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Main theorem (lbukiyama’s conjecture)

For any integer kK > 3 and even integer j > 0, there exists an isomorphism

P Sli%)j(l'o(4)7 (_1>) = Sj13,2k—6(SP4(Z))

such that if F € sj_lj(r0(4), (=1)) is a Hecke eigenform, then so is
27
p(F) € Sj43.2k—6(Sp4(Z)), and they satisfy

L(s, F) = L(s, p(F), spin).

Tools
® Arthur's multiplicity formula for SOs
® Gan-Ichino’s multiplicity formula for Mp,

® Jacobi forms and Jacobi groups
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Sketch

Sj+3.2k-6(SPa(Z)) ~~~> L33, (SO5(Q)\ SOs(Ag)) < (A-parameters)

|
|
|
Se_ 1 (No(®), (54)) L315c(SP4(Q)\ Mp4(Ag)) <— (A-parameters)

lz

{ Jacobi cusp form } ~~—> Ldlsc(spi(Q)\ SPZ(AQ))

Remarks:
® We have an accidental isomorphism PGSp, = SOs;
® The A-parameters for Mp, are the same as those for SOs.
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Integral weight Siegel cusp forms 1

* 9, ={Z=X+iYeM,(C)| X=X, Y="Y>0}
GSpy, = { & € Glan | 'gJng = v(g)Jn, v(g) € GL1 }, Spy, = ker(v)
GSp3,(R) = { g € GSpo,(R) | v(g) >0} ~ 94, J(g,Z) = CZ+D
(ABY, (0 L
“&={c » ~1, 0
(Sym;, V;) : the symmetric tensor rep. of degree j of GL2(C)
[fle&] (Z) = v(g)+* det(J(g, 2))~* Sym;(J(g. 2)) " f(g2)

< f: 9 — V;, g €GSpf(R)
» (k,j) means the weight det* Sym;.

Skj(SPa(Z)) ={f : 92— Vj | flejv =f, Vv € Spys(Z), holom., cusp }
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Integral weight Siegel cusp forms 2

fe Sk7j(Sp4(7Z,)), m & Z>0
® X(m) = {x € Maty(Z) N GSp; (R) | v(x) = m}
® Hecke operators

FligT(m)=m33 N g
8ESP4(Z)\X(m)

f : Hecke eigenform

~~ the spinor L-function

L(s, f,spin) = H L(s, f,spin),
p
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Half-integral weight Siegel cusp forms 1

GSpj; (R) : the 4-fold covering group of GSp; (R):
* { (g.6(2)) € GSp{(R) x Hol(9,C) | 9(2)" = “e:2” |
* (81,91(2)) (&2, 92(2)) = (8182, $1(822)$2(2))

0(2) = rer e(*xZx), Z € 9y, e(z) = exp(2miz)

® an embedding [o(4) — GSp; (R), v —~ (% 09((722)))

(_Tl) = (g@p): (? g) €To(4)

7=
[Flesi(8.0(2)] (2) = v(g)*6(2) 2+ Sym,(U(g. 2)) *F(g2)

< F: 9=V, (g, (Z))EGSW( )

1,00, () =

-1
{ F:$ =V, F|k,,’ﬂ = (7> F, ¥y €To(4), holom., cusp }
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Half-integral weight Siegel cusp forms 2

Fe Sk—%,j(r0(4)v (;1))
® Fourier series expansion F(Z) ="+ A(T)e(tr(TZ))
® T runs over positive definite half-integral symmetric matrices of
degree 2.

5;:%,1'“0(4)7 (1)) : the set of F € Sk_%7j(ro(4), (=%)) such that
A(T) =0 unless T = (—=1)*rtr mod 4 for some r € Z?
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Half-integral weight Siegel cusp forms 3

Hecke operators at odd prime p # 2

1
o K.(p?) = pts =0,1,2.
(p) p21275 y S P
pls
® To(4)(Ks(p?), p'~2)M0(4) = L, To(4)&.c in GSpy (R)
© Fleoy TolP) = X0 (52) Fly e Box = (8o0%)
~> the Euler p-factor L(s, F),

2 is a bad prime for [o(4).
We use Jacobi forms to define T4(2) and L(s, F)s.

Last
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Holomorphic and skew-holomorphic Jacobi cusp forms 1

® the Jacobi group Spi = Spy XHa C Spg

1
. A B A B
< an embedding Sp, — Spg, (C D) — 1
C D
<« the Heisenberg group
1 A &k u
1
He = ([\pl,k) = 0 € Spg
-2 1
hol,cusp __
Ty =
J
{ FifxC2 sV ’ FIicyy = F.¥y € SpA(Z),  holom., cusp }
skew,cusp __
J (k) o

{ F:$xC?> =V, ' F|S}j‘j‘§’7 = F,Vv € SpJ(Z), skew-holom., cusp }
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Holomorphic and skew-holomorphic Jacobi cusp forms 2

Slash operators
® For ([A, u), k) € Ha(R) and F : $ x C2 — V,

FIES I 1 1] (Z,w) = [FIES (O 1 1)] (2, w)
=e("AZN+2Mw + A+ K)F(Z,w + ZX + p)
® For g € GSp; (R) and F : §, x C% — V;,

(Flihe] (2. w) = vig)*He(~wi(g. 2) " Cw)
x det(J(g, 2)) " Sym;(J(g, 2)) " F(Z,v(g)? U(g, 2) ')
Flikye] (Zw) = v(g)*be(~"wi(g, 2)7 Cw)
|det J(g,Z
(

det J g:Z))|det (g, 2)"*Sym;(J(g. 2)) " F(gZ,v(g)? J(g, Z)"'w)
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Holomorphic and skew-holomorphic Jacobi cusp forms 3

F:9,xC2— V; is skew-holomorphic.

iy F(Z,w) is holomorphic in w € C? and real analytic in the real part X
and imaginary part Y of Z € $s.

Cusp condition

h S . .
e Fc J(koj.’)cubp has a Fourier expansion

F(Zw)= > AN, r)e(tr(NZ) + rw)

(N,r)eL; x7?
AN—r®r>0

k : .
e Fc S5 °"P has a Fourier expansion

(k)
1 H t t
F(Zw)= > A(N,r)e(tr(NZ - SN = r'r)Y))e("rw)
(N,r)eL; x7?
AN—r'r<0

<« L5 : the set of all half-integral symmetric matrices
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Holomorphic and skew-holomorphic Jacobi cusp forms 4

Hecke operators at any prime p including 2
1275

* Ki(p?) = PLs I , (s =0,1,2) : as before
pls

® Spy(Z)Ks(p?) SPa(Z) = L Sp4(Z)gs,¢

° F|Z(k7j) T(p) = Z,\,Me(z/pz)Z Dot F‘?k,j)gs,tm,j)([)‘a/‘],O)

< Fe J(*k’i.‘)‘sp, * = hol, skew
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Half-integral weight Siegel cusp forms 4

Theorem (Ibukiyama et al.)

There exists a linear isomorphism

hol k odd
skew k even

cus =~ =
oSGyt — 5,:%’1-“0(4), <'>), * = {
such that
—1\°
il T240) = 2 (=) (Pl Tl

for any odd prime p.

~ T4(2) on 5;_%7j(l'0(4), (%))

~~ Euler 2-factor L(s, F), and L-function L(s, F) =[], L(s, F),
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Main theorem (again)

Main theorem (lbukiyama’s conjecture)

For any integer k > 3 and even integer j > 0, there exists an isomorphism

p: 5;’_%)1.(%(4), (_1>) = Sj13,2k—6(SP4(2))

such that if F € Sj_lj(r0(4), (=1)) is a Hecke eigenform, then so is
20
p(F) € Sj13,2k—6(Sp4(Z)), and they satisfy

L(s, F) = L(s, p(F), spin).
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A-parameters
The notion of elliptic A-parameters for SOs and for Mp, are the same.
An elliptic A-parameter for SOs or Mp, is a formal direct sum

¢ =P ¢i R Sy,

where
® ¢; : an irr. self-dual cuspidal automorphic rep. of GL,,(Ag);
Sy @ the irr. d-dimensional rep. of SL,(C);
d; : odd = ¢; : symplectic;
d; : even = ¢; : orthogonal;
i #j = (i, di) # (¢, d)):;
> nidi = 4.

The localization at a place v (of Q)

= @¢i,v X Sd/. : LQV X SLz(C) — Sp4((C)

< ¢;, is identified with its [-parameter, via the LLC for GL,.
< Lg, : the Langlands group of Q,
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A-parameters (explicit)

The A-parameter ¢ for SOs or Mp, is one of the following forms.

(1) ¢=xX S
(2) p=xHS BN KS,
(3) p=0XS,
(4) ¢=xHSOuKRS
(5) p=pRS &P XS
6) p=7KS

< x, X’ : quadratic characters of Q*\A*

<« o : an irr. cuspidal orthogonal autom. rep. of GL2(Ag)
<« p, ' ¢ irr. cuspidal symplectic autom. rep.s of GL(Ag)
<« 7 : an irr. cuspidal symplectic autom. rep. of GL4(Ag)

Last
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Multiplicity formula for SOsg
For an elliptic A-parameter ¢ = P, ¢; X Sy,
® The global component group S, = @,(Z/2Z)a;
® The local component group Sy, = mo[Cent(im(¢y ), Sps(C))]
~ Sg = Sp,,and A Sy — Sy a =111, Se,

Multiplicity formula for SOs (Arthur)

For the split SOs, Arthur gave a character ¢, € §¢ and finite sets
Mg, (SOs) = { @, ‘ N € §¢V } of semisimple representations of
SOs(Qy) of finite length indexed by characters of Sy, such that

LﬁiSC(SO5(Q)\SO5(AQ @ @ Nyoy, op = Qyoy,,

n€5¢ A

L
0, otherwise.

if noA =
where nn = ®,n, and n, = { e 2
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The metaplectic group Mp,

The metaplectic group Mp, is the nontrivial 2-fold covering group of Sp,.
(It is not an algebraic group.)
e 1 {£1} > Mp,(Q,) — Sps(Q,) — 1
» a canonical splitting Sp,(Z,) — Mp,(Q,) for p # 2,00
~~ the notion of spherical representations for p # 2
® 1 — {£1} —» Mp,(Ag) — Sp.(Ag) — 1
» a canonical splitting Sp,(Q) < Mp,(Ag)
~~ the notion of automorphic forms ¢ : Sp,(Q)\ Mp,(Ag) — C

® A representation of Mp, is said to be genuine if it does not factor
through the covering group Mp, — Sp,.

e [2 (Mp,) : the genuine discrete spectrum of L?(Sp,(Q)\ Mp,(Ag))

disc
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Multiplicity formula for Mp,

® Recall S¢, 5¢V, and A : S¢ — 5¢>,A = HV 5¢V.
® Fix an additive character ¢ : Q\Ag — Cl s.t. 9 =e.

Multiplicity formula for Mp, (Gan-Ichino)

Gan-Ichino gave a character €, € §¢ and finite sets (dependent on %, )
Mg, ., (Mpy) = {’R’nwwv ‘ Ny € §¢V } of semisimple representations of
Mp,(Q,) of finite length indexed by characters of Sy, such that

Liisc(Mp,) = @ @ My T,y T = Qv 1y
¢ ’I’]E§¢,A

h 1, ifnoA =%¢y,
where m,, =
K 0, otherwise.
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Sketch (again)

Sj+3,2k—6(SP4(Z)) ~~—~= 13,..(SOs5(Q)\ SOs5(Ag)) < (A-parameters)

|
|
|
k_, (Fo(4), (= )) L2, .(Mp,) <——— (A-parameters)

ln

TGP~ 3, (SPF(Q)\ SP2(Ag))
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Sj+32k-6(SPa(Z)) ~ Liiio(SOs(Q)\ SOs(Aq))

® f€5ii32-6(Sps(Z)) : a Hecke eigenform

v ®r(g) = [flj+32-68](i12), for g = 7guck € GSps(Aq)
< strong approximation GSp,(Ag) = GSp,(Q) GSp; (R) GSp,(Z)
<« level Sp,(Z)

v oru(g) = (v, Pr(g)), for ve Vi ¢

7¢ @ an irr. cuspidal autom. rep. of PGSp,(Aqg) = SOs(Ag)

> Tf oo : holom. d.s. w/ lowest K-type (k — 3, k + j)
» 7rp o spherical (unramified) w/ same Satake parameter as f, for all p

$

~ ¢ : the A-parameter of ¢ (Arthur's multiplicity formula)

At the Last
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Si+32k—6(Sp4(Z)) <— (A-parameters)

Lemma (essentially by Chenevier-Lannes)

We have ¢f = 7+ X S5,

37 ¢ an irr. symplectic cuspidal autom. rep. of GL4(Ag) s.t.
L(s, f,spin) = L(s —j — k + 3,7¢) and 7f,co = Dyy;_3 ® Dy_s.
Moreover, Cf — 7¢ is a bijection between

{1-dim’l Hecke eigenspace in Sjy32k—6(Sp4(Z))} and

{irr. symp. cusp. autom. rep. of GL4 that is unramified at any p and
Dk+j—3 EB'Dk_% at OO}

2

<D, = Indwﬁ(reie s g2iad)

*.") Rule out other possibilities by using the conditions:
Tf,.00 : holom. d.s. w/ lowest K-type (k — 3, k + )
7f,p . unramified w/ same Satake parameter as f, for all p
j @ even

For the last assertion, do the converse.
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Sketch (again)

Sj+3,2k—6(SP4(Z)) ~~—~= 13,..(SOs5(Q)\ SOs5(Ag)) < (A-parameters)

|
|
|
k_, (Fo(4), (= )) L2, .(Mp,) <——— (A-parameters)

ln

TGP~ 3, (SPF(Q)\ SP2(Ag))

Last
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Si13 2k—6(5p4(2)) side
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* Fe J(*/;j‘;Sp . a Hecke eigenform, F' = o(F) € .'5:_%7].0_0(4)7 (=)

~ Pp(g) = [FI; j8x](i12,0), for g = Y80k € Spi(Ag)
< strong approximation Sp;(Ag) = Sp7(Q) Sp2(R) Sp3(7Z)
<« level Sp;(Z)

~ pF.(g) = (v, Pe(g)), for v e V)Y

an irr. cuspidal autom. rep. of Spj(Ag)

> TFoo : d.s. w/ a specific lowest K-type
» 7F,p : spherical (unramified) w/ same Satake parameter as F, Vp

» The center of Sp; is Z = {([0,0], z) € Ha} = G..
7F has the central character ¢ : Q\Ag — C' w/ 9o = e.

dM(Sp4( )\Spi(AQ))w : the max. subspace on which Z(Ag)
acts by .

~r TR L

At the
00

Last
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dM(SP4( A\ 5P4(A@))w ¢ LG (Mpy) 1

® 75y @ the Schrodinger rep. of Hy(Ag) w/ cent. char. v
® w, : the Weil rep. of Mp,(Ag) rel. to ¢
~» Tsw,y ¢ the Schrodinger-Weil rep. of Mp,(Ag) X Ha(Ag)
® The Stone-von Neumann theorem gives the following fact.

c -1 p
Introduction T licity formulac ; s ok—6(SPa(2)) side st (fo@), (=2)) side

Proposition (essentially by Berndt-Schmidt)

For any irr. subrep. ' C LdlSC(Mp4),

we have an irr. subrep. 7 =1’ @ wsw.¢ C L3..(Spa(Q)\ Spa(Ag))y-

This is a bijective correspondence.

® Similar bijective correspondences exist over local fields.

- compatible with the global correspondence:

7= ®7r‘/, S>r=1"QTsw,y = ®(7r<, ® TSW 4, )

v v

At the

Last
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Laise (SP1(Q)\ SPa(A))y +— Liie(Mpy) 2

® mF C L3ie(SPa(Q)\Spi(Ag))y ~ f C L3ic(Mpy)

(k+j—3 k=1 % = hol
(—k+3,—k—j+3) *=skew
» mr , ‘The followings can be seen. Note that 7r , = g , ® Tsw vy,

> Tk o ds., w/ lowest K-type {

Proposition

Tk , is spherical, and hence unramified for p # 2.

) If p # 2, then w5y 4, is spherical. O

Last
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dlsc(Sp4( )\ SPa(Ag))y +— Li(Mpy) 2

Proposition

7r;_-)p is unramified for any prime p including 2.

) Intertwining operators for Sp;(Q,) and Mp,(Q,) are compatible with
the correspondence 7 , — TF p = Mg , @ Tsw -

(a std. module of Sp3(Q,)) <—— (a std. module of Mp,(Q,))
\Lintertwining op. lintertwining op.

(an unram. rep. of Sp;(Q,)) <— (an unram. rep. of Mp,(Q,))

~+ ¢f : the A-parameter of 7 (Gan-Ichino's multiplicity formula)

stement  Multiplicity formulae 5i43,2% [(Spa(7) side ST (@), (ZL))side  Acthe
00 doo 00

Last
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1 ,cus
Fre sy, (o). () e Fe

~ TE C Lﬁlqc(spi(Q)\Spi(A@))’lﬁ — 7T;_— - L(zlisc(Mp4) ~ (bF

Lemma

We have ¢ = 7 X S,
37 @ an irr. symplectic cuspidal autom. rep. of GL4(Ag) s.t.
L(s,F)=L(s—j—k+32,7F) and ¢ o = Dyij 3 @Dy _s.

Moreover, CF’ — 7¢ is a bijection between
{1-dim’l Hecke eigenspace in 5;11 (To(4), (%))} and

24
{irr. symp. cusp. autom. rep. of GL4 that is unramified at any p and

,Dk{,',% EB'D,(7% at OO}

"'} Rule out other possibilities by using the local information on 7f
(and that j is even).
For the last assertion, do the converse.
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Sketch (again)

Sj+3,2k—6(SP4(Z)) ~~~> L3, (SO5(Q)\ SOs(Ag)) <— (A-parameters)

|
|
|

S_1,(To(4), (1)) L3

k=34 disc(Mpg) =<———— (A-parameters)
] |
)™ e e (5P (Q)\ Spr (Ag))u
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At the last

F € 5:—%,j(r0(4)7 (;1)) ~ SOF € TF - LdlSC(Mp4)
e level ['g(4) ~» NOT Sp,(Zy)-invariant

® There does not exist the notion of spherical representations of

Mp,(Q2).

|
L

mC LdlSC(Mp4) ~ F € Skf—J(r (4)’( . ))
e difficult to see F; € 5,:1_].( o(4), (31))

4), ( —l )) side

At the Last
oe
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