr)

}
∋ θ 1:1←−−→ δβ,θ ∈ Ω̂

if Ω (mod p) ⊂ g(F) is regular and non-singular, where

β ∈ g(O) s.t. β (mod pl
′
) ∈ Ω and Gβ = ZG(β).

Rem. 1) For G = Sp2n,

Ω = Ω (mod p) ⊂ g(F) : regular

⇐⇒ with respect to β (mod p) ∈ g(F) ⊂M2n(F)
the characteristic polynomial = the minimal polynomial.

In this case Gβ(O) = G(O) ∩O[β]× is commutative.

2) dim δβ,θ = ♯Ω · q(r−2)(dimG−rankG) (Shechter:J. Pure Appl. Alg. (2019))
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Starting from a tamely ramified extension

K+/F : tamely ramified field extension, (K+ : F ) = n,

K/K+ : quadratic field extension with Gal(K/K+) = ⟨τ⟩ s.t.

K/K+ : unramified or K/F : totally ramified,

then ∃β ∈ OK s.t. β+ βτ = 0 and OK = O[β], and

D(x, y) =
1

2
TK/F

(
ω−1ϖ

1−e+
K+

x τy

) (
OK = OK+

[ω] s.t. ωτ = −ω
e+ = e(K+/F )

)
is a symplectic F -form on K s.t.

D(xβ, y) +D(x, yβ) = 0 for ∀x, y ∈ K, ∴ β ∈ sp(K,D)

β ∈ sp2n(O) by the regular representation

w.r.to a suitable symplectic base on K
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Prop (Shintani (J.Math.Soc.Japan (1968))).

The characteristic polynomial of β (mod p) ∈ sp2n(F) ⊂M2n(F)
is equal to its minimal polynomial.

δβ,θ ∈ G(O/pr)̂ corresponding to θ : Gβ(O/p
r)→ C×

Gβ(OF ) =
{
ε ∈ O×K | NK/K+

(ε) = 1
} put

= UK/K+
,

Gβ(O)
can.−−−→ Gβ(O/p

r) ⊂
(
OK/p

er
K
)× (e = e(K/F ))

θ : UK/K+

can.−−−→
(
OK/p

er
K
)× → C×

δβ,θ : G(O)
can.−−−→ G(O/pr)

δβ,θ−−→ GLC(Vδβ,θ))
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Th.A If
[
r

2

]
= l′ >Max{2,2(e− 1)} then

1) πβ,θ = cmp-indG(F )
G(O)δβ,θ is an irreducible supercuspidal rep. of G(F ),

2) w.r. to the Haar measure dG(F )(x) s.t. vol(G(O)) = 1,

the formal degree of πβ,θ = dim δβ,θ.

Rem. the Euler-Poincaré measure µG on G(F ) is

dµG(x) = (−1)nqn
2

n∏
k=1

(
1− q−(2k−1)

)
× dG(F )(x).

(See J.-P. Serre:Ann.Math.Stud. (1971)).
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Rem. 1) the multiplicity of δβ,θ in πβ,θ|G(O) is one,

2) δβ,θ is the unique irreducible constituent of πβ,θ|G(O)

which factors through G(O)
can.−−−→ G(O/pr).

3) πβ,θ is generic if K/F is unramified.
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• Candidate of Langlands parameter

K/F : tamely ramified Galois extension of s.t. OK = O[β]

θ : UK/K+

can.−−−→
(
OK/p

er
K
)× → C×

Put ϑ = θ · c with

c : UK/K+
→ C× s.t. c(x) = 1 ∀x ∈ UK/K+

∩ (1 + pelK) and

e = odd e = even

c(−1) 1

f = f(K/F ) = 1 f = even

(−1)
(q−1)(n+1)

4 −(−1)
q−1
2

n
2

ϑ̃ : K× x 7→x1−τ−−−−−→ UK/K+

ϑ=θ·c−−−−−−→ C× (Gal(K/K+) = ⟨τ⟩)
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WK/F =WF/[WK,WK] ⊃WK/[WK,WK]
∼←−−−−

l.c.f.t.
K×,

1→ K× →WK/F → Gal(K/F )→ 1 : exact

⇕
[αK/F ] ∈ H

2(Gal(K/F ),K×) : fund. class

Θ = Ind
WK/F

K× ϑ̃ :irreducible rep. of WK/F on

VΘ = {Gal(K/F )→ C : function}

S(φ,ψ) =
∑

γ∈Gal(K/F )

ϑ̃(αK/F (γ, τ))
−1φ(γ)ψ(γτ) (φ,ψ ∈ VΘ)

:WK/F -invariant quad. form on VΘ
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Θ = Ind
WK/F

K× ϑ̃ :WK/F → O(VΘ, S) = O2n(C)

φ :WK
can.−−−→WK/F

Θ⊕detΘ−−−−−−→ SO2n+1(C)
⇑

θ : UK/K+

can.−−−→
(
OK/p

er
K
)× → C×

⇓

πβ,θ = cmp-indG(F )
G(O)δβ,θ : supercuspidal rep of Sp2n(F )

Th.B The formal degree conjecture and the root number conjecture

are valid w.r. to πβ θ and φ.
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• Local factors of a representation Φ :WF → GLC(VΦ)

WF = ⟨Fr⟩ ⋉ IF with IF = Gal(Falg/Fur), Fr|Fur = Frobenius−1

L(Φ, s) =det

(
1− q−sΦ(Fr)

∣∣∣
V
IF
Φ

)−1

=


1 : f = f(K/F ) = 1,(
1+ q−

f
2s
)−1

: f > 1
if Φ = Ad ◦ φ

ε(Φ, ψ, dF (x), s) = w(Φ) · qa(Φ)(12−s) (a(Ad ◦ φ) = 2n2r)

{x ∈ F | ψ(xOF ) = 1} = OF ,
∫
OF

dF (x) = 1

γ(Φ, s) = ε(Φ, s) ·
L(Φ∨,1− s)
L(Φ, s)
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φ0 :WF × SL2(C)
proj.−−−→ SL2(C)

Sym2n−−−−−→ SO2n+1(C)

L(φ0,Ad, s) =
n∏

k=1

(
1− q−(2k−1)q−s

)−1

ε(φ0,Ad, ψ, dF (x), s) = w(φ0,Ad) · qa(φ0,Ad)(12−s)
(
w(φ0,Ad) = 1,
a(φ0,Ad) = 2n2

)

|Aφ| = 2 ∴ dimχ = 1 for ∀χ ∈ Aφ̂
Th (formal degree conjecture).

the formal degree of πβ,θ w.r. to abs. val. of Euler-Poincaré measure

=
1

|Aφ|

∣∣∣∣∣γ(Ad ◦ φ,0)
γ(φ0,Ad,0)

∣∣∣∣∣ .
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• Structure of Ad ◦ (Θ⊕ detΘ) (Θ = Ind
WK/F

K× ϑ̃)

so2n+1(C) ={X ∈M2n+1(C) | X + tX = 0}
Ad(g)X = gX tg for g ∈ SO2n+1(C)

and (detΘ)|K× = 1, hence

Ad ◦ (Θ⊕ detΘ) =
∧2

(Θ⊕ detΘ)

=
(∧2

Θ
)
⊕ (detΘ⊗Θ) =

(∧2
Θ
)
⊕Θ

χΘ(g) =


0 : σ ̸= 1,∑
γ∈Gal(K/F )

ϑ̃(xγ) : σ = 1 , χ∧2Θ(g) =
1

2

{
χΘ(g)2 − χΘ(g2)

}

for g = (σ, x) ∈WK/F = Gal(K/F ) ⋉
αK/F

K×
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The structure of the order-two elements of Gal(K/F )

K0/F : maximal unramified subext. of K/F

Gal(K/F ) = ⟨δ, ρ⟩ with


Gal(K/K0) = ⟨δ⟩,

ρ|K0
∈ Gal(K0/F ) : Frobenius−1

• ρ−1δρ = δq (Iwasawa:Transaction A.M.S. (1955)),

• ρf = δm (0 ≤ m < e = e(K/F ), f = f(K/F ))
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Prop.

H = {γ ∈ Gal(K/F ) | γ2 = 1} ⊂ Z(Gal(K/F ))

and

H =



{1, δ
e
2} : f = odd or

 e = even,

m = odd

{1, ρ
f
2δ−

m
2 } : e = odd ,m = even

{1, ρ
f
2δ

e−m
2 } : e = odd ,m = odd

{1, δ
e
2, ρ

f
2δ−

m
2 , ρ

f
2δ

e−m
2 } : f = even , e = even ,m = even.
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Th.

Ad ◦ (Θ⊕ detΘ)

=
⊕

π∈Gal(K/F )̂
π(τ )̸=1

πdimπ ⊕ Ind
WK/F

K× ϑ̃⊕
⊕

{γ ̸=γ−1}
Ind

WK/F

K× ϑ̃γ ⊕
⊕
γ2=1
γ ̸=1,τ

Ind
WK/F

WK/Kγ
χγ

where, for 1 ̸= γ ∈ Gal(K/F ),

ϑ̃γ(x) = ϑ̃(x1+γ) (x ∈ K×)

χγ :WK/Kγ
=WKγ/[WK,WK] −−−−→

can.
WKγ/[WKγ ,WKγ]

∼−−−−→
l.c.f.t.

K×γ −−−−−−−−→
(∗,K/Kγ)·ϑ̃

C×

with

Gal(K/Kγ) = ⟨γ⟩, (x,K/Kγ) =

1 : x ∈ NK/Kγ
(K×),

−1 : x ̸∈ NK/Kγ
(K×)
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via WF
can.−−−→WK/F

proj.−−−→ Gal(K/F )⊕
π∈Gal(K/F )̂
π(τ )̸=1

πdimπ = IndWF
WK

1K − IndWF
WK+

1K+

∴ ε(Ad ◦ φ,ψ, dF (x), s) is a product of powers of q and Gauss sums:

G(χ, ψK) = q−fn/2
∑

ṫ∈(OK/pnK)×
χ

(
ϖ
−(n+d)
K t

)
· ψK

(
ϖ
−(n+d)
K t

)

for χ : K× → C× s.t. χ|
O×K
̸= 1 with f = f(K/F ),

n = Min{0 < l ∈ Z | χ(1 + plK) = 1}, D(K/Qp) = pdK

and

ψK : K
TK/Qp−−−−→ Qp

can.−−−→ Qp/Zp →̃ Q/Z exp(2π
√
−1∗)−−−−−−−−−−→ C×
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We have a trivial cancellation

G(χ, ψK) ·G(χ−1, ψK) = χ(−1)

and

Th (Fröhlich-Queyrut;Inv.Math. (1973)).

K/E : quad. ext. s.t. K = E(ε), ε2 ∈ E×, χ|E× = 1

⇒ G(χ, ψK) = χ(ε)

Then we have

Th. w(Ad ◦ φ) = θ(−1).

πβ,θ = cmp-indG(F )
G(O)δβ,θ ∴ πβ,θ(−12n) = δβ,θ(−12n) = θ(−1)

Cor (root number conjecture). w(Ad ◦ φ) = πβ,θ(−12n)
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• quasi-invariant symplectic form on Θ = Ind
WK/F

K× ϑ̃

ν : Gal(K/F )→ C× s.t. ν(τ) = −1

Dν(φ,ψ) =
∑

γ∈Gal(K/F )

ν(γ) · ϑ̃(αK/F (γ, τ))
−1 · φ(γ)ψ(γτ) (φ,ψ ∈ VΘ)

:quasi-WK/F -invariant symplectic form on VΘ

Θν :WK/F

Ind
WK/F

K× ϑ̃
−−−−−−−→ GSpC(VΘ, Dν) = GSp2n(C)

Sp4 case

φν :WF
can.−−−→WK/F

Θν−−→ GSp4(C)
can.−−−→ GSp4(C)/C×14 →̃ SO5(C)

Rem. Two φν’s are conjugate by an inner automorphism of SO5(C).
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Sp4 case

Gal(K/F ) : cyclic ⇔ K/F : unramified or totally ramified

Th. 1) If Gal(K/F ) is cyclic, the formal degree conjecture is valid

for πβ,θ and φν. In this case |Aφν | = 2.

2) If Gal(K/F ) is not cyclic, then |Aφν | = 4 and

1

|Aφν |
·
∣∣∣∣∣γ(Ad ◦ φν,0)
γ(φ0,Ad,0)

∣∣∣∣∣
is

1

2
of the formal degree of πβ,θ with respect to the absolute value

of the Euler-Poincaré measure.
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Sp4 case

Th. If Gal(K/F ) = ⟨ρ⟩ is cyclic

1) Ad ◦ φν =
⊕

χ∈Gal(K/F )̂
χ(τ) ̸=1

χ⊕ Ind
WK/F

K× ϑ̃2 ⊕ Ind
WK/F

K× ϑ̃ρ

2) w(Ad ◦ φν) =

1 : if K/F is unramified,

(−1)
q−1
4 : if K/F is totally ramified

.


