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1. Introduction



Heat flow and Ricci curvature

M: complete Riemannian manifold
Owu(t,x) = Au(t, x),
o=
= u=PFf

heat eq. on M

o P, = e'®: heat semigroup

(e.g. sol'n to a nondegenerate SDE provides them)
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o P, = e'®: heat semigroup

(e.g. sol'n to a nondegenerate SDE provides them)

% P, characterizes “Ric > K & dim < N"

(curvature-dimension cond.)
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Bakry-émery’s approach

Bochner-Weitzenbock formula
La2(f, f) =Ric(Vf, Vf) + ||Hess f||as,

1
Fz(fa f) :§A|Vf|2 - <Vf7 VAf>

* ‘Ric > K & dim < N”

& BE(K, N): Ta(f, f) > K|VF[* + - (Af)

(Bakry—Emery’s curv.-dim. cond.[Bakry—Emery '85])
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Bakry-émery’s approach

Bochner-Weitzenbock formula
La2(f, f) =Ric(Vf, Vf) + ||Hess f||as,

1
Fz(fa f) :§A|Vf|2 - <Vf7 VAf>

* ‘Ric > K & dim < N”

& BE(K, N): Ta(f, f) > K|VF[* + - (Af)

(Bakry—Emery’s curv.-dim. cond.[Bakry—Emery '85])

1
°© (Vf1,Vfa2) = 2 (A(fif2) — fiAfa — f2Af1)
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Optimal transport approach

Wz(/l,, I/) = 1nf {”d”Lz(ﬂ.)

m: coupling
of u & v

Ent.(pvol) := /plogpdvol
* “Ric > K & dim < N"
1
& CDY(K,N): "V2?Ent _NV Ent®? > K"

on (P(M), Ws) ((K, N)-convexity of Ent)
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m: coupling
of u & v

Ent.(pvol) := /plogpdvol
* “Ric > K & dim < N"
1
& CDY(K,N): "V2?Ent _NV Ent®? > K"

on (P(M), Ws) ((K, N)-convexity of Ent)
o uP, € P(M) (1 € P(M)): heat distribution

o py := pP; solves | fiy = —V Ent ()
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Optimal transport approach
* “Ric > K & dim < N”
< W(K,N): An estimate of Wy(uP;, v Ps)
o W(K, oc0):
Wy (P, vP,)? < e 22'Wy(u, v)?
o W(0,N):
Wa(uPi, vP,)? < Wa(p,v)? + 2N (VE — +/3)?
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o W(K, o0):
Wo(uP;, vP,)? < e 2KtW,(u, v)?
o W(0,N):
Wi (pPy, vP.)? < Wa(p,v)? +2N(VE — /s)?

Q
Estimate of Wy (P, v P;)?

characterizing “Ric > K & dim < N”
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2. Framework and main results



Framework

(X, g): m-dim. Riem. mfd., d: dist., dv = e Vdvol
L:=A—-VV.V, P :=c¢tf

Ent := Ent,
(e.g. symmetric diffusion given by a nondeg. SDE)
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Framework

(X, g): m-dim. Riem. mfd., d: dist., dv = e Vdvol
L:=A—-VV.V, P :=c¢tf

Ent := Ent,

(e.g. symmetric diffusion given by a nondeg. SDE)

BE(K, IN) in terms of L
1
Pa(f, f) > KIVSE + (1),

1
Fz(fa f) ::5£|Vf|2 - <Vf9 V£f>
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Another dimensional W5-contraction
W(K, N)

(Wz(/,LPt, uPt))2 < oK <W2(u, v)

2 2

)2
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Another dimensional W5-contraction
W(K, N)

Wo(uP;, vP,)\? Wy, v
ﬁK/N( 2(/1' ty V t)) Se_thﬁK/N< 2(/"” )

2 2

<5 r) i L)
" NG

)2
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Another dimensional W5-contraction
W(K, N)
Wo (P v Py) \ Wa(p, v)\
( 2(uPry v t)) Se—thsK/N< 2(p V))

2 2
t
_2N/e—2K(t—8)
0

Ent(pP;) — Ent(v Py
Xsinhz( nt(uPs) nt(v ‘))ds,

2N
<5n(r) :: sin(\/Er))

SK/N

VK
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Another dimensional W5-contraction

W' (K, N)
Wi (uP,, vP,)? < e ?K'W,y(p, v)?

2 t
- [ €K (Ent(uP,) - Ent(vP.))’ds
0

(5 (r) = sin(ﬁr))
i VK
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Another dimensional W5-contraction

W' (K, N)
Wa(uP,, vP,)? < e KWy (p,v)?

2 t
- [ €K (Ent(uP,) - Ent(vP.))’ds
0

(5 (r) = sin(ﬁr))
i VK

sq(r) =7 (r 1), sinh(r) > r
~ W(K,N) = W(K, N)
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Another dimensional W,-contraction

Theorem 1 ([Bolley, Gentil, Guillin & K.])
For K € R and N > 0, TFAE:

(i) BE(K, N)

(i) W(K, N)

(i) W/(K, N)



Remark on extensions

@ Thm.1 is true in more abstract framework
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Remark on extensions

@ Thm.1 is true in more abstract framework:
Riemannian energy measure space
introduced by [Ambrosio, Gigli & Savaré '15]

o Riem. energy meas. sp. with “BE(K, )"
< RCD®(K, N) sp.: “Riem.” met. meas. sp.,

1
“V? Ent _NV Ent®? > K" on (P(M), Ws)
[Erbar, K. & Sturm '15]
o RCD*(K,N) = W(K, N) = BE(K, N)

@ Thm.1 implies another proof of
RCD*(K, N) = BE(K, N)

11/25



3. ldea of the proof



For simplicity, we assume K = 0 in the sequel



For simplicity, we assume K = 0 in the sequel
(We still use “K" if it holds for general K)



Proof of
BE(K,N) = W(K, N)
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Formal derivation of W’(O, N)
1
1t BE(0O,N) & V?Ent ——v Ent®? > 0

1 p,i = p® P, solves u( ) -V Ent(ugi))
(=0,1)
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Formal derivation of W’(O, N)
1
1t BE(0O,N) & V?Ent ——v Ent®? > 0
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(o) repo,1): Wa-min. geod. in P(M) from u( ) to ,J,,E )

1
2ds Waps s 1y

2 = (17, 6],
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Formal derivation of W’(O, N)

1
1t BE(0, N) < V7 Ent _NV Ent®? > 0
(o) refo,1: Wa-min. geod. in P(M) from u( ) to ugl)

1d 0) @
52 e pi)? = [—(V Ent(a,), 6,)]5,

—/ V?Ent(o,) (6, 6, )dr
0

1 1
< — N/o (V Ent(o,),6,)dr
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(o) refo,1): Wa-min. geod. in P(M) from u( )

1d
2dt

<

<

Formal derivation of W’(O, N)

Wa(p

-l

N

1(b0)al~bt1))2 [—(V Ent(o), Ur)]

V?Ent(o,) (6, 6, )dr

1 1
N /O (V Ent(c), &) ?dr

! (/Olw Ent(ar),('f,.)dr)z

to py

r=0

(1)
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Formal derivation of W’(O, N)

(o) refo,1: Wa-min. geod. in P(M) from uﬁ‘” to ugl)

1d .
5 W, u”)? = [—(V Ent(a,), &)1,

1
= —/ V?Ent(o,) (6, 6, )dr
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IA

1 1
N (V Ent(o,),5,)%dr
0

< — % (Ent(o;) — Ent(oy))?
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Formal derivation of W’(O, N)

(7)refo,1: Wa-min. geod. in P(M) from uf’) to ;L,El)

1d_ o .
5 W, u”)? = [—(V Ent(a,), &)1,

1
= —/ V?Ent(o,) (6, 6, )dr
0

IA

1 1
N (V Ent(o,),5,)%dr
0

1 2
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15/25



Formal derivation of W’(O, N)

1d
——Walu” s 1) = [=(V Ent(a,), )]}
2 dt
1
= —/ V2 Ent(o,)(6,, 6, )dr
0
1 ! s
< — —/ (V Ent(o,),6,)°dr
N Jo

1 2
N (Ent(uﬁl)) - Ent(uio)))
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Formal derivation of W’(O, N)
1d

§£W2(Nt 7/1't1))2 = [— (VEnt(UT)’&’“”}'ZO

1
= —/ V2 Ent(o,)(6,, 6, )dr
0

IA

1 1
— N/O (V Ent(o,),5,)%dr
1 2
N (Ent(uél)) - Ent(uﬁo)))

W2(/J'i(50)’l'l't N2 < Wy, ui)?

- / (Ent(u{") — Ent(p{”))*ds
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Evolution variational inequality

o BE(K,N) = RCD*(K, N)
o RCD*(K, N) < Vinitial data, 3sol. to
(K, N)-EVI of Ent
[Erbar, K. & Sturm '15]

What's EVI?
o A formulation of grad. flow for (K, IN')-convex pot.

& “Riemannian”

o In this case, sol. to EVI of Ent = u P,
o (K,N)-EVI = W(K,N) & W (K, N)

16 /25



Proof of
W'(K,N) = BE(K, N)
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Review: W(K, N) = BE(K, N)

W(K, N) Z G(K, N) Z BE(K, N)

[Bakry & Emery '84 (N = oc)/ Bakry & Ledoux '06]
[K. 10, '13 (N = o0)/K. '15/...]
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Review: W(K, N) = BE(K, N)

W(K, N) z G(K, N) z BE(K, N)

G(0, V) (Gradient estimate for P;) :

VPSP < PAIVIP) — (LR
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Review: W(K, N) = BE(K, N)

W(K, N) z G(K, N) z BE(K, N)

G(0, V) (Gradient estimate for P;) :

VPSP < PAIVIP) — (LR

Recall W(0, IV):
Wa (P, vP;)? < Wa(p,v)? + 2N (VE — +/s)?

* W(K, N) for Dirac meas.'s = G(K, N)

18/25



Our problem: W’(K, N) = BE(K, N)

Remarks
o No use of G(K, N):

W/(K, N) = BE(K, N) directly
o On R™,
W/ (K, N) < W(K, co)

for Dirac meas.’s
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Our problem: W’(K, N) = BE(K, N)

Remarks
o No use of G(K, N):

W/(K, N) = BE(K, N) directly
o On R™,
W/ (K, N) < W(K, co)
for Dirac meas.’s
*." Recall W(O, N):
W (P, vP)? < Wy(p,v)?

_%/0 (Ent(uP,) — Ent(vP,))2ds
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Key idea to our problem

Perturb p = gv:
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Key idea to our problem
Perturb p = gv: pu, = g,v with

gr =91 —rLf) +o(r) (r—0),
L9 :=L+Vlogg-V (symm. for p)
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Key idea to our problem

Perturb p = gv: pu, = g,v with

gr =91 —rLIf) +o(r) (r—0),
LI9:=L+Vioegg-V (symm. for )
Formal differential calc. on (P (M), W3) (Otto calc.)

‘Do =V finT,P(M)" for (v.), C P(M)

& vy, Br/sodvr

= /(Vf, V)dvgy
r=0
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Key idea to our problem
Perturb p = gv: p, = g, v with

gr =91 —rLIf) +o(r) (r—0),
LI9:=L+Vioegg-V (symm. for )

Formal differential calc. on (P (M), W3) (Otto calc.)

‘Do =V finT,P(M)" for (v.), C P(M)

& vy, Br/sodvr

=[5, Ve)duy
r=0

= o =VFf
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Overview of the proof

p= o, V= iy
& consider W(0O, N) atr = 0,t= 0

(Use Kantorovich duality & Hopf-Lax semigroup)

Wo (o Py 1 Py)? < Wa(po, p1r)?

:2 t
~~ | ®nt(uoP.) — Ent(n,P)? ds
N Jo
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Overview of the proof

p= o, V = fiy
& consider W(0, N) atr =~ 0,t= 0

Wz(MOPt,NrH)2(1) < Wa(po, pr)?

©)
2 ¢ 9
_2 /0 (Ent(uoPy) — Ent(s, )’ ds

r_) / P(IVfI*) + 2(Vf, VPif)) g dv+o(1)
(_2 / IV £ %g dv + o(1)
(3) ( P,(gL9f) log Pg dv) +o(1)
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Overview (cont.’d)
U

/ (=P(IVSfI*) + 2(Vf, VP.f))g dv

o 2 [t
<[V dv —— | d
_/| g dv N/O s

2

/ P,(gL?f)log P,g dv
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Overview (cont.’d)
U

/ (=P(IVSfI*) + 2(Vf, VP.f))g dv

2 t
S/|Vf|2g dv —N/ds /Ps(gﬁgf) log P,g dv
0
4 O¢li=o

2
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Overview (cont.’d)
U

[ (PAVIP) + 2094,V R)g do
2 t
S/IVflzgdv —N/Ods /Ps(gcgf) log P.g dv
4 Otlt=o

2
~2 [Ta(f, gdv < — | [ (9L7f) logg do

2

2

2 2
= —— V£ VI d
N‘/g< f, Vlogg) dv

2

/(ﬁf)g dv

2
N
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Overview (cont.’d)
U

/ (=P(IVfI*) + 2(Vf, VP.f))g dv
2 t
S/|Vf|2-g dv _N/Ods /Ps(g‘cgf) IOgPsg dv
4 Otli=o

2
—2/Pz(f, flgdv < — N /(gﬁgf) log g dv

2

2

2 2
= N ‘/g(Vf,Vlogg) dv

2

= - % /(ﬁf)gdv
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Overview (cont.’d)
U

| (~PA9IP) + 295, 9P p)g do
2 t
S/|Vf|2g dv _N/Ods /Ps(g‘cgf) IOgPsgd’U
4 Otlt=0

S
~2 [Ta(f, Pgdv <~ | [ (0L ) logg do

2

2

2

o | r
= —— V£ VI d
N‘/g< f, Vlogg) dv

2
[
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4. Further problems



Questions

o Applications of W(K, N) to a sharper rate of
conv. (when K > 0): e.g.,

NK
WZ(H-Pta'U) S exp _N _1

t) Wi, v)

o A self-improvement of W(K, N) or W’(K, N)
e.g. a self-improvement of BE(K, co)
= W, (1P vP,) < Wy(i,v)
o W(K, N) by coupling method
for diffusion processes (even on Riem. mfd)

@ In another framework?
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W-entropy

© W(O’ OO) = I(H'Pt) \(

\v/ 2
(I(pv) := /| P dv: Fisher information)
p

o W(0,N) = W(t) \«( [K]

N
(W-entropy)
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W-entropy

© W(O’ OO) = I(H'Pt) \(

2
(I(pv) := / Vol dv: Fisher information)
p
o W(0,N) = W(t) \( [K]
N
(W-entropy)

Q. W(K, N') = Monotonicity of some f'nal?
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