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Motivations:

Special values of L-functions

We want to generalize

5 <k ; 2) ﬁ_j_lpc(j T DLG+L ) hajyg € K;[X, Y],

ES
0<j<k—2 Qf
where

o f= Za(n, f)q" : elliptic newform of weight k.

°

° ({ (n, ) | n € N}) : Hecke field of f. K/Q : finite.
° ( 1,0<j<k-2

° ij € (CX/KfX : canonical periods for f.
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. Motivations: :
Special values of L-functions

© The polynomial can be understood as the Mellin transform of the
image §(f) = f(2)(X — 2Y)¥~2dz of f via the Eichler-Shimura map
over periods.

@ Assuming p is odd, we can refines the definitions of periods ij
depending only on f,p and p-adic units, so that we can discuss the
integrality on L-values.

© The binomial coefficients in the formula is important for the proof of
Kummer congruences of L-values, i. e. a construction of p-adic
L-function (Mazur-Tate-Teitelbaum).

@ d generalizations to GL,+1 x GL,, due to
o (Algebraicity) Mazur-Kazhdan-Schmidt, Kasten-Schmidt,
Raghuram-Shahidi, Raghuram
e (p-adic L-functions) Mazur-Kazhdan-Schmidt, Januszewski

v
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Motivations:

Coates-Perrin-Riou’s ocnjecture

p : prime number. Fix C = C,,.

M : pure motives over Q of good ordinary at p.

Suppose that Tate motive is not a direct summand of M.

K : sufficiently large finite extension of Q,, O: the ring of integer of K.
ppee C C : the group of p-power roots of unity.

¢ : Q*\Qx — C*: algebraic Hecke character satisfying
@ the conductor ¢(¢) of ¢ is p-power;
@ L(0, M(¢)) is a critical value (M(¢) is the twist of M by ¢).

—

¢ Gal(Q(up=)) — C; : the p-adic avatar of ¢  (e.g. ecye = | - [A).
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Motivations: .
Coates-Perrin-Riou’s conjecture

Conjecture (Coates-Perrin-Riou “Existence of p-adic L-functions” )

There should exist .Z,(M) € A := O[[Gal(Q(up~)/Q)]] such that for
each algebraic Hecke character ¢ : Q*\Q, — C* satisfying the

proceeding conditions, we have

B (M) = Ex(M@)E M) g,

where
o £(M(¢)) is the modified Euler factor at .

@ Q(M) is the period of M, which is a product of Deligne's ¢t (M)
and a power of 7.

We sometimes use a substitute of Deligne's periods for constructions of
p-adic L-functions. (e.g. canonical periods.)
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Motivations:

Cohomological cusp. autom. rep. of GL,

7™ coh. cusp. autom. rep. of GL,(Qa).
Wgr =C* U (C*j) : Weil group of R.
Define 1 (resp. 2)-dim. rep ¢J (resp. ¢,,;) of W to be
odi(2) = (22", &) = (-1,
c l
06uu(2) = (229 (“ {f) . /SC);> C bull) = ((1) = ) .
(n)

N[~

Then the Langlands parameter of o’ is given by
Db (n = 2m : even)
51 17,( )T,rii with Zgn) S s lgg)
Gy D BiZ1 & o (0 =2m +1: odd)

Normalize v = (—lgn) +n-—1)/2.
Suppose that (71 7(") satisfies the following interlace condition:
N N N A A (O s
M[x(™] : (conjectural) motive attached to (™) (Clozel).
L(s, M[x™]) = L(s — ”T_l,w(")).
M = M[x" D] x M[x(™)],
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Motivations:

p-adic Rankin-Selberg L-functions

¢ : Q*\Q, — C* : algebraic Hecke character as above.
Write the infty type of ¢ as 22 (m € Z).

Theorem (Januszewski “p-adic L-functions for GL,,,; x GL,,” )

For m € Z as above, there exists fp(m) (M) € O[[Gal(Q(p=)/Q)]] and a
“period” Q(M,m) such that, for each ¢ # | - |}, we have

L)(0, M(9))

LS M) = E( M) =g 5

RENEILS

| \

© The periods (M, m) depend on m. It is an inverse of a product of a
certain weighted sum of archimedean local integrals and
Raghuram-Shahidi's Whittaker periods.

@ It seems difficult to compare ‘Zp(m)(/\/l)'s for different m's. (Kummer
congruence. Januszewski (arXiv:1708.02616))

Q If ¢ =] |'}, the interpolation formula is not yet known.
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Motivations:

1st consequence of Main Theorem

3) GL3(R 2) ~
Wéo) = Insz,f((]R)) (Du7l3 X XV,(S)v ﬂ-go) = DVJ?'

(xws(w) = sgn(u)’[ul”, Dyi(tl2) = t(t € Roo), Dulsio@) = Df @Dy )
(Interlace condition) 0 < Iy < I3.

. 1 I3
W I =2 =241
e normalize 19 5 + 2,1/3 9 +

M = M[x®] x M[x?)] has the pure weight Iy + I3.
bii<m<ltln, (1
I3

L(m, M) is critical if and only if { 2
lo+1<m<ls, (%

Corollary

Suppose that n = 2. The 3 a period QF(7®) x 7(2)) € C* so that for
each ¢ # | - |'¥ as above,

H(LLM(M)) = Eco(M(8))Ep(M())

l
where 1 = (—1)"0+3

L(0, M(9))
QF (7@ x 7))’
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Motivations:

2nd consequence of Main Theorem

The period of Rankin-Selberg L-function is a product of (a refinement of)
Raghuram-Shahidi's Whittaker periods:

QF(r®) x 7®) = ) x 0,

Here Qi@) is the canonical periods of 7(2) from its definition.

A priori €2 _3) has no relation with the motives.

2nd corollary gives a motivic back ground on €)_3):

Suppose that Deligne’s conjecture for () (existence of motives,
algebraicity of critical values).

Then we have Q_s) = (277\/—1)%304'(/\/1)0_(/\/().

The proofs are done by a PRECISE formula for L-values.
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© Modular symbol method
@ Raghuram-Shahidi's Whittaker periods
@ Main theorem
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Modular symbol method:Raghuram-Shahidi's Whittaker periods

Field of rationality

(Field of rationality)

Q(7(™) : field of rationality of 7(™, i. e., the fixed subfield of C under
{o € Aut(C) | oz = 7z} (Q(#(™)/Q: finite).

E = Q( (n+1) (n))

(Rationality on (g, K') cohomology) (g = g!,,(R), K, = R*SO,(R))

Y = GL,(Q)\GLa(Qa)/R*SO,(R)K

V¢’ contragredient of rep. of GL,(R) of highest wt &.

L{ : loc. sys. on Y,é:) assoc. with V.

7™ : coh. <= 3¢ st. H* (g, K; 7™ ®V£v) # 0.
Note that e H*(g,K ™ @ V) C HY(Y, ("),EZ).

-1

2 . (b3 =2,t3 =3).
VY defined over Q(z™) ~ H*(Y,", £Y) = H* (Y, LY)g(nm) ® C.
Define H (g, K; 7" @ ng)(@(ﬂ(n)) to be

H (g, K7 @ V) N H (Y, L) gmo).

obn_[4]<*<tn—b +[
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Modular symbol method:Raghuram-Shahidi's Whittaker periods

Whittaker periods

(Whittaker functions)
P Q\Qa — C* @ add. char. 1s(2) = exp(2my/—12).
W™, ) = W), Yoo) @ Wl ).
o € Aut(C) «— u, € Z* s.t. o(Y(2)) = P(usz) for Vo € Qf 4,
Define T, : W(r "), toin) = W( i\ thsn) by
T.W(g)=0c (W(diag(u;("_l), U T 1)9)).

(Raghuram-Shahidi’s Whittaker periods)
Fix w = w(nl), ) € H' (g, K H s ® VYY)[£] (1-dim.).

o W) ) = H' (g, K Hyo e @ Ve @ i) — H (V) LY).
Define Whittaker periods p’» (wéz),wgz), +) € C* to be

T T e )
= pbn (T(fg?l)? ng)v :l:) (an (97 K; 71—(”) & VV{V)Q(w(n)) [:l:]> .
Raghuram-Shahidi's Whittaker periods depend on the choice of wﬁ.ﬁ).
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Modular symbol method:Raghuram-Shahidi's Whittaker periods

Cup product pairing

Y = GL4(Q)\GLa(Qa)/SOn(R)K, 22 ¥,
t:GL, — GLpy1;9 — (g (1))
(Branching rule)

an+1(y}(crzl)7 L*Eg'/(n+1)) > L*p;+177£:(lj+11)) ’_) v pn+1777<:(Ln++11) € Ho1 (y;g;): L*ﬁg(n)(detm))
(Cup product)

U s HO (0, 1 L (det™)) x HY (VL)) — How1 0 (U, det™)
(Numerical coincidence) b, + b, = dim y,(gjf

— I(m, (D) 7)) .= ym,» Pn+177,(:(1:+11)) ,*17](781) € Eis “essentially”

given by the zeta-integral due to Jacquet-Piatetski-Shapiro-Shalika.
( “essentially” = arch. local integral includes the information of local systems.)
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Modular symbol method:Raghuram-Shahidi's Whittaker periods
Algebraicity of Rankin-Selberg L-functions

Theorem (Raghuram)

L (m, M(x(HD) x 7))

(D) D W L €F
p n+1( , Wi i)pbn(ﬂ-ﬁ » Woo 7i)

I(m, 7D 7)) = [ (m, n(0+D 7))«

sum of arch. loc. int.

© The study of the algebraicity is reduced to the study of I,,. Sun
(JAMS 2017) proved the non-vanishing of I,

@ Combining with Deligne's conjecture,
Too(m, 2™ 70y T(m, M(x®+D x 7))

pbrt1(m f(inﬂ) witD ,1)p bn(vrf(in),wéz),j:) Q" cH(M(n(mtD) x mln)))

However, A motivic explanation of each I, and p’ " (g (n ) wi ),i)

@ It's difficult to study the relation between I, (m, W&LJFU ("))

different m's. This is one of difficulties for the Kummer congruences
for p-adic Rankin-Selberg L-functions.
16 /30
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Modular symbol method:Main theorem

Statement

Write er[(n) = pbn (Tr{(i?,wég),i) for a “suitable” w..

Main Theorem ( Hara-N. (arXiv:2012.13213 ) )

Suppose that (—1)’”*‘”%3 = +1. Then
I I
T(m,2®, 2®) = (~1)} _1lg_m+1< 2-1 )( 51 > L(m, M)
m

AU

Qe Ve
If (_1)m+5+l73 # +1 holds, we have I(m,7r(3),7r(2)) = 0.

(Remark ...
S. Y. Chen (arXiv:2012.00625) independently proved




© Strategy
@ Sketch of proof of main theorem

@ Sketch of proof of corollaries
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Strategy:Sketch of proof of main theorem

Cohomological cusp. autom. forms on GL;

¢,‘§3 ® ¢us 15 - Langlands parameter of ﬂéi).
As={A=(N0)|AN€Z, AN>0,06 € Z/2Z}

Define an action 7-( ) of u € O3(R) on P € Clz1, 22, 23] 5 by
78 (W) P21, 22, 23) = (det w)° P((21, 22, 23)u).

_ (22 + 23 + 23)Clz1, 22, 23]a—2, (A >2),
Vy =

0, (otherwise).
V(3) (C[Zl, Z9, Zg])\/V)\
{vg = (£z1 +vV— zz)“z?’)\_“}o<#</\ . basis of V/\(?’).

The minimal O3(R)-type is 71, 41,5)- (A =13+ 1.)
Vf’) — T vf}f‘ — fi‘ﬂ en(0<pu<lz+1).
f= (fl;‘+1 flé‘ fi‘lsfl) . cusp form on GL3(Qa)
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Strategy:Sketch of proof of main theorem

Whittaker functions on GLy and GLj

(Normalization of f)

W)‘ Whittaker function attached to f>‘ (=l3—1<pu<lizg+1)
EL). V)ES) — )/\/(770o , Pso) 1 R*SO3(R)-homomorphism satisfying the

following explicit formula on the radial parts of Whittaker functions:

(2q 1= 2{129%25° € V)E3))

0P (2a) (diag(y19273, v2us, ys))

_ (_DalrazylyE yzyg s

/ / Dot 4 vs 4 235 SRt + v3 + a1)
t t1 Ir(ti + t2 + a1+ as)

xI'c <f2 -3 + ) Tr(t2 — vs + az)y; yy 2 dtqdts.

(Miyazaki (Manus. Math., 2009))
We normalize f:‘ so that the radial part of Wlf‘ is described as above.
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Strategy:Sketch of proof of main theorem

Description of (g, K') cohomology

H, ) e,  (8l3(R), K3)-module attached to . (K3 =R*SO3(R).)

™

H(gly(R), Ks; Hyo g, ® V') = (Ho0 g, ® IO (w3; €) @ N Py0) S0

A : integral domain of characteristic 0.

A[X,Y, Z; A, B, C),, of homogenous polynomials of degree w in each

variables X,Y, Z and A, B, C.

Define an action gﬁf) of GL3(A) on A[X,Y, Z; A, B,C],, as follows:
o) (g)P(X,Y, Z; A, B,C) = (det g)"P((X, Y, Z)g; (4, B,C)lg ).

2 2 2
o = 5im7 + 555 + 3550 - AIX. Y, Z; A, B,Cly — A[X,Y, Z; A, B,Cly1.

LO) (w; A) := Kerty,.
L®)(w; C) has the highest weight (2w, w,0).
V= LO(wy;C) for wy =% — 1.
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Strategy:Sketch of proof of main theorem

Eichler-Shimura map for GL3

Construct elements in (H, ) s, ® L&) (wx;C) @ \'Ps)5%®) (i =2,3)

™

(element in L®)(wy;C))

(X21 + Yo+ Z23)"* ® (Az1 + Bzg + Cz3)" (v:())s’é) e 0(3’5)>
= (v}, v¥_1 - v,)P(X,Y,Z,AB,C)
Then P(X,Y,Z, A, B,C) € Moy, 117(C[X,Y, Z; A, B, Cluy wy )-

(element in A" Pic)
P3¢ : the cpxif. of the complement of the fixed part of the Cartan
involution of gls(R).

Vih — N Py o8O — i (0< n<3).

(3,0)
y1(9)y2(9) yi(g9)r2(g9) x3(9) ,
Fix a coordinate g = 0 yi(9) z1(g9) | € Y,é;.
0 0 1
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Strategy:Sketch of proof of main theorem

Eichler-Shimura map for GL3

The section w;ﬂ(g) at g is given by the following formula:
G i=dy1, ¢ :=dy2, 3 :=dx1, ¢4 1= dwa, g5 1= dx3, g 1= G A G

2
"= (%21 90 S2-1 ©2-2 S0 S,-1 S1,—2 S0-1 S0,—2 S—1,-2)

2 2 _ 22
(w3(g) w_3(g)) = ¢*“(QQ°, where
1 1
0 2y1y2 0 0 0 T 2u1m2 0
0 U L 0
Y1Y2 2y1y2
0 - 2y;y12 01 0 01 - 2y:1/12 0
0 0 2%y 0 2%y 0 0
22+ *21y2 0 _ w2—5y/ ;1y2 0 _ x2+5v zlyz 0 12*\/*212/2
QQ _ 8y1y5 . 8y1y5 . 8y1y5 . 8y1y5
0 i 0 23 0 3 01
" 8y 0 8y193 0 8y193 0 T
V—=1za—yo 0 _ 3(V—lza+ty2) 0 3(v—lza—y2) 0 _ V-laotys
8193 8y193 8193 8y193
2 2 — 2 2
0 0 0 yV%yz 0 0 0
S 0 &= 0 Sv—} 0 =
8y1y3 8y1y3 8y1y3 8y1y3

We have a similar formula for 3-forms wz’_Lu. 23/30



Strategy:Sketch of proof of main theorem

Eichler-Shimura map for GL3

Then the image of f via the Eichler-Shimura map for GL3 is described as

wh

SO = (1 Ry - A)PXY.ZABO)| |,

i
W_3

which gives a class of Héusp(Y,éi),ﬁ(‘g) (wy; C)).

This is an analogue of Eichler-Shimura map for GLj :

3(f) = f(2)(X = 2Y)*2d.
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Strategy:Sketch of proof of main theorem

Branching rule

A : integral domain of characteristic 0 s.t. w € A*.
Foreach 0 < k,l <w = %3 —1,0<1<w] and P € LB (w; A), set
1 oFtp
P)(X)Y)=———=(X,Y,0;-Y, X,0).
(Vk‘,l )( Y ) k'l‘ azkacl( ) 70ﬂ 9 70)
Then V; defines the following GL2(.A)-equivariant map:

V = (Vioskicw : L8 (w; Ao, — @ L 2w -k - 1,1 4).
ke, l=0
Let (k?,l) = (lg —m,m — l2 — 1)"n,m = (l2 —1,m— l2 _ 1)
V™ = Vi : L(g)(w;A)’GLQ(A) . L(Q)(nm;.A).

Combining these descriptions with the explicit formula of the archimedean
zeta integral for GL3 x GLo due to Hirano-Ishii-Miyazaki (to appear in
Mem. of AMS), we obtain the formula for I(m,7®) x 7(?)).
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Strategy:Sketch of proof of corollaries

Yoshida's periods invariants for GL3

(The refinement of Januszewski’s interpolation formula)
Immediate from the main theorem.

(Period relation)
Main theorem and Deligne's conjecture imply S% ~o" m
By the interlace condition (0 < I3 < [3) and Yoshida's description of
periods of tensor product of motives, we observe
!
EM) ~g (2rV=1) 7 (MO (MOt (M @)
The modular symbol method for GLo and Deligne's conjecture imply

0, ~g EM[x@)).

Combining these, we obtain ) ~gx (2#\/—1)%C+(M[7T(3)])C_(M[?T(s)]).
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@ Further expectations
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Further expectations:Sketch of proof of corollaries
Yoshida's periods invariants for GL,,

Expectation (Ishii-Miyazaki (arXiv:2006.04095, base field is tot. imag.))
Ioo (m, w1 7(m)) ~0" Loo(m, M).

Yoshida (AJM, 2002) introduces certain period invariants c¢,(M)
(p=0,...,t) of M. (t:=1 of jumps to of the Hodge filt. co(M) = §(M).)
The interlace condition and Deligne's conjecture yields that

Expectation

(n) ;(n)
’L

=) TT ep(M[x™]) 1, (n : odd),
H {ci(./\/l[ﬂ(")}), (n : even).

This explains the motivic back ground of Raghuram-Shahidi's Whittaker
periods for GL,,.

Q () Qx (271'\/ )E”
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Further expectations:Sketch of proof of corollaries

Expectations in progress

We expect that the main theorem will be applied to the following problems.

@ The Kummer congruences for GL3 x GLo should be given.

@ The further study of ©_(3) might be interesting, since it is a product
of Deligne’s periods. For instances, refine the following works:
e (alg. of critical values for GL3) Raghuram-Sachdeva (Contrib.
Math. Comp. Sci., 2017).
e (p-adic L-functions for GL3) Mahnkopf (Compos. 2005).

© The motivic interpretation of the periods of 7("™) for the top degree
cohomology should be given. (Prasanna-Venkatesh
(arXiv:1609.06370), Balasubramanyam-Raghuram (AJM, 2017), S. Y.
Chen(arXiv:2012.00625)).

v
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Thank you for your attention.
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