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Motivation

Question:
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Some Results (GL1)

Jutila (1981): There are infinitely many characters y (quadratic
with prime conductor) for which L(x, ) # 0.

Balasubramanian-Murty (1992): L(y, %) # 0 for at least 1/25
of the Dirichlet characters y with prime conductor.

Iwaniec-Sarnak (1997): L(x, %) =+ 0 for at least 1/3 of the even
primitive characters.

Soundararajan (2000) L(x, %) # 0 for at least 7/8 of the
quadratic characters with conductor divisible by 8.



Some Results (GL»)

Duke (1995): There is a positive absolute constant C such that
there are at least CN/ log? N newforms f € Sy(I'o(N)) for which
L(f, %) # 0, provided N = 11 or N > 13 is prime.

Iwaniec-Sarnak (2000): Let k € 27Z be fixed. As N — oo, at
least 50% of the values L(f, %) are nonvanishing while f varying
among the newforms in Sy (I'o(N)) whose functional equations
are even.

Lau-Tsang (2005): There is a positive absolute constant C
such that there are at least Ck/ log? k newforms f € Sx(SL»(Z))
for which L(f, }) # 0, as k — oo with k =0 mod 4.

Luo (2015): There is a positive absolute constant C such that
there are at least Ck newforms f € Sx(SLo(Z)) for which
L(f,}) # 0, as k — co with k =0 mod 4 (a positive proportion
result).



Some Result (GL> x GL»)

Rankin-Selberg L-functions: L(f ® g, S)

L(f® g, S) — C*(ZS) i Cf(n)ig(n)

n
n=1

Kowalski-Michel-Vanderkam (2002): Let g be a newform in
Si(Fo(N)) with / even and N square-free. There exists ¢ > 0
such that, given g, k < 12 and any sufficiently large prime q,

then
#{f € S;(q): L(f®g,3) # 0}

45:(q) > C+ 0g(1).




Question

Can we establish similar nonvanishing results in the setting of
Hilbert modular forms (in the weight aspect)?



Setting

v

F: totally real number field of degree n such that (£(s) has
no Landau-Siegel zero.

v

OFf: ring of integers in F, 0g: different ideal of F,
dr: discriminant of F

hg: the narrow class number

v

> CIT(F) = I(F)/P*(F)

> {aV}Z;: a set of representatives of the narrow class group

v

embeddings of F: {o1, - ,on}.

» Forx e Fandje {1,...,n}, we set x; = 0j(x)



Hilbert Modular Form
fl/ S Sk(ruu(n))

» k=(ky,...,ky)withky=--- =k, =0 mod 2
» f, . " > C
> flgy =1, forally el (n)

» Fourier Expansion: f,(z) = Z a, (&) exp (2niTr(¢2))
0<<£€llu



Hilbert Modular Form
fl/ S Sk(ruu(n))

» k= (Ky,...,kn)wWithky =--- =k, =0 mod 2
f, : 7= C

v

v

flky =1, forally € Iy, (n)

» Fourier Expansion: f,(z) = Z a, (&) exp (2niTr(¢2))
0<<£€llu

> f:= (f1,...,th)

» (Adelic function) f(vx,gscko) = (f,|k90)(i) Where

GLa(Af) = U ,GL(F) <1 ty) GL; (Fa) [T Ko

v<oo



Hilbert Modular Form
f, € Sk(Fa, (1))

» k=(ki,...,kn) withky =--- =k, =0 mod 2
f, . p" = C

v

v

fulky =1, forally € Iy, (n)

v

Fourier Expansion: f,(z) = Z a, (&) exp (2niTr(€2))

0ké€eay
£=0

v

t:=(f,... )
Fourier coefficient at m C O : Cy(m) = a,(&)¢¥/2N(m)1/?

v

Rankin-Selberg L-function:

Lfog,s)=cies) 3 ©

mCOFr



Main Theorem

7~

Theorem (Hamieh, T., 2020)

Letk; =0 mod 2. For any fixed g € MNk(n), there exists
an absolute constant ¢ > 1 such that

1

K Tik
> =
og°k ~ og”(I1K)

» max{k;j} — oo while min{k;} > M for sufficiently large M



Main Theorem

Theorem (Hamieh, T., 2020)

Let ki =0 mod 2. For any fixed g € MNk(n), there exists
an absolute constant ¢ > 1 such that

#{fel‘lk(OF) : L(f@g,%) 750}>>|Og—ck

» (Liu-Masri, 2014) Let F be a totally real number field of
degree n and narrow class number 1. For any fixed
g € Mk(OF) with k being even parallel weight, we have

#{fe Mk(OF) : L<f®g,;> ;Ao} > k1€



|dea of the Proof
» Find a lower bound for the first moment:

= Lesd)

fel‘lk((’),.—

» Find an upper bound for the second moment:
oL (f@g 1)
2
feN(OF)
» Cauchy-Schwarz inequality:

= Jioos)

fEHK(OF

2

IN

= o) (3]

feNk(OF) Mk(Or
L(tg,1/2)70




Twisted First Moment

We consider twisted first moment:

1 r(k—1
Z L (f ®dJ, 2> ws where ws = 2(1;[1)( J 1/2) ‘
feny(OF) (4m) == D]de[1/2 (£,1),

» approximate functional equation

» Petersson trace formula



Approximate Functional Equation

au

I(s,X) = ! / XNf®g,s+ u)G(u)—
27i Jiap2) u

with a “nice” function G(u).

NE®g,s)=I(s,X)+1(1—-s X"

by ( f®g 4% m
> /(3, X) = (o%n)sL (f®g,3); ( D%_—ﬂ )

where

> bp(feg) =) |ai(n)
2|m N(m)= m/o/2

L autstees i
SRl R v v



Approximate Functional Equation

Proposition

1 br(feg),, 4"m2"m
L(f®g,§)—22 e Ve <—N(D%n)

Z L(f@g,%)wf

feNg(OF)
aq(n) Vi (4” 2”N(m)d2) S Gl

2
N(o%n) €Nk (OF)

2y s



Petersson Trace Formula (Trotabas, 2011)

Let k € 2Z7,, and let a,b be fractional ideals of F. If

acaland g e b, we have

> Ci(aa)Ci(Bb)ws + (Oldforms) = H aa—py

feNk(q)
L Z K/(e()z,a;,é’,b;C,c)Jk_1 47y/eaBlabe2]
. N(cx) Ic|
c ~a
cec "\{0}
e€OFT/OF®

» m: integral ideal of F = m = ¢a, with 0 < ¢ € o
> Jk—1(X) = [T Jig-1(x))



Twisted First Moment

1 2C
oL (f ® g, 2> wt = 2M(k) + WEg(k),

feN,(OF)

where -

aq(n) 4" rend

M(k) = 1/2 ( ) ,
dz_; d N(92n)

and

Cq(8ay 4" 2”N 5 v)
Eg(k) = Z Z g((ga )) ( : )

{av} ee(ay)r/0rt v

CZNCIV

cec"\{0}
c€OET/OF2

KI(€, au; 1, OF; ¢, ¢) 4myfeg [ayc?]
g mason, <c.



Main Term for the First Moment

32y, , (YN

o N(o%n)

:i G(u (4nﬂ2nN(P))_u Lo(f®g,1/2+u)
2mi J@/2) N(2%n) [.(fog,1/2)

_ Res ((“w”N(p))” Lo(feg,1/2+ u) GU)CR(2u + 1))

d
CH2u+1) 7”

u=0

N(v%n) L.(fog,1/2) U

1 47 Np)\ " Lu(f@,1/2+0) o du
+27T"/(—1/4)< N(o%n) ) Lo(fog,1/2) Gu)Cp(u+1) -

[ M(k) = Clogk + O(1) ]




Some tools for Error Term Computations
» (Weil bound)
|KI(a, m; 8, m; 7, ¢)| < N(((c)n, (B)m, (7)e))'27((v)e)N(ve) '/
where 7((7)¢) = [{/ € O : (y)el™" C OF}|

v

X M—6
JV(X)<<(2(V—|—1)> 0§5<1and5<M§V

> J(X) < x 2" 0<w<1/2

(Luo) > JJ Iml" <ocand > [ Iml* <o

neOF™ Injl<1 neO;T |nj|>1

v

v

Opening up Ki(x) and Jx_1(*)

Eq(k) = o(1)




Lower Bound for the First Moment

> Z L (f@g,;) wi = Clogk + O(1)
1Ny (OF)
[1r (K —1) - logk
(4m)=5~1)|de[ /2 (£, £) o, k
_[0F - 07T (K)
" Mo = TR (@my
> Re1s L(fof, s) > (logk)™" (Hoffstein-Lockhart 1994,
sS=
Goldfeld-Hoffstein-Lieman 1994)

ow:

Re1s Lf®f,s) (Shimura 1978)
S—=

Proposition

Z ’L(f@g,%)‘ > Kk

e« (OF)




Second Moment

1

/S,X = —
( 2mi (3/2)

XUN2(f® g, s+ u)G(u)d—i




Second Moment Unfolding Method (Blomer 2012)

yS
’EV(Z,S):: Z mforl/:1,,hF
(c.d)0%

(c,d)ea,ndpxOF
» Vvi=(vq,..., Vp) with
v, = V(2,8) := N(a,)°9,(2)E.(2, S)
» Interpret |v(z, 1/2)\\2 in two different ways:
vz, 92 = vau z,5)|?

hF

T~ 1 .
=X T o Y 002

1
2> 2 3 H H
2. |v(z,9)| > E ) f>|<v(z,s),f>| (Bessel’s inequality)
feNg(OF)



Second Moment Unfolding Method (Blomer, 2012)

1. [v(z,1/2)]? < (47r)—kr (k +1/log k) (log k)°

2. |v(z,1/2)2 > 1/2 Z’ <f®g ) (log k)~
, Proposition
1 2
> L(f@g,§) < klog®k
feNx(OF)




Completing the Proof

1/2
5 1/2
]
k 1
< > ( > ‘L<f®9,2> )
feN,(OF) €M, (OF)
L(t0g,1/2)£0
1/2
< S 1| (klogek)'?
feMy(OF)

L(feg,1/2)#0

Theorem

k
For gc nk(l‘l), Z 1> |O—Ck
fen,(OF) g
L(feg,1/2)#0




More Questions...

» weight aspect with k # 1?
» level aspect?

» improving the current bound?



More Questions...

» weight aspect with k # 1?
» level aspect?

» improving the current bound?



Recall

Lau-Tsang (2005): There is a positive absolute constant C
such that there are at least Ck/ log? k newforms f € Sx(SL»(Z))
for which L(f, %) #0,as k — oo with k =0 mod 4.

Luo (2015): There is a positive absolute constant C such that
there are at least Ck newforms f € Sx(SLo(Z)) for which

L(f, %) # 0, as k — oo with k =0 mod 4 (a positive proportion
result).



Mollification Method

1
> L(199.5) Moy
feNy(OF)

1/4

< Z 1 (Z wfz)

feN(OF) feNk(OF)
L(feg,1/2)#0

1/2
1
X ( Z L2 (f@g7 2) Mf2®gwf)
feN,(OF)

1/4

1/2
1 2 E 2 1 2
feNg(OF) feNy(OF)
L(f®g,1/2)#0



Mollifier

The mollifier Mieg is defined as

Ci(m)Cg(m)p(m) P
Mizg = Z 1/2 ’
O N(m)!/
where
log? (k% /N(m))—log?(k%/2 /N
y O ENm) Zeg (RENM) - N(m) < k72
_ log2( k% /N
Po= |yl ) KO/2 < N(m) < K
0 N(m) > k9.

with a fixed § € (0, 1).



Mollified First Moment

1
Z L (f ®g, 2) Mg gt

fel‘lk(OF)
Cg(m Cq(n)pe(n) Py
=2 Z Z m)1/2N(n)1/2
mCOF nCOF
aq(c) <4” 72"N( m)d2>
x 2 > Gi(m
d; d : N(02 c) feNk(OF)

1
> (1085 Moge

feMk(OF)

CE(2) 1
=¥ (O)F»’ess 1i(9®9 s) O(IogAk)




Mollified Second Moment

1
G <f®g, 5) M2, geor

fen,(OF)
1 Agla,m)Vy , ((2W)4”N(a2m))
= ! W1 2 >~ 7 2 0 7
% N(ab) mz N(mn)72 N(02c)2
N(b)<k®

x 3 Gilm)Ciln)er

e (OF)

CE(2)?
Resi_1L(g®©g,s)

1
DL (f ®g, 5) M2, gt ~ 12(0)

My (OF)




Thank you!



