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1. Introduction



Heat flow and Ricci curvature

M: complete Riemannian manifold

{ dwu(t,x) = Au(t,x),
u(0,-) = f
= u = lsimf

heat eq. on M

o P, = e'®: heat semigroup
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M: complete Riemannian manifold

{ dwu(t,x) = Au(t,x),
u(0,-) = f
= u = lzkmf

heat eq. on M

o P, = e'®: heat semigroup

% P; characterizes “Ric > K & dim < N”
(curvature-dimension cond.)
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Bakry-émery’s approach

Bochner-Weitzenbock formula
La2(f, f) =Ric(Vf, Vf) + ||Hess f||as,

1
Fz(fa f) :§A|Vf|2 - <Vf7 VAf>

* ‘Ric > K & dim < N”

& BE(K, N): Ta(f, f) > K|VF[* + - (Af)

(Bakry—Emery’s curv.-dim. cond.[Bakry—Emery '85])
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Bakry-émery’s approach

Bochner-Weitzenbock formula
La2(f, f) =Ric(Vf, Vf) + ||Hess f||as,

1
Fz(fa f) :§A|Vf|2 - <Vf7 VAf>

* ‘Ric > K & dim < N”

& BE(K, N): Ta(f, f) > K|VF[* + - (Af)

(Bakry—Emery’s curv.-dim. cond.[Bakry—Emery '85])

1
°© (Vf1,Vfa2) = 2 (A(fif2) — fiAfa — f2Af1)
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Bakry-émery’s approach

Bochner-Weitzenbock formula
La2(f, f) =Ric(Vf, Vf) + ||Hess f||as,

1
Fz(fa f) :§A|Vf|2 - <Vf7 VAf)

* ‘Ric > K & dim < N”

1
< BE(K,N): Ty(f, f) > K|Vf|*+ N(Af)2
(Bakry—Emery’s curv.-dim. cond.[Bakry—Emery '85])

o (VI V) = L (AGR) ~ Hisfa = BAR)
(BE(K, N) is formulated only in terms of A)

4/28



Optimal transport approach

W2(/L, V) = 1nf {”d||L2(7T)

m: coupling
of u & v

Ent(p vol) :=/ plog pdvol
M

* ‘Ric > K & dim < N”

1
& CDY(K,N): "V2?Ent —NV Ent®? > K"

on (P(X), W2) ((K, N)-convexity of Ent)
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Optimal transport approach

W2(/L, V) = 1nf {”d||L2(7T)

m: coupling
of u & v

Ent(p vol) :=/ plog pdvol
M

* ‘Ric > K & dim < N”

1
& CDY(K,N): "V2?Ent —NV Ent®? > K"

on (P(X), W2) ((K, N)-convexity of Ent)
o uP; € P(X) (1 € P(X)): heat distribution

o p; := pP; solves | fiy = —V Ent ()

5/28



Optimal transport approach
* ‘Ric > K & dim < N”
< W(K, N): An estimate of Wa(u Py, v Ps)
o W(K, oc0):
Wy (uP;,vP)? < e KW, (u, v)?
o W(0,N):
Wi (P vPy)? < Wa(p,v)? + 2N (ViE—V/s)?
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Optimal transport approach
* “Ric > K & dim < N”
< W(K, N): An estimate of Wa (P, v Ps)
o W(K, o0):
Wa(uP;, vP)? < e 251 Wy(pu, v)?
o W(0,N):
Wy (uPy, vP.)? < Wa(p,v)? +2N(VE — /)
Q.
Estimate of Wy (P, v P;)?
characterizing “Ric > K & dim < N”
~ Sharper est. of Wy (uP;, v)? when vP, = v

6/28



Outline of the talk

1. Introduction

2. Framework and main results

3. Idea of the proof

4. Applications and further problems



2. Framework and main results



Framework
(X, d,m): Polish geodesic mm sp. (m: loc. finite)
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Framework
(X, d,m): Polish geodesic mm sp. (m: loc. finite)

P, = e'® < Cheeger's L?-energy

loc. Lip. const.—o

2Ch(f) = inf{liTm/X|an|2dm ' fnfi:fLii:Lz}
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Framework

(X, d,m): Polish geodesic mm sp. (m: loc. finite)

P, = e'® < Cheeger's L?-energy

loc. Lip. const.—o
oS ) fo: Lip.
2Ch(f) := 1nf{hTm/X|an| dm ' £.2 fin Lz}

- /3|Vf|3,dm
X
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Framework
(X, d,m): Polish geodesic mm sp. (m: loc. finite)
P, = e'® < Cheeger's L?-energy
loc. Lip. const.—o
2Ch(f) := inf { lim [ |V £, [2dm | , I7° LP
o nJx " fo— fin L?

- /3|Vf|3,dm
X

* £ (1) — F(w)| < / IV () ] dis

for a.e. trajectories (vs)se[o,1] of “nice” transports
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Framework

Assumptions

o Ch is a quadratic form (infinitesimally Hilbertian)

° /Xexp (—Hcd(wo,w)2> m(dz) < oo

0 |Vflw <1m-ae. = f: 1-Lip.
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Framework

Assumptions

o Ch is a quadratic form (infinitesimally Hilbertian)
(& A: linear & P;: linear)
= 3<V'9 Vst (Vf,Vf) = |V.f|12u

o / exp (—acd(cco,:c)2> m(dz) < oo
b'e
(= P, preserves L'-norm)

0 |[Vflw <1m-ae = f: 1-Lip.

% Extension of P; to a map P2(X) — P2(X)
(P2(X) :={pn € P(X) | W2(0z,, 1) < 00)
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Bakry-Emery’s curvature-dimension cond.

BE(K, N)
Vf € D(A) with Af € D(Ch) &
g € D(A)NL*>® withg >0& Ag € L™

1 2
[ (3801951~ 9(9£.941) ) dm
X

A
> /X9<K|Vf|w+N|Af| >dm
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Bakry-Emery’s curvature-dimension cond.

BE(K, N)
Yf € D(A) with Af € D(Ch)

1
(3AUIVIE - (V1 9aP)

ST
> | (K195 + las?)
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Bakry-Emery’s curvature-dimension cond.

BE(K, N)
Vf € D(A) with Af € D(Ch) &
g € D(A)NL*>® withg >0& Ag € L™

1 2
/X <5Ag|Vf|w —g{(Vf, VAf)) dm
1 2
> /Xg(K|Vf|i+N|Af| )dm

o “Localized version” is also known
[Ambrosio, Mondino & Savaré '16]/[Hua, Kell & Xia]
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Another dimensional W5-contractions
W(K, N)

(Wz(ulgt,ypt)fS 2K <W2(5, ,,))2
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Another dimensional W5-contractions
W(K, N)

Wao(uPy, vP;)\ W. 2
SK/N ( 2 ;V t)) < e Mlgpn <—2(5’ V))

<5 r) i L)
" NG
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Another dimensional W5-contractions
W(K, N)
2 2
(Wz(IJPt,VPt)) < e_thﬁK/N <W2(/1'a V))

2 2
t
_2N/e—2K(t—8)
0

Ent(pP;) — Ent(v Py
Xsinhz( nt(uPs) nt(v ‘))ds,

2N
<5n(r) :: sin(\/Er))

SK/N

VK
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Another dimensional W5-contractions

W' (K, N)
Wi (uP,, vP,)? < e ?K'W,y(p, v)?

2 t
- [ €K (Ent(uP,) - Ent(vP.))’ds
0

(5 (r) = sin(ﬁr))
i VK
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Another dimensional W5-contractions

W' (K, N)
Wa(uP,, vP,)? < e KWy (p,v)?

2 t
- [ €K (Ent(uP,) - Ent(vP.))’ds
0

(5 (r) = sin(ﬁr))
i VK

sq(r) =7 (r 1), sinh(r) > r
~ W(K,N) = W'(K, N)
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Another dimensional W,-contraction

Theorem 1 ([Bolley, Gentil, Guillin & K.])
For K € R and N > 0, TFAE:

(i) BE(K, N)

(i) W(K, N)

(i) W'(K, N)



Another dimensional W,-contraction

Theorem 1 ([Bolley, Gentil, Guillin & K.])
For K € R and N > 0, TFAE:

(i) BE(K, N)

(i) W(K, N)

(i) W'(K, N)

o “(i) = (iii)" for Markov transportation dist.
[Bolley, Gentil & Guillin '14]

o “(i) < (iii)" on cpt. Riem. mfd [Gentil '15]



Remarks
o BE(K,N) < (R)CD*(K, N)

1
(nvz Ent _NV Ent®2 2 K” on (Pz(X)7 W2))

[Ambrosio, Gigli & Savaré "15](IN = oo)
[Erbar, K. & Sturm '15]
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Remarks
o BE(K,N) < (R)CD*(K, N)
(“V2 Ent —%V Ent®? > K" on (Py(X), W2)>
[Ambrosio, Gigli & Savaré "15](IN = oo)
[Erbar, K. & Sturm '15]
o (R)ICD*(K,N) = W(K,N) = BE(K, N)
@ Thm.1 implies another proof of
(R)CD*(K,N) = BE(K, N)
o (R)CD°(K,N) = BE(K, N)
via non-linear diffusion is also possible
[Ambrosio, Mondino & Savaré|
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3. ldea of the proof



For simplicity, we assume K = 0 in the sequel



For simplicity, we assume K = 0 in the sequel
(We still use “K" if it holds for general K)



Proof of
BE(K,N) = W(K, N)



Formal derivation of W’(O, N)
1
1t BE(0O,N) & V?Ent ——v Ent®? > 0

1 p,i = p® P, solves u( ) -V Ent(ugi))
(=0,1)
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Formal derivation of W’(O, N)
1
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Formal derivation of W’(O, N)
1
1t BE(0O,N) & V?Ent ——v Ent®? > 0

1 pé = pu® P, solves ,u( ) VEnt(u )
(2 =0,1)

(0r)refo,1): Wa-min. geod. in P(X) from u( ) to ug )

1d .
52 Ve pt)? = [—(V Ent (1), 6,)]5
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Formal derivation of W’(O, N)
1
1 BE(0, N) & V?Ent —NV Ent®? > 0

(7)refo,1: Wa-min. geod. in Pa(X) from ,u(o) to ,uil)

2dt (l‘l’i(ﬁ )’ ey ))2 [ (VEnt(a,), Gr)]r =0
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Formal derivation of W’(O, N)
1
1 BE(0, N) & V?Ent —NV Ent®? > 0

(o7r)refo,1: Wa-min. geod. in Pa(X) from uﬁo) to ugl)

1d o .« .
52 e’ pt)? = [—(V Ent(av), 60)]5,

= — /O V2 Ent(o,) (6, 6, )dr (- &, = 0)
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Formal derivation of W’(0, IV)
2 1 R2
t BE(0, N) < V° Ent _NV Ent®* > 0
(07)refo,1: Wa-min. geod. in Py(X) from u§°) to ugl)

1d .
——Wo(u”, iM)? = [—(V Ent(a,), 6,)]'_,

2dt
1
__ / V2 Ent(0,) (6, 6,)dr
0

1 1
< — N/o (V Ent(o,),0,)dr
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Formal derivation of W’(O, N)

(o7r)refo,1: Wa-min. geod. in Pa(X) from “go) to ugl)

1d 0 :
5 g Ve )P = [=(V Ent(0,), 62)]5,
2dt
1
= —/ V?Ent(o,) (6,6, )dr
0
1 [t . \9
< — N/o (V Ent(o), 6,)*dr

<-~(/ (v Ent(ar),amdr)z
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Formal derivation of W’(O, N)

Or)reio1]: Wa-min. geod. in P (X)) from u()to (1)
[0,1]- My

o Wa(ul®, i) = [—(V Bt (0,), 6,11
= —/O V?Ent(o,) (6, 6, )dr
< — i/l(V Ent(o,), &,)%dr
S N

< — % (Ent(o) — Ent(0y))?
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Formal derivation of W’(O, N)

O )refo.1 2-min. geod. in Py rom fi; ~ to
01): W d. in Py(X) from p,” to puy”

o Wa(ul®, i) = [—(V Bt (0,), 6,11
__ /O V2 Ent(0) (61, ) dr
< — 1 /l(V Ent(o,), &,)%dr
<-%/

1 1 2
< — 7 (Bnt(u”) — Bnt ("))
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Formal derivation of W’(O, N)

1d
——Walu” s 1) = [=(V Ent(a,), )]}
2 dt
1
= —/ V2 Ent(o,)(6,, 6, )dr
0
1 ! s
< — —/ (V Ent(o,),6,)°dr
N Jo

1 2
N (Ent(uﬁl)) - Ent(uio)))
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Formal derivation of W’(O, N)
1d

§£W2(Nt 7/1't1))2 = [— (VEnt(UT)’&’“”}'ZO

1
= —/ V2 Ent(o,)(6,, 6, )dr
0

IA

1 1
— N/O (V Ent(o,),5,)%dr
1 2
N (Ent(uél)) - Ent(uﬁo)))

W2(/J'i(50)’l'l't N2 < Wy, ui)?

- / (Ent(u{") — Ent(p{”))*ds

17/28



Evolution variational inequality
o BE(K,N) = (R)CD°(K, N)
o RCD®(K, N) “&" Vinitial data, sol. to
(K, N)-EVI of Ent
[Ambrosio, Gigli, Mondino & Rajala '15/---] (N = o0)
[Erbar, K. & Sturm '15]

What's EVI?
o A formulation of grad. flow for (K, IN')-convex pot.

& “Riemannian”

@ In this case, sol. to EVI of Ent = uP;
o (K,N)-EVI = W(K,N) & W (K, N)

18/28



Proof of
W'(K, N) = BE(K, N)

(W(K, N) = W/(K, N) is already explained in §2)



Review: W(K, N) = BE(K, N)

W(K, N) z G(K, N) <::> BE(K, N)
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Review: W(K, N) = BE(K, N)

W(K, N) z G(K, N) z BE(K, N)

[Bakry & Emery '84 (N = oo)/ Bakry & Ledoux '06]
[K. 10, 13 (N = o0)/K. '15/...]

G(0, N) (Gradient estimate for P,) :

VPSP < PAIVIP) — (AP

W(0, N):
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Review: W(K, N) = BE(K, N)
W(K, N) z G(K, N) z BE(K, N)

G(0, V) (Gradient estimate for P;) :

VPSP < PAIVIP) — (AP

W(0, N):
Wa (P, vP;)? < Wa(p,v)? + 2N (VE — +/s)?

* W(K, N) for Dirac meas.'s = G(K, N)
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Our problem: W’(K, N) = BE(K, N)

Remarks
o No use of G(K, N):

W/(K, N) = BE(K, N) directly
o On R™,
W/ (K, N) < W(K, co)

for Dirac meas.’s
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Our problem: W’(K, N) = BE(K, N)

Remarks
o No use of G(K, N):

W/(K, N) = BE(K, N) directly
o On R™,
W/ (K, N) < W(K, co)
for Dirac meas.’s
*." Recall W(O, N):
W (P, vP)? < Wy(p,v)?

_%/0 (Ent(uP,) — Ent(vP,))2ds

21/28



Key idea to our problem

Perturb u = gm:
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Key idea to our problem

Perturb 4 = gm: p, = g,m with

gr =9(1 —rAf) +o(r) (r—0),
A9 := A+ V(ogg)-V (symm. for )
Formal differential calc. on (P2(X), W2) (Otto calc.)

“Do = V fin T, P2X)" for (vp), C P2(X)

& vy, Br/ @ dv,
X

= / (Vf,Ve)dy
b's

r=0
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Key idea to our problem
Perturb 4 = gm: p,, = g,m with

g =9g(1 —rAIf)+o(r) (r—0),
A9 := A+ V(logg) -V (symm. for )

Formal differential calc. on (P2(X), W2) (Otto calc.)

“Do = V fin T, P2(X)"  for (vp), C P2(X)

& vy, Br/ @ dv,
X

= [ (V4.9 )dwe
X

r=0

= o =VFf
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Overview of the proof

p= o, V= iy
& consider W(0O, N) atr = 0,t= 0

(Use Kantorovich duality & Hopf-Lax semigroup)

1
—Wa(p,v)° = sup [/Qrsodv - /sodu],

2r €Lip,(X)

1
9:Qrp + 5|VQT¢I2 =0, Qop=1¢
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4. Applications and further problems



Applications to functional inequalities

o New proof of Entropy-energy inequality (K > 0):

Ent(pm) < -1 (1+ ! /lelzd )
n — 10 m ).
P = 5 08 NK/] p

=> Sharp Sobolev ineq. (e.g. [Profeta '15])
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o An Entropy regularization bound: When K = 0,

W (1, m)z}

N
Ent(uP;) < Y max {C, log N1
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Questions

o Applications of VV\(K, N) to a sharper rate of
conv. (when K > 0): e.g.,

NK
Wa(uPiym) < exp (—

@ A self-improvement of W(K, N) or W’(K, N)
e.g. a self-improvement of BE(K, co)
= Wy (uPi,vP;) < Wy(p,v) (p > 2)

o W(K, N) by coupling method
for diffusion processes (even on Riem. mfd)

t) Wa(p, m)

@ In another framework? (e.g. b.w.(super-)Ricci flow)
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W-entropy

© W(O’ OO) = I(H'Pt) \(

(I(pv) := / IVp|2dfu: Fisher information)
p
o W(0,N) = W(t) \( [Jiang & Zhang '16]/[K ]

N
(W-entropy)
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Q. W(K, N) = Monotonicity of some (nice) f'nal?
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