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Heat eq. on a Riem. mfd X

P, = e'®: heat semigroup

2 u L/ 2n
OPf = ~VEPS) on 17, E(f) = 5 [ IVF

< Ptﬂ = —V Ent(Ptp) on (Pz(X), Wg)
<> Brownian motion (B;);>0 on X generated by A:

P f(x) = E[f(B:)|Bo = ]

Ric > K = a nice control of P, f, ps & (Bt)t>o0

Q. On met. meas. sp.'s with "Ric > K"7?
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% Ric > K on Riem. mfd
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Coupling by parallel transport

Vinitial data, E'(B,fo), Bfl)): a coupling of BMs
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1. Introduction
2. Framework
3. Characterization by optimal transport

4. Proof
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2. Framework



RCD(K, co) spaces

(X,d,m): met. meas. sp., i.e.
o (X, d): Polish geodesic met. sp.,

o m: loc. finite, o-finite Borel meas. on X

Def
For K € R, (X,d,m): RCD(K, co) sp. iff

o Ent is (weakly) K-convex on (P2(X), W5)
(CD(K, oco) cond.)
o (X,d, m): infinitesimally Hilbertian
(i.e. Cheeger energy is a quadratic form)
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Cheeger energy
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RCD(K, co) spaces
Cheeger energy

1 : L
Ch(f) = 7 inf {h_m / [V fo|*dm fnfﬁ{ fLilrE) L }
1

— 5/3\fo§) dm

(|V flw: min. weak upper grad.)

% Ch: quadratic

0 (V.,V.): Wh2(X)2 — L'(m)

= st. (VF£, V) =I|Vfl,

o Ch+ A P,=e®& A, P linear




RCD(K, co) spaces
Properties [Ambrosio, Gigli & Savaré '14 /

Ambrosio, Gigli, Mondino & Rajalal
o ClP(X)N Wh2(X) Cc Wh2(X) dense
o Vt, P,1 = 1 (conservativity)
o Fheat kernel of P,
Q EI(BI,)QO: BM on X for each initial data
o P.f € CH°(X) for f € L>®(m)
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RCD(K, oo) spaces
Properties [Ambrosio, Gigli & Savaré '14 /

Ambrosio, Gigli, Mondino & Rajala]
o CM'P(X)N Wh2(X) Cc Wh2(X) dense
o Vt, P,1 = 1 (conservativity)
o Fheat kernel of P,
Q B(Bt),zoz BM on X for each initial data
o P.f € CH°(X) for f € L>®(m)
o Bakry & Emery's (K, 00) curv.-dim. cond.:

CAIV[ — (V£ VAS) > K|V
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3. Characterization by optimal transport
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Coupling by refl. and OMT

'M: Riem. mfd, Ric > K
= ForT >0& p,v e P(M),

(PtH'QPtV) \ Int € [O T]
K. & Sturm '13]

‘r/II
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Coupling by refl. and OMT

'M: Riem. mfd, Ric > K
= ForT >0& p,v e P(M),

(PtH'QPtV) \ Int € [O T]
K. & Sturm '13]

‘r/II

prla) i=x (wmt))’

1 a 62Kt —1
—— —$2/2d +) —
x(a) = —m= [ e Ndz, n(t) == —
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Tor_o(a)(Pepy Pov) Ny int € [0,T]

0 0< pr <1, pr 7 p:(0) =0 & ¢p4: concave

@ wo = 1(0,00)
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Coupling by refl. and OMT
Tor_a)(Peps Pov) ~yint € [0,T]

0 0< p: <1, 7 p:(0) =0 & 4: concave
= ¢(d): distance

o o = 1(0,00)
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Coupling by refl. and OMT
Tor_a)(Peps Pov) ~yint € [0,T]

0 0< p: <1, 7 p:(0) =0 & 4: concave
= ¢(d): distance
o o = 1(0,00) = Ty,(a): total variation



Coupling by refl. and OMT
Tor_o(a)(Pepy Pov) g int € [0,T]

0 0< pr <1, pr 7 p:(0) =0 & ¢p4: concave
= ¢(d): distance
o o = 1(0,00) = T(d): total variation
* pi(a) =P[7" > t]

a.

7. coupling time of two sol.’s to the following SDE:

dr(t) = V2dpB(t) 12( r(t)dt

a a
starting from 5 & —3 resp. coupled by reflection



Coupling by refl. and OMT

. For t > 0, 7 coupling of P8, and P;o, s.t.
w({Diag}‘) < P[r®¥) > ]
K. & Sturm '13]

Proof

o (LHS) — Eo(d)(Hém,Ptéy)
o (RHS) = ¢(d(z,y)) = Tpy(a) (95 Oy)




Main Theorem

Theorem 1 ([K.])

(X,d,m): RCD(K,o0) mm sp. with K € R

= Yoo,z € X, EI(B,fo), Bt(l)): a coupling of BMs s.t.
° (By' By") = (wo, 1)
oVt > 0,Plr >t < P[T,fl("’““r'l) > ]

In particular, P|[T = oo] = 0 when K > 0

(Recall: 7 :=inf{t > 0| Vs > t, Béo) — Bél)})

14 /2



4. Proof

15 /



1. Reduction to the monotonicity formula



Review: Coupling by parallel transport

Vinitial data, El(B,fO), B,fl)): a coupling of BMs
st. eKtd(B”, BM) \int. [Sturm]
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o Step 2: Discrete-time approximation
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Review: Coupling by parallel transport

Vinitial data, B(B,fo), Bfl)): a coupling of BMs
st. eKtd(B”, BM) \int. [Sturm]

Proof

o Step 1: Refinement of Ws-contraction [Savaré '14]
Woo(Pk'/Zn(s:m Pk/2"5y) S e_Kk/anoo(éaza 53/)

o Step 2: Discrete-time approximation
~+ Trans. prob. on X X X
~~» Coupling of approximating Markov chains

17 /2



Goal

YT > 0,u,v € P(X),
7:0T—t(d)(13t“9 PtV) N\ int € [O?t]




Goal

YT > 0,u,v € P(X),
Tor_,a)(Pipy, Piv) N int € [0,¢]

f
7:03(61)(131,5:1:, Pt5y) < pste(d(z,y))




2. The monotonicity via Gaussian isoperimetry



Overview

Claims

Let f : X — [0,1], f(x) — f(y) < ps(d(z,y))
(1) Pif(x) — Pf(y) < pe(d(x,y))

(2) Pf(xz) — Pif(y) < @s(e Xd(x,y))

(. x(4/7): concave)

= To.(d) (P02, Pidy) < psyi(d(z,y))
(.- Kantorovich duality)
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Overview

Claims
Let f: X — [0,1], f(z) — f(y) < p:(d(z,y))

(1) Pf(xz) — P f(y) < pi(d(z,y))
(2) P.f(x) — P f(y) < ps(e”“d(z,y))

— Ptf(iB) < Pt.f(y) + ‘Ps—}—t(d(ma y))
(".- x(4/7): concave)

— 7:03(d) (R‘Swa Pt(sy) S 908+t(d(m7 y))
(.- Kantorovich duality)




Reverse Gaussian isoperimetry for P;

For f: X — [0,1] m'ble

2n(t)|VP.fl,, < I(P.f)* — P(I(f))"
[Bakry, Gentil & Ledoux]

I = & o & ': Gaussian isoperimetric profile

(I)(QU —'tl.B/Qdu

1 o
« — c
) vV 227“' “/(C>C
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Reverse Gaussian isoperimetry for P,

For f: X — [0,1] m'ble
2n(t) VRS, < I(Pf)? — P(I(f))*
|Bakry, Gentil & Ledoux|
I = ® o &' Gaussian isoperimetric profile

d(x) := —u*/2

1 €T
e
vV 27 /—oo
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Reverse Gaussian isoperimetry for P,

2"7(t)‘VPtf|i, < I(I’tf)2 _ Pf(I(f))Q

1\/ 1
J (@) = 7

d(:l:, y)
V21 (t)

> (Pf(xz)) < 2 Y(P.f(y)) A




Reverse Gaussian isoperimetry for P,

2n(t)|VP.f;, < I(Pf)* — P(I(f))"

1\7 1
J(@77) = 7
27 (Pf(2)) < 27 (Pf(y)) - j(;z))
= “P,f(z) < & (@%Ptﬂy)) = j(;”nft)))

d(z,y) \
<P f(y) +@ (\/Qn(t)>



Reverse Gaussian isoperimetry for P,
2n(t)|VP.f|2, < I(Pf)* — P(I(f))*
—1\7 __ l
$(277) = 7

d(:l:, y)
V21 (t)

o (Pf(z)) < 2 (Pf(y))




Reverse Gaussian isoperimetry for P,

2n(t)|VP.f;, < I(Pf)* — P(I(f))"

1\7 1
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31 (Pf(z)) < DL (Pf(y)) - ‘5;("2)

Proposition 2 (Claim (1))
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Reverse Gaussian isoperimetry for P,
2n(t)|VP.f2, < I(Pf)* — P(I(f))*
—1\7 __ 1
$(277) = 7

d(:l:, y)
V21 (t)

(P f(x)) < @ Y (P:f(y)) A

Proposition 2 (Claim (1))
P f(z) — P f(y) < ¢i(d(z,y))

d
X pele) T4 = 4% (wzn(t))



Isoperimetric-type Harnack ineq.

Gaussian isoperimetry for P; [Bakry & Ledoux "96]
J

O™ (Pilae)(y) = @7 (Pila)(y) A

elitc

V2n(t)

(A(e): e-enlargement of A C X)




Isoperimetric-type Harnack ineq.

Gaussian isoperimetry for P; [Bakry & Ledoux "96]
J
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tlA())\Y) Z tiA)\Y) \/277('5)
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Isoperimetric-type Harnack ineq.

Gaussian isoperimetry for P; [Bakry & Ledoux "96]

U

O (Plae)(y) > @ (Pila)(y) A o
tlA())\Y) Z tiA)\Y) \/Qn(t)
(A(g): e-enlargement of A C X)
d(z,y)
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Isoperimetric-type Harnack ineq.

Gaussian isoperimetry for P; [Bakry & Ledoux "96]

U

Kt

& (Plae)(y) > &' (P1 ~
(Pae) @) 2 @7 (PL) (W) + o
(A(g): e-enlargement of A C X)
d(z,y)

I & Y (Plas(z)) < & (Pla(y)) - 20 ()



Isoperimetric-type Harnack ineq.

Gaussian isoperimetry for P; [Bakry & Ledoux "96]
J

Kt
1 (Plaw)(y) > & (Pla)(y) + ——
(Pilae)(y) 2 @7 (Pila)(y) T2
(A(e): e-enlargement of A C X)
. 1 d(z,y)
b @7 (Paa@) < 07N (PLAW) +

Isop. Harn. ineq. [Bakry, Gentil & Ledoux]

Pil1s(z) < Pl ge-Ktd(a,y))(Y)



Isoperimetric-type Harnack ineq.

Pil4(z) < PtlA(e—th(w,y))(y)

iLA:{fZa}&'/ da

0

Proposition 3 (cf. [Bakry, Gentil & Ledoux])
Let f: X — [0,1] & : [0,00) = R
Y 7 & f(x) — fy) < P(d(z,y))

= P, f(z) — P.f(y) < ¢ (e *'d(z,y))
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= Pif(z) — P.f(y) < (e d(z,y))

* 1 = s = Claim (2)



Isoperimetric-type Harnack ineq.

Pil4(z) < PtlA(e—th(w,y))(y)

iLA:{fZa}&'/ da

0

Proposition 3 (cf. [Bakry, Gentil & Ledoux])
Let f: X — [0,1] & : [0,00) = R
Y 7 & f(x) — fy) < P(d(z,y))

= Pif(z) — P.f(y) < (e d(z,y))

* 1 = s = Claim (2)
Rem Alternatively, Wy-contraction = Prop 3




5. Further questions
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Questions

o (K, N)-coupling by refl. on RCD*(K, N) sp.'s?
@ Can we localize the construction?

@ Other sample path properties?
( e.g. Comparison theorem for d(xg, By): )

OK for K = 0 ([K. & Kuwae]; in progress)
o (K, N)-isoperimetry for P, with N < oo

@ Characterize "Ric > K" by the coupling by refl.?
(OK on Riem. mfd. by [von Renesse & Sturm '05])

@ Other formulation of (K, IN )-coupling by refl.?
(e.g. space-time contraction)
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