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1. Introduction



Heat flow and Ricci curvature
M : complete Riemannian manifold

{ du(t,x) = Au(t,x),

u(0,:) = f
= u = P f

heat eq. on M

o P, = e'®: heat semigroup
o uP;: heat distribution for p € P(X)
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Bakry-émery’s approach

Bochner-Weitzenbock formula

Lo(f, f) =Ric(VF, VE) + [ VEF|Es
1
La2(f, f) :ZEA‘VfP — (Vf, VAF)
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1
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Bakry-émery’s approach

Bochner-Weitzenbock formula

Lo(f, f) =Ric(VF, VE) + [ VEF|Es
1
La2(f, f) :ZEA‘VJCP — (Vf, VAF)

* “Ricz K&dimg N”, N = oo
< BE(K,N): Ix(f,f) > K|Vf|*

(Bakry-Emery's curv.-dim. cond.[Bakry-Emery '85])
< VPRS2 < e 2 P(|Vf]?)
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o Fits well with gradient(s) in a Sobolev sense
@ Used to define "Ric > K" on (X, d, m)
@ Heat distr. = a gradient flow in (P(X), W5)
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Optimal transport approach
* ‘Ric > K & dim < N"
< W(K, N): An estimate of Wy (uP;, v Py)
o W(K, o00):
Wy (uP;, v P)* < e "Wy (p, v)*
o W(0,N):
Wy (uPr, vPy)? < Wa(p,v)? + 2N (VE—+/5)?

Questions
o Estimate(s) for other costs than d?
o Another bound of W5 (uP;, nP;) when N < oo




Qutline of the talk

1. Introduction

2. Basics of optimal transport

3. RCD spaces

4. Transportation costs between heat flows



2. Basics of optimal transport



Wasserstein distance

(X, d): complete separable geodesic metric space

LP-Wasserstein distance (p € [1,00))

Wy (s v) := Tar(p, )7 (:weirlrbf; V) |l 2oy )

o W,: (pseudo-)distance
o W-conv. & weak conv. & conv. of p-th moment
@ Property of (X, d) = the same for (P(X), W,,)
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Wasserstein distance

(X, d): complete separable geodesic metric space

LP-Wasserstein distance (p € [1,00))

Wit v) 1= (o) (= inf s

>

o W, (pseudo-)distance

o W-conv. < weak conv. & conv. of p-th moment

o Property of (X, d) = the same for (P(X), W))
(e.g. separability/completeness (p < 00))
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Yo, 1 € Pp(X), F(par)refo,1): Wp-min. geod.
(i.e. W, is geodesic dist. on P,(X))




Superposition principle (p < oo)

VH'Oa S Pp(X)v 3(”7‘)7’6[0,1]: Wp‘min- geOd-
(i.e. W, is geodesic dist. on P,(X))

* T € P(C([Q, 1]; X)) s.t.
o pi(A) = / 14(7(t)) T(dn),

o Wa(thas pir)? = /°d<w<s>,~y<t>>2r<dv>

@ I'-a.e. v is a geodesic on X
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Superposition principle (p < oo)

Yo, 1 € Pp(X), F(par)refo,1): Wp-min. geod.
(i.e. W, is geodesic dist. on P,(X))

* ar ¢ ’P(C’([O, 1];X)) s.t.
o 1y(A) = / 14(7(t)) T(dn),

o Wi (jta, p1r)? = / d(v(s),~(t))? T (dv)

o I'-a.e. «v is a geodesic on X



Kantorovich duality

Te(p, v) =sup /gdu—/fdv
g.f LJX X |

where f,g € Cy(X),
g(x) — f(y) < c(z,y)
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Kantorovich duality

Te(p, v) =sup -/gdu —/dev:

g,f X

= sup /fdu—/fdv,
7 Lx x

where f,g € Cy(X),
g(z) — f(y) < e(z,y),
f(@) = inf [f(y) + c(z, y)]

(inf-convolution)
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Kantorovich duality

1 . ‘
—W,(p,v)P =sup /gdiu /fdv
P a,f

= sup /Qufdy /fdv

where f,g € Cy(X),

g(z) — f(y) < d(w’y)p,

p

Q.f(x) == inf |f(y) +° (

yeX

d(x, y))

S




Kantorovich duality

1 ; ' ‘
—W, (1, v)? =sup /gdu—/fdv
p g,.f LJX X |

=81;p :/XQ1fdu—/deV: ;

where f,g € Cy(X),
g(x) — f(y) <

d(xz,y)?
—

Q.f(x) == inf |f(y) +° (

yeX

d(x, y))

S

~+ Hamilton-Jacobi eq.’s for Q. f

10 / 22



3. RCD spaces
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P, = e'® «» Cheeger's L?-energy
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Energy f’'nal and its density

(X,d, m): met. meas. sp. (m: loc.-finite meas.)

P, = e'® «» Cheeger's L?-energy

loc. Lip. const.o

2Ch(f) := inf{li_m/'wfnﬁdm
n JX

= /IVf|fvdm
b'e

fn + Lip.
£, — fin L2}

* |F(11) = F(0)| < / V£l (v6) [ | ds

for a.e. trajectories (vs)seqo,1] of “nice” transports
I' e P(C([0,1]; X)) [Ambrosio, Gigli & Savaré '13]



RCD*(K, N) space

Definition 1 (J[Ambrosio, Gigli & Savaré '14))
(X,d,m): Riemannian CD(K, co) sp.
E “V2Ent > K"

& Ch: quadratic form (< F;: linear)

Ent(pm) :z/ plog p dm
X

VZEnt > K:
Vo, 1 € Pa(X), a(l'l't)te[(-).1:: Wy-min. geod. s.t
E’llt(/lf) < (1—f) Ellt(/l())+f Ellt(/l,l )—‘)f(l—f)wvz(/l(). L1 )H
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RCD*(K, N) space

Definition 1 ([Ambrosio, Gigli & Savaré '14])
(X, d, m): Riemannian CD (K, co) sp.
& “V2Ent > K"

& Ch: quadratic form (< P;: linear)

Ent(pm) :=/ plog pdm
X

VZ2Ent > K:
Vi, 1 € P2 (X), a(ﬂt)te[o,l]i Wo-min. g;(?d- S.1
Ent(p:) < (1—t) Ent(po)+t Ent(#l)—gt(l—t)wz(#m 1)
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RCD*(K, N) space

Definition 1 ([Erbar, K. & Sturm ’15])
(X, d,m): Riemannian CD*( K, N) sp.
1
& “VZEnt NV Ent®* > K"
& Ch: quadratic form (< P;: linear)

Ent(pm) ::/ plog pdm
X



RCD*(K, N) space

Definition 1 ([Erbar, K. & Sturm ’'15])
(X,d,m): RCD*(K, N) sp.

g 2 1 X2 b N
& V2 Ent NVEnt > K" & P linear

(Basic) properties
o "O(uP;) = —V Ent(uP;)" on (Py(X), Ws)
@ Ch: str. local quasi-reg. Dirichlet form admitting

carré du champ (~ Brownian motion (B(t),P,))
o Bakry-émery’s cond. BE(K, N)

X .) s 1,
" CAIVEL — (VF,VAf), > K|V, A V(Af)“
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RCD*(K, N) space

Definition 1 ([Erbar, K. & Sturm ’15])
(X,d,m): RCD*(K, N) sp.

( 2 1 X2 1 T
& V2 Ent NVEnt > K" & P linear

(Basic) properties
o "O(puP;) = —VEnt(uFP;)" on (P2(X), W)
o Ch: str. local quasi-reg. Dirichlet form admitting

carré du champ (~ Brownian motion (B(t),P,.))
o Bakry-Emery’s cond. BE(K, N)
1 1
) §A|Vf|i, —(Vf,VAf)w > K|V S|, - N(Af)2 )




RCD*(K, N) = BE(K, N)

N = oo [AGS "13-'15 / AG, Mondino & Rajala "15]
RCD(K, c0): V2Ent > K & P;: linear

—

BE(K, 00): AV — (V, VAS) > K|V
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RCD*(K, N) = BE(K, N)

N = oo [AGS "13-'15 / AG, Mondino & Rajala "15]
RCD(K, c0): V2Ent > K & P;: linear

= Wy (K, o00): Wa(uP;,vP,) < e KtW,y(u, v)
¢ [K. '10,'13 / AGS '14 / ...]
Gy(K,0): |VPflw < e KP(|VF2)Y

§ [BE'85 /-]
BE(K, 00): s AIVS[ — (Vf, VAf)y > K|V

o Go(K,00) “"=" RCD(K, o0) [AGS "15]
o (All) extensions to N < oo [EKS "15]

y
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Analytic properties of RCD*( K, V)

o A moment bound of m [Sturm '06]

o (Global) f'nal ineq.’s (e.g. log Sobolev)
- - - /Cavalletti & Mondino]

@ L°°/Lip. regularization of P, [AGS '14/AGMR '15]

@ Self-improvement of BE( K, oo) [Savaré '14

~ (Almost) full-strength of Bakry-Emery

@ Li-Yau's ineq./Gaussian heat kernel estimate/
LP-bddness of Riesz transf. [R. Jiang/- - -]

o Regularity of (loc.) harm. f

@ Harm. fn.'s of polyn. growt

n's [Jiang

n [Hua, Kel

14 / Ke

& Xia

]
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4. Transportation costs between heat flows



Self-improvement

W, (K, 00): W, (nPyyvP:) < e W, (, v)
G(J(K, OO): IVPtf"w < e_KtPt(‘Vf‘ZJ)l/q
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Self-improvement

Wy, (K, 00): Wy (P, vPr) < e X! Wy (1, v)
Gy(K; 00): |VP.f|w < e X' P(IVF11)"/"

WZ(K’ OO)

()
G, (K, co)

)
BE (K, co)

%A|Vf|fv—(Vf,VAf)w > K|V £
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Self-improvement

WP(K’ OO): WP(Npiiv VPt) S e—Kth(p,, 1/)
G,(K,00): |VP,f|w < e KtP,(|V f]9)"/

WQ(K, OO)

(i
GQ(K, OO)

0
BE(K,00) = BE*(K, o)

1 VIV FI2IZ
—A|V — \% ,VA w > K|V 2 | w | w
SAIVIL, =V fHNw > K|VF|2 VP
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Self-improvement

Wy, (K, 00): Wy (P, vPr) < e X! Wy (1, v)
Gy(K; 00): |VP.f|w < e X' P(IVF11)"/"

W2(K9 OO)
)

G>(K, co) G, (K, 0o)
l 0

AV V£,V VIV £l
—A 2 _ : A w>Kv 2 | w |l w
SAIVIL,—(VE VA 2 K|V, VT2
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Self-improvement

Wy, (K, 00): Wy (P, vPr) < e X! Wy (1, v)
Gy(K; 00): |VP.f|w < e X' P(IVF11)"/"

W, (K, o) W (K, co)
) [K.'10, '13/---] L

G (K, oc0) G, (K, oo)
¢ 0

BE(K, c0) = BE*(K, co)

AV V£,V VIV £l
—A 2 _ : A w>Kv 2 | w |l w
SAIVIL,—(VE VA 2 K|V, VT2
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Applications

X |[VP.f| < em®'P(|Vf])
= (P%;-)(reversed) log Sobolev ineq.,
(P;-)(reversed) Gaussian isoperimetric ineq., ...

* Woo(0:P;, 0,P;) < e Mld(z,y)
= Ja nice coupling of trans. prob.

Coupling by parallel transport [Sturm ’15]
Veg, 1 € X El(Béo), Bt(l)): coupling of BMs on X s.t.
o (By,By) = (w0, @)
0 eth(B,fO), B,fl)) N\ a.5.




Total variation bound

Theorem 2 ([K.] cf. [K. & Sturm ’'13])
Suppose RCD (K, oco). Then
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Total variation bound

Theorem 2 ([K.] cf. [K. & Sturm ’'13])
Suppose RCD (K, oco). Then

Tio o) (P v Py) < Toppiay (5 V),

where @ (1) := 2P (

r 1
+75)

r

" Kk 1 2 /9
o(t) :(= 2 e °ds, d(r) := /e_“ du
® =2 ()= —= [ ¢
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Total variation bound

Theorem 2 ([K.] cf. [K. & Sturm ’'13])
Suppose RCD (K, oco). Then

1
Ellupt — VPtHvar S nt(d)(ﬂv l/),

wa(t)) — b

o(t) := 2/(: e *ds, ®(r):=

where p¢(1r) := 2P (

! —u2/2du

1 »
e
V 27 . — 00
'.» Use Pj;-reversed Gaussian isoperimetric ineq.

I(P.f)*=P(I(f))* 2o )[VPS|" (I := 2 0®@™)
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L? / L9-extension when N < oo
Theorem 3 (Dimensional self-improvement [K.])
Suppose RCD*(K,N). Forp > 2 & q = p/(p— 1),

1
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L? / L9-extension when N < oo

Theorem 3 (Dimensional self-improvement [K.])
Suppose RCD*(K,N). Forp > 2 & q = p/(p— 1),

2 1 2
L2(f, ) = KIV S = o (AD)
S 2—alVIVILL
— 4 |V

% Corresponding G, (K, N), W,,(K, N) also holds
Ex. W, (0, N): W, (uP;,vP,)* < W, (u,v)?
+(N +p — 2)(Vt — V/3)?
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L? / L9-extension when N < oo

Theorem 4 (A reverse dim’nal isop. ineq. [K.])
Suppose RCD*(K, N), K > 0. Then
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L? / L9-extension when N < oo

Theorem 4 (A reverse dim’nal isop. ineq. [K.])
Suppose RCD*(K, N), K > 0. Then

(e**" = 1)|VPf|?
< IN(Pf)? — B(INY/NZD(f))2N-DA

1 t
~ /O (225 — 1)ds(AP,f)?,

IN «— (I)g\f O (I)]_Vl, (I)N(’I“) «— V_OIK’N(BT(O)),

volg n: normalized volume on spaceform

*.- Use GN/N—l(Ka N)
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New dimensional Ws-contraction
W(K, N)
Wy (puPivP)? < e "Wy (p, v)?

) t
N /e_zK(t_S)(Ent(uPS) — Ent(vP,))%ds
Jo

Theorem 5 ([Bolley, Gentil, Guillin & K.])

On Riemannian energy measure spaces,

for K € R and N > 0
BE(K,N) < W(K, N)
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New dimensional Ws-contraction
W(K, N)
Wy (uP,,vP,)? < e 2 'Wh(p, v)?

2 [t
N / e 2B(=) (Ent(uP,) — Ent(vP,))%ds
Jo

Theorem 5 ([Bolley, Gentil, Guillin & K.])

On Riemannian energy measure spaces,

for K € R and N > 0,
BE(K,N) < W(K, N)

o REM sp. with BE(K, N) “&" RCD*(K, N) sp.
o "=" for Markov transportation dist. [BGG '14]
o "&" on Riem. mfds [Gentil "15]



