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1. Introduction



Heat flow and Ricci curvature

M: complete Riemannian manifold
Owu(t,x) = Au(t, x),
o=
= u=PFf

heat eq. on M

o P, = e'®: heat semigroup

(e.g. sol'n to a nondegenerate SDE provides them)
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% P, characterizes “Ric > K & dim < N"

(curvature-dimension cond.)
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Bakry-émery’s approach

Bochner-Weitzenbock formula
La2(f, f) =Ric(Vf, Vf) + ||Hess f||as,

1
Fz(fa f) :§A|Vf|2 - <Vf7 VAf>

* ‘Ric > K & dim < N”

& BE(K, N): Ta(f, f) > K|VF[* + - (Af)

(Bakry—Emery’s curv.-dim. cond.[Bakry—Emery '85])
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Bochner-Weitzenbock formula
La2(f, f) =Ric(Vf, Vf) + ||Hess f||as,

1
Fz(fa f) :§A|Vf|2 - <Vf7 VAf>

* ‘Ric > K & dim < N”

& BE(K, N): Ta(f, f) > K|VF[* + - (Af)

(Bakry—Emery’s curv.-dim. cond.[Bakry—Emery '85])

1
° (Vf1,Vfa) = 2 (A(fif2) — fiAfa — f2Af1)
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Bakry-émery’s approach

Bochner-Weitzenbock formula
La2(f, f) =Ric(Vf, Vf) + ||Hess f||as,

1
Fz(fa f) :§A|Vf|2 - <Vf7 VAf>

* ‘Ric > K & dim < N”

1
& BE(K,N): Tx(f, f) > K|Vf|*+ N(Af)2
(Bakry—Emery’s curv.-dim. cond.[Bakry—Emery '85])

o (VI V) = L (AGR) ~ fisfa — AR
(BE(K, N) is formulated only in terms of A)
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Optimal transport approach

Wz(/l,, I/) := inf {”d”Lz(ﬂ.)

m: coupling
of p & v

Ent,.(pvol) := /plogpdvol
* “Ric > K & dim < N"
1
& CDY(K,N): "V2?Ent _NV Ent®? > K"

on (P(M), Ws) ((K, N)-convexity of Ent)

5/26



Optimal transport approach

Wz(/l,, I/) := inf {”d”Lz(ﬂ.)

m: coupling
of p & v

Ent,.(pvol) := /plogpdvol
* “Ric > K & dim < N"
1
& CDY(K,N): "V2?Ent _NV Ent®? > K"

on (P(M), Ws) ((K, N)-convexity of Ent)
o uP, € P(M) (1 € P(M)): heat distribution

o py := pP; solves | fiy = —V Ent ()
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Optimal transport approach
* ‘Ric > K & dim < N”
< W(K, N): An estimate of Wa(u Py, v Ps)
o W(K, oc0):
Wy (uP;, vP)? < e ?KtW,(u, v)?
o W(0,N):
Wi (1P vPy)* < Wa(p,v)? + 2N (ViE—V/s)?
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Optimal transport approach
* “Ric > K & dim < N”
< W(K, N): An estimate of Wa (P, v Ps)
o W(K, o0):
W2(/-LPt7 VH)2 < e_thW2(H7 V)2
o W(0,N):
Wy (uPy, vPo)? < Wa(p,v)? +2N(VE — /)
Q.
Estimate of Wy (P, v P;)?
characterizing “Ric > K & dim < N”
~+ Sharper est. of Wo(uP;,v)? when vP, = v
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Outline of the talk

1. Introduction

2. Framework and main results

3. Idea of the proof

4. Applications and further problems



2. Framework and main results



Framework

(X, g): m-dim. Riem. mfd., d: dist., dv = e Vdvol
L:=A—-VV.V, P :=c¢tf

Ent := Ent,
(e.g. symmetric diffusion given by a nondeg. SDE)
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Framework

(X, g): m-dim. Riem. mfd., d: dist., dv = e Vdvol
L:=A—-VV.V, P :=c¢tf

Ent := Ent,

(e.g. symmetric diffusion given by a nondeg. SDE)

BE(K, IN) in terms of L
1
La(f, f) > K|V + (L)

1
F2(fa f) ::5£|Vf|2 - <Vf9 V£f>
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Another dimensional W5-contraction
W(K, N)

(Wz(ulgt,ypt)jS 2K <W2(5, ,,))2
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Another dimensional W5-contraction
W(K, N)

Wao(uPy, vP;)\ W. 2
SK/N ( 2 ;V t)> < e Klgpn <—2(5’ V))

<5 ) i L)
" NG
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Another dimensional W5-contraction
W(K, N)
Wo (P, v Py) Wa(p, v)\
( 2(u Pty v t)) Se_th5K/N< 2(p V))

2 2
t
_2N/e—2K(t—8)
0

Ent(puPs) — Ent(vP;
Xsinhz( nt(nPs) nt(v )>ds,

2N
(%(r) _ L)

SK/N

VK
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Another dimensional W5-contraction

W' (K, N)
Wi (uP,, vP,)? < e ?K'W,y(p, v)?

2 t
- [ €K (Ent(uP,) - Ent(vP.))’ds
0

(5 (r) = sin(ﬁr))
i VK
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Another dimensional W5-contraction

W' (K, N)
Wa(uP,, vP,)? < e KWy (p,v)?

2 t
- [ €K (Ent(uP,) - Ent(vP.))’ds
0

(5 (r) = sin(ﬁr))
i VK

sq(r) =r (r 1), sinh(r) > r
~ W(K,N) = W(K, N)
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Another dimensional W,-contraction

Theorem 1 ([Bolley, Gentil, Guillin & K.])
For K € R and N > 0, TFAE:

(i) BE(K, N)

(i) W(K, N)

(i) W'(K, N)



Another dimensional W,-contraction

Theorem 1 ([Bolley, Gentil, Guillin & K.])
For K € R and N > 0, TFAE:

(i) BE(K, N)

(i) W(K, N)

(i) W/ (K, N)

cf. [Bolley, Gentil & Guillin '14]

(“(i) = (iii)" for Markov transportation dist.)



Remark on extensions

o Thm.1 is true in more abstract framework
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Remark on extensions

@ Thm.1 is true in more abstract framework:
Riemannian energy measure space
introduced by [Ambrosio, Gigli & Savaré '15]

o Riem. energy meas. sp. with "BE(K, )"
< RCD®(K, N) sp.: “Riem.” met. meas. sp.,

1
“V? Ent _NV Ent®? > K" on (P(M), Ws)
[Erbar, K. & Sturm '15]
o RCD*(K,N) = W(K, N) = BE(K, N)

@ Thm.1 implies another proof of
RCD*(K, N) = BE(K, N)

11/26



3. ldea of the proof



For simplicity, we assume K = 0 in the sequel



For simplicity, we assume K = 0 in the sequel
(We still use “K" if it holds for general K)



Proof of
BE(K,N) = W(K, N)



Formal derivation of W’(O, N)
1
1t BE(O,N) & V?Ent ——v Ent®? > 0

1 p,i = p® P, solves u( ) -V Ent(péi))
(=0,1)
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Formal derivation of W’(O, N)
t BE(0, N) & V?Ent —iv Ent®? > 0
t i = uO P solves i1l = ) —V Ent(p?)
(2 =0,1)
(o) refo,1: Wa-min. geod. in P(M) from u( ) to ,u,é )

1d 0 (1 r
2dt 2(/1'1(5 )a My ))2 [<y’§ )70r>]r =0
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Formal derivation of W’(O, N)

1
1t BE(0, N) & V?Ent —NV Ent®? > 0

(o)refo,1: Wa-min. geod. in P(M) from ,LL( ) to ,uﬁl)

1d 0) @
52 e pi)? = [—(V Ent(e,), 6],
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Formal derivation of W’(O, N)

1
1t BE(0, N) & V?Ent —NV Ent®? > 0
(o) refo,1: Wa-min. geod. in P(M) from u( ) to ugl)

1d_ o o«
5 W, ") = [—(V Ent(a,), &)1,

_/0 Vz Ent(o'r)(é'm é‘,.)d’l’ ( 07 - 0)
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Formal derivation of W’(O, N)

1
1t BE(0, N) < V7 Ent _NV Ent®? > 0
(o) refo,1: Wa-min. geod. in P(M) from u( ) to ,u,(f)

1d 0) @
52 el pi)? = [—(V Ent(a,), 6],

—/ V?Ent(o,) (6., 6, )dr
0

1 1
< — N/o (V Ent(o,),6,)dr
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Formal derivation of W’(O, N)

(o7)refo,1: Wa-min. geod. in P(M) from u( ) to ,ugl)

1d
5 W, u”)? = [—(V Ent(a,), &),

= —/ V?Ent(o,) (6, 6, )dr
0

1 1
< - N/o (V Ent(c), &) 2dr

< % (/Olw Ent(ar),dr)dr)z

15/26



Formal derivation of W’(O, N)

(o) refo,1: Wa-min. geod. in P(M) from uﬁ‘” to ugl)

1d .
5 W, ") = [—(V Ent(a,), &)1,

1
= —/ V?Ent(o,) (6, 6, )dr
0

IA

1 1
N (V Ent(o,),6,)%dr
0

< — % (Ent(o;) — Ent(oy))?
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Formal derivation of W’(O, N)

(o)refo,1: Wa-min. geod. in P(M) from ,u,§0> to ;L,El)

1d 0 1 .
5 W, ") = [—(V Ent(a,), &)1,

1
= —/ V?Ent(o,) (6, 6, )dr
0

IA

1 1
N (V Ent(o,),6,)%dr
0

1 2
<-= (Ent (i) — Ent(x"))
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Formal derivation of W’(O, N)

1d
—— Wy (1", V) = [—(V Ent (o), 6)]

2dt
1
— —/ V2 Eﬂt(O'r)(é'ra &T)dr
0
1 ! .\ 2
< — _/ (V Ent(o,),6,)°dr
N Jo

1 2
N (Ent(uﬁl)) - Ent(uﬁo)))
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Formal derivation of W’(O, N)
1d

EEW2(IJ% ’,utl))z = [— (VEnt(UT)’é"“”:':O

1
= —/ V2 Ent(o,)(6,, 6, )dr
0

IA

1 1
— N/O (V Ent(o,),5,)%dr
1 2
N (Ent(uﬁl)) - Ent(uﬁo))>

W2(/~l'1(50)’l'l't N2 < Wy, ui)?

- / (Ent(u{") — Ent(p{”))*ds
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Evolution variational inequality

o BE(K, N) = RCD*(K, N)
o RCD*(K, N) “&" Vinitial data, Tsol. to
(K, N)-EVI of Ent
[Erbar, K. & Sturm '15]

What's EVI?
o A formulation of grad. flow for (K, IN')-convex pot.

& “Riemannian”

@ In this case, sol. to EVI of Ent = u P,
o (K,N)-EVI = W(K,N) & W (K, N)
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Proof of
W'(K, N) = BE(K, N)

(W(K, N) = W/(K, N) is already explained in §2)



Review: W(K, N) = BE(K, N)

W(K, N) Z G(K, N) Z BE(K, N)

[Bakry & Emery '84 (N = o)/ Bakry & Ledoux '06]
[K. 10, '13 (N = o0)/K. '15/...]
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Review: W(K, N) = BE(K, N)

W(K, N) z G(K, N) z BE(K, N)

G(0, V) (Gradient estimate for P;) :

VPSP < PAIVIP) — (LR
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Recall W(0, IV):
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Review: W(K, N) = BE(K, N)

W(K, N) z G(K, N) z BE(K, N)

G(0, V) (Gradient estimate for P;) :

VPSP < PAIVIP) — (LR

Recall W(0, IV):
Wa(wPi, v P;)? < Wa(p,v)? + 2N (VE — +/s)?

* W(K, N) for Dirac meas.'s = G(K, N)
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Our problem: W’(K, N) = BE(K, N)

Remarks
o No use of G(K, N):

W/(K, N) = BE(K, N) directly
o On R™,
W/ (K, N) < W(K, co)

for Dirac meas.’s
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Our problem: W’(K, N) = BE(K, N)

Remarks
o No use of G(K, N):

W/(K, N) = BE(K, N) directly
o On R™,
W/ (K, N) < W(K, co)
for Dirac meas.'s
"." Recall \/N\(O, N):
W (P, vP)? < Wy(p,v)?

_%/0 (Ent(uP,) — Ent(vP,))2ds
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Key idea to our problem

Perturb p = gv:
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Key idea to our problem
Perturb p = gv: pu, = g,v with

gr =91 —rLf)+o(r) (r—0),
L9 :=L+Vlogg-V (symm. for p)
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Key idea to our problem

Perturb p = gv: pu, = g,v with

gr =91 —rLIf) +o(r) (r—0),
LI9:=L+Vioegg-V (symm. for )
Formal differential calc. on (P (M), W3) (Otto calc.)

‘Do =V finT,P(M)" for(v.), C P(M)

& vy, Br/sodvr

= /(Vf, V)dvg
r=0
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Key idea to our problem
Perturb p = gv: p, = g, v with

gr =91 —rLIf) +o(r) (r—0),
LI9:=L+Vioegg-V (symm. for )

Formal differential calc. on (P (M), W3) (Otto calc.)

‘o =V finT,P(M)" for (v.), C P(M)

& vy, Br/sodvr

=[5, Ve)du,
r=0

= o =VFf
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Overview of the proof

p= o, V= iy
& consider W(O, N) atr = 0,t= 0

(Use Kantorovich duality & Hopf-Lax semigroup)
1

2TW2(M7 v)? = Sup [/Qrcp dv — /sodu],

1
9, Qrp + 5IVQT¢I2 =0, Qop=1¢

21/26



Overview of the proof

p= o, V= iy
& consider W(O, N) atr = 0,t= 0

(Use Kantorovich duality & Hopf-Lax semigroup)
1 2

—Wa(p,v)° = sup /Qrcpdv—/sodu :
2r @

1
9, Qrp + 5IVQT¢I2 =0, Qop=1¢

Heuristics: (o7)refo,11: W2-min. geod. from p to v
& 09 = Vh = ¢ = h is a maximizer

21/26



Overview of the proof

p= o, V= iy
& consider W(O, N) atr = 0,t= 0

(Use Kantorovich duality & Hopf-Lax semigroup)

1 r
o Wk, v)* = Sup [/O (3u/Qu60 d"u) d“]’

1
0, Qrp + 5IVQT¢|2 =0, Qop=1¢

Heuristics: (o7)refo,11: W2-min. geod. from p to v
& 09 = Vh = ¢ = h is a maximizer

21/26



Overview of the proof

P = o, V = fir
& consider W(0, N) atr = 0,t= 0

(Use Kantorovich duality & Hopf-Lax semigroup)

Wo (o Py 1 Py)? < Wa(po, p1r)?

:3 t
~~ | ®nt(uoP.) — Ent(n,P.)* ds
N Jo

1 r
Z_TWZ(H" V)2 = Sl;p [/0 <8U/Qu90 dau) du],

1
9,Q,p + 5IVQT¢|2 =0, Qop=¢
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P = o, V = fir
& consider W(0O, N) atr =~ 0,t= 0

(Use Kantorovich duality & Hopf-Lax semigroup)

Wa(po Py e Pr)* () < Wa(pos pr)”

2 [t 2
_N/() (Ent(u’OPs) _ Ent(p’TPS)) (3)d8
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T
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Overview of the proof

P = o, V = fir
& consider W(0O, N) atr =~ 0,t= 0

(Use Kantorovich duality & Hopf-Lax semigroup)
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Overview of the proof

p= o, V = fiy
& consider W(0O, N) atr = 0,t= 0

Wz(MOPt,#rH)2(1) < Wa(po, pr)?

©)
2 ¢ 9
_2 /0 (Ent(uoPy) — Ent(s, )’ ds

W5 [ (RGVIP) + 291,90 ool
(_2 / IV F%g dv + o(1)
(3) ( P,(gL?f) logPsgd’U) +o(1)
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Overview (cont.’d)
4

/ (=P(IVSfI*) + 2(Vf, VP.f))g dv

9 2 [t
<[V dv —— | d
_/| g dv N/O s

2

/ P,(gL?f)log P,g dv

22 /26



Overview (cont.’d)
4

/ (=P(IVSfI*) + 2(Vf, VP.f))g dv

2 t
S/IVflzg dv —N/ds /Ps(gcgf) log P,g dv
0
4 O¢li=o

2
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Overview (cont.’d)
U

[ (PAVIP) + 294, VR g do
2 t
S/IVflzgdv —N/Ods /Ps(gcgf) log P.g dv
4 Otlt=o

o | ¢
—Z/Fz(f, flgdv < — N /(gﬁgf) log g dv

2

2

2

2
= —— V£ VI d
N‘/Q( f, Vlogg) dv

2

/(ﬁf)g dv

2
N
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Overview (cont.’d)
4

/ (=P(IVfI*) + 2(Vf, VP.f))g dv
2 t
S/|V'f|2-g dv _N/Ods /Ps(g‘cgf) IOgPsg dv
4 Otli=o

2
—2/F2(f, flgdv < — N /(gﬁgf) log g dv

2

2

2 2
= N ‘/g(Vf,Vlogg) dv

2

= - % /(ﬁf)gdv
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Overview (cont.’d)
U

| (~PAIP) + 2095, 9P p)g o
2 t
S/|Vf|2g dv _N/Ods /Ps(g‘c’gf) IOgPsg dv
4 Otli=o0

S
~2 [Ta(f, gdv <~ | [ (9L7f)logg o

2

2

2

o | r
= —— V£ VI d
N‘/g< f, Vlogg) dv

2
[
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4. Applications and further problems



Applications to functional inequalities

o New proof of Entropy-energy inequality (K > 0):

Ent(pv) < 1 <1+ ! /lelzd)
n — 10 V.
pU) =5 08 NKJ] o,

=> Sharp Sobolev ineq. (e.g. [Profeta "15])
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Applications to functional inequalities

o New proof of Entropy-energy inequality (K > 0):

Ent(pv) < 1 <1+ ! /lelzd)
n v — 10 v].
pU) =5 08 NKJ] o,

=> Sharp Sobolev ineq. (e.g. [Profeta "15])

o An Entropy regularization bound: When K = 0,

Wz(#av)2}

N
Ent(uP;) < oY max {C’, log N1
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Questions

o Applications of W(K, N) to a sharper rate of
conv. (when K > 0): e.g.,

NK
WZ(NPtaU) < exp _N —1

t) Wi, v)

o A self-improvement of W(K, N) or W’(K, N)
e.g. a self-improvement of BE( K, 00)
= W, (1P vP,) < Wy(u,v)
o W(K, N) by coupling method
for diffusion processes (even on Riem. mfd)

@ In another framework?
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