ARITHMETICAL FUNCTIONALS AND WEAK KONIG’S
LEMMA
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ABSTRACT. By RCAg, we denote the system of recursive comprehension axioms
with E(l) induction. WKLy is RCAq plus weak K&nig’s lemma: every infinite tree
of sequences of 0’s and 1’s has an infinite path. In this paper, we first show that
for any countable model (M, S) of RCAq, there exists a countable model (M, S")
of WKL such that SN S’ consists of all A{ subsets of M. By sophisticating
this argument, we finally prove that if a functional is arithmetically definable
in WKLy, it is already so in RCAg. More precisely, it is shown that if WKLy
proves VaVX3!Yp(z, X,Y) with ¢ arithmetical, so does RCA.

1. INTRODUCTION

A celebrating metamathematical theorem due to L. Harrington asserts that
WKL, is conservative over RCAq for the arithmetical (in fact, II}) sentences. In
other words, if an arithmetical theorem can be obtained by some analytical meth-
ods involving the compactness argument over computable mathematics, it is already
provable without it. This result can be viewed as a computable analogue of the
Godel-Kreisel theorem on set theory, which asserts that if an arithmetical sentence
can be proved in ZF with the axiom of choice, it is already provable without it.

Then it is natural to think of extending Harrington’s conservation result to an-
alytical sentences, since the Gddel-Kreisel theorem has been extended to the X}
sentences by J. Shoenfield. However, it is obvious that WKL is not X1 conserva-
tive over RCAy, since an instance of weak Konig’s lemma is X}.

In this context, we claim that if WKLg proves VaVX 3 Y p(z, X,Y) with ¢ arith-
metical, so does RCAg. Note that 31X (X ) means that there exists a unique X
satisfying ¢(X). This claim answers a problem posed by the first author [9] and
attempted by some others [2], [10].

Let us see an application of our claim at first. The fundamental theorem of
algebra, which asserts that any complex polynomial of any positive degree has a zero
(or a unique non-void set of roots), can be stated in the form VoVX Y p(x, X,Y) by
using a canonical expression (i.e., the binary expansion) for the complex numbers.
Most of popular proofs of the theorem use some analytical methods which can be
easily formalized in WKLy but not in RCAg. However, by our conservation result, it
can be concluded without elaborating a computable solution that the fundamental
theorem of algebra is already provable in RCAg.

By contrast, take a look at the statement that any continuous real function on
the closed unit interval [0,1] has a maximum value. This sentence can not be
expressed in the form VaVX3Yp(z, X,Y) with ¢ arithmetical. The point is that
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we can not determine arithmetically whether or not a set encodes a total continuous
function in the terms of Simpson [8].

Now, we give rigorous definitions of the systems RCAg and WKLy. The lan-
guage Lo of second-order arithmetic is a two-sorted language with number vari-
ables z,y,2,... and set variables X,Y, Z,... Numerical terms are built up from
numerical variables and constant symbols 0,1 by means of binary operations +
and -. Atomic formulas are s = ¢, s < t and s € X, where s and ¢t are numeri-
cal terms. Bounded (X9 or II9) formulas are constructed from atomic formulas by
propositional connectives and bounded numerical quantifiers (Vx < t) and (3z < ¢),
where t does not contain z. A X9 formula is of the form Jz;Vzs...x,0 with 0
bounded, and a 1% formula is of the form Vz;3zs ...z,0 with 6 bounded. All the
0 and 9 formulas are the arithmetical (3} or II}) formulas. A X! formula is
of the form 3X;VX, ... X, ¢ with ¢ arithmetical, and a II. formula is of the form
VX13X, ... X, with ¢ arithmetical.

The system of RCAg consists of

1. the ordered semiring axioms for (w,+,-,0,1,<),
2. A comprehension scheme:

Vz(p(z) < P(z)) - IXVz(z € X © p(z)),

where p(z) is X9, 9(z) is 1, and X does not occur freely in ¢(z),
3. XY induction scheme:

9(0) AVz(p(z) = ¢(x +1)) = Vap(z),

where ¢(z) is a ¢ formula.

Within RCAg, we define 2<N to be the set of (codes for) finite sequences of 0’s and
1’s. A set T C 2<N is said to be a tree (or precisely 0-1 tree) if any initial segment
of a sequence in T is also in T'. A path through T is a function f : N — {0,1} such
that for each n, the sequence f[n] = (f(0), f(1),..., f(n — 1)) belongs to T'. The
axioms of WKL consists of those of RCAg plus weak Kénig’s lemma: every infinite
0-1 tree T has a path.

The interest of WKLy has been well established through an ongoing program,
called Reverse Mathematics. H. Friedman, S. G. Simpson and others have shown
that numerous well-known theorems in different fields of mathematics are provably
equivalent to WKL over RCAq [8].

An Ly-structure (M, S, +ar, a1, 0, Lar, <ar, €mxs) is simply denoted by (M, S)
throughout this paper. We also write M for an £y structure (M, + s, -, Onr, 1ag,
<um)- If M is the set (or structure) of standard natural numbers, an Ls-structure
(M, S) is called an w-structure or an w-model. In particular, w-models of WKL are
known as Scott systems and extensively studied by not a few people, e.g. Kaye [4].

In the next section, we prove that for any countable model (M, S) of RCAg, there
exists a countable model (M, S") of WKLg such that SN .S’ is the set of A? subsets
of M. This can be regarded as a non-w extension of Kreisel’s recursive hard core
theorem, which asserts that the intersection of all w-models of WKLy is the set of
recursive sets.

In section 3, we refine the argument for the non-w hard core theorem to show that
for any countable model M of the axioms of ordered semirings and ¢ induction,
there exist two countable models (M,S) and (M,S’) of WKLy such that S NS’
is the set of A subsets of M and in addition, (M,S U S’) = X¥ induction. The
last condition implies that there exists a third model (M,S"”) of WKLy such that



ARITHMETICAL FUNCTIONALS AND WEAK KONIG’S LEMMA 3

SUS' C §". To see how to use this fact, let us suppose that WKLq proves a sentence
AN X p(X) with ¢ arithmetical. Then both (M, S) and (M, S’) have a unique set X
satisfying ¢(X), and such unique sets must be identical (hence in AY), for otherwise
(M, S") has more than one set satisfying . Therefore, RCAg also proves ' X p(X).

2. A NON-w HARD CORE THEOREM

In this section, we first review the tree forcing argument originated by Jockusch-
Soare [3] and used by L.Harrington for his conservation result on WKLy. We then
reinforce this argument with some other machinery to prove that for any countable
model (M, S) of RCAy, there exists a countable model (M, S") of WKLg such that
SN S is the set of A subsets of M.

Let (M, S) be an Ly-structure. We say that X C M is A definable over (M, S),
denoted X € A9(S), if there exist a £ formula ¢ and a I19 formula 4 both with
parameters from M U S such that

X={meM:(M,S)Ep(m)}={meM:(M,S)k(m)}

We write AY for A9(D). It is easy to see that if (M,S) is a model of RCA,
A%(S) = S.

Lemma 1. Let (M,S) be an La-structure which satisfies the axioms of ordered
semirings and X9 induction. Then (M, A%(S)) is a model of RCA,.

Proof. See the proof of Lemma IX.1.8 [8]. O

We now define basic notions of the tree forcing. Let (M, S) be a model of RCA,.
Let 7s be the set of all T € S such that

(M,S) E T is an infinite 0-1 tree with no path.

Note that Ts = 0 if and only if (M, S) is a model of WKLy. We say that D C Tg
is dense if for each T' € Tg, there exists T' € D such that 7' C T. For a set D of
dense sets, P is said to be generic for D if for each set D € D, there exists T' € D
such that P is a path through T'.

Lemma 2. Let (M,S) be a countable model of RCAg, and D a countable set of
dense subsets of Ts. Then each T € Ts has a path generic for D.

Proof. It D= {D, :i € w} is a set of dense sets, we can easily construct a sequence
of trees T; (i € w) such that Ty = T,T;y1 C T; and T;,1 € D; for each ¢ € w. Then
a path P C (T; is what we want. O

Lemma 3. Let (M,S) be a model of RCAg. For any tree T € Tg, there exists a
path P through T such that (M,S U {P}) | £9 induction.

Proof. Let (M, S) be a model of RCAg. Since ¥ induction is provably equivalent
to bounded X9 comprehension (cf. Remark I1.3.11 [8]), it suffices to prove that
any tree T € Tg has a path P such that for each m € M, {n € M : n <y m
AM,SU{P}) E ¢(n,P)} € S, where ¢(z,X) is a X9 formula with parameters
from M U S.

Let {pc(z,X) : e € w} enumerate all the X{-formulas with parameters from
M U S and no free variables other than z and X. Without loss of generality, we
may assume that ¢.(z,X) is of the form Jyb.(z, X[y]) with .(x,s) € £, where
X[y] denotes the sequence (f(0), f(1),..., f(y—1)) with the characteristic function
fof X.
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For each e € w and m € M, let DY, be the set of all T € Ts such that for any

n <pr m, (M, S) satisfies either

1. Vs € T-0,(n, s), or

2. JwVs € T(lh(s) = w — Ty < wlh.(n, s[y]),
where 1h(s) denotes the length of sequence s, and s[y] is the initial subsequence
of s with the length y. Then it is not difficult to see that D, ’s are dense. (See
Lemma IX.2.4 [8].)

Let T € Ts be given. By Lemma 2, we can take a path P through T which is
generic for {Dg’m te €w,m € M}. Fix any e € w and m € M. Since P is generic,
there is a tree T" € Dg’m which has a path P. Then, it is easy to see

{neM:n<yymA(M,SU{P}) = p.(n,P)}

={neM:n<pymA(M,S)EIwVs € T'(Ih(s) = w — Ty < wh(n,s[y])}.
The set on the right-hand side belongs to S by bounded ¢ comprehension for
(M, S). Thus (M, S U {P}) also satisfies bounded ¢ comprehension. O

Lemma 4. Let (M,S) be a countable model of RCAq. For any infinite 0-1 tree
T € S, there exists a countable model (M,S") of RCAg such that S C S' and T has
a path in S'.

Proof. Tt is obvious from Lemmas 1 and 3. O

Lemma 5. Let (M,S) be a countable model of RCAg. Then there exists a countable
model (M,S") of WKLy such that S C S'.

Proof. Use Lemma, 4 repeatedly. O

Theorem 6. (L. Harrignton) For any IIi -sentence ¢, if ¢ is a theorem of WKLy,
then ¢ is already a theorem of RCAq. Especially, the first order part of WKLy is the
same as that of RCAy, i.e., IX1 (Peano arithmetic with induction restricted to the
0 L1-formulas).

Proof. Tt easily follows Lemma 5 by the help of Gédel’s completeness theorem. [
We now recall another important characterization of models of WKL,.

Theorem 7. There is a TI-formula ¥ (X,Y) with no free variables other than X
and Y such that for any model (M,S) of WKLo and for any A € S,

(1) there exists W € S such that (M, S) = (A, W), and

(2) if (M,S) = (A, W), then (M,{(W),:n € M}) EWKLg and A € {(W),
:n € M}, where W), ={k € M : (k,n) € W} for eachn € M.

Proof. See Lemma VII.2.9 [8]. O

The above theorem essentially says that WKLo proves the existence of a struc-
ture satisfying WKLo. We notice that this assertion does not conflict with Gédel’s
second incompleteness theorem, since the structure need not be equipped with the
satisfaction relation. Though the essence of the theorem is a kind of folklore, the
above particular statement is due to S. Simpson [8]. See also [4], [5] for other
accounts.

Since {(W), : n € M} is a proper subset of S in the theorem, it turns out
that there is no minimal model of WKLy with a fixed first order part M. Later in
this section, we will show that for a fixed M, the intersection of all such S’s that
(M, S) = WKLy is just AY. If M = w, this fact has been known as Kreisel’s hard
core theorem.
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Lemma 8. Let (M,S) be a countable model of RCAqg. Let T be a tree in Tg. Then,
for each A C M such that A € S, there exists a path P through T such that A is
not in A9(S U {P}) and that (M,S U {P}) E X9 induction.

Proof. Let (M,S) be a countable model of RCAg and A a subset of M such that
A ¢ S. Let {pe(x,X) : e € w} enumerates all the X9-formulas with parameters
from M U S and no free variables other than z and X.

We first claim that for each T € 75 and each pair (e,d) € w?, there exists a
path Z through T such that (M,{Z}) = XY induction and that (e,d) is not a
A9(S U {Z})-index of A, ie., A# {m: (M,SU{Z}) E pe(m,Z)} or A # {m :
(M= Su {Z}) 'Z _'(pd(mv Z)}

By way of contradiction, deny the claim. Then there exist a tree T € Tg and a
pair (e,d) € w? such that if Z is a path through T and (M, SU{Z}) = X9 induction,
then (e, d) is a A?(SU{Z})-index of A. By Lemma 5, we can construct a countable
model (M,S’) of WKLy such that S C S’. Then, for any path Z through T such
that Z € ',

meAe (M,SU{Z}) | ¢.(m,2)

& (M,S") E ¢e(m, 2).
Hence, we have

me A& (M,S") EVZ[Z is a path through T — ¢.(m, Z)].

Since “Z is a path through T” is expressed as a II{ formula, “Z is a path through
T — ¢e(m,Z)” is 9, and so the whole formula VZ[Z is a path through T —
©e(m, Z)] is logically equivalent in (M, S") to a £9 formula ' (m) (with parameters
from M US) by virtue of compactness of the Cantor space (cf. Lemma V.II1.2.4 [8]).
Since for any m € M, (M,S") = ¢'(m) if and only if (M,S) = ¢'(m), we finally
have
me A& (M,S)E¢(m).
Similarly, we have
m e A< (M,S") =3Z[Z is a path through T' A —~p4(m, Z)]},

and so by compactness, there exists a II{-formula 1’'(m) with parameters from
M U S such that

meAs (M,S) E ¢ (m).
Therefore, A is in A9(S), hence in S since (M,S) is a model of RCAg. This
contradicts with our assumption. Thus the claim is proved.

From now, we may assume that for each e € w, X{-formula @, (z, X) is of the
form 3y6,(z, X[y]) with 6.(z,s) € £J. For each (e,d) € w?, we define DZ; to be
the set of all T' € Tg such that one of the followings holds for some m € M:

Al. me AAN(M,S) EVs € T-8,(m,s),
A2. m g AN(M,S) E FwYs € T(lh(s) = w — Jy < wh.(m, s[y])),
A3. me AN(M,S) E JwYs € T(lh(s) = w — Fy < wlhy(m, s[y])),
Ad. m g AN(M,S) EVs € T-84(m,s).

To show that for each (e,d) € w?, Déd is dense, we choose any T' € Ts. By the
above claim, there exists a path Z through 7" and m € M such that one of the
following conditions holds:

BL. m € AA(M,SU{Z}) | Vy-8.(m, Z[y)),
B2. m ¢ AN (M,S U{Z}) |- 3yb.(m, Z[y)),
B3. me AN(M,SU{Z}) = Fybs(m, Z[y])

)
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B4d. m g AN(M,SU{Z}) = Vy—ba(m, Zy]).

First suppose that condition Bl holds. Let 7" = {s € T : V¢t C s—6,(z,t)}. Then,
T' € Ts,since T' € S and T' is an infinite subtree of T'. It is also clear that A1 holds
with T (instead of T"). Thus T" € Déd. Next suppose that condition B2 holds.
Take an initial segment ¢ of Z such that 6. (m,t). ThenT' ={se€T:sCtortC s}
clearly satisfies A2, hence T' € Déd. The other two cases can be treated similarly.
Hence, in any case, there exists a subtree 7" of T' such that 7" € Déd, which means
that Déd is dense.

Given a T € Ts, we take a path P through T which is generic for {D?,, : e €
w,m € M}U{DZ, : (e,d) € w?}, where D, ’s are the dense sets defined in the
proof of Lemma 3. Then, (M, SU{P}) satisfies £ induction by the proof of Lemma
3. By way of contradiction, we assume that A is in A9(S U {P}), that is, there
exist e and d such that

A={m:(M,SU{P}) | Fybe(z, Ply])} = {m : (M, SU{P}) |= Vy—ba(z, Ply])}.
Since P is generic, there exists T' € Déd with a path P. First suppose that
condition A1 of the definition of D2, holds for T". Then there exists m € A such
that (M,S U {P}) = Yy—b.(m, P[y]), since P C T'. This contradicts with the
above equation for A. Suppose that condition A2 holds for T'. Then there exists
m ¢ A such that (M,S U{P}) E Jyb.(m, Ply]), which is also absurd. Similarly,

conditions A3 and A4 lead to a contradiction. Thus, we have shown that A is not
in A9(S U {P}). This completes the proof. O

Lemma 9. Let (M,S) be a countable model of RCAg, and C a countable set of
subsets of M such that CNS = (. Then any tree T € Tg has a path P such that
CNAY(SU{P}) =0 and that (M,S U{P}) E X9 induction.

Proof. Let (M, S) and C be as in the above statement. We define dense sets DY,
and Déd as in the proofs of Lemmas 3 and 8. By Lemma 2, for each T' € Tg, we
can take a path P through T which is generic for {D?,, : e € w,m e M} U {Déd :
A € CA(e,d) € w?}. Then by the proofs of Lemmas 3 and 8, it is easy to see that
CNAY(SU{P}) =0 and that (M,S U {P}) E X¢ induction. O

Lemma 10. Let (M,S) be a countable model of RCAg, and C a countable set of
subsets of M such that C NS = 0. Then there exists a countable model (M,S") of
WKLy such that S CS" and S'NC = 0.

Proof. Use the above lemma repeatedly. O
The next corollary is a generalized version of Kreisel’s hard core theorem.

Theorem 11. Let (M, S) be a countable model of RCAq. Then there exists a count-
able model (M, S") of WKLy such that SN S' = A9.

Proof. By replacing S and C in Lemma 10 by A9 and S — A9, respectively, we
obtain the theorem. O

Corollary 12. Let M be a countable model of IX1. Then there exist uncountably
many countable sets S of subsets of M such that (M, S) satisfies WKLy.

Proof. If there were only countably many of such S’s, then, putting C' = (the union
of all of them)-A?, by Lemma 10 we could obtain another model (M, S’) of WKL,
such that S’ N C = 0, which is a contradiction. O
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Finally, we remark that in our theorem, (M, SUS’) may not satisfy X¢ induction.
In fact, there are two models (M, S) and (M, S’) of £¢ induction such that (M, SU
S") does not satisfy 9 induction. This fact is easily obtained from the following
two theorems.

Theorem 13. (Mytilinaios [7]) Let M |= 1%, and let W be a £, definable but not
A, definable subset of M. Then there exist two X1 definable subsets A,B of M
such that W is in AJ(A,B), but neither in AY(A) nor in AJ(B).

Theorem 14. (Groszek et al. [6]) Let M |= BX2, and let A be a X; definable
subset of M. Then (M,{A}) & X0 induction, or A is complete.

Note that BX 2 denotes the collection axioms for the ¥5 formulas.

Theorem 15. Let M = BXy A ~IX;. Then there exist two ¥, definable sub-
sets A, B of M such that both (M,{A}) and (M,{B}) satisfies £9 induction, but
(M,{A, B}) does not.

Proof. Let M |= BXy A —IX,, and let W be a complete X; subset of M. Then
(M, {W}) does not satisfy £9 induction, since M | —~IZ5 and any X, set is X (W).
By Theorem 13, there exist two incomplete ¥; subsets A, B of M such that W is
in A9(A,B). By Theorem 14, both (M, {A}) and (M, {B}) satisfies X induction.
But (M, {4, B}) does not satisfy ¢ induction, since (M, {W}) does not. O

3. A NEW CONSERVATION RESULT

In this section, we prove our new conservation result by refining the preceding
argument for the non-w hard core theorem (Theorem 11). As a main lemma, we
shall show that for any countable model M of the axioms of ordered semirings and
¥, induction, there exist two countable models (M,S) and (M, S") of WKLy such
that SNS’ is the set of A? subsets of M and in addition, (M, SUS’) = X9 induction
(Lemma 18).

Let (M,S) be a countable model of RCAq. Recall that 7s denotes the set of
all T € S such that (M,S) = T is an infinite 0-1 tree with no path. Let 7Z be
the set of all pairs (Tp,T1) of trees in Ts. We define a partial order < on 72 by
(T5,T7) < (To,Ty) if and only if T} C T and T} C Ty. A pair (P, P;) of subsets of
M is a pair of paths through (To,Ty) if P; is a path through T; (i = 0,1). Then the
notions of a dense set and a generic path can be defined for (72, <) in the same
way as for (Tg, C).

Lemma 16. Let (M,S) be a countable model of RCAg. For each tree T € Tg,
there exist two paths Py and Py through T such that P; is not in AY(S U {Pi_;})
(i=0,1), and (M,SU{Py, P1}) E ¢ induction.

Proof. Let (M,S) be a countable model of RCAq. Let {Iyb.(z, X[y]) : O.(z,s) €
39, e € w} enumerate all the ¥9-formulas with parameters from M U S and no free
variables other than z and X. For each (e,d) € w?, we define D] ; to be the set of
all (Ty, T1) € TZ such that (M, S) satisfies, for some m € M, either
Al. Vs € Ti[lh(s) =m + 1 — s(m) = 1]A
(i) Vt € Ty—B,(m,t)V
(ii) Jwvt € To[lh(t) = w — Fy < whi(m,tly])] or
A2. Vs € Ty[lh(s) =m + 1 = s(m) = 0]A
(i) Vt € To—04(m,t)) V
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(i) Jwvt € To[lh(t) = w — Jy < whe(m, t[y]).

To show that D{ ;’s are dense, fix any (To,Ti) € 73. Let P € M be a path
through T;. Since P; ¢ S, by Lemma 8 Ty has a path Py such that P; is not in
A9(SU{P}). Then there exists m € M such that one of the following conditions
holds:

Bl. me P A(M,SU{FR}) |E Yy—b.(m, Bly]),
B2.me P A (M, Su {P()}) |= EIde(m,Pg[y]),
B3. m ¢ Py A (M.SU{Po}) = 38 (m, Pofy),
B4. m g Py A (M,SU{Py}) E Vy—=ba(m, Poly]).

Suppose that condition B1 holds. Let t; = Pifm + 1] and T{ = {s € T} :
s Ctiorty C s} Let Ty = {s € Tp : Vt C s—0.(m,t)}. Then it is clear that
(Ty,T1) € T and Al.(i) holds with (T, T7). Thus (T, T7) € D; ;. Suppose that
condition B2 holds. Take T| as above. Let to be an initial segment of Py with
Ba(m,to). Let T, = {s € Ty : s C to orty C s}. Then (T3,T]) € TZ satisfies
A1.(ii). Thus (T3, T{) € D] ;. The other two cases can be treated similarly. Hence
D} s are dense.

We also define Dg’ 4 in the same way as Dé, 4 but exchanging the roles of Ty and
T:. Then Dg’ 48 are also dense.

For e € w, m € M, we define D, . to be the set of (Tp,T1) € T& such that
(M, S) satisfies Vn < m [

1. JwVsg € ToVs1 € Ti[lh(so) =1h(s;) = w — 3y < wh(n, so ® s1[y]))] or

2. Vsg € TyVsy € T1—|06(TL, S0 D 81)],
where sg @ s; is the 0-1 sequence ¢ with length lh(sg) + lh(s;) defined by ¢(2n) =
so(n) and t(2n + 1) = s1(n). By the proof of Lemma 3, we can easily see that
D3, ’s are dense.

We now have a countable set D = {D; ;, D?,;, D3 . :m € M, e,d € w} of
dense sets. Let (Pp,P1) be a pair of paths through (7,7T) which is generic for
D. By the proof of Lemma 3, it is easy to see (M,S U {Py, Pi}) E X9 induction
since (Po, P1) is generic for {Dj .}. Since (Po,P1) is generic for {D; ;}, there
exists m € Py such that Yy—6.(m, Py[y]) V Jyba(m, Poly]), or m ¢ P; such that
Ayl (m, Poly]) V Vy—b4(m, Poly]). Thus it is not the case that

Py ={m:3yb.(z,Ply])} = {m : Vy—-84(z, Po[y])}.

So P; is not in A(S U {P}). In the similarly way, we can prove that Py ¢
A9(SU{P}). This completes the proof. O

To prove our main theorem, we generalize Lemma 16 as follows.

Lemma 17. Let (M,S) be a countable model of RCAqg. For any tree T € Tgs, there
exist two paths Py and Py through T such that {(Fo); :i € M}n{(P);:je M} CS
and (M,S U{Py, P.}) E %Y induction.

Proof. Let (M,S) be a countable model of RCAq. Let {Iyb.(z, X[y]) : be(z,s) €
39, e € w} enumerate all the ¥9-formulas with parameters from M U S and no free
variables other than z and X. Let D, ; be the set of (To,T1) € 7§ such that
(Z); € S for any path Z through Ty, or that there exists m € M such that (M, S)
satisfies that
Al. Vs € Ty[lh(s) = (m,j) + 1 = s({m, j)) = 1]A
(i) Vt € Ty—0.(m, t)V
(ii) Jwvt € To[lh(t) =
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A2. Vs € Ty[lh(s) = (m,j) + 1 — s({m, j)) = 0]A
(i) Vt € To—04(m, 1))V
(i) Jwvt € To[lh(t) = w = Jy < whe(m, t[y]).
By straightforward adaptation of the proof of Lemma 16, D;ﬁe’ 4 S are dense.

Let D3 s be the dense sets defined in the proof of Lemma 16 and let D =
{Dgw, D;{e’d te,d € w, j,m € M}. Then D is a countable set of dense sets. So
we can take a pair (Py, P) of paths through (T,T) which is a generic for D. It is
easy to see that (M, SU{P,, P,}) | ¥? induction. Thus we only need to show that
{(Po)i i€ MYn{(P);:j € M}CS.

To see this, we first claim that for each j € M, either (Py); € S or (P); ¢
A9(S U {Py}). Fix any j € M such that (P;); ¢ S. Since (P, Py) is generic for
{Dj,q} and (P1); € S, there exists m € M such that (M, S) either (P1); # {m :
(M, SULR}) | 3y, (m, Poly])} or (P1); # {m = (M, SU{Py}) &= Vy~a(m, Poly])}.
Since (e, d) is arbitrary, (P;); is not in AY(S U {Py}).

Choose any X € {(Fy); :i € M} N{(Py); : j € M}. Then there exist ¢, j such
that X = (P); = (P1);. The above claim implies X € S since (P1); = (Fo); €
AY(SU{Pp}). Hence {(Py); :i € M}N{(P1);:j € M} CS. This completes the
proof. O

Lemma 18. Let M be a countable model of I¥X1. Let A be a subset of M such that
(M,{A}) satisfies X induction. Then there exist three sets Si, Sa, Ss of subsets
of M such that

(1) (M, S;) E WKLg (i =1,2,3), and

(2) S1N S, =A({A}), and

(3) S1US, C Ss.

Proof. By Theorem 7, there is a II? formula 4 (X,Y) such that for any model
(M, S) of WKL and for any B € S, (i) there exists W € S such that (M, S) E
(B, W), and (ii) if (M, S) |& (B, W), then (M, {(W), : n € M}) | WKLo and
Be {(W),:n € M}. Let (M, {A}) be a countable model of the axioms of ordered
semirings and ¢ induction, and let Sp = A%({A}). By the normal form theorem,
write 1¥(X,Y) as Vnf(X[n], Y[n]) where 0 is 3. Let T be the set of 7 € 2<M such
that Vo C 70(A[lh(o)],0). Then T € Sy and by (i), T is infinite. We claim that T
has no path in Sp. To see this, suppose that T has a path P in Sy. By Lemma, 5, let
(M, S") be a model of WKLy with Sqg C S’. By (ii), (M, {(P)n : n € M}) &= WKL,.
But (M, Sp) is the least M-model of RCAq containing A. This is a contradiction.
Thus T has no path in Sy.

By Lemma 17, there exist two paths Py, P, through T such that {(P); : i €
MIN{(P);:j€ M} CSpand (M,{A, P, P2}) £ XY induction. By Lemma 5, we
have a model (M, S3) of WKLq containing A4, P, and Ps. Let Sy = {(P1); : i € M}
and Sy = {(P); : j € M}. Then (M,S:) and (M, S2) are models of WKLy such
that 51052250 and Sl USQQS{«}. O

Theorem 19. Let p(z, X,Y") be an arithmetical formula with exactly the free vari-
ables shown. If WKLy proves VaVX3!Yp(z,X,Y), then so does RCAq.

Proof. Let ¢(z,X,Y) be an arithmetical formula with exactly the free variables
shown. Suppose that WKLy proves VaVX3Yp(z, X,Y) and RCAq can not prove
it. Then by Gdodel’s completeness theorem, there exists a countable model (M, S)
of RCAg such that =3!Y p(n, A,Y") holds in (M, S) for somen € M and A € S.
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First suppose that Y ¢(n, A,Y) holds in (M, S). Then there exists more than
one set in S which satisfies . By Lemma 5, there exists a model (M, S’) of WKLg
such that S C S’. Obviously, S’ has at least two distinct sets which satisfy ¢.
Hence WKLg does not prove VzVX3'Yp(x, X,Y), which is a contradiction.

Next assume that VY —p(n,A,Y) holds within (M,S). Let So = A9({A}).
Then VY —¢(n, A,Y) holds within (M,Sp). By Lemma 18, there exist three sets
S1, Sa2, Ss of subsets of M such that (1) (M, S;) E WKLo (i=1, 2, 3); (2) S1 NSz =
So; (3) S1US2 C Ss. By (1), there exists B; € S; such that (M, S;) | ¢(n, A, B;) for
i =1,2. Since there exists no set C' in Sy which satisfies p(n, A4, C), we must have
B; # By by (2). So, (M,S3) = —3Yp(n,A,Y) by (3). Since (M, Ss) = WKL,
this contradicts with the assumption that WKLg proves V2VX3!Y p(z, X,Y). Then
the proof is completed. O

Open problems. (1) If WKL, proves VzVX3!Yp(x, X,Y) and ¢ is 1}, then does
RCAq already prove it?

(2) If WKLo+X9 induction proves VzVX3!Yp(z, X,Y) and ¢ is arithmetical,
then does RCAg+X? induction already prove it (n = 2,3,...) ? (cf. [1].)

We remark that (2)’s answer is known to be affirmative when n = oo (i.e., full
arithmetical induction). To see this, let (M,S) be a model of ACAy. By a for-
malized version of Kreisel’s hard core theorem which is provable in ACAq(Corollary
VIIL.2.26 [8]), for each A € S, there exist W, W' € S such that (M, {(W),}) and
(M, {(W"),}) are models of WKL and {(W),}N{(W'),,} = AY({A}). The rest of
the argument is the same as the proof of Theorem 19.

We also remark that Fernandes [2] solves the problem (2) with restriction to the
case that n = 2 and ¢ is 9. For more related problems, see [10].

REFERENCES

[1] CLOTE, P., HAJECK, P., AND PARIS, J., On some formalized conservation results in arithmetic,
Archive for Math. Logic vol. 30 (1990), pp.201-218.

[2] FERNANDES, A. M., A new conservation result of WKLy over RCAq, to appear in Archive for
Math. Logic.

[3] JockuscH, JRr., C. G. AND SORE, R. I, H(l) classes and degrees of theories, Trans. of A. M. S.
vol. 173 (1972), pp.33-56.

[4] KAYE., R., Models of Peano Arithmetic, Oxford Univ. Press (1991).

[5] MARKER, D., Enumerations of Turing ideals with applications, Notre Dame Journal of Formal
Logic vol. 30 (1990), pp.509-514.

[6] GROSZEK, M. J., MYTILINAIOS, M. AND SLAMAN, T. A., The Sacks density theorem and
32-bounding, J. Symbolic Logic vol. 61 (1996), pp.450-467.

[7] MyTILINAIOS, M., Finite injury and ¥;-induction, J. Symbolic Logic vol. 54, no. 1 (1989),
pp-38-49.

[8] SiMPSON, S. G., Subsystems of Second Order Arithmetic, Springer-Verlag, (1998).

[9] TANAKA, K., More on models of WKLg, hand-writing notes, (1995), 4 pages.

[10] Yamazak1 T., Some more conservation results on the Baire category theorem, to appear in

Math. Logic Quart.

MATHEMATICAL INSTITUTE, TOHOKU UNIVERSITY SENDAI 980-8578, JAPAN
E-mail address: tanaka@math.tohoku.ac.jp, 95m41@math.tohoku.ac.jp



