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Entropy formula and rigidity
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Entropy formula and rigidity

2

+ Ric(Vf, Vf)> u d vol
[L. Ni '04]

d g
—W = -2 V2f — =
dr /MTO ! 2T

% Extension to M: cpl. Riem. mfd with “bdd geom.”

d
Ric > 0, u: heat kernel & d—W =0
T
= M ~ R™ [Ni '04]
~» Extension to weighted Riem. mfds [X.-D. Li '12]
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Purpose

Q.

Can one extend the monotonicity/rigidity of YW on
metric measure spaces with “Ric > 0 & dim < N”
(RCD“(0, INV) spaces)?
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2. Framework: RCD spaces



Met. meas. sp. & heat flow on it

(X, d,m): Polish geod. met. meas. sp.
(m: loc.-finite, suppm = X)

P, = e'® < Cheeger's L?-energy
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Met. meas. sp. & heat flow on it
(X, d,m): Polish geod. met. meas. sp.

P, = e'® <+ Cheeger's L*-energy
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= /|Vf|fu dm
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Entropic curvature-dimension cond.

Pa(X) 1= {u € P(X) | [ d(eo,)?du < oo}

(A x X) = p(A) }
(X X A) =v(A)

Wz(p,, l/) = lfrlf {||d||L2(7r)

* (P2(X), W3): Polish geod. met. meas. sp.
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Entropic curvature-dimension cond.

Pa(X) 1= {u € P(X) | [ d(@o,)?du < oo}

w(A X X) = p(A)

Wa(p,v) := inf {Ildllmm (X x A) = v(A)

|

Ent(pm) := / p log p dm (relative entropy)
b'e
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Entropic curvature-dimension cond.

Pa(X) 1= {u € P(X) | [ d(@o,)?du < oo}

(A X X) = pu(A) }

Wz([l», 1/) = lIﬂl.f {”d”Lz(ﬂ') 7T(X X A) = I/(A)

Ent(pm) := / p log p dm (relative entropy)
X

Definition 2 (CD*(0, 00))
Yo, p1 € P2(X), ?(pee)eefo,1: Wa-min. geod. s.t.
Ent(u;) < (1 —t) Ent(po) + t Ent(pq)



Entropic curvature-dimension cond.

Pa(X) 1= {u € P(X) | [ d(@o,)?du < oo}

(A X X) = pu(A) }

Wz([l», 1/) = lIﬂl.f {”d”Lz(ﬂ') 7T(X X A) = I/(A)

Ent(pm) := / p log p dm (relative entropy)
X

Definition 2 (CD°(K, N) (K € R, N € (0, 0]))

1
“VZEnt — NV Ent®? > K" on (Pa(X), W)

* RCDe(K, N) & cD?(K, N) & infin. Hilb.



Examples

o (X,g): m-dim. cpl. Riem. mfd., X = 0,

Vvol, (V:X —R)
(Weighted Riem. mfd)

d: Riem. dist.,, m = e~

J
RCD*(K, N) & Ric+V?V —

Ve

> K

—m

@ (Pointed) measured GH lim. of RCD*(K, N) sp.’s
[Gigli, Mondino & Savaré '15]

@ m-dim. Alexandrov sp. of curv. > k
= RCD°((m — 1)k, m) sp.
[Petrunin '09]
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Heat flow

Properties of the heat semigr. P; under RCD®( K, INV)
O |Pfllrrm) = I fllLr(m) for f >0
@ For a prob. density f on X, u; = P, f m solves
“fiy = —V Ent(u)" on (P2(X), Wa)
in the (K, IN))-evolution variational inequality sense

@ P, : L?(m) — L?(m) can be extended
to P; : Pz(X) — PQ(X)

@ P, admits a continuous kernel (heat kernel) p;
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Characterizations of RCD cond.
On RCD®(0, N) sp. (K = 0 for simplicity),
o Yo, F(pe)s>0 sol. to (0, N)-EVI
o Wi (Pspu, PtV)Z < Wa(u, V)2 + 2N(\/Z - \/5)2
(Space-time W-control)

2t
o VP, f|2 + NlAPt.ﬂz < P(IV£*)
(Bakry-Ledoux's gradient estimate)
1 1
o “AIVFE = (VS VA > IAFP

(Bakry-Emery’s curv.-dim. cond.)
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Characterizations of RCD cond.
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o Yo, F(pt) >0 sol. to (0, N)-EVI

o Wa(Psp, PtV)2 < Wa(u, V)2 + 2]\7(\/Z — \/g)z
(Space-time Ws-control)

2t
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(Bakry-Ledoux's gradient estimate)
1 1
o “CAIVEE = (VL VAL > CIAf

(Bakry-Emery’s curv.-dim. cond.)

Each of them < RCD®(0, IN) under “regularity ass.”
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History

CD conditions (N = oo / N < oo by Rényi ent.)
on met. meas. sp.’s [Sturm '06 / Lott & Villani '09]
Reduced CD cond.  [Bacher & Sturm '10]

CD(K, co) = BE on cpt. Alex. sp.
[Gigli, K. & Ohta "13]

(Equivalence of) characterizations (IN = o0)

[Ambrosio, Gigli & Savaré '13-"15]
[Ambrosio, Gigli, Mondino & Rajala '15]

CD°®, extension to N < oo [Erbar, K. & Sturm '15]
Reduced CD <> BE [Ambrosio, Mondino & Savaré]
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History

o CD conditions (IN = co / N < oo by Rényi ent.)
on met. meas. sp.’s [Sturm '06 / Lott & Villani '09]
@ Reduced CD cond.  [Bacher & Sturm '10]

o CD(K, 0co) = BE on cpt. Alex. sp.
[Gigli, K. & Ohta "13]

o (Equivalence of) characterizations (IN = o0)

[Ambrosio, Gigli & Savaré '13-"15]
[Ambrosio, Gigli, Mondino & Rajala '15]

@ CD°®, extension to N < oo [Erbar, K. & Sturm '15]
o Reduced CD <> BE [Ambrosio, Mondino & Savaré]

Under infin. Hilb., CD® <> reduced CD [EKS]
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Gradient flow of Ent
Otto calculus (When X: Riem. mfd)

T,P:(X)"="{Ve g € Co(X)} »,
(Ve, Vb= [(Vo, V) dps (Riem. met)

d o) ()
ﬂtZVso@/ fdut=/<Vf,VsO>dut
dt X JX
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Gradient flow of Ent
Otto calculus (When X: Riem. mfd)

T,P:(X)"'="{Ve | ¢ € Co(X)} ),
(Ve, Vb= [(Vo, V) dps (Riem. met)

, d
fr. = Vo & d—/ fdps = / (VF, V) du
t/x X
= VEnt(pm) = Vlogp
= ¢ = pgm heat flow < g, = —V Ent ()

. d |Vp
= liul?* = =, Bnt(u) = [ =2

(Fisher information)
157 34

2
d dm =: I ()



Geometric properties of RCD“(0, IN) sp.

o Laplacian comparison thm [Gigli '15]:
Ad(xg,+)? < 2NN in the distributional sense
@ Splitting thm [Gigli]: N > 1,
R — X isometry
= X ~ R X (an RCD*(0, N — 1) sp.)

@ Volume rigidity [Gigli & De Philippis]: N > 2,
N

320, Yr, B > 0, m(Br()) = (5) m (B, (x0))

(0, N — 1)-cone of

= X = L RCD(N —2,N — 1) sp.
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Analytic properties of RCD(0, IN) sp.
o Li-Yau ineq. [Jiang '15]:
VPSP ABRS _N
(Pf)? pPf - Zt
@ Sharp heat kernel estimate [Jiang, Li & Zhang '16]:
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—Alog P.f =
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- m(Bm))eXp( <4+e>t>
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3. Main results
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W-entropy
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Main thm
Theorem 3 ([X.-D. Li & K.])
(X,d,m): RCD®(0, N), N > 2, p; := P,

(1) W(/J’tvt) \l int e (Oa OO)
(2) Suppose 3t, > 0 s.t.
Tim W(.utat) - W(Nt*ot*) —0

11m
tit. t —t,
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Cone

Definition 4 ((0, IN)-cone)
(X,d,m): (0, N)-cone of (Y, dy,my)
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o m(drdz) := rNdrmy(dz)
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Remarks

Theorem 1 (1) is known when X: cpt.
[Jiang & Zhang '16]

In previous results, p = d,, (intial data) is assumed
Considering the right upper derivative of W (i, t)
(0, N)-cone of Y is a (smooth) Riem. mfd

&Y ~SNT1(1)

Theorem 1 does not rely on the “entropy formula”
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4. Proof

4.1 Monotonicity

4.2 Rigidity

4.3 Additional remarks



4.1. Monotonicity



Optimal transport approach on Ricci flow
87'97' = 2 Ric, Hr: 8‘1'/1'7' — ATI'I’T
Li@y) = inf_ | [V + R ar

Vs=Ty Vt=Y

Tre(p,v) := 1nf/ L' dm: L-opt. trans. cost
° T JXxX
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Toward the time-inhomogeneous case

L'(z,y) := inf
Vs=, V=Y

/: V(32 + R() dr] |

;
Li(z,y) == inf [/t \/7_°|"Yr|2d7°] |

VYs=ZTy Vt=Y
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Toward the time-inhomogeneous case

Li(z,y) = _inf /St Vr(lFl; + R(w)) dr] I
$
Li(z,y) := _inf [/ fl%«|2d7°] |

* =Yy, §(r) == (1 —7r)/s + rv't)?
= 2(VE— V5) [ Villar = [ 15 du
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Toward the time-inhomogeneous case

A Vil ar] J
* 72 = e, E(r) 1= (1 — 1) /5 + /B’
= 2= vE) [ Vit Par = [ P
= 2(Vt — vs)Li(z,y) = d(z,y)?,
2(VE — V/3) Tig (1) = Wity )’

L'(z,y) := inf
Vs=, V=Y
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Toward the time-inhomogeneous case
2(vE — V/3) Ty (1 v) = Wa(ps, v)?

E:(l)(t) = 2(‘\/ Tt — TOt)E%:(“Tou /1'7'175)
—2N(\/ Tt — ’7'015)2
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Toward the time-inhomogeneous case
2(vE — V/3) Ty (1 v) = Wa(ps, v)?

E:;(t) = 2(\/ it — v TOt)E:é:(“Tot7 ert)
—2N(\/ Tl — ’7'0t)2
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Toward the time-inhomogeneous case
2(vE — V/3) Ty (1 v) = Wa(ps, v)?

B0 (8) := 2(vTat — V/Tot) Tpne (trts o)
—2N(V7it — V/7ot)?
= WZ(NTgta /-"nt)z - 2N(\/? - \/m)z
J
E1()
x

Wz(lita ,Uth)z < WZ(/-’Jsa ,LLTS)2
+2N(V/T(t — 8) — vVt — 5)?

26 /34




Derivation from RCD“(0, IV)
Wy(Pyp', Pav')? < Wa(p/,v')* +2N (V' — Vs')?
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Derivation from RCD“(0, IV)
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U tV=t—s, s ={*—s%0+t—s

— 1
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4.2. Rigidity



Equality in Fisher info.

For simplicity, suppose p = 84, (= pt = p;° m)

h() = 1) — o th()
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Equality in Fisher info.

For simplicity, suppose p = 84, (= pt = p;° m)
N
h(8) = 1) — o th(D)

Vprel2  ApP* N (du,
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Equality in Laplacian comparison

N
I(u) = 5, (¢ € (0,t.)
Vv pre|? Ap?° N
| ptl _ Ap <

Li-Yau: —Alog p;° = ()2 pro S o
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Equality in Laplacian comparison

N
I(u) = 5, (¢ € (0,t.)
Vv pre|? Ap?° N
| ptl _ Ap <

Li-Yau: —Alog p;° = ()2 pro S o

= —Al Lo N
— (0] = — M-a.e.
g P, ot
U lim4tlog p*(z) = —d(zo,2)*

Ad(wo, ')2 = 2N
= Volume rigidity [Gigli & De Philippis] is applicable O
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4.3. Additional remarks



Heat kernel

Proposition 1
Suppose Ad(xg,+)%> = 2N. Then3C,C’ > 0 s.t.

_C d(xg, )2
pe(xo, ) = N2 exp ——

N m(BZ(wo» o (‘%)

.- Compute I for “Gaussian kernel” in two ways &
RHS enjoys the energy dissipation identity for Ent O
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Heat kernel
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Suppose Ad(xg,+)%> = 2N. Then3C,C’ > 0 s.t.

_C d(xg, )2
pe(xo, ) = N2 exp ——

N m(BZ(rno)) o (‘%>

In particular, X is non-compact

*.» Compute I for “Gaussian kernel” in two ways &
RHS enjoys the energy dissipation identity for Ent O
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Initial data

Lemma 2

N N
Suppose I (i) = 27" Then I(p; m) = g Hrae T

o p— I(p) convex

N o Li-Yau N
= 5 =)' [ Iepue) <5 O
2t X 2t
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Lemma 2
S I(py) N Then I(pf m) N
uppose = —. Then m) = — p-a.e x.
pp ) = o p; o M
o p— I(p) convex
N Li-Yau N
> 5 =)' [ Iopue) <5 O
2t X 2t

Lemma 3
N A
Suppose I () = o Then p is Dirac.
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= x - Y
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Initial data

Lemma 2
S I(ps) N Then I(p7 m) N
uppose = —. Then m) = — p-a.e x.
pp It ot P, ot H
o p— I(p) convex
N Li-Yau [N
= —=1 <" I(p)p(de) < — O
2 = 1)< [ T07)u(de) <"
Lemma 3
N A
Suppose I () = o Then p is Dirac.
Vey| _ |VPi|
Ve = e = d(x, ) = d(y, ) O

p¥ p!



Heat flow is a W5-geodesic

Proposition 4
Suppose Ad(xg,+)?> = 2N and py = Pyd,,.
= (e/@2N))i>0. Wa-min. geod.

o o= I(u) = 4 [ d@o,2)* pu(da)

2t 4t2
OWMmmf:/%m@%M@
JX

o |ful* = I(m)
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Proposition 4
Suppose Ad(xg,+)?> = 2N and py = Pyd,,.
= (/2N >0 Wa-min. geod.

. 1
o — =1 = — d(xg, x)? dx
5o = 100) = 75 [ d@o,@)* ()

o Wi(po, pt)? = /Xd(5'30a5'3)2 pi(dx)

o |pue]® = I(pe)
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Heat flow is a W5-geodesic

Proposition 4
Suppose Ad(xg,+)?> = 2N and py = Pyd,,.
= (/2N >0 Wa-min. geod.

LGN I(pw) = i/Xd(:zf:o,«fr)zut(da*:)

2t 4t2
o Wa(po, 1t)* =/ d(xo, )* pr(da)
X

o |pue]® = I(pe)

= py := pyz/(2N) satisfies
Waugo ) =t & lif] = 1 0
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