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Purpose

% P, characterizes “"Ric > K & dim < IN”
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% Extensions to metric measure spaces (X, d, m)
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Purpose

% P, characterizes "Ric > K & dim < N”
(curvature-dimension cond.)

% A bound of Wy (uP;, v P;) characterizes CD-cond'n
% Extensions to metric measure spaces (X, d, m)

<— Optimal transport

Questions
(1) Another (characteristic) bound of W (uPs, puP;)

(2) Bounds for other costs than d? under CD

(“Robust” arguments being valid on met. meas. sp.)



Three approaches

Bakry-émery theory
Gradient estimate of P

(Bakry-Emery’s CD-cond'n)
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Coupling method

(2nd variation of d?)

o

4
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Outline of the talk

1.

2.

Introduction

Wasserstein distance

. Convexities of Ent

: Bakry-émery theory

. Self-improvements and their applications
. Stochastic analysis

. Problems



2. Wasserstein distance



Wasserstein distance

(X, d): complete separable geodesic metric space

LP-Wasserstein distance (p € [1,00))
Wy (p, v) 2= Tar(p, )P = inf ||d|| Lo(x)

o W, distance on P,(X):
Pp(X) = {p € P(X) | Wy,(do, p) < 00}
o W,-conv. & weak conv. & conv. of p-th moment

@ Dual representation (Kantorovich duality)

@ Property of (X, d) = the same for (P,(X), W,)
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Wasserstein distance

(X, d): complete separable geodesic metric space

LP-Wasserstein distance (p € [1,00))
Wi (s v) == Taw(p. )7 = inf || d]| Loy

o W, distance on P,(X):
Pp(X) :={pn € P(X) | Wp(do, ) < o0}
o W,-conv. < weak conv. & conv. of p-th moment
o Dual representation (Kantorovich duality)
o Property of (X, d) = the same for (P,(X), W,)
(e.g. sep./compl./geod.)
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3. Convexities of Ent



Energy f’'nal and its density

(X,d,m): met. meas. sp.
(m: loc.-finite, /exp (—acd(wo,a})2> m(dx) < oo)

P, = e'* +» Cheeger's L?-energy
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fn + Lip.
f, — fin L?

}



RCD*(K, N) space

Definition 1 ([Ambrosio, Gigli & Savaré '14])
(X,d, m): Riemannian CD(K, c0) sp. (K € R)
& “v2Ent > K"

& Ch: quadratic form (< F;: linear)

Ent(pm) ::/Xpl()gpdm

V*Ent > K:

Vo, 1 € Pa(X), a(l‘f)tE{U-l}: Wa-min. geod. s.t

Ellt(ll’t) S (1_f> Ellt(/l())+t Ellt(lll)_71’(1_‘[’)‘/‘/‘2(‘1(). ll.l)h

=
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RCD*(K, N) space
Theorem 1 ([Erbar, K. & Sturm ’'15])
(X,d,m): Riem. CD*(K,N) sp. (K € R, N > 0)
1
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X
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Theorem 1 ([Erbar, K. & Sturm ’15])
(X,d,m). RCD*(K,N) sp. (K € R, N > 0)
1
& V2 Ent NV Ent®* > K" & P,: linear

Example

f (X,d,m) = (M,d,, e " vol,)
(r-dim. weighted Riem. mfd),

(R)CD*(K, N)
VV ®2
& Ric +V2V > Kg& N >n

— N
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Evolution variational inequality

Formally, p; = pP; solves | fi; = —V Ent(p11)
on (P2(X), Wy) (Otto calculus)
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(K, N)-EVI = Ws-controls

W2(NP89 VPt)

r— 2
:‘S,t :: 5
K/N( >

), S, (7):=

sin(4/k7)

VK
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(K, N)-EVI = Ws-controls

= e o2

W, (K, N) [EKS '15 / K. '15]

E'.s.l‘ S e—K(S+t)E

0,0 71

5

K(s—+1t)

WQ(“’Psa VPt)) S (r)._Sin(\/E’l")
2 N
| N 1 — e K(s+1) |\/Z_\/§|2
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(0, N)-EVI = W5-controls (formal)
2 1 ®2 \A//
V7 Ent > NV Ent®” = W, (0, N)

WQ(O, N):
2
OWs(uPyy vP)? < ——(Ent(uP,) — Ent(vF,))’

) ) (UT)TE[O,I]: Wz-geod. from p,Pt to I/H,
" xr := (V Ent(o,), 5,)

Wo(uP;. vP,:)? -1 1 /1
Bt 2(“’ ty V t) — — / X.,,, dr S / X? dr
2 J 0 N 0

14 / 39



(0, N)-EVI = Ws-controls (formal)
VV\’2(O, N):
OWa(1P wPy)? < —~(Ent(uP,) — Ent(vP,))’

(or)refo,1): Wa-geod. from puP; to v P,
xr := (V Ent(o,), 5;,)

Wo(uP;, vP;)? 1 1 1
Oy o (P, vF;) :_/errg /ngT
J 0 N,O

2

1 1
< . d
< N./OX ,

2

14 / 39



(0, N)-EVI = Ws-controls (formal)

W, (0, N):
OWa(u P, VPt)2

< ;(Ent(uPt) — Ent(vF))

(or)refo,1): Wa-geod. from puP; to v P,

xr := (V Ent(o,), 5;,)

Oy >

1| /!
< rd
<—~| [ x-dr

Wa(uP;, vP,)? 1 1
2l v =—/>‘<rdr§ /xfd"“
Jo N Jo

2

< (Ent(uP;) — Ent(vP,))?

1
N

14 / 39



4. Bakry-Emery theory



Bakry-émery’s CD cond’n

Bochner-Weitzenbock formula
On n-dim. weighted Riem. mfd (M, d,,e~" vol,),

Fz(f, f) :(RIC +V2V)(Vf9 Vf) T ||V2f‘|a5?
1
Do(f, f) :=5 LIV > = (Vf, VL)
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Bakry-émery’s CD cond’n

Bochner-Weitzenbock formula
On n-dim. weighted Riem. mfd (M, d,,e~" vol,),

Fz(f, f) :(RIC +V2V)(Vf9 Vf) T ||V2f‘|a5?
1
Do(f, f) :=5 LIV > = (Vf, VL)

% Ric +V?V > K

& BE(K,o0): Ta(f,f) > K|V S|

(Bakry-Emery's curv.-dim. cond.[Bakry-Emery '85])
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Bakry-émery’s CD cond’n

Bochner-Weitzenbock formula
On n-dim. weighted Riem. mfd (M, d,,e~" vol,),

Tao(f, f) =(Ric +V2V)(VE VE) + [ V2|,
1
La(f, f) =5 LIV I — (V£,VLS)

% Ric +V?*V > K

& BE(K,00): Ta(f,f) > K|Vf|

(Bakry-Emery's curv.-dim. cond.[Bakry-Emery '85])
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Bakry-émery’s CD cond’n

Bochner-Weitzenbock formula
On n-dim. weighted Riem. mfd (M, d,,e~" vol,),

To(f, f) =(Ric+VEV)(VF,VE) + [ V3£
1
Ca2(f, f) ==§£\Vf\2 —(Vf, VLf)

YV ®2
+ Ric+V?V v > K
N —n —

& BE(K, N): To(f, f) > K|V + (L)

(Bakry-Emery's curv.-dim. cond.[Bakry-Emery '85])

16 / 39



N = oo
Wy (K,00): Wa(uP,vP;) < e B'Wy(u, v)

BE(K, 00): S LIVII® — (V,VLf) > K|V I
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WQ(K, N) S— BE(K, N)
N = oo
Wy (K,00): Wa(uP,vP;) < e B'Wy(u, v)

Gy (K,0): |VPf| < e—Ktpt(‘Vf‘z)uz
¢ [BE'85/-.--]
BE(K, o0): %ﬁ\VfF —(Vf,VLf) > K|V f|?



W-.(K,N) < BE(K, N)
N = oo
Wy (K,00): Wa(uP,vP;) < e B'Wy(u, v)
¢ [K.'10,'13 /AGS 15/ -.-]
Gy(K,o00): |VP.f| < e ™ P(|Vf|*)"/?
¢ [BE'85/.--]

BE(K, 00): S LIVII® — (V,VLf) > K|V I




W,(K, N) < BE(K, N)
N = oo
Wy (K,00): Wa(uP,vP;) < e B'Wy(u, v)
¢ [K.'10,'13 /AGS 15/ -.-]
Gy(K,00): |VPf| < e ®'P(|Vf[*)"?
¢ [BE'85/.--]

BE(K, 00): S LIVII® — (V,VLf) > K|V I

o Valid even on met. meas. sp.'s (X, d, m)
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W,(K, N) < BE(K, N)
N = oo
Wy (K,00): Wa(uP,vP;) < e B'Wy(u, v)
¢ [K.'10,'13 /AGS 15/ -.-]
Gy(K,00): |VPf| < e ®'P(|Vf[*)"?
¢ [BE'85/.--]

BE(K, 00): S LIVII® — (V,VLf) > K|V I

o Valid even on met. meas. sp.'s (X, d, m)

o N < oo [Bakry & Ledoux '06 / K. "15]

17 / 39



RCD*(K, N) < BE(K, N)

o RCD(K, 00)(= W5y(K, o)) = BE(K, c0)
[AGS "13-'15 / AG, Mondino & Rajala "15]

0 Gy (K,o0) =" RCD(K, co) [AGS '15]
@ N < oo [EKS '15 / Ambrosio, Mondino & Savaré]

o RCD(K,N) = W,(K, N) = BE(K, N)
|Gentil "15 / Bolley, Gentil, Guillin & K.]
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RCD*(K, N) < BE(K, N)

RCD(K, o0)(= W2 (K,o0)) = BE(K, c0)
[AGS "13-'15 / AG, Mondino & Rajala "15]

G, (K, o00) “=" RCD(K, co) [AGS "15]
N < oo [EKS "15 / Ambrosio, Mondino & Savaré]

RCD(K, N) = W»(K, N) = BE(K, N)
|Gentil "15 / Bolley, Gentil, Guillin & K]
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RCD*(K, N) < BE(K, N)

RCD(K, o0)(= Wy(K, o)) = BE(K, c0)
[AGS "13-'15 / AG, Mondino & Rajala "15]

G, (K, o00) “=" RCD(K, co) [AGS "15]
N < oo [EKS '15 / Ambrosio, Mondino & Savaré|

RCD(K, N) = W,y(K, N) = BE(K, N)
|Gentil '15 / Bolley, Gentil, Guillin & K.]
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RCD*(K, N) < BE(K, N)

RCD(K, o) (= W5y(K, o)) = BE(K, c0)
[AGS "13-'15 / AG, Mondino & Rajala "15]

G, (K,00) =" RCD(K, co) [AGS "15]
N < oo [EKS "15 / Ambrosio, Mondino & Savaré]

RCD(K,N) = W,(K, N) = BE(K, N)
|Gentil '15 / Bolley, Gentil, Guillin & K.]
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RCD*(K, N) < BE(K, N)

o RCD(K, 00)(= Ws(K, o)) = BE(K, o)
[AGS "13-'15 / AG, Mondino & Rajala "15]

o Gy(K,o0) =" RCD(K, oco) [AGS '15]
o N < oo [EKS '15 / Ambrosio, Mondino & Savaré]

> RCD(K, N) = W,(K, N) = BE(K, N)
|Gentil '15 / Bolley, Gentil, Guillin & K.]

RCD*(K, N) < BE(K, N)

—=> Several geometric/analytic applications

8 /39



Outline of pf: W5(0, N) = G2(0, N)

Wy Wy (uPs, vP;)? < Wa(p,v)? 4+ 2N |Vt — /5]

2t
Go: —(LPif)?

VB f|? < P(|VF?)
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Outline of pf: W5(0, N) = G2(0, N)

Wy Wy (uPs, vP;)? < Wa(p,v)? 4+ 2N |Vt — /5]
2t
G, N(cPuf)2 VP, f|*> < P,(|V£*)

G, & \'/a & R,
2t
a\/NLPtf + VP f| < VP(IVF]?)(a® + 1)

19 / 39



Outline of pf: W5(0, N) = G2(0, N)

Wy Wo(uPs, vP;)? < Wa(p,v)? + 2NVt — /5|

Gy a\/%ﬁPthr VPf| < VBV @ T 1)
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Outline of pf: W5(0, N) = G2(0, N)

Wy Wo(uPs, vP;)? < Wa(p,v)? + 2NVt — /5|

Gy a\@uﬂm VPf| < VBV @ T 1)

For 7v: coupling of 0, F; and 0, P,
Pif(2) = Pf(y) = [ () = f(w))n(dzdw)



Outline of pf: W5(0, N) = G2(0, N)

Wy Wo(uPs, vP;)? < Wa(p,v)? + 2NVt — /5|

Gy a\/%ﬁPthr VPf| < VBV @ T 1)

For 7v: coupling of 0, F; and 0, P,
Pif(2) = Pf(y) = [ () = f(w))n(dzdw)

2t 1
Taket — s = a Nd(a:,y), Xd(:c,y) & y — x:

2t
> a\/;ﬁptf(a:) + |VP f|(x)

(LHS)
d(z,y)




Outline of pf: W3(0, N) = G2(0, V)

Wy: Wy (uPs, v P;)? < Wa(p,v)? 4+ 2N |Vt — /5]

2
ot a\| LPf + VS| < VRV @+ D

For 7. coupling of 0, F; and 0, P,
Pif(@) = Pf() = [ (F(2) — f(w))m(dzdw)

| 2t 1
Taket — s = a Nd(a:,y), Xd(:v,y) & y — x:

ReS) L [1C)—Iw),
d(z,y) d(z,vy) d(z,w)

(z, w)mw(dzdw)



Outline of pf: W3(0, N) = G2(0, V)

Wy: Wy (uPs, v P;)? < Wa(p,v)? 4+ 2N |Vt — /5]

2
ot a\| LPf + VS| < VRV @+ D

Take t — s = a'\@d(az,y), Xd(a:l,y) & y — x:
RHS) 1 [f(z)— f(w)
d(z,y) d(z,y) d(z, w)
< VP(|VF?)(x)Ws(8.P;, 6, P;) /d(x,y) + o(1)
< VE(IVS*)(x)(1+ a?) + o(1)

d(z,w)r(dzdw)




Outline of pf: G2(0, N) = W5(0, N)

Recall the Kantorovich duality for W:

: _ _
§W2(Na v)? =Sl;p _/th dp —/f dV_ ;

d(z,y)?"
2s

Qsf(x) := inf —f(y) |



Outline of pf: G2(0, N) = W-(0, N)

Recall the Kantorovich duality for Wa:

%Wz(#a v)* = sup :/Qlf dp —/f dV: ,

d(z,y)?"
2s

Q:f(x) := ir?}f f(y) |

1
* ast.f + g‘VQSfP =0
(Hamilton-Jacobi eq. for Q f)
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Outline of pf: G2(0, N) = W-(0, N)

2t
Go: ay| SEBS + VRS < VP(|Vf[?)(a? 4 1)
Wo: W2(FLPS’VPt)2 S W2(N9 V)2+2N|\/Z_ \/5‘2




Outline of pf: G3(0, N) = W5(0, N)

Ga: a\/%ﬁptf +|VEf| < VP(Vf]*)(a® + 1)

Wy: Wy (uPa,vP;)? < Wa(p,v)? 4+ 2N |Vt — /5]
For simplicity, suppose u = 9., v = 0,

Wy (6, P, 5,P;)* = 2 sup (P,Q:f(y) — Psf(z)]

(Kantorovich duality)

Idea: give an upper bound of |- - - | being uniform in f



Outline of pf: G2(0, N) = W-(0, N)

Ga: a\@ﬁptf +|VP.f| < VP(IVf]*)(a® + 1)

Wo: W2(FLPS’VPt)2 S W2(N9 V)2+2N|\/Z_ \/5‘2
v :[0,1] = X: geod. from x to y

a(r) == ((1 —7)v/s + rvt)’

= 2P,Q1f(y) — P.f(x)
=2(P,1)Q1f(71) — Prio)Qof (7))




Outline of pf: G2(0, N) = W-(0, N)

Ga: a\@ﬁptf +|VP.f| < VP(IVf]*)(a® + 1)

Wo: W2(FLPS’VPt)2 S W2(N9 V)2+2N|\/Z_ \/5‘2
v :[0,1] = X: geod. from x to y

a(r) == ((1 —7)v/s + rvt)’

= 2P,Q1f(y) — P.f(x)
=2(P,1)Q1f(71) — Prio)Qof (7))

1
=2 / Oy (Pa(r)Qrf(')’r))dr
J 0




Outline of pf: G3(0, N) = W5(0, N)

2t
Go: a\[ S LPf + VP < VP(|Vf|?)(a®+ 1)
Wy: Wy (uPa,vP;)? < Wa(p,v)? 4+ 2N |Vt — /5]

a(r) := (1 —r)v/s + rvt)?
20, (Po(rQrf (7))
< 4\/0“(’”)(\/Z — \/g)ﬁpu(r)Qrf(’Yr)
+ 2|3 ||V Par) Qe f1(7r) — Pary (IVQrF1%) (1)




Outline of pf: G3(0, N) = W5(0, V)

2t
Go: a\[ S LPf + VP < VP(|Vf|?)(a® +1)
Wy: Wy (uPa,vP;)? < Wa(p,v)? 4+ 2N |Vt — /5]

20, (Pa(r)QTf(’Y’T'))
< 4Va(r)(Vt — v/3)LP.) Qe f (1)

+ 2":/r||VRx(r)Qr.f|(7r) — Pa(r)(varfP)('Y'r)
<2[P(VQ. 1) (2N(VE~ V3)? + [3.12)

— Pa(r)(‘erf‘z)('Yr)
< 2N (Vt — V3)2 + |3




Outline of pf: G2(0, N) = W-(0, N)

2t
Gy: a\| ZLPf + VRS < VR(Vf?)(a® +1)
Wo: W2(NPS’ VPt)2 S W2(N7 V)2 - 2]\II\/Z_ \/5‘2

287’ (Pa(r)Qrf(7r))
S 4\/&(7")(\/2 — \/g)ﬁpa(r)Qrf(’Yr)
+ 2130 ||V Por Qr f | () — Par)(IVQrFI7) ()
< 2\[PVQ.11) (BN (VE — V3 + )

— Py (IVQ:- F1%) ()
< 2N(Vt—s)? +d(z,y)




Outline of pf: G2(0, N) = W-(0, N)

2t
Gy: a\| LP.f +|VPf| < VP(VfP)(a® + 1)
Wo: W2(NPS’ VPt)2 S W2(N9 V)2 - 2]\II\/Z_ \/5‘2

Summary

W2(5:1:P39 5y13t)2 = 2 Sl;p [IDth.f(y) T Psf(w)]

1
:2/ 8r (Pa(r)Qrf('Yr)) dT,
0

29, (Par)@rf(w)) <2N(VE—V35)" + d(z,y)*




Outline of pf: G2(0, N) = W-(0, N)

2t
Gy: a\| ZLPf + VRS < VR(Vf?)(a® +1)
Wo: W2(NPS’ VPt)2 S W2(N7 V)2 - 2]\II\/Z_ \/5‘2

Summary

W2(5mPsa 5y13t)2 = 2 Sl;p [IDthf(y) T Psf(w)]

1
=2 / o (Pa(r)Qrf(7r)) dr,
0

20, (Pa@rf(v)) < 2N(VE—5)* +d(z,y)*

cf. Another proof when K = 0 or N = oo
[Bakry, Gentil & Ledoux "15]
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Outline of pf: W/,(0, N) = BE(0, N)

W, (0, N):
2
O W (P, vPp)* < N Ent(pF) — Ent(vP;))

- 1
BE(0, N): SLIVS[* = (Vf,VLS) > (Lf)°

Remarks

o No use of Go(K, N):
WQ(K,N) = BE(K, N) directly
o On R™,
le(Kv N) & Wy (K, o)

for Dirac meas.'s
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Outline of pf: W/,(0, N) = BE(0, N)

W, (0, N):
2
O W (P, vPp)* < N Ent(pF) — Ent(vP;))

- 1
BE(0, N): SLIVS[* = (Vf,VLS) > (Lf)°

Remarks

o No use of Go(K, N):
WIZ(Kv N) = BE(K, N) directly
o On R™,
le(Kv N) & Wy (K, o)

for Dirac meas.'s

22 /39



Outline of pf: /V\\I'Q(O, N) = BE(0, N)

Key idea: Perturb p = pm:



Outline of pf: W/,(0, N) = BE(0, N)
Key idea: Perturb p = pm: p, = p,m with

pr =p(1—7rLPf)+o(r) (r—0),
LP:= L+ Viogp-V (symm. for pu)

23 / 39



Outline of pf: W/,(0, N) = BE(0, N)

Key idea: Perturb p = pm: p, = p,m with

pr =p(1—7rLPf)+o(r) (r—0),
LP:= L+ Viogp-V (symm. for pu)

Otto calc.

Do = Vi in T, P(X)" for (i), C P(X)

& Vo, Br/godur — /(Vf,Vgo)dVO
r=0



Outline of pf: W/,(0, N) = BE(0, N)

Key idea: Perturb p = pm: p,, = p,m with

pr =p(1—7rLPf)+o(r) (r—0),
LP:= L+ Viogp-V (symm. for pu)

Otto calc.

‘Do = V£ in T, P(X)" for (v,)r C P(X)

& Vo, 8r/god1/r — /(Vf,Vgo)dVO
r=0

= o = V[



Outline of pf: /V\\I'Q(O, N) = BE(0, N)
Ky — PrM, Pr =— p(l — Tﬁpf) - O(’r‘)



Outline of pf: W/,(0, N) = BE(0, N)
pr = prm, pr = p(1 —rLPf) 4 o(r)
W2(I»’/O-Pt, ll"l‘Pt)2 S W2(Pl09 l'l“r')2

2 t
5 | Ent(uoP) - Bnt(u.P))? s
0
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Outline of pf: W/,(0, N) = BE(0, N)
pr = prm, pr = p(1 —rLPf) + o(r)
Wo(po P, MrPt)z(l) < Wa(po, Mr)z(z)

2 t
2
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Outline of pf: W/,(0, N) = BE(0, N)
pr = prm, pr = p(1 —rLPf) + o(r)
Wo(po P, MrPt)2(1) < Wa(po, Mr)z(z)

2 t
2

2

(ri) Z/(-Pt(Wf\z) +2(Vf,VP.f)) pdm+o(1)



Outline of pf: W/,(0, N) = BE(0, N)
pr = prm, pr = p(1 —rLPf) + o(r)
Wo(po P, MrPt)2(1) < Wa(po, Mr)z(z)

2 t
2

(—P:(|VfI*) + 2(V f,VP.f)) pdm+o(1)

24 /39



Outline of pf: W/,(0, N) = BE(0, N)
pr = prm, pr = p(1 —rLPf) + o(r)
Wo(po P, MrPt)2(1) < Wa(po, Mr)z(z)

2 t
2

(—P:(|VfI*) + 2(V f,VP.f)) pdm+o(1)



Outline of pf: W/,(0, N) = BE(0, N)

W2(H0Pta MrPt)z(l) < W2(N09 P"r)2(2)

2 [t
N /O (Ent(poPs) — Ent(”rps))2(3)d8

riz) > / (=P(VFP) +2(VF,VPf)) pdm-+o(1)
(7%) < /\Vf\zpdm—l—o(l)
(ri) > ( Pi(pL?f) log Pspdm> +o(1)



Outline of pf: W/,(0, N) = BE(0, N)

1
or—>0,><?&t—>()

/(—Pt(Wf\Q) +2(Vf,VP.f) — |Vf|]°) pdm

2 o1 8 2
< N / (/ P;(pL?f)log P;p dm) ds
J 0 .
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Outline of pf: W/,(0, N) = BE(0, N)

1
or — 0, Xz&t—>0

[ (—PAIVS?) + 2V 5, VPf) [V 5) pm

9 ot . 2
< P £) log P, S
S N./o (/ P;(pLPf)1 gdem) d
v 2
. 5 .
—2'/ La2(f)pdm < N (/ log pﬁ”fpdm>
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Outline of pf: W/,(0, N) = BE(0, N)

/(—Pt(|Vf\2) +2(Vf, VP, f) —|Vf|*) pdm

2 [t :
< N/o (/Ps(pﬁpf) logPspdm> ds
J

2
—2/Fz(f)pdm < ; (/ logpﬁ”fpdm>

)




Outline of pf: W/,(0, N) = BE(0, N)

[ (~PAVIP) + 2094, VBS) ~ 195 pm

9 o1 2
< P £) log P, S
S N./o (/Ps(pﬁ f)l gdem) d
v 2
~2 [Ta(f)pdm < —— ( [ 108 pﬁpfpdm)

——~ ([e.90) dm)2

2 (Jeseam)




Outline of pf: W/,(0, N) = BE(0, N)

(frsoton)
(9. V1) dm) 2
e

—2/r2(f)pdm <

2
N
2
N
2
N

C.pm — 6, = BE(0,N)



Summary

1
RCD*(K, N): V?Ent —NV Ent®? > K

& P;: linear (<— Cheeger energy)
RCD*(K, N) < Fsol. to EVI(K, N)
(" = —V Ent(p)")

%iiﬁ %;j BE(K, N)
BE(K, N) <~ GQ(K,N) <~ WQ(K,N)

— RCD*(K, N)

RCD*(K, N) =
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Summary

1
RCD*(K, N): V?Ent NV Ent®? > K

& P;: linear (<— Cheeger energy)
RCD*(K, N) < Fsol. to EVI(K, N)

(“frr = =V Ent(ps)")

W, (K, N)
W)(K N):> BE(K, N)

BE(K,N) <~ GQ(K,N) <~ WZ(K,N)
— RCD*(K, N)

RCD*(K,N) =
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Summary

1
o RCD*(K,N): V?Ent NV Ent®? > K

& P;: linear (<— Cheeger energy)
o RCD*(K, N) < 3sol. to EVI(K, N)
WZ(Ka N)
RCD*(K, N —~ BE(K, N
o ( Y ) — Wz(K, N):> ( Y )

— RCD*(K, N)

W,: A bound of Wy (uPy, v FP;)
G,: A gradient estimate of P
BE: Bakry-émery's curvature-dimension cond'n




Summary

1
o RCD*(K,N): V?Ent NV Ent®? > K

& P;: linear (<— Cheeger energy)
o RCD*(K, N) < sol. to EVI(K, N)
o RCD*(K,N) = /:IN\\IEEIIEZ x;:> BE(K, N)
o BE(K,N) & Gy(K,N) < Wy (K, N)
— RCD*(K, N)
W,: A bound of Wy(uPy, v FP;)
G,: A gradient estimate of P

BE: Bakry-Emery's curvature-dimension cond'n
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Summary

1
o RCD*(K,N): V?Ent NV Ent®? > K

& P;: linear (<— Cheeger energy)
o RCD*(K, N) < sol. to EVI(K, N)
o RCD*(K,N) = /ngﬁ: xii BE(K, N)
o BE(K,N) < G(K,N) & Wy(K,N)
= RCD*(K, N)
W,: A bound of Wy(uPy, v FP;)
G,: A gradient estimate of P

BE: Bakry-émery’s curvature-dimension cond'n




5. Self-improvements and their applications



Self-improvement

W, (K, 00): W, (nPyyvP:) < e W, (, v)
G(J(K, OO): IVPtf"w < e_KtPt(‘Vf‘ZJ)l/q
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Self-improvement

Wy, (K, 00): Wy (P, vPr) < e X! Wy (1, v)
Gy(K; 00): |VP.f|w < e X' P(IVF11)"/"

W, (K, co)

)
G (K, oc0)

)
BE(K, oo)

%ﬁ\vfﬁv—(Vf,Vﬁf)w > K|V S

28 / 39



Self-improvement

Wp(K’ OO): WP(I"’PU VPt) S e—Kth(y,, 1/)
G,(K,00): |VP,f|w < e KtP,(|V f]9)"/

WQ(K, OO)
0
GQ(K, OO)
() IBE '85 / Savaré '14]

1 VIV 22
—L|V o \% ,V£ w > K|V 2 | w | w
> Vfl,— (VS fw > K|V g
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Self-improvement

Wy, (K, 00): Wy (P, vPr) < e X! Wy (1, v)
Gy(K; 00): |VP.f|w < e X' P(IVF11)"/"

W, (K, co)
()

G2(K, OO) G](K’ OO)
) [BE '85 / Savaré '14] 0

9 9 w>[§‘7f2= ' wlw
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Self-improvement

Wy, (K, 00): Wy (P, vPr) < e X! Wy (1, v)
Gy(K; 00): |VP.f|w < e X' P(IVF11)"/"

W, (K, co) W, (K, oo)
0 K.'10, '13/---] §

G (K, c0) G, (K, oo)
) [BE '85 / Savaré '14] 0

BE(K, c0) — BE* (K, oo)

9 9 w>[§‘7f2= ' wlw

8 /39



Applications
* Gi(K,00): |[VPiflw < e " Py(|Vf|w)

= (P;-)(reversed) log Sobolev ineq.,

(Py-)(reversed) Gaussian isoperimetric ineq., ...
|Bakry & Ledoux '96 /...]
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Applications
* Gi(K,00): |[VPiflw < e " Py(|Vf|w)

= (P;-)(reversed) log Sobolev ineq.,

(Py-)(reversed) Gaussian isoperimetric ineq., ...
|Bakry & Ledoux '96 /...]

* Woo (K, 00): Weo(8,P;,6,P;) < e Ktd(z, y)
= Ja nice coupling of trans. prob.

Coupling by parallel transport [Sturm ’15]
Voo, 1 € X B(Z,fo), Zt(l)): coupling of BMs on X s.t.
(Z(O) (1)) — (zo, 1)

o eKtd(Z\", ZV) N, as.

29 /39



Total variation bound

Theorem 2 ([K.] cf. [K. & Sturm ’'13])
Suppose RCD (K, oco). Then

1
§||N’Pt i VPtHvar S nt(d)(ﬂa V)'

wa(t)) — b

o(t) := 2/(: e *ds, ®(r):=

where p¢(1r) := 2P (

o
2
e /2y

)
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Total variation bound

Theorem 2 ([K.] cf. [K. & Sturm ’'13])
Suppose RCD (K, oco). Then

Tio o) (P v Py) < Toppiay (5 V),

where @ (1) := 2P (

r 1
7=m)
o(t) := 2/0 efsds, ®(r) := \/12_W/_re_“2/2du




Total variation bound

Theorem 2 ([K.] cf. [K. & Sturm ’'13])
Suppose RCD (K, oo). Then

T1 000y (@) (P v P) < Ty (a) (125 V),

where @ (1) := 2P (

r 1
7=m)
o(t) := 2/0 efsds, ®(r) := Vlz_ﬁ/_re_uz/zdu

'.* Use P;-reversed Gaussian isoperimetric ineq.

»

I(Pf)*=P,(I(f))* 20 t)|[VPSf|" (I := 2 0®7")
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L? / L9-extension when N < oo
Theorem 3 (Dimensional self-improvement [K.])
Suppose RCD*(K,N). Forp > 2 & q = p/(p— 1),

1
L2(f, f) — K|V, (L)

S 2—alVIVILL
— 4 |Vf3
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1
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L? / L9-extension when N < oo

Theorem 3 (Dimensional self-improvement [K.])
Suppose RCD*(K,N). Forp > 2 & q = p/(p— 1),

2 1 2
24, ) = KIVSI = s (£
S 2—alVIVILL
— 4 |V

% Corresponding G, (K, N), W,,(K, N) also holds
Ex. W, (0, N): W, (uP;,vP,)* < W, (u,v)?
+(N +p — 2)(Vt — V/3)?

31 /3¢




L? / L9-extension when N < oo

Theorem 4 (A reverse isop. ineq. [K.])
Suppose RCD*(K, N), K > 0. Then

(e**" = 1)|VPf|?
< IN(Pf)? — B(INY/NZD(f))2N-DA

1 t
~ 7 /0 (e85 — 1)ds(LP,.f)?,

IN «— (I)g\f O (I)]_Vl, (I)N(’I“) «— V_OIK’N(BT(O)),

WK, ~N . normalized volume on (K, N)-spaceform
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Suppose RCD* (K, N), K > 0. Then

(e**" = 1)|VPf|?
< In(Pof)? — P(INN/ (N0 (f)) 2N -0/

1 t
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L? / L9-extension when N < oo

Theorem 4 (A reverse isop. ineq. [K.])
Suppose RCD*(K, N), K > 0. Then

(e**" = 1)|VPf|?
< IN(Pf)? — B(INY/NZD(f))2N-DA

1 t
~ 7 /0 (e85 — 1)ds(LP,.f)?,

IN «— (I)g\f O (I)]_Vl, (I)N(’I“) «— V_OIK’N(BT(O)),

WK, ~N . normalized volume on (K, N)-spaceform

*.- Use GN/N—l(Ka N)



Application of W>(0, N): YW-entropy
o Wy(0,N) = W(t) \¢[K.] (cf. [Topping '09])

N
W(t) :=tlI(uP;) — Ent(uP;) > logt + c

(WW-entropy)
V 2
(I(pm) = / Vel dm: Fisher information )
) p
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N
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(I(pm) = / Vel dm: Fisher information )
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Application of W>(0, N): YW-entropy
o Wy(0,N) = W(t) ¢ [K.] (cf. [Topping '09])

N
W(t) :=tlI(uP;) — Ent(uP;) > logt + c

( I(pm): Fisher information )
o W/'(t) =0 = X ~R" onwt'd Riem. mfd
.../ X.-D. Li '14]
Theorem 5 (|K. & X.-D. Li]; in progress)

On RCD*(0, N) sp., W'(t) = 0
= X ~ (0, N)-cone over RCD*(0, N — 1) sp.

>




6. Stochastic analysis



Coupling by parallel transport
On n-dim. Riem. mfd M

0. P; < sol. to SDE: { Zo — @

((B¢)t>0: m-dim. Brownian motion on R")

dZ; = dB, — VV(Z,)dt, |
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Coupling by parallel transport
.On n-dim. Riem. mfd M

0. P; < sol. to SDE: { Zo — @

((B¢)t>0: m-dim. Brownian motion on R")
Eg M =R" VV > K = W (K, o)

-+ (ZD);—0,1 s0l. to the SDE with Z{" =
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Coupling by parallel transport
.On n-dim. Riem. mfd M

0. P; <> sol. to SDE: { Zo — x
((Bt)tzoi n-dim. Brownian motion on R")
Fg. M =R" V2V > K = W (K, o)
-+ (ZD);—0,1 s0l. to the SDE with Z{" =
for the same (B¢)¢>0
= d|Z,” — 2,”?
— —2(z0 — 20, vv(z®) — vV (Z?))dt
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Coupling by parallel transport
.On n-dim. Riem. mfd M

0. P; < sol. to SDE: { Zo — @

((Bt)tzoi n-dim. Brownian motion on R")
Eg. M =R", V2V > K = W, (K, o)
-+ (ZD);—0,1 s0l. to the SDE with Z{" =
for the same (B¢)¢>0
s d|Zt(1) _ Zt(O)‘z
— —2(z0 — 20, vv(z®) — vV (Z?))dt
—2K|Z" — 2924t

VA

35 /

dZ; = dB, — VV(Z,)dt, |
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Extensions

o The last argument = eth(aZt(O),E'Zt(l)) N
@ A similar argument works also on Riem. mfds
(2nd deriv. of d® <> Ric / non-symm. L)

T Derivation of W,(K, N) [K. "15]
Tt Ty (nPs, vP;) ~in s [K. & Sturm "13]
(Use a different kind of coupling)
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Extensions

o The last argument = eXtd(3Z ", 37"
@ A similar argument works also on Riem. mfds
(2nd deriv. of d® <> Ric / non-symm. L)

T Derivation of W, (K, N) [K.

T nt—s(d)(upsavps) Ny in s

(Use a different kind of coupli

'15]
K. & Sturm "13]

ng)

o On RCD*(K, co) sp., Cheeger's L?-energy Ch

becomes an quasi-reg. str. local Dirichlet form

t eKtqg(322,3ZMY \ [Sturm '15]
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A sharper bound

Theorem 6 ([K.'15])
On a weighted Riem. mfd, for p > 2,

7;’}’(* (d/z)(NPt, VPs)2/p < 9_97;” Px(d/2) (s V)2/p

| N(1 — €%

- (VE— VAR

K .
K™ = N :=N +p— 2,

N —1
pK*(Vt — \/5)?
2

0:=K(s+t)-
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A sharper bound

Theorem 6 ([K.'15])
On a weighted Riem. mfd, for p > 2,

7;’;{* (d/z)(NPta VPs)2/p < 9_97;” Px(d/2) (s V)z/p

I N(l—e”)(\/- V32,

K .
K* = NN :=N +p— 2,

N —1
pK*(Vt — \/5)?
2

0:=K(s+t)
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Problems

o Applications of G, / W,, / W,
@ Semigroup approach to Lévy-Gromov isop. ineq.

© To, .(a)(Ps,vPs) N in s on RCD*(K, c0) sp.
(= coupling by reflection)

T Extension on RCD*(K, N) sp. (N < o0)
o Rigidity of VW-entropy for K # 0

@ A bound of Wy(uPs, v P;) involving a sharp Lap.
comparison (e.g. Thm 6) on RCD*(K, N) sp.
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