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1. Introduction & overview



Analysis on metric measure spaces

(X, d, m): Polish metric measure space

m: o-finite, loc. finite,

d: geodesic distance

Vo, x1 € X, 3v:[0,1] > X st
i = @i (i =0,1)

& d(v(s),7(1)) = |s — td(wo, @1)
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m: o-finite, loc. finite,
d: geodesic distance

Vo, x1 € X, 3v:[0,1] > X st
Yi = Xy (i:()al)
& d(v(s),7(t)) = |s — t|d(zo, x1)

To define/analyze

gradients/energy functionals/diffusions/- - - |

we need additional structures

% Optimal transport works as a fundamental tool



What's optimal transport?
o Bringamass u € P(X) tov € P(X)

o c(ax,y): cost to bring a unit mass from x to y
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What's optimal transport?
o Bringamass u € P(X) tov € P(X)

o c(ax,y): cost to bring a unit mass from x to y

Optimal transportation cost

e / o(z, y) w(dzdy)
mell(pn,r) J X x X

i) = {m € P00 | T XX =000, )

/\A
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What's optimal transport?

Optimal transportation cost

To(usv) == inf / o(z, y) m(dedy)
mell(p,w) J X< X

o) = fr € PO | TSN ZUA )

x W, = 7;12/2 gives a natural lift of d to P(X)

o Fits well with gradient(s) in a Sobolev sense
@ 'Ric > K" on (X,d,m) in terms of W
@ Heat flow = a gradient flow in (P(X), W5)



What's optimal transport?

Optimal transportation cost

To(usv) := inf /X oz, y) 7(dady)

mell(p,v) X X

II(p,v) := { c P(X?) :E;ii; i 5523, }

>

* W, = 7:112/2 gives a natural lift of d to P(X)

o Fits well with gradient(s) in a Sobolev sense
@ Ric > K" on (X,d,m) in terms of W
@ Heat flow = a gradient flow in (P(X), W5)
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What's optimal transport?

Optimal transportation cost

To(psv) := inf /X o, y) (dady)

WEH([,L,V) X X

(e w) = {m e POX) | TR 200 |

>

* Wy = 7:112/2 gives a natural lift of d to P(X)
o Fits well with gradient(s) in a Sobolev sense
o "Ric > K" on (X,d,m) in terms of W5
o Heat flow = a gradient flow in (P(X), W5)



A key functional: Relative entropy Ent

Ent(pm) ::/ plog p dm
b'e

5 /20



A key functional: Relative entropy Ent

Ent(pm) ::/ plog p dm
X

o "Ric > K" & V?Ent > K on (P(X), W5)

o Heat flow (2¢)¢>0 solves “0y = —V Ent(14)"

5 /20



A key functional: Relative entropy Ent

Ent(pm) ::/ plog p dm

X
o "Ric > K" <& V?Ent > K on (P(X), W»)
o Heat flow (v¢)¢>0 solves "oy = —V Ent(v4)"

I (on “Riemannian” spaces)

Characterization(s) of “Ric > K" by (v¢)¢t>0

5 /20



A key functional: Relative entropy Ent

Ent(pm) ::/ plog p dm

X
o "Ric > K" <& V?Ent > K on (P(X), W»)
o Heat flow (v¢)¢>0 solves "oy = —V Ent(v4)"

I (on “Riemannian” spaces)

Characterization(s) of “Ric > K" by (v¢)¢t>0

= Bakry—lémery’s characterization via A

5 /20



A key functional: Relative entropy Ent

Ent(pm) ::/ plog p dm

X
o "Ric > K" <& V?Ent > K on (P(X), W»)
o Heat flow (v¢)¢>0 solves "oy = —V Ent(v4)"

I (on “Riemannian” spaces)

Characterization(s) of "Ric > K" by (v¢)t>0
= Bakry—lémery’s characterization via A

Q.

Modification/Generalization of these conditions?
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Outline of the talk

1. Introduction

2. Basics of optimal transport
3. Heat flow

4. Applications

5. Extensions to other framework



2. Basics of optimal transport



Wasserstein distance

LP-Wasserstein distance (p € [1,00))

W, (s ) = Ta (2 )17 (= inf ”d||LP(7r))

mell(p,v)

o W,: (pseudo-)distance
@ Conv. in W, & weak conv. & unif. p-th moment

@ Dual representation (Kantorovich duality)

@ Property of (X, d) = the same for (P(X), W),)
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Wasserstein distance

LP-Wasserstein distance (p € [1,00))

Woias) 1= Tar(s) (= int s

m €Tl (,v)

o W,: (pseudo-)distance
o Conv. in W, & weak conv. & unif. p-th moment

o Dual representation (Kantorovich duality)

o Property of (X, d) = the same for (P(X), W,)
(e.g. separability/completeness (p < o0))



Superposition principle (p < oo)

Pp(X) :={p € P(X) | Wp(do, n) < oo}
Geo(X): sp. of const. speed geod.'s on X

o Yo, 1 € Pp(X), (1) refo.1: Wyp-min. geod.
(i.e. W, is geodesic dist. on P,(X))



Superposition principle (p < oo)

Pp(X) :={p € P(X) | Wp(do, p) < o0}
Geo(X): sp. of const. speed geod.'s on X

o Yo, 1 € Pp(X), (1r)refo.1: Wyp-min. geod.
(i.e. W, is geodesic dist. on P,(X))

o ' € P(Geo(X)) s.t.
He(A) = /G 14(~(£)T(dv),

eo(X)

Wty p12)? = /G (), 7(0)*T ()

/20



Curvature-Dimension conditions

[von Renesse & Sturm ’05]
For X: cpl Riem. mfds with 8 X = 0,

Ric > K < “V2Ent > K" on (Pa(X), Wa)
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[von Renesse & Sturm ’05]
For X: cpl Riem. mfds with 8X = 0,

Ric > K & “"V?Ent > K" on (P2(X), W)

= CD(K, co) cond. [Sturm '06 / Lott & Villani '09]
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Curvature-Dimension conditions

[von Renesse & Sturm ’'05]
For X: cpl Riem. mfds with 86X = 0,

Ric > K < “V2Ent > K" on (P2(X), Wa)

= CD(K, oco) cond. [Sturm '06 / Lott & Villani '09]

Ric > K & dim < N (N < o0)
o CD(K, N): [Sturm '06] via Rényi entropy
o CD*(K, N): [Bacher & Sturm '10] “reduced”
o CD°(K, N): |[Erbar, K. & Sturm "15] via Ent

( . 1 R 2 1
V7 Ent NV Ent®® > K



3. Heat flow



Energy f'nal and its density

P, = e!® < Cheeger's L?-energy
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Energy f'nal and its density

P, = e'® «» Cheeger's L?-energy

loc. Lip. const.o

2Ch(f) := inf{liTm/XIanPdm fnfg’fLiif'Lz}
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Energy f'nal and its density

P, = e'® «» Cheeger's L?-energy

loc. Lip. const.o

2Ch(f) := inf{liTm/XIanPdm fnfg’fLiif'Lz}

= / IV £|2 dm
b

* [£(71) — F(70)] < / IV £ o (v) |4 ds

for a.e. trajectories (7s)se[o,1] of “nice” transports
e P(C(]0,1] —» X))
[Ambrosio, Gigli & Savaré "13]

11 /20



RCD*(K, N) space

Definition 1 ([Ambrosio, Gigli & Savaré '14])
(X,d,m): Riemannian CD(K, co) sp.
& CD(K, o0)

& Ch: quadratic form (< F;: linear )
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RCD*(K, N) space

Definition 1 ([Erbar, K. & Sturm "15])
(X, d,m): Riemannian CD*(K, N) sp.
& cD*(K, N) (or CD*(K, N))

& Ch: quadratic form (< P;: linear )




RCD*(K, N) space

Definition 1 ([Erbar, K. & Sturm ’'15])

(X, d,m): Riemannian CD*( K, IN) sp.

& CD*(K,N) (or CD°(K,N)) & P;: linear

(Basic) properties
0 "Oi(uP;) = —V Ent(uP;)” on (Pa(X), W)

@ Ch: str. local quasi-reg. Dirichlet form admitting

carré du champ (~+ Brownian motion (B(t),P,))

o Bakry-Emery’s curv.-dim. cond. BE(K,N)
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1 A £)2
> (A

12 /20



RCD*(K, N) space

Definition 1 ([Erbar, K. & Sturm ’'15])

(X, d,m): Riemannian CD*( K, IN) sp.

& CD*(K,N) (or CD°(K,N)) & P;: linear

(Basic) properties
o "Oy(uP;) = =V Ent(ub;)" on (P2(X), W)

@ Ch: str. local quasi-reg. Dirichlet form admitting
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RCD*(K, N) space

Definition 1 ([Erbar, K. & Sturm ’15])

(X, d,m): Riemannian CD*( K, N) sp.

& CD*(K,N) (or CD(K,N)) & P;: linear

(Basic) properties
o "O(uP;) = —V Ent(uP;)" on (P2(X), Ws)

o Ch: str. local quasi-reg. Dirichlet form admitting
carré du champ (~+ Brownian motion (B(t),P,))

o Bakry-Emery’s curv.-dim. cond. BE(K, N)

AV = (VYA > K|V, + - (Af)’
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RCD*(K, N) space

Definition 1 ([Erbar, K. & Sturm '15])

(X, d, m): Riemannian CD*(K, IN) sp.

& CD*(K,N) (or CD(K,N)) & P;: linear

(Basic) properties
o "O(uP;) = =V Ent(uFP;)" on (P2(X), Ws)

o Ch: str. local quasi-reg. Dirichlet form admitting
carré du champ (~ Brownian motion (B(t),P,.))

o Bakry-Emery's curv.-dim. cond. BE(K,N)
u 1 2 2 1 2 n
§A|Vf\w —(V£,VAf)w 2 K|V f[, 1 N(Af)
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RCD*(K, N) = BE(K, N)

N = oo [AGS "13-'15 / AG, Mondino & Rajala "15]
RCD(K,c0): V2Ent > K & P;: linear

—

BE(K, 00): SAIVf[, — (Vf, VAf)w > K|V
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RCD*(K, N) = BE(K, N)

N = oo [AGS "13-'15 / AG, Mondino & Rajala "15]
RCD(K,c0): V2Ent > K & P;: linear
= Wy(K,0): Wy(uP;,vP;) < e BtWy(u,v)
¢ [K.'10,'13 / -]
Gy(K,00): |[VPiflw < e “'P(Vf[,)"

¢ [Bakry & Emery '85 / - -]
BE(K, o0): sAIVf[ — (Vf, VAS)w > K|V ][

o R& Gy3(K,o0) = CD°(K, oco) [AGS '15]
o (All) extensions to N < oo [EKS "15]




4. Applications



Notation

N: N < oo is essential
R: "Riemannian’ is essential




Geometric properties of RCD* (K, /V)

o (Sharp) Bishop-Gromov volume comparison

© 0 0 ©

(Sharp) Bonnet-Myers diameter bound

Stable under mGH-conv. [Gigli, Mondino & Savaré]
Tensorization [EKS]

RCD; (K, N)

Cones |Ketterer

— RCD*(K, N) [EKS]

15]

Ess. nonbranching geod.’s [Rajala & Sturm '14]

Ketterer 15|/ Li
Rectifiability [Na

Rigidity results (Splittig thm [Gigli]/Max. diam.

chnerowicz-Obata [Ketterer])

ber & Mondino]

(2nd order) differential calc. [Gigli
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Analytic properties of RCD*( K, INV)

o A moment bound of m [Sturm '06]

o (Global) f'nal ineq.’s (e.g. log Sobolev)
[- - - /Cavalletti & Mondino]

@ L°°/Lip. regularization of P, [AGS '14/AGMR '15]

@ Self-improvement of BE( K, oo) [Savaré '14

~ (Almost) full-strength of Bakry-Emery

@ Li-Yau's ineq./Gaussian heat kernel estimate/

LP-bddness of Riesz transf. |[R. Jiang/

@ Regularity of (loc.) harm. fn's [Jiang’

@ Harm. fn.'s w. polyn. growth [Hua, Ke

14 / Kell

| & Xial
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~ (Almost) full-strength of Bakry-Emery

Li-Yau's ineq./Gaussian heat kernel estimate/

LP-bddness of Riesz transf. [R. Jiang/- - -]

Regularity of (loc.) harm. fn's [Jiang '14 / Kell]
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Opt. trans. costs for heat flows

o Self-improvement of BE = That of Wy (K, INV)
o Wy (K,00) = W, (K, o0):

o [K]Yp € (2,00), Wo (K, N) = W, (K, N):
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Wy (P, v Ps)* < Wy (p, )7
+2(N +p—2)(Vt —/5)’
o Comparison thm for ||uP; — v P;||yar (N = 00) [K]]

o Wy (0, N) = Wh-entropy \ & its rigidity
K. & X.-D. Li, in progress

18 / 20



5. Extensions to other framework



Extensions to other class of sp.’s

o Alexandrov sp.'s C RCD sp.’s [Petrunin '11]
o Finsler mfds [Ohta & Sturm '09/. - - |

o (super) Ricci flow [.../Sturm]

o Non-constant curv. bound K [Sturm/Ketterer]

@ Hamiltonian system [.../Ohta "14]
@ Sub-Riem. mfds. (P.W.Y. Lee/Baudoin/- - -)
@ N <0/[.../Ohta "15+]

@ oo-dim sp.’s |- - - /Ambrosio, Erbar & Savaré]

@ Graphs (or state sp. of Markov chains) (many)
@ mCD(K, oo) on (harm.) SG [Kajino "13]
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