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1. Introduction



W-entropy on Riem. mfd

M : m-dim. cpl. Riem. mfd with “bdd. geom.”

e
cC*(M), u:i=—————, dvol =1
f e (M), u (dnt)2 /Mu Vo

W(f,t) ::/[t|Vf|2—|—f—m}udvol ’
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Purpose

Q.

Can one extend the monotonicity /rigidity of W

on “Riemannian” met. meas. sp.'s (X, d, m) with
“Ric > 0 & dim < N" (RCD(0, V) spaces)?
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2. Curvature-dimension conditions



“R”CD condition

“R": the canonical heat semigroup P, = e!? is linear.
CD(0, N): up to some regularity ass'ns, either/both of

1 1
o AIVFE = (VL VAL, > CIAf
(Bakry-Emery’s curv.-dim. cond.)

° W2(P8N3Pt’/)2 S W2(“’a V)2+2N(\/z_ \/5)2

[Erbar, K. & Sturm '15]
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Examples

o (X,g): m-dim. cpl. Riem. mfd., 8X = 0,
Vvol, (V:X —R)
(Weighted Riem. mfd)

d: Riem. dist., m = e~

4

vV ®?2
RCD*(K, N) < Ric+V?V —

N —m

> K

@ (Pointed) measured GH lim. of RCD* (K, IN) sp.’s
[ - - /Gigli, Mondino & Savaré '15]
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3. Main results



W-entropy

—f
e
MZPWGP(X),PZZW

W) == [ [HVFE+ = N] pdm
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W-entropy

—f
e
u:meP(X),p::W

W) i= [ [HVFE+ = N] pdm
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W-entropy
p=pmec P(X),
N
W(p,t) :=tI(p) — Ent(p) — > logt + 1

= %[t Ent(p;) — t Ent®"“(Gauss(t))]

o I(n) _/I plwdm

o Ent(p) ::/ plog pdm
X
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Main thm
Theorem 1 ([X.-D. Li & K.])
(X,d,m): RCD(0, N), N > 2, u; := Piu
(1) W(p,t) N in t € (0, 00)
(2) Suppose 3t, > 0 s.t.
m Wk, t) = Wipe, te) .

11m
tit. t —t,
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Cone

Definition 2 ((0, /N)-cone)
(X,d,m): (0, N)-cone of (Y, dy,my)
o X =1[0,00) X Y/{0} XY,
gef @ d((r, ), (s, y))z
= e 2 | o2
:= 1% 4 s° — 2rscos(dy(xz,y) A )

o m(drdz) := rNdrmy(dz)
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Remarks
o [Jiang & Zhang '16] X: cpt. = Theorem 1 (1)

@ In previous results, p = 6§, (intial data) is assumed
o Considering the right upper derivative of W (s, t)

@ (0, N)-cone of Y is a (smooth) Riem. mfd
&Y ~SV1(1)

@ An “almost rigidity” can be formulated
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4. Proof
4.1 Monotonicity
4.2 Rigidity



Heat flow as a gradient flow of Ent

He := Py
= "y = =V Ent(u)" on (P(X), W)
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Heat flow as a gradient flow of Ent
pt = P
= “fy = -V Ent([,l,t)” on (P(X), Wz)
o Formally,

d .
- Ent(u) = |V Ent ()| = — ||

d
— Ent — 7T
° = nt (pes) (2e)

o Rigorously,

1
161{101 ﬁwz(ﬂt,utw)z = I(p) aet

14/18



4.1. Monotonicity
(cf. [Topping '09] on (backward) Ricci flow)



Derivation from RCD(0, IV)

Nt d
* th(t) = t*I(p;) — B & G Ent(pe) = —I(pee)

= Y t) = 2L ety
ar et T T
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Derivation from RCD(O N)

e Bh(t) 1= PL(u) — o & T Bnt(u) = ~1()

= “aw(ﬂt,t) = Za(th(t))

Wa(Pop/, Pyv')? < W (i, V') + 2N (V' —V's)?
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4.2. Rigidity



Identification of Fisher info.
For simplicity, suppose p = 8z, (= pt = p;° m)

Ad(zo,-)? = 2N = concl. [Gigli & de Philippis '17] |

h(t) = tI(p;) — % th(t) \,
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