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T = Z ngd(a:z,’qg) with sz] — Q4 Z Pij = bj f
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Transport pbm in linear programming
poi= ) ;i Qilg, V= Ej bjo,, € P(X)

Q. Givenec: X X X —- R inf/ cdm over
o T JXxX

(A X X) = pn(A), 2
(X X A) =v(A)
. supply, v: demand, ¢: transportation cost

7r: transference plan (coupling of u and v)

| L2
1 Y1 °
= - @

wE’P(XxX),{

(I




Optimal transport

‘ Optimal transportation cost

Given pu,v € P(X) & c: X X X — R,

Te(p,v) := inf {/ cdm | m: coupling of pu & 1/}
XXX

Basic problems in Opt. trans.

o Characterization of minimizer(s) of 7.(u, V)
o Properties of T.(u,v) as a function of pu & v

o Applications
(See e.g. Villani's books ['03/'09])
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Wasserstein distance
(X, d): metric space

LP-Wasserstein distance (p € [1, oo])
W, (1, v) := inf { ||d|| tr(x)| 7: coupling of p & v}

* Wy(p,v)P = Tar(p, 1) (p € [1,00))
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Wasserstein distance
(X, d): metric space

LP-Wasserstein distance (p € [1, oo])
W, (1, v) := inf { ||d|| tr(x)| 7: coupling of p & v}

* W,(1,v)? = Tan(psv) P € [1,00)

o W, dist. on P,(X) :={p | d(xo,-) € LP(p)}
o i W (jan, 1) = 0
n — 1 (weakly) &

/ d(xo, )P, (dz) — / d(xo, )P pu(dx)

~~ | Applications to rate of conv. of prob. meas.'s

<~
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Wasserstein distance

o 7A “good” coupling of & v
= Upper bound of W,,(p, v)
@ W, is “stable” under perturbations of (X, d)

o Geometry of (Pp(X), W),) e~ Geom. of (X, d)
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Wasserstein distance

o JA “good” coupling of p & v
<> Upper bound of W,,(u, v)

@ W, is “stable” under perturbations of (X, d)

o Geometry of (P,(X), W,) e~ Geom. of (X, d)
T (Pp(X), W,,): Polish < (X, d): Polish
T W), geodesic distance < d: geod. dist.

Voo, € X,y :[0,1] = X s.t.
def
d: Geod. < < v = xg, 71 = X1,
d(739 7t) — IS — tld(ma y)

(7v: minimal geodesic)
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Wasserstein distance

‘Superposition principle [Lisini '07]
(“’s)SE[O,l]: Wp'geOdeSiC (p < OO)
= I' € P({ min. geod.'s}) s.t.

T (e)sl' = py,
T (es,e)sI': minimizer of Wi, (s, pt)

e; : {min. geod.'s} — X, ei(y) := 4,
1. push-forward
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Wasserstein distance

Superposition principle [Lisini '07]

(“3)36[0,1]: Wp‘geOdeSiC (p < OO)
= I' € P({ min. geod.'s}) s.t.

T (e)sl = put,
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Kantorovich duality

c: X XX — [0,00]: lower semi-conti. (for simplicity)

Te(p,v) = sup /qdu+/fdv

g,f

=Sl}p /fdu+/fdv ;

where f,g € Cy,(M),
g(x) + f(y) < c(z,y),
f(z) = inf [c(z,y) — F(y)]
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c: X XX — [0,00]: lower semi-conti. (for simplicity)

Te(p,v) = sup /qdu+/fdv

g,f

=81]1Ep /fdu+/fdv ;

where f,g € Cy,(M),
g(x) + f(y) < c(z,y),
f(z) = inf [c(z,y) — F(y)]

(“>" is easy)
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Kantorovich duality

Kantorovich-Rubinstein formula

Wl(u,v):sl;p /fdu /fdl/ ,

where |f(x) — f(y)| < d(x,y) (1-Lipschitz)

% For (P(x,-))zex C P(X): Markov kernel,
W, (uP,vP) < CW, (1, v)
& Pf(x)— Pf(y) < Cd(x,y) ("f: 1-Lip.)
(= IVPfll« < ClVf]lx)

~ Extension to LP/L9-duality [K.'10 / K."13, ...]



Otto calculus

FA formal Riemannian structure on P5(X) canonically
associated with W5 [Otto '01 / Otto & Villani '00]

~» Heuristic differential calculus on (P2 (X ), W5)
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Otto calculus

FA formal Riemannian structure on Po(X) canonically
associated with W5 [Otto '01 / Otto & Villani '00]

~» Heuristic differential calculus on (P2 (X ), W)
(Many conclusions are made to be rigorous)

@ Several evolutionary (non-linear) PDE can be
a “gradient flow" in (P2 (X), Ws)
(cf. [Ambrosio, Gigli & Savaré '05])

o Heat flow = a grad. flow of Ent,, (m:ref. meas.)

/plogpdm (1 = pm)

o0 (otherwise)

Ent,(p) :=

10 / 24



2. Lower Ricci curvature bound



Weighted Riemannian manifold

(X,9): R

d: Riem. ¢

em. mfd.,

| %4

ist., m = e~ ¥ vol: weighted volume meas.

L:=A—-—VV.V, P :=e*
pP; € P(X): heat dist. (u € P(X): initial data)
P; e~ (By)¢>0: “Brownian motion” on (X, d, m)
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Weighted Riemannian manifold

(X,9): R

d: Riem. di

L:=A —

em. mfd.,
ist. m = e~ ¥ vol: weighted volume meas.
VV. V Pt pp—— e tL

pP; € P(X): heat dist. (u € P(X): initial data)
P; e~ (By)¢>0: “Brownian motion” on (X, d, m)

Ricy := Ric + Hess V': weighted Ricci tensor

o V =0 = Ricy = Ric: Riccl curvature

o X

— R™, g: canonical metric

= d: Eucl. dist., vol: Lebesgue meas.,
Ricy = Hess V



Characterization of Ric > K
TFAE for K € R (|von Renesse & Sturm '05] etc.)
(i) Ricy > K
(ii) "Hess Ent,, > K" on (P2(X), W5)

(CD(K, oco) cond. [Sturm’06 / Lott & Villani'09])

(i) Wa(poPs, p1Pr) < e "Wa(po, 1)
(iv) [VP.fl(z) < e ®'P(IVf|*)(2)"/
(Bakry—Emery's gradient estimate)

1
(v) SLIVIP = (VS VLF) > K|VI

(Bakry—Emery’s I'5-criterion [Bakry & Emery '84])
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Coupling by parallel transport on R™

dBT = /2dW; — VV(B¥)dt (i =0,1),
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Coupling by parallel transport on R™

dB® = v/2dW; — VV(B¥)dt (i =0,1),
B;°, B;"': str. sol. to the SDE with a common W;

d(BP — BP') = — (VV(B®) — VV(BP)) dt
(i) HessV > K |}
4By — BH[* < —2K|BP — B[t

J
|B7'f'” — B;f'l| < e_Kf|iL‘() — 1|
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“(ii) = (iii)” via Otto calc.
(ii) Hess Ent,, > K on (P2(X), W)

(i) Wo(po Py p1 Pr) < e_KtW2(ﬂ'09 /1)

Recall: ;L§ )= = 1) P, solves ;Li ) — v Entm(u, ))

[O 1] — Pz(X) Wz min. geod from “(O) to H§1)

1 d 0 1 1 . 0 .
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“(ii) = (iii)” via Otto calc.
(ii) Hess Ent,, > K on (P>(X), W5)
(i) Wa(po Py p1 Py) < e_Kth(MOa [t1)

Recall “f’ ) = = pu'" Py solves lli V=V Entm(llf )
[O 1] — 'P2(X) W2 min. geod from “(O) to lél)
1d (0)
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“(ii) = (iii)” via Otto calc.
(ii) Hess Ent,, > K on (P2(X), W5)
(iii) Wa(po Py, a1 Pr) < e *Wh(po, p11)

Recall: 'ulfl) — H(I)Pf solves ‘Lgl) = —V Entnl(“’y))
o:|0,1] = P2(X) Wa-min. geod. from uﬁo) to uﬁl)
1d 0)

1 . (1 . . (0 .
Wa (1, ni™)? = (ul", 61) — (), &)

o <V Entm(al)v Ul> T <V Entm(UO)a UO>

2 dt

.1
— / Hess Ent,,(0,,0,) dr
Jo

(i) < —KWs (", ut)? = (iii)
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Applications on RCD*(K, N) sp’s

Basics on analysis (IN = oo is sufficient)

o L°°-Lipschitz regularization of P; (= str. Feller)
o LP-Sobolev spaces, theory of BV functions

o Approaches from theory of Dirichlet form

o F“Brownian motion” on X

Potential theoretic properties

Two-sided Gaussian heat kernel estimates
Li-Yau inequality

Cheng's gradient estimate

Regularity of harmonic fn.'s

© 0 0 © ©

Harm. fn.’'s of polynomial growth
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Applications on RCD*(K, N) sp’s

Functional inequalities

o (NN-)HWI ineq.

o (log-)Sobolev ineq., Poincaré ineq.

o Talagrand ineq., Gaussian concentration ineq.

o F.-Y. Wang's (log-)Harnack ineq.

Differential geometric properties

o Bishop-Gromov ineq., Brunn-Minkowski ineq.

o Cheeger-Gromoll isometric spl
o Bonnet-Myers thm & maxima

itting thm

diameter thm

o Lichnerowicz-Obata thm (sharp & rigid spec. gap)

o |soperimetric inequalities

18 /24



3. Coupling(s) of Brownian motions



Coupling by para. trans. on RCD sp.’s

W (uPy, vP,) < e 'Wy(p,v)
Y
VP f| < e MP(|Vf|*)!/?

4
LIV (VF,VEf) > K|V
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Coupling by para. trans. on RCD sp.’s

WQ(“Pta VPt) < e_KtWQ(u, I/)

\(}
VP f| < e ®'P,(|V fI?)'/?
1 \(}
EL\Vf\z —(VFf,VLf) > K|V f|*
\(}
1 > . |VIVFI?
ZE\VfI (VF,VLf) > K|V f|® - VT

(Bakry—Emery’s self-improvement property [Savaré '14])
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Coupling by para. trans. on RCD sp.’s
VIV FI*|3
4|V F|2

LIV (VF,VES) > K|VFP -

J
VP, f| < e *'P,(|Vf])

J
W (uP, vP;) < e_Kthx(Na V)
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Coupling by para. trans. on RCD sp.’s

1 2 2 |V Vf 2|2
GEIVIF —(V4VED 2 KIVIE + o p
VP, f| < e ®'P(|Vf])
I

W (uP,vP) < e *'W__ (u,v)



Coupling by para. trans. on RCD sp.’s

1 > »  IVIVFI*?
z‘clvfl <Vf7V£f>fK|Vf| ' 4Vf2
VP, f| < e ®'P,(|Vf|)
U
W (P vP;) < e "W (p,v)
[}

Vi € P(X x X), EI(Bt(o), Bél))tzo: a cplg of BM's,

0 d
S.t. (B(() )a B(()l)) — T,
d(B{”, B;") < e~ K(t=94(B®), B(V)
[Sturm "14]
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Coupling by reflection on Riem. mfd

[Kendall '86 / Cranston '91 / ...] Ricy > 0
= Vxo, 21 € X, EI(B,fo), B,fl)): coupling of BM's
starting at (o, 1) & a 1-dim (std.) BM W} s.t.

d(B!”, BV < d(zo, 1) + 2vV2W,
ft < 71:=inf{s > 0| B(O) BS) for 8" > s}
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Coupling by reflection on Riem. mfd

[Kendall '86 / Cranston '91 / ...] Ricy > 0
= Vg, 21 € X, El(B,fo), B,fl)): coupling of BM's
starting at (xg, 1) & a 1-dim (std.) BM W, s.t.

d(B”, B") < d(zo, z1) + 2v2W,
ft <T:=inf{s >0 |B(O) Bg}) for 8" > s}

O 1
4 B
) ke
\‘\‘»;!n::}\;.'“
BN/
159 P
“‘b‘;‘??\
0) \
B(
R™ ‘ %,
=

0 <
B(() ) \ 21 /24
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Coupling by refl. and opt. trans.
d(B;”, B{") < d(zo, z1) + 2v2W,
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Coupling by refl. and opt. trans.
d(B,”, B;") < d(zo, 21) + 2v2W,

(= P[T > t] < pu(d(zo, x1)))
= Vs,t > 0,

E[¢.(d(B”, Bi"))] < ¢.i(d(zo, 1)),
wi(r) := E |inf (r + 2\/§WS> > 0

_sgt
U
YT > 0, 7:9T_,/(d)(5$0P1, 0., P;) \ [K. & Sturm "13]

1
<=> 5H5mopt — 5m1PtHvar < cPt(d(mO? 331)))



F’'nal ineq. = coupling by refl.

Theorem 1 ([K.])
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F’'nal ineq. = coupling by refl.

Theorem 1 ([K.])
On RCD™(0,00) sp’s, Tor_o(a)(n Py vPy) \(int

Theorem 2 ([K.])
On RCD*(0, o0) sp’s, Yxg, 1 € X,
E’(Bt(O), B,fl))tzo: a coupling of BMs s.t.
¢ (B(()O)a B(()l)) = (@0, x1),
o Yt > 0, P[r > t] < pi(d(xo, 1))

In particular, Pl = oo| = 0

% Extension to K # 0: OK.



Idea of the pf. of Thm 1

o Kantorovich duality

o Reverse Gaussian f'nal isoperimetry for P;
e‘ZKt. —1

K

VP.fI* < I(P.f)* — P(I(f))*

I:=® 0d !, P(x ~¥° /2y

1 I
« — C
) AV 27T ./—x

o Woo(uPsyvP;) < e MW (u,v)
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Idea of the pf. of Thm 1

o Kantorovich duality

o Reverse Gaussian f'nal isoperimetry for P;
02Kt

—1
% VP f|* < I(Pif)* — P.(I(f))*,

[ :=®0d !, &(x):=

~Y*/2dy

1 "
e
vV 27 /—oo
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Idea of the pf. of Thm 1

o Kantorovich duality

o Reverse Gaussian f'nal isoperimetry for P;
02Kt

—1
% VP, f|* < I(P.f)* — P(I(f))?

I:=®o0d !, ®(x

| e
Rk
= To(a) (020 Pty 02, Pr) < py(d(xo, 1))
o Woo(uPi,vP;) < e B'W_(u, v)
= Tori(d) (020 Py 02, P;) < or(d(xo, 1))



