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1. Introduction
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Ass.
K € R, 3N € [m, o] s.t.

1
(1) Ric+ Hess V N VV ® VV > K

— m

(‘Ric > K & dim < N")
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Remarks

o (1) < Bakry-Emery's curvature-dimension cond.

(BE(K,N)):

1
Do(f, f) > K|V + (£5)?,

1
where I's(f, f) := §£\Vf\2 — (Vf,VLSf)

1
o (Vf1,Vfa) = > (L(f1f2) — frlfo — f2Lf1)
(BE(K, IN) is formulated only in terms of L)
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Purpose
o) =it { [ can | o of |

X% X @ and v

(Optimal transportation cost for a cost function c)

W, = dlp/p: LP-Wasserstein distance

Goal

o Estimates of J.(puFP;, v FP,) in terms of p, v, t, s,
in conn. with BE(K, N)

(and related conditions / their applications)

o “Robust” arguments valid on RCD*(K, N) sp's

(metric measure spaces with “({)"” via opt. trans.)
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How and why ?

Semigroup methods Optimal transport
(gradient estimate) (gradient flow interpretation)

Estimates of T.(uP;, v Py)

Stochastic analysis
(coupling method)
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2. Known results



Gradient estimate of P,
G(K,N):

1 — e—2Kt

N K

VP f|* < e ' P(|V f]?) (LP.f)*

% BE(K,N) <& G(K, N)
[Bakry & Emery '84 (N = oo)/ Bakry & Ledoux '06]

Proof
o

ot |,_,

=

4
= / ds of a diff. ineq. for P;_,(|V P, f|?)"
Jo
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Gradient estimate of P,
G(K,N):

—2K1t

N K

VP f|> < e * ' P(|V ) (LP.f)*

% BE(K,N) & G(K, N)
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Proof
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Gradient estimate of P,
G(K,N):

—2Kt

N K

VP f|* < e * ' P(|Vf|?) (LP.f)?

% BE(K,N) < G(K,N)
[Bakry & Emery '84 (N = oo)/ Bakry & Ledoux '06]

Proof
19,

i 1

Ot

=

t
= / ds of a diff. ineq. for P;_,(|V P, f|*)"
0



Space-time Ws-contraction

W(K, N):
2 (Wz(ul;’t, vPs)) < e KGing2 (Wz(;, V))
T Ry
o ofr) = sin(\;/zzr)

@ N = o00: s =1t & the last term = 0

*x G(K,N) <& W(K,N)
K. '15+ / Erbar, K. & Sturm "15+]
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Space-time Ws-contraction

W(K,N):
W2 Pt, I/PS £ 9 Wz o UV
SK/N ( - 2 )> < e sion ( (5 ))
N 1 — e K(s+1) )
"3 K(s +t) (VE=/5)
o s (r) i= sin(4/k7)
K . — \/E

o N =o0: s =1t & the last term = 0

*x G(K,N) & W(K,N)
K. "154 / Erbar, K. & Sturm "15+]
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Sketch of the pf. (G = W, N = o0)

G(K,o0): |[VP| < e KtP,(|Vf|?)'/?
‘UNI(;I(:,(J())I ‘4V23(,J;lj¥,;bg13;) :S; EB—-I(]F‘AVE!(lIW’l,)

@ Kantorovich duality:

W (v, p)? [ | |
- sup / Qif dp — / fdv
2 FeCy(X) L/ X JX -
@ Hopf-Lax semigroup:
Q.F (@) = inf | F(y) + L2
r o yeX _ y | 2r

1
* 0,Q,. = —§|VQ,,,f\2 (Hamilton-Jacobi eq.)
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Sketch of the pf. (G = W, N = o)

G(K,00): |VP| < e KtP,(|V f|2)1/2
W(K, 00): Wa(uP;,vP)) < e "Wy (p, v)

o Kantorovich duality:
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- feCy(X) L/ X JX _
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1
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Sketch of the pf. (G = W, N = o)
For simplicity, p = 0,,, Vv = 0y,

W 5330Pt, 5331Pt 2
2 ( ; ) — Sl}lp PQ1f(x1) — P f(xo)]

Idea: give an upper bound of |- - -] being uniform in f
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Sketch of the pf. (G = W, N = o)

Wy (82, Py, 04, P;)?
oo — sup [PQuf (@) = Pif (e

~ : [0,1] — M: geod. joining xg & a4
PQ1f (1) — P f(zo) = PQ1f(71) — P:Qof (o)
1
= [0.PQ.f(v)ar

= /01 ((VPthf, Yr) — %Pt(IVQth)(%)) dr

e—2Kt

St S — d(xg, z1)"
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Sketch of the pf. (G = W, N = o)

W3 (020 Psy 02, Pr)°
2

— s?p (PQ1f(x1) — Pf(x0)]

~ : [0,1] — M: geod. joining xg & a1
PQ1f(x1) — Pif(zo) = PQ1f(v1) — PQof(7v0)
— /42f)ﬁ'jF%t(;?7°JF‘(’7%°)‘5l7’
o1

= [ (VP13 = PV o)) dr

EB——ZLF(i:

©e S o d(il?(),il?l)2

VA
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L? / Li-extension

* G,(K,N) < W, (K, N) G) _ % < 1)
K. 10, K. '13, ...(N = o0) / K. "15+]

GQ(KaN): (N = N +p— 2)

1 —e
VPf? < e 2KV f|9)2/1— =" (LPf)’

W, (K, N):
2 (WP(“H? VPS)) < o K(s+t) £ 2 (Wp(ﬂv V))




L? / L9-extension

* G,(K,N) < W, (K, N) G? —1— % < %)
K. '10, K. '13, ..(N = o0) / K. '15+]

G,(K,N): (N := N +p— 2)

—2Kt

— €
VEfI* < e MRV = ————(LRf)
W, (K, N):
W(“Pt VPS) W(“ V)
2 p ? —K (s 2 P\F
BK/*"( 2 )S ) (H)sK/N( 2 )




L? / Li-extension

1 11
* G (K, N) < W, (K, N) (_ _1-1< 5)
P q
K. 10, K. '13, ..(N = oo) / K. '154]

G,(K,N): (N = N +p — 2)

—2Kt

— €
VEfI* < e MRV ————(LRf)
W, (K, N):
W, (uP;, vP) W, (u,v)
2 ! ? — K (s+t) 2 1 ’
5K/N< > )Se ( )5K/N( ; )




How we obtain LP-results?
o BE(K, o0)

212
S To(f, f) — K|V 2> VT

4|V f|?
(Bakry-Emery's self-improvement property)

— Gl(K, OO) —> WQC(K, OC)
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Conn. with Laplacian comparison thm

o W5(0,N):
Wy (uPs, v P,)? <Wy(p,v)? + 2N (VE— /5)?
s=0,v =20, =0,
P,d(o,:)*(x) < d(o,x)* + 2Nt
= Integral form of “Ld(o,:)* < 2N"

(Sharp Laplacian comparison thm)
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3. L?/L9-extension



L? / L1-extension on non-smooth sp’s

Theorem 1 ([K.])
On RCD*(K, N) sp’s,
G,(K,N) holds for1 < q < 2.
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Remarks

o FSome self-improvement of BE(K, N), N < oo:
[Bakry & Qian '00 / Sturm '14 / B.-X. Han "14]
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o ISome self-improvement of BE(K, N), N < oo:
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1 1
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T J U

1 ¥
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4. Coupling by reflection



Coupling by refl. on Riem. mfd
[Kendall '86 / Cranston '91 / ...] Ric > 0
= Vg, 1 € X, B(B,fo), Bgl)): coupling of BM's
starting at (xg, 1) & a 1-dim (std.) BM W} s.t.
d(B”, B") < d(zo, 1) + 2v2W,
ift <7 :=inf{s > 0| B(O) Bg,l) for s’ > s}



Coupling by refl. on Riem. mfd
[Kendall '86 / Cranston '91 / ...] Ric > 0
= Vg, 1 € X, H(B,fo), B,gl)): coupling of BM's
starting at (xg, 1) & a 1-dim (std.) BM W} s.t.

d(B”, B") < d(zo, 1) + 2v2W,
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Rm

B{?)



Coupling by refl. on Riem. mfd
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Theorem 3 ([K.])
On RCD*(0, o0) sp’s, V&g, x1 € X,
H(Bt(o), B,fl)): a coupling of BMs s.t.

o (By”, By") = (w0, 1)

oVt > 0, Plr > t] < ¢pi(d(xg, 1))

In particular, P|[T = oco] = 0

% Extension to K # 0: OK. / Ext. to N < oo: Not yet
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Thm 2

Idea of the pf. of Thm 2 & 3

Kantorovich duality,
Reverse f'nal Gaussian isoperimetry for P,

(e*2t —1)|VP.f|? < I(P.f)* — B.(I(f))*

1 L > /e
[:=®" o0d® !, &(x):= 5 / e ¥/ 2dy
T J—o0

Thm 3

& W (0, 00) or Gaussian f'nal isop. for P,
(cf. [Bakry, Gentil & Ledoux '15+])

Making coupled trans. prob. by optimal coupling

& Approximation of BMs by RWs
(cf. [Sturm '14])
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5. Related results



Another dimensional Ws-contraction

Theorem 4 ([Bolley, Gentil, Guillin & K.])
BE(K, IN) is equiv. to the following:

2 (W2(Npta VPt)) < o—2Ktg2 (WZ(Na V))

K/N >

@ New even on (non-cpt.) Riem. mfds
@ No use of Gy (K, N)
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(Work in progress with X.-D. Li)
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