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1. Introduction
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M: m-dim. cpt. Riem. mfd, t > 0, f € C>*(M)
—f
e

u = .EZI;;ZS;;;7§1 o/f‘l’urd vol =1

W(f,t) := / [tIVF)> + f — m] udvol
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Entropy formula and rigidity
d
— <
dtw(f’ t) <0
)

d g l?
—W = — t|IV2f — =
dtW /M ( f

2t

+ Ric(Vf, Vf)) u d vol
[L. Ni '04]
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< Similar results on Perelman’s W-entropy
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Reformulation of VV-entropy

e_f
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X
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Reformulation of VV-entropy

7
e
p=pvol € P(M), p =: (Amtym/z

W) i= [ [HVFF+ f = m] pavol

m
=tI(p) — Ent(p) — o logt+ ¢,
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Reformulation of VV-entropy

p=pvol € P(M), Opr = Apy, po = p
m
Wi, t) == t{p) = Ent (i) = =logit + ¢

= %[t Ent(p;) — t Ent®"(Gauss(t))]

Vv 2
o I(p) :=/| pp| dvol

o Ent(u) ::/ plog p dvol
X
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Connection with (log) Sobolev ineq.’s
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= (defective) LSI: Ent(u) < tI(pn) + C(t)
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o On RY, inf W(p, %) > 0 < Gross' LS|
u

o ian(u,t) > —o00
s

& exp (% Ent(u)) < 3CI()

<> Sobolev ineq. || f|| zm < AC IV |2
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on “Riemannian” metric measure spaces with
“Ric > 0 & dim < N" (RCD(0, N) spaces)?

A.
Yes!
o Weaken ass'n(s) even on (weighted) Riem. mfds
o Without the entropy formula
«~ optimal transport approach

o Singular sp.’s other than R™ appear in rigidity
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©

©

Motivations

Better understanding of W

RCD cond'n is stable under mGH conwv.
— Almost rigidity

{RCD sp.’s} D {(lim of) (weighted) Riem. mfds}

Rigidity results on RCD sp.’s admit singular sp.’s
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2. Lower Ricci curvature bound



Bochner inequality

m := e Vvol, (M, d, m): weighted Riem. mfd
L:=A—VV .V: self-adj. on L?(m)
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Bochner inequality

m := e Vvol, (M, d, m): weighted Riem. mfd
L:=A —VV .V: self-adj. on L?(m)

For N € (m,o0),

X2
Ric +V?V —

¢
1 2 1 2
SLIVIE = (V£,9L8) > —ICf]

(Bakry-Emery’s curv.-dim. cond./Bochner ineq.)

>0

—m

(Cond'ns corresponding to “Ric > 0 & dim < N")
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Heat flow as a gradient flow of Ent

He := Py
= “fu = —V Entw(u)" on (P(M), Wa)
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Heat flow as a gradient flow of Ent

pe = Py
= “fi = —V Entw(m)" on (P(M), We)

o Formally,
d 2 - 12
= Bt () =~V Entw(0)? = — s
d . .
o aEntm(Nt) = — I, () (de Brujin identity)

o Rigorously,

1
15101 ﬁwz(ﬂt,utw)z = In(pe) ae.t
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Topping’s approach to “W \”

N
W(u,t) := tl,(n) — Ent, (n) — 5 log t
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Topping’s approach to “W \”
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d 1d
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W (e, #(1+5)t)2 < Wa(ps, u(1+5)8)2 + o

— 1
“ye " . o 2
U lgirgl 5 with |fi|* = T ()

EI(u) < $°1(11) — St~ 9)

= th(t) \(int (cf. [Topping '09] on Ricci flow)
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3. Framework: RCD spaces



Met. meas. sp. & heat flow on it

(X, d,m): Polish geod. met. meas. sp.
(m: loc.-finite, suppm = X)

P, = e'® < Cheeger's L?-energy
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Met. meas. sp. & heat flow on it
(X, d,m): Polish geod. met. meas. sp.

P, = e'® < Cheeger's L?-energy

2Ch(f) :=inf {hTm /an( £r)2dm ‘ fnfi; fLii:' L2}
= [ 1D dm
X

Definition 1 (JAmbrosio, Gigli & Savaré '14])
(X, d,m): infinitesimally Hilbertian

& ch: quadratic form (< P;: linear < A: linear)

= 3(D-, D-),, bilinear s.t. (Df, Df),, = |IDfI2
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Characterizations of RCD cond.
RCD(0, N): infin. Hilb., some regularity ass'ns &

1 1 :
SAIDSIL, = (Df, DAf)w > —|ASf[
(weakly)

% Equiv. cond'ns (up to reg. assn's)
o Wy(P.f m, Pgm)®
< Wa(fm,gm)® + 2N(Vt — V/5)*
0 On (P2(X), Wa), Yo, 3(pt)e>0 sol. to
(0, IN)-evolution variational inequality of Ent
(a (metric) formulation of “fiy = —V Ent(u:)")
[Erbar, K. & Sturm '15]
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History of RCD spaces

o Bochner ineq. as CD cond. [Bakry & Emery '84]
@ Ricci curvature and opt. transport
o [Cordero-Erausquin, McCann & Schmuckenschlager '00/
Otto & Villani '00/von Renesse & Sturm '05]

~» CD sp. [Sturm '06/Lott & Villani '09/Bacher & Sturm "10]
@ S./L.-V. cond. & diffusion/Bochner (N = o0)
o cpt. Alex. sp. [Gigli, K. & Ohta '13]
@ met. meas. sp. [Ambrosio, Gigli & Savaré '13-'15]
[Ambrosio, Gigli, Mondino & Rajala '15]
~+ RCD(K, co) sp. [AGS '14]
o RCD(K, IN) spaces (& Bochner)
o Laplacian comparison [Gigli '15] / Splitting thm [Gigli]
o RCD*(K, N), RCD®(K, N) via Ent & heat flow
[Erbar, K. & Sturm '15]

o via nonlinear diffusion [Ambrosio, Mondino & Savaré]
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4. Main results



Main thm
Theorem 2 ([X.-D. Li & K.])
(X, d, m): RCD(0, N), N > 2, p; := Py
(1) Yu > 0, W(ug,t +u) \(int € (0,00)
(2) inf, W(p,t) Ny int € (0,00)
(3) Suppose3t, > 0 s.t.
— W(ne, t) — W(p,, ts) _

Iim
tlt, t —t,
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(3) 3. > 0 st
i Wk, ) — W(pe,ts)
tlt. t—t.
& zg € X st p = 6,, W(pit, t) = const. &

(0, N — 1)-cone of
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Cone

Definition 3 ((0, /N)-cone)
(X,d,m): (0, N)-cone of (Y,dy,my)
o X =1[0,00) X Y/{0} XY,
def  © d((r,x), (s, y))z
= e 2 | o2
:= 1% 4 s° — 2rscos(dy(xz,y) A )

o m(drdz) := rNdrmy(dz)
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Remarks

o [Jiang & Zhang '16] X: cpt. = Theorem 2 (1)

@ In previous results, p = &, (intial data) is assumed
o Considering the right upper derivative of W (s, t)
@ (0, N)-cone of Y is a (smooth) Riem. mfd

&Y ~SNVT1(1)
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o [Jiang & Zhang '16] X: cpt. = Theorem 2 (1)
o In previous results, pu = §,, (intial data) is assumed

~~ |t is a conclusion in Theorem 2

o Considering the right upper derivative of W (¢, t)
~~ Requires no differentiability

o (0, N)-cone of Y is a (smooth) Riem. mfd
&Y ~SV1(1) (= dimX = N €N)
~~ Theorem 2 covers previous results
for weighted Riem. mfds
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Almost rigidity

Theorem 4 ([X.-D. Li & K.])

Let ry, : (0,T) = (—00,0) \( s.t. p(t) Ninn &

lim lim r,(¢t) = 0.
tl{0 n—oo

Fixs > 0.
(Xnsdpn, My, x,): seq. of pointed RCD(0, IN) sp.’s,

W(PT),6,., 5+ 1) — W(P™6,,,5) > ()t
for0 < t' <t.

= (X, dn, My, x,) is close to a (0, N')-cone
ifn > 1.
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Geometric properties of RCD(0, IV) sp.

o Laplacian comparison thm [Gigli '15]:
Ad(xg,+)? < 2NN in the distributional sense

@ Volume rigidity [Gigli & De Philippis]: N > 2,
N

220, Y1, B> 0, m(Br(en)) = () m(B ()

(0, N — 1)-cone of

- X an RCD*(IN — 2, N — 1) sp.
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Geometric properties of RCD(0, IV) sp.

o Laplacian comparison thm [Gigli '15]:
Ad(xg,-)? < 2N in the distributional sense

o Volume rigidity [Gigli & De Philippis]: N > 2,
N

a0, ¥, R > 0, m(Ba(en)) =+ ) m(B, (z0)

(0, N — 1)-cone of

- X = an RCD*(N — 2, N — 1) sp.

* Ad(xzg,+)? = 2N “=" conclusion

24/30



Identification of Fisher info.

For simplicity, suppose . = 8z, (= pt = p;° m)

h(t) = 1) — o th(t)
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Identification of Fisher info.

For simplicity, suppose . = 8z, (= pt = p;° m)
N
h(t) =tI(p) — - th(t)

d
* EW = 0" & RCD(0, N) cond.

= h(t) =0,ie I(u) = % (t € (0,t,])

N : :
= —Alogp® = o (".- Li-Yau ineq.)
= Ad(z,+)?> = 2N (. Varadhan-type asymptotic) [J

25 /30



5.2. Additional remarks



Heat kernel

Proposition 1
Suppose Ad(xg,+)%> = 2N. Then3C,C’ > 0 s.t.

_C d(xg, )2
pe(xo, ) = N2 exp ——

N m(BZ(wo» o (‘%)

.- Compute I for “Gaussian kernel” in two ways &
RHS enjoys the energy dissipation identity for Ent O
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Heat kernel

Proposition 1
Suppose Ad(xg,+)%> = 2N. Then3C,C’ > 0 s.t.

_C d(xg, )2
pe(xo, ) = N2 exp ——

N m(BZ(rno)) o (‘%>

In particular, X is non-compact

*.» Compute I for “Gaussian kernel” in two ways &
RHS enjoys the energy dissipation identity for Ent O

27 /30



Heat flow is a W5-geodesic

Proposition 2
Suppose Ad(xg,+)?> = 2N and py = Pyd,,.
= (e2/(2n)) >0 Wa-min. geod.

L
o — =1I(pu) = 12 Xd(CUO,CIB)Z pi(dex)

0 Wi(po, pt)? = /X d(xo, z)* pr(dx)

o |ful® = I(pt)
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Heat flow is a W5-geodesic

Proposition 2
Suppose Ad(xg,+)?> = 2N and py = Pyd,,.
= (e2/(2n)) >0 Wa-min. geod.

N ) 2
° o =1(m) = E‘/Xd(wmw) pi(de)

o Wy(po, pt)? = /Xd(%am)2 pi(dx)

° ||llt||2 = I(pt)

g = peyen) = Walpg, py) =t & |ag] =1 O

28/30



6. Further questions



Questions

o Wh-entropy for other (non-linear) diffusions?

o Wh-entropy for Wy-geodesics
t [X.-D. Li & K.]J: “Monotonicity” holds
1 Rigidity?

o We-entropy for Ric > K and dim < N7

d
o Rigidity for — inf W(u,t) = 07
dt n»
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