Optimal transport, heat flow
and coupling of Brownian motions
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What’s optimal transport?

o Bring a mass pug € P(X) to 1 € P(X)
o c(x,y): cost to bring a unit mass from x to y

Q.

o How do we minimize the total cost?

o Properties of the optimal cost (as a fn. of g, pt1)?
+ “difference” of g and
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A key functional: Relative entropy Ent

o (fet)tefo,1): interpolation of an opt. trans.

Behavior of Ent(u;) < Curvature of X
(Curvature-dimension condition)

o Heat flow (v¢)¢>0 as a curve on P(X) can be

regarded as a “gradient flow" of Ent
J

Characterizations of curv.-dim. cond'n by (v¢)¢>0

u(0, -): prob. density, v;(dx) := u(t, x)dx
= (V¢)¢>0: a curve in P(X)
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How about BMs?



Qutline of the talk

1. Introduction

2. Basics of optimal transport

3. Framework

4. Some couplings of Brownian motions
4.1 Coupling by parallel transport
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Optimal Transportation cost
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Optimal Transportation cost

(X, d): Polish metric space
c: X XX — [0,00): symm., conti.

Opt. trans. cost
Te(p,v) := inf /Cdﬂ' = min /Cdﬂ'

mell(py) | Jxxx | #El(py) | JxXxX
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Basic problems in Opt. Trans.

o Characterizations of minimizer(s)
(e.g. ~ Monge-Ampere eq.)
@ Irends to equilibrium in opt. trans. cost

@ Functional inequalities
(e.g. Sobolev ineq./isoperimetric ineq.)

@ Additional constraints
(e.g. martingale opt. trans./multi-marginal /- - - )
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Basic problems in Opt. Trans.

o Characterizations of minimizer(s)
(e.g. ~ Monge-Ampére eq.)
o Trends to equilibrium in opt. trans. cost
o Functional inequalities
(e.g. Sobolev ineq./isoperimetric ineq.)
o Additional constraints
(e.g. martingale opt. trans./multi-marginal /- - + )

Other connections
with optimal control/Hamilton-Jacobi eq., Euler eq., ...



Kantorovich duality

Te(p,v) =sup /gdu+/fdv
g.f LJX X |

where f,g € Cyp(X),
g(x) + f(y) < c(x,y)
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Kantorovich duality

Te(p,v) = sup /gdu +/fdv
g,

=Sl;p /fdu+/fdv ;

where f,g € Cyp(X),
g(z) + f(y) < c(z,y),
f(x) := inf [c(z,y) — f(y)]

yeX

(inf-convolution)

~+ Connection with
Hopf-Lax formulae & associated H.-J. eq.’s
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Wasserstein distance
LP-Wasserstein distance (p € [1, o0))

Wy (p,v) = Tap(p,v) "7 (= inf IIdHLP(w))

mell(p,v)

o W,: (pseudo-)distance
o Conv. in W, < weak conv. & unif. p-th moment
@ Property of (X,d) = the same for (P(X), W),)
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Grad. flow on (P(X), W5)

Otto calculus (Formal Riem. str. e~ W)
o Tangent vect. at u: Vi € L*(p) (¢ : X — R)

, def” d [ |
o 1y =V & —/fdut: /<V90,Vf>duf
dt | x JX

(Continuity eq.)

o Inner prod.: (+,+)r2(.)
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Grad. flow on (P(X), W)

Otto calculus (Formal Riem. str. e~ W)
o Tangent vect. at u: Vo € L*(pn) (¢ : X — R)

: “def’  d
o py = Vo < —/fdﬂt :/<V%Vf>dﬂt

(Continuity eq.)
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Grad. flow on (P(X), W5)

Otto calculus (Formal Riem. str. e~ W)
o Tangent vect. at u: Vi € L?(p) (¢ : X — R)

: “def’  d
o py =V & —/fdﬂt :/<V‘Pavf>dﬂt
dt /x X
(Continuity eq.)

o Inner prod.: (-, *)r2()

¢
vi(de) = u(t,x)dr = vy = —V Ent(vy)

o




Grad. flow on (P(X), W5)

Otto calculus (Formal Riem. str. e~ W)
o Tangent vect. at u: Vi € L?(p) (¢ : X — R)

: “def’  d
oy =V & —/fdﬂt :/<V%Vf>dﬂt
dt /x X
(Continuity eq.)

o Inner prod.: (-, *)r2()

¢
vi(de) = u(t,x)de = v, = —V Ent(vy)

Other gradient flows on (P(X), W5):
Porous medium eq./McKean-Vlasov eq./p-heat eq./- - -
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3. Framework



Framework
(X, d, m): Polish geodesic metric measure sp.,
m: loc. finite, o-finite, suppm = X,

P, = e'® < Cheeger's L?-energy
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Framework

(X, d, m): Polish geodesic metric measure sp.,
m: loc. finite, o-finite, suppm = X,

2Ch(f) :

P, = e'® < Cheeger's L?-energy

loc. Lip. const.o
inf {ll_m/ 'V f,.|°dm
n JX

/H\Vﬂfv dm
b'e

fn + Lip.
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Framework

(X, d, m): Polish geodesic metric measure sp.,
m: loc. finite, o-finite, suppm = X,

P, = e'® < Cheeger's L?-energy

loc. Lip. const.o

: : | ~+ Lip.
2Ch(f) := inf {11?/X|an\2dm fnf—> f ilr? L2}
X

* |F(71) — f(70)] < / 1V £l (vs) 4] ds

for a.e. trajectories ('73)36[0,1] of “nice” transports

14 /3



RCD(K, o) space

Ent(pm) ::/Xplogpdm

Definition 1
(X,d,m): Riemannian CD(K, c0) sp. (K € R)

i & "Hess Ent > K" on (P(X), W)
& Ch: quadratic form (< F;: linear)

Hess Ent > K
Vo, 1 € P(X), F(t)teo.1): Wa-min. geod. s.t
K

Ent(p,) < (1-—1t) Ent(p(,)—HEnt(p])—zt(l tYWo (1o, 1)
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RCD(K, oo) space

Ent(pm) := /Xplogpdm

Definition 1

(X, d,m): Riemannian CD(K, c0) sp. (K € R)

& “Hess Ent > K" on (P(X), W)

& Ch: quadratic form (< P;: linear)

Hess Ent > K
VNOa p1 € P(X), B(Ht)te[o,l]i Ws-min. geod. st

Ent(p:) < (1—t) Ent(po)+t Ent(ul)—gt(l—t)vvg(uo,;1,1)2
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RCD(K, co) space

Examples
o (M,g): cpl. Riem. mfd, M =0, V: fn.on M
~ (M,d,;,m) (d,: Riem. dist, m = e~" vol,)
~ RCD(K,00) <& Ric+ HessV > K

K 2
o M =R? V(z) = |;‘

(e Oy = Au — Kx - Vu)
@ Meas. Gromov-Hausdorff lim. of RCD (K, co) sp.’s

@ Stable under “natural” geometric operations
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RCD(K, co) space

(X,d,m): RCD(K, o0) sp. (K € R)
& “Hess Ent > K" on (P(X), Wa)

& Ch: quadratic form (< P;: linear)

Properties
0 "O(puP;) = —V Ent(uP;)" on (P(X), W5)

@ Ch: str. local quasi-reg. Dirichlet form admitting
carré du champ (~» Brownian motion (B(t),P,))

(Bakry-Emery's curv.-dim. cond. BE(K, co))

1
o " §A|Vf\i, —(Vf,VASf)w > K|Vf|2"
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RCD(K,c0) = BE(K, o0)
Hess Ent > K
4

BE(K, o0): S AIVSI, — (Vf, VAf), > K|V



RCD(Ka OO) — BE(K, oo)
Hess Ent > K
J

G2(K7 OO)Z ‘thflw < e_KtPt(|Vf|i)1/2

I [Bakry & Emery '85 / - - -]
1



RCD(K,c0) = BE(K, o0)
Hess Ent > K
4

Gy (K, 0): |[VPif|l, < e KIP,(|VFf|2)'/?

{ [Bakry & Emery 85/ -e-]
1
BE(K,o0): ZA|Vf], — (Vf, VAf)w 2 K|V,



RCD(K,c0) = BE(K, o0)
Hess Ent > K

Y
Wz(K, OO)I Wz([,l,Pt, I/Pt) S Q_KtW2(M, I/)
J [K.'10, 13 /-]

Gy (K, 0): |[VPif|l, < e KIP,(|VFf|2)'/?

{ [Bakry & Emery 85/ -e-]
1
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RCD(Ka OO) — BE(K, oo)
Hess Ent > K

U
Wz(K,OO)I Wz([,l,Pt, I/Pt) S e_Kth(p, I/)
T [K.'10,'13 / -« -]
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RCD(K,c0) = BE(K, o0)
Hess Ent > K
J
W, (K, 0): Wo(uP;, vP,) < e BtWy(u, v)
¢ [K.'10,'13 / ---]

G2(K7 OO)I ‘VPtflw < e_KtPt(‘Vf‘ZZU)l/z

{ [Bakry & Emery 85/ -e-]
1
BE(K,o0): ZA|Vf], — (Vf, VAf)w 2 K|V,

* G3(K,00) = HessEnt > K
[Ambrosio, Gigli & Savaré '15]
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Analytic properties of RCD( K, co) sp.

o (Quantitative) Lipschitz regularization of P;:
P, f: Lipschitz for f € L°°(m)

@ Functional inequalities (mainly when K > 0):
Gaussian isoperimetry/log-Sobolev/ Talagrand /- - -
=> Spectral gap (Poincaré ineq.)

@ A moment bound of m

@ Refined estimates and heat kernel bounds on
RCD(K, N) sp.'s with N < oo
(e “Ric > K & dim < N")
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RCD(K, N) sp.'s with N < oo
(s “Ric > K & dim < N")
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Where’

s stochastic analysis?

W2(K9 OO) = WZ((S:L’Pta 5y13t) S e_th(a:, y)

= Yt > 0, Fcoup
P B; € -

ing of

yielding a control of distance in L*-average
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= "t > 0, “coupling of
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Where’

s stochastic analysis?

W2(K7 OO) = WZ((S:L’Pta 5yf)t) S e_th(w, y)

= Yt > 0, Fcoup
P B; € -

ing of

yielding a control of distance in L*-average

Q.

o Something more for sample paths of BMs?

o In particular, coupling of BMs?

20 /3




4. Some couplings of Brownian motions



Review: Couplings of BMs
(M, g): cpl. Riem. mfd, Ric > K

(Bt(o), B,fl)): coupling by parallel transport of BMs
= d(B,”, B;") < e"¥'d(By’, B;")
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Review: Couplings of BMs

(M, g): cpl. Riem. mfd, Ric > K

(B,f“), Bt(l)): coupling by parallel transport of BMs
= d(B;"”, B{")) < e~ Kd(B{”, By")

(1)
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Review: Couplings of BMs
(M, g): cpl. Riem. mfd, Ric > K

(Bt(o), B,fl)): coupling by reflection of BMs
= Estimate of P|T > ]

(7 :=inf{t | Vs > t, BY) = BI}: coupling time)
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Review: Couplings of BMs
(M, g): cpl. Riem. mfd, Ric > K

(B,fo), Bfl)): coupling by reflection of BMs
= Estimate of P|T > {]

(7 :=inf{t | Vs > t, B{Y = B{V}: coupling time)

o (1)
B
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Review: Couplings of BMs

Coupling by parallel transport/reflection (B,§°), Bt(l))
on Riem. mfd.:

Coupling of dBlSO) - TB(O)M & dBt(]) & TB(I)M
by parallel transport /reflection Ty M — Ty M

along a minimal geodesic




Review: Couplings of BMs

Coupling by parallel transport/reflection (Bfo), Bt(l))
on Riem. mfd.:

Coupling of dB;” € TyoM & dB;" € Ty M
by parallel transport /reflection Ty M — Ty M

along a minimal geodesic

o Require the notion of parallel transport

o Require a careful modification at cut locus
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Review: Couplings of BMs

Coupling by parallel transport/reflection (B(O) t(l))

on Riem. mfd.:
Coupling of dB;” € TyoM & dB;" € Ty M
by parallel transport /reflection Ty M — Ty M

along a minimal geodesic

o Require the notion of parallel transport

o Require a careful modification at cut locus

.

[Kendall '86 / Cranston '91 / F.-Y. Wang '94,'05 / E.-P. Hsu '03 /
von Renesse '04 / K. '10,'12 / Arnaudon, Coulibaly & Thalmaier '09
/ Neel & Popescu '15+ / « -]
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How do we extend?
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How do we extend?

$

Change the definition:



How do we extend?

$

Change the definition:

From the structure we used for construction
to the characteristic property they satisfies
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4. Some couplings of Brownian motions
4.1 Coupling by parallel transport



Sturm’s coupling by parallel transport

Ve, 1 € X B(Bt(o), Bt(l)): coupling of BMs on X s.t.
o (By, By") = (w0, 21)
o eKtd(B”, B{V) \| ass.
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Sturm’s coupling by parallel transport

Ve, 1 € X EI(Bt(o), Bt(l)): coupling of BMs on X s.t.
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o eth(B,fO), Bél)) N\ a.s. (defining property!)
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Sturm’s coupling by parallel transport
Ve, 1 € X B(Bt(O), Bfl)): coupling of BMs on X s.t.
o (By,B") = (x0,21)

Q eth(Bt(O), Bt(l)) ¢ a.s. (defining property!)

Key idea

o Reduce to construction of a coupling of trans. prob.

@ Self-improvement of BE( K, co)

[Bakry & Emery '85/Savaré '14]
= W:x:(ézzzpta 5ypt) S e_K’"d(w, y)

= 3 “nice” coupling of trans. prob.
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Sturm’s coupling by parallel transport
Ve, 1 € X E'(Bt(o), Bt(l)): coupling of BMs on X s.t.
o (By, B§") = (0, 1)

o eth(B,fO), Bt(l)) ¢ a.s. (defining property!)

Key idea
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Ve, 1 € X B(Bt(o), Bfl)): coupling of BMs on X s.t.
o (By, By") = (0, 1)
Q eth(B,fO), Bt(l)) ¢ a.s. (defining property!)

Key idea

o Reduce to construction of a coupling of trans. prob.

o Self-improvement of BE( K, o)
[Bakry & Emery '85/Savaré '14]
= W_ (0,.P;, 6,P;) < e Htd(x,y)
= J3 “nice” coupling of trans. prob.



Self-improvement

W, (K, 00): W, (nPi, v P) < e_Ktvvp(Na V)
G, (K, 00): [VP.fl < e MR (|V ;)"



Self-improvement

W, (K, 00): Wy(uP,yvPy) < e 5 W (1, v)
Gy (K, 0): |VP,fl, < e K P,(|V £|2)"/

Wz(K, OO)

(1
GQ(K, OO)
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Self-improvement

W, (K, 0): W,(uP,vP,) < e 'W,(u,v)
G,(K,): |[VP,fl, < e ®'P,(|Vf|1)"a

Wz(K, OO)
(1
GQ(K, OO)

(i
BE (K, co) = BE™ (K, co)

y
2 |2
IV‘Vf‘u?|’lU
AV
2

CAIVIZ—(VF,VAf)w > K|V
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Self-improvement

W, (K, 00): Wy(uP,yvPy) < e 5 W, (1, 1)
Gy (K, 0): |VP,fl, < e K P,(|V £|2)"/

W2(K, OO)
(1
GQ(K, OO) G]_(K,OO)
(1 (1
BE(K, co) = BE*(K, 0o)

VIVl
4|V f[3,
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Self-improvement

W, (K, 00): Wy(uP,yvPy) < e 5 W, (1, 1)
Gy (K, 0): |VP,fl, < e K P,(|V £|2)"/

Wy (K, oo) W (K, oo)
() K."10/K."13/- - | {
G2 (K, o0) G.(K, oc0)
) )
BE (K, co) = BE™ (K, co) )
VIV £IZ I

1
—A|VFI2—(VF,VAf)w > K|V f|>
> V= (VS flw 2 K|V, AV T2
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4. Some couplings of Brownian motions
4.1 Coupling by parallel transport
4.2 Coupling by reflection



o Defining property of coupling by reflection:
Estimate of coupling probability P[7 > t]

o Our strategy:
Monotonicity of a transportation cost
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How do we formulate monotonicity?
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o Defining property of coupling by reflection:
Estimate of coupling probability P[7 > t]

o Our strategy:
Monotonicity of a transportation cost

How do we formulate monotonicity?

$

Observe it on Riem. mfd.



Coupling by refl. and opt. trans.
X: Riem. mfd., Ric > K



Coupling by refl. and opt. trans.

X: Riem. mfd., Ric > K

vaa L1, EI(Bt(o)a B

o (BY, B{") = (w0, x,)

Q

d(B”, B{") < pf*o™) | (t < 1)

{ dp, = 2v/2dW, — K p!dt,
where

A—
po =T

,fl)): coupling of BM’s s.t.
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Coupling by refl. and opt. trans.

X: Riem. mfd., Ric > K

vaa L1, H(Brg())a B

Q (B(O)

where {

dp; = 2+/2dW,

[ A—
po =T

,51)): coupling of BM’s s.t.

B{") = (@0, x1)

o d(B”,B;") < py"™

(t < 1)

— K p;dt,

Pl >

t] <P

U

inf pd(‘”"’ml) > 0

:;<<It

: gOf(d(aj()a L1 ))
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Coupling by refl. and opt. trans.

X: Riem. mfd., Ric > K

vaa L1, H(Brg())a B

Q (B(O)

where {

dp; = 2+/2dW,

[ A—
po =T

,51)): coupling of BM’s s.t.

B{") = (@0, x1)

o d(B”,B;") < py"™

(t < 1)

— K p;dt,

Pl >

t] <P

U

inf pd(‘”"’ml) > 0

:;<<It

s pi(d(To, 1))
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Coupling by refl. and opt. trans.

X: Riem. mfd., Ric > K
* or—t(p}): martingale in t

31/3




Coupling by refl. and opt. trans.

X: Riem. mfd., Ric > K
% pr—t(p;): martingale in t
= Elp.(d(B;”, B/"))] < puii(d(@o,21)).
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Coupling by refl. and opt. trans.

X: Riem. mfd., Ric > K
% pr—t(p;): martingale in t
= E[p.(d(B,”, B;"))] < @use(d(@o,z1)),

U

Theorem 2 ([K. & Sturm ’13])
Tor @ (P, vP) N int € [0,T]

Rem JExtension involving “dim < IN”

31 /36



Coupling by refl. and opt. trans.

X: Riem. mfd., Ric > K
% pr—t(p;): martingale in t
= E[p.(d(B,”, B;"))] < @sre(d(xo,21)).

U

Theorem 2 ([K. & Sturm ’13])
7:0T—t(d) (;LPt, I/Pt) N /Int € [O,T]

Rem ZExtension involving “dim < N




Theorem 3 ([K.])
On RCD(K, 00) sp's, Top_y(a) (1P vPy) Nin't
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Theorem 3 ([K.])
On RCD(K,00) sp’s, Top_(a) (P v Py) N\ int

|dea of Proof
Follow a similar strategy as Sturm’s coupling

(based on self-improvement)
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Theorem 3 ([K.])
On RCD(K,00) sp’s, Top_,(a) (0P v P;) N\ int

|dea of Proof
Follow a similar strategy as Sturm’s coupling

(based on self-improvement)
Corollary 4 (cf. [K. & Sturm ’'13])

1
E‘léwoPT T 5w1PTHvar S SOT(d(CEO? CUl))

(Comparison theorem for total variations)




Theorem 5 ([K.])
On RCD(K, o0) sp’s, Vxg, 1 € X,
B(Bt(o) : Bfl)): a coupling of BMs s.t.

o (By, By") = (0, 1)

o Yt > 0, P[1 > t] < pi(d(x0, 1))
In particular, P[T < oco] =1 if K > 0
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Theorem 5 ([K.])
On RCD(K, o0) sp’s, Vxg, 1 € X,
a(Bt(O), B,gl)): a coupling of BMs s.t.

o (By, By) = (0, 21)

oVt > 0, Plr > t] < ¢i(d(xo,x1))

In particular, Pl[T < ool =1 if K > 0

o

% Thm.3 = Thm.5" is simliar to the corresponding
argument in coupling by parallel transport



5. Concluding remarks



Summary

o "Ric > K" on "Riemannian” met. meas. sp
— Brownian motion is defined
— Bakry-Emery theory is available

@ "“Coupling by parallel transport /reflection” of BMs
<— Define them by characteristic properties
+— Use of f'nal ineq's & Bakry-Emery theory

@ New approach to construction of couplings
— Requires less regularity of the underlying sp.
— Avoid technical arguments
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Questions

o Coupling by refl. under "Ric > K & dim < N"?
@ New formulation of (K, IN)-coupling by refl.?

@ Other sample path properties?
( e.g. Comparison theorem for d(xq, B;): >

OK for K = 0 ([K. & Kuwae]; in progress)
@ New f'nal ineq. for P;?

@ Characterize "Ric > K" by the coupling by refl.?
(OK on Riem. mfd. by [von Renesse & Sturm '05])

@ Can we localize the construction?

o Pathwise comparison (or stochastic domination)?
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