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Purpose/History

The case N = oo )
o Da-criterion (via P, = e!®: [Bakry & Emery '84])
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Purpose/History

The case NV < oo
o Bochner's inequality (cf. [Bakry & Ledoux '06])

1
SAIVIP—(VI,VAS) > KIVFI’+— ~(Af)?

o via Optimal transport:

[Sturm '06, Lott & Villani, '09, Sturm & Bacher '10]
in terms of the Rényi entropy (NOT Ent)

Key “fact”

P

(Ent(u) = /Xplogp dm (p= pm))

p: gradient curve of Ent
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Purpose/History

The case N < oo
o Bochner's inequality (cf. [Bakry & Ledoux '06])

CAIVP (VS VAS) > KV 4 (Af)

o via Optimal transport:
[Sturm '06, Lott & Villani, '09, Sturm & Bacher '10]
in terms of the Rényi entropy

% Another approach via porous medium eq.
(gradient curve of the Rényi ent.)

[Ambrosio, Savaré & Mondino]
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Goal

o Characterize "Ric > K & dim < N" by Ent

o Find missing conditions
optimal transport approach

connecting { &
P, approach

o Establish the equivalence
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Goal

o Characterize "Ric > K & dim < N" by Ent
= (K, N)-convexity of Ent

o Find missing conditions
optimal transport approach
connecting { &
P, approach
= (K, N)-evolution variational inequality

Space-time Ws-control

o Establish the equivalence
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Overview of applications

o Analysis/Geometry on non-smooth sp.’s

o Different viewpoints even on smooth sp.’s
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Overview of applications

o (Geometric) stability of analytic conditions
o Regulartity results on P;

o (New) functional inequalities involving N & K
(e.g. N-log Sobolev, N-Talagrand)

o Maximal diameter theorem [Ketterer]
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Qutline of the talk

1. Introduction

2. Entropic curvature-dimension condition
3. (K, N)-evolution variational inequality
4. Connection with Bakry-Emery theory

5. Applications
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2. Entropic curvature-dimension condition
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Framework

(X, d,m): Polish geodesic metric measure sp.,
m: loc. finite, o-finite, suppm = X,

Example
(X, g): complete Riem. mfd., X = 0,
d: Riem. dist, m = e Vvol, (V:X —R)
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Framework
L2-Wasserstein distance Ws: For ag, 01 € P(X),

Wa (00, 01) := inf ||| L2(x)

mT(A X X) = o09(A),
(X X A) =01(A)

Pa(X) :={p € P(X) | W2(0zy, ) < 00}

7w € P(X?), {
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Framework
L2-Wasserstein distance Ws: For ag, 01 € P(X),

Wa (00, 01) := inf ||| L2(x)

o Vog,01 € P2(X), EI(O'r)re[0,1]3 W,-geod.
o T € P(Geo(X)) s.t.
o) = [ 1a(O)T )

eo(X)

Wa(ors, o0)? = /G FSORTONC

(Geo(X): sp. of const. speed geod.'s)
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(K, N)-convexity
K-convexity of Ent: "Hess Ent > K" w.r.t. Wy
(& Ric > K)
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(K, N)-convexity

K-convexity of Ent: "Hess Ent > K"
Voo, 01 € Po(X), H(O't)te[o,ui Wa-geod. s.t.
Ent(o;) < (1 — t) Ent(oo) + t Ent(o)

K 2
— Et(l — t)Wz(O'(), 0'1)
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(K, N)-convexity

K-convexity of Ent: "Hess Ent > K"
Voo, 01 € Po(X), H(O't)te[o,l]i Wa-geod. s.t.
Ent(o;) < (1 — t) Ent(oo) + t Ent(o)

K
— Et(l — t)WQ(O'(), 0'1)2

* (t) := (RHS) solves

¢ (t) = KWa (o9, 01)?,
cp(O) = El’lt(a'g),
cp(]_) = Ent(a'l)
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(K, N)-convexity

(K, N)-convexity of Ent

1 2
“Hess Ent _NV Ent®? > K"
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(K, N)-convexity

(K, N)-convexity of Ent

1 2
“Hess Ent _NV Ent®? > K"

¢

K 1
"‘HessUn < _NUN”' Un :=exp <_N Ent>
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(K, N)-convexity
(K, N)-convexity of Ent

K 1
“‘HessUpn < —NUN”, Un :=exp <—N Ent)

Entropic curvature-dimension cond. CD*(K, N):
Voo,01 € P2(X), F(o1)tepp,1): Wa-geod. s.t.

Un(ot) = ¥(t),

where 1) solves 9" (t) = —%Wz(a'(), o1)?(t),
Y(i) = Un(oi) (i =0,1)
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(K, N)-convexity
(K, N)-convexity of Ent

K 1
“‘HessUpn < —NUN”, Un := exp (_N Ent)

strong CD°(K, N):
VO'(), (on] - Pz(X), v(o't)te[O,l]: Wz—geod.,
Un (o) > (1),

where 1 solves 9" (t) = —%Wz(a'g, o1)?(t),
Y(i) = Un(oi) (i = 0,1)
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Relation with known conditions

On cpl. Riem. mfd.,

Volume distortion est. for optimal transport

4

Reduced curvature-dimension condition CD* (K, IN)

[Bacher & Sturm '10]
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Relation with known conditions

CD*(K, N)
{ geod.’s on X are non-branching

Voo, 01 € P2(X),
T € P(Geo(X)): lift of Wo-geod. s.t.

pe(7:) TN > W (t5 90, 1)
for I'-a.e. 7, where pym = o & W solves
(1) =~ d(y0, )T (D)
(i) = pi(v:) "N (i = 0,1)
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Relation with known conditions

pe(7e) YN > W (t;v0,71)

for I'-a.e. 7y, where pym = oy

ﬂ pi(7) N = exp (-% log Pt(’Yt))

& Jensen’s ineq.
CD°(K, N)
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3. (K, N)-evolution variational inequality
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K-evolution variational ineq.

EVig of Ent
v

tto, 2 (pee)¢>0: abs. conti. s.t. for Vv,

i <W2(Nt7 V)2
dt 2

K
)+ % Walu vy
+ Ent(u;) < Ent(v)

% A variational formulation of "y = —V Ent ()"
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K-evolution variational ineq.

EVig of Ent
v

tto, 2 (pee)¢>0: abs. conti. s.t. for Vv,

i <W2(Nt7 V)2
dt 2

K
)+ % Walu vy
+ Ent(u;) < Ent(v)

% A variational formulation of "y = —V Ent ()"

") ngOd-(Us)se[g,l] with o9 = uy, for v = oy,

Ent(os) — Ent(oy) n

—(O¢pt, G0) < o(1)
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K-evolution variational ineq.

"Hess Ent > K = EVIg”
') For (05)se[0,1]: Wa-geod. from p; to v,
<V Ent(a'o), 0'0> S Ent(a'l) — Ent(a'o)

K 2
— EWZ(UO’ o1)
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K-evolution variational ineq.

"Hess Ent > K = EVIg”
') For (05)se[0,1]: Wa-geod. from p; to v,
(V Ent(p), 60) < Ent(r) — Ent(p)

K 2
— EW2(M’ V)
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K-evolution variational ineq.

"Hess Ent > K = EVIg”
') For (05)se[0,1]: Wa-geod. from p; to v,
(V Ent(p), 60) < Ent(r) — Ent(p)

K
— EW2(M’ v)?

By Oyy = —V Ent(py) & “Ist var. of Wy",

1d

(V Ent(p), 60) = —(Opie, 60) = anz(lit, v)?
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EVIx and P,

P, = e?® « Cheeger's L?-energy

Ch(f) := mf llmmf/ |V fr|?dm
fn—>f n L2

= [ 1V #1 dm
X
(|V f|w: minimal weak upper gradient)
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EVIx and P,

P, = e?® « Cheeger's L?-energy

Ch(f) := mf llmmf/ |V fr|?dm
fn—>f n L2

= [ 1V #1 dm
X
(|V f|w: minimal weak upper gradient)

* (X, d, m): infinitesimally Hilbertian

g:e; Ch: quadratic form

(< P, linear)
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EVIx and P,

o (pt)t>o0 sol. to EVlg of Ent = 1, = Py

o Yo, a(lit)tzo sol. to EVIlg of Ent & (V)
& Ent: strongly K-convex & infin. Hilb.
(RCD(K, co) cond.)

[Ambrosio, Gigli & Savaré|
[Ambrosio, Gigli, Mondino & Rajala]
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EVIx and P,

o (pt)t>o0 sol. to EVlg of Ent = 1, = Py

o Yo, a(lit)tzo sol. to EVIlg of Ent & (V)
& Ent: strongly K-convex & infin. Hilb.
(RCD(K, co) cond.)
[Ambrosio, Gigli & Savaré|
[Ambrosio, Gigli, Mondino & Rajala]

The volume growth cond. (V)

/X exp (—ac d(wg,ac)2) m(dz) < oo
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EVix n and Riemannian CD¢(K, N)

EE\/I}{;]J of Ent
v

Lo, H(Nt)tZO: abs. conti. s.t. for v,

d Woa(pe, W (ks
_5K/N2 <—2(ut V)) + IfﬁK/N2 ( il V)>

dt 2 2
<5 (- 0)

(sn(r) = % Uy := exp (_% Ent))
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EVix n and Riemannian CD¢(K, N)

Theorem 1 (RCD*(K, N) cond.’ns)
For K € R and N > 0, TFAE:

(i) strong CD*(K, N) & infin. Hilb.
(ii) strong CD®(K, N') & infin. Hilb.
(iii) Yo, F(pe)e>0: EVlg n-curve & (V)

(V) /Xexp (—ac d(wg,m)2) m(dz) < oo
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EVix n and Riemannian CD¢(K, N)

Theorem 1 (RCD*(K, N) cond.’ns)
For K € R and N > 0, TFAE:

(i) strong CD*(K, N) & infin. Hilb.
(ii) strong CD®(K, N') & infin. Hilb.
(iii) Yo, F(pe)e>0: EVlg n-curve & (V)

% RCD*(K,N) = RCD(K, c0)
= geod.'s on X are essentially non-branching
[Rajala & Sturm]
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4. Connection with Bakry-émery theory
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Regularity results on RCD (K, co) sp.

[Ambrosio, Gigli, Savaré et al.]: RCD(K, co) yields
o The volume growth bound (V)
o Pf € C’gip for f € L*°(m)
0 |Vflw <1m-ae = f: 1-Lip.
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Regularity results on RCD (K, co) sp.

Assumption 1 (cf. [Ambrosio, Gigli & Savaré])

o The volume growth bound (V)

Q

0 |Vflw <1m-ae = f: 1-Lip.
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Ws-control

EVI-curve

d Hz(l-lftay)2> K 2
1, e 9
o ( > + > Wa (1t V)

+ Ent(u:) < Ent(v)

J v = v another EVIg-curve

For 2(t) := Wa (P, P}v),

=(t) < e *tE(0)
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Space-time Ws-control

EVIg, n-curve

dsz (Wz(ﬂta'/)> + Ks %/N <W2(Nt7’/)>

dt K/N 2 2
N Un(v
=3 ( UN<(m)>>
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Space-time Ws-control

EVIg, n-curve
d52 (WZ(H’t’V)> + Ks %/N <W2(gtay)>

dt K/N 2
N Un(v
=3 ( UN<(m)>>

U
For 2(s,t) := Wy (P}, Piv),

B(s,t) ks £(0,0)
SK/N ( > < e K( +t)5§</N >




Space-time Ws-control

EVIg, n-curve
d 2 W2(Ut”/) 2 W2(Ntay)
ko (57 + Ko (T)
2 UN(Mt)

<

U
For 2(s,t) := Wy (P}, Piv),

B(s,t) Kot £(0,0)
5?(/N ( 2 < e K Jr1f)5§</N 2’




Space-time Ws-control

1 Sp.-t. Ws-control
Hess Ent > —V Ent®? = 2P 2
= N (K = 0)

(o+)reo,1: Wa-geod. from P u to P v,
Xr := (V Ent(0,),0,), (t.),cjo,1]: interpolation

5] é(tou, tlu)z

9u 2 = toxo — tix1
19 L, 1
- _/ E(trXr)dr S _/ trxr + NtrX?a dr
0 0
N (1§
- T dr

_40tr
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Space-time Ws-control

1 Sp.-t. Ws-control
Hess Ent > —V Ent®? = 2P 2
= N (K = 0)

(o+)reo,1: Wa-geod. from P u to P v,
by i= (1 = 1)Vho + VB’

0 é(t()’u,, tl’l,l,)z

.

Su > = toxo — tixa
19 L, 1
= _/ E(trX'r)dr < _/ trxr + Ntrxi dr
0 0
N [t
— [ =dr

- 4 Jy t,
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Space-time Ws-control

1 Sp.-t. Ws-control
Hess Ent > —V Ent®? = 2P 2
= N (K = 0)

(o+)reo,1: Wa-geod. from P u to P v,
by i= (1 = 1)Vho + VB’

0 é(t()’u,, tl’l,l,)z

.

Su > = toxo — tixa
19 L, 1
= _/ E(trXr)dr < _/ trxr + Ntrxi dr
0 0
N [

N S dr = N(VE = Vi)

- 4 Jy t,
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Bakry-Ledoux gradient estimate
Space-time Wa-control: E(s,t) := Wy (Pv, Piu),

E(s,t) (s =(0,0)
5}/]\,( > <e (+t)5§{/N >

N1 — e K+t
_|__
2 K(s+t)

(Vi— V3)?
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Bakry-Ledoux gradient estimate
Space-time Wa-control: E(s,t) := Wy (Pv, Piu),

E(s,t) (s =(0,0)
5}/]\,( > <e (+t)5§{/N >

N1— e—K(s—i—t)

Ty Kery VTV

{  Derivative in space & time

Bakry-Ledoux gradient est.: For f € W12 m-a.e,,
2C(t)

|VPtf|i, < 6_2Ktpt(|vf|12,,) — |AP,f|?,

C(t) =14 O(t) (t — 0)
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RCD*(K, N) = Bakry-Ledoux

Theorem 2
(X, d, m): infinitesimally Hilbertian

For K e R & N > 0, (iii) = (iv) = (v)
(iii) Yo, FEVIg n-curve (pi): & (V)

(iv) Ass. 1 & Space-time Wa-control

(v) Ass. 1 & Bakry-Ledoux gradient estimate
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Bakry-Ledoux < Bochner

Theorem 3
(X, d,m): infinitesimally Hilbertian

For K €R &N >0, (v) < (vi)

() VRS < e B9 12) - 200

(vi) Vf € W2 with Af € W2 &
g€ D(A)NL>® withg >0 & Ag € L™

1
| (3801958~ a(V£.A7) ) dm
X

2 1 2
> [ g (KIVflw + 1A ) dm

———|APf|?



Bakry-Ledoux < Bochner

Theorem 3
(X, d,m): infinitesimally Hilbertian
For K €R &N >0, (v) < (vi)

() VRS < e B9 12) - 200

(vi) Vf € Wb2 with Af € W2

———|APf|?

1
(3A01V12 = (v, 947)
2 1 2
> (K|Vf|w+N|Af| )



Bakry-Ledoux = RCD*(K, N)
“Bochner = RCD*(K, N)" via Otto calculus:

(0¢)tefo,1: Wa-geod.
{ &1 + div,,(V&)o: = 0,

1 2
0t + §|V£t| =0

28/36



Bakry-Ledoux = RCD*(K, N)
“Bochner = RCD*(K, N)" via Otto calculus:

(0¢)tefo,1: Wa-geod.
{ &1 + div,,(V&)o: = 0,

1 2
0t + §|V£t| =0

4
16112 =1 V&¢I F2(0)-

28/36



Bakry-Ledoux = RCD*(K, N)
“Bochner = RCD*(K, N)" via Otto calculus:

(0¢)tefo,1: Wa-geod.
{ &1 + div,,(V&)o: = 0,

1 2
O&t + §|V$t| =0

4
161> =11 V&tl|Z2 (o> (V Ent(oy), 60) = [ A& doy,
(o) X

28 /36



Bakry-Ledoux = RCD*(K, N)
“Bochner = RCD*(K, N)" via Otto calculus:

(0¢)tefo,1: Wa-geod.
{ &1 + div,,(V&)o: = 0,

1 2
O&t + §|V$t| =0

4
161> =11 V&tl|Z2 (o> (V Ent(oy), 60) = [ A& doy,
(o) X

Hess Ent (6, 6¢)
:/ <1A|Vgt|2 — (Vgt,VAEt)> doy
x \ 2
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Bakry-Ledoux = RCD*(K, N)
“Bochner = RCD*(K, N)" via Otto calculus:

1611 = V&l s (V Bnt(e), 60 = [ A& do,
Hess Ent (6, 6+)

- / <3A|vst|2— <vst,met>) do,
x \ 2
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Bakry-Ledoux = RCD*(K, N)
“Bochner = RCD*(K, N)" via Otto calculus:

1611 = V&l s (V Bnt(e), 60 = [ A& do,
Hess Ent (6, 6+)

:/ <1A|vgt|2 — (Vgt,VAgt>) do;
x \ 2

= Hess Ent (o, 6¢)

2 1 2
X N Jx

1
> K (64, 61) + NV Ent®*(&, 6+)

28 /36



Bakry-Ledoux = RCD*(K, N)

Theorem 4
(X, d,m): infinitesimally Hilbertian & Ass. 1
For K eR &N >0, (v) = (ii) :
(v) Bakry-Ledoux gradient estimate
[VP.f|? < e P(IVf|?) -

(ii) Entropic curv.-dim.:

20(t)

|AP, f|?

i“ 1 ®2 12
Hess Ent N Ent®® > K
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Bakry-Ledoux = RCD*(K, N)
Idea: Action estimate (as in [Ambrosio, Gigli, Savaré|)

Way(oo, Pro1)? 1 (1, ok,
5 — 5/0 |os|“e ds (#)
< Nt(Un(P.o1) — Un(00))
fort K 1, where 7 = 7,4 : 0,7 = sUn(Poy),
Ts,0 = 0
(= &Pfo; = sSNVUN(P’oy))

Ingredients of the proof

Kantorovich duality, approximations

30/36



Bakry-Ledoux = RCD*(K, N)
Idea: Action estimate (as in [Ambrosio, Gigli, Savaré|)

Way(oo, Pro1)? 1 (1, ok,
5 — 5/0 |os|“e ds (#)
< Nt(Un(P.o1) — Un(00))
fort K 1, where 7 = 7,4 : 0,7 = sUn(Poy),
Ts,0 = 0
(= 0P*o, = sSNVUN(Pros))

Ingredients of the proof

Kantorovich duality, approximations & detailed calc.
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Bakry-Ledoux = RCD*(K, N)
Idea: Action estimate (as in [Ambrosio, Gigli, Savaré|)
Wy(oo, Po1)? 1 /1 - 12,—2K
T . s Td
2 3 J 10:le " ds ()
< Nt(Un(P.o1) — Un(00))
fort K 1, where 7 = 7,4 : 0,7 = sUn(Poy),

For (02)sef0,1: Wa-geod.,
| () for (o0, ) = (04,07 or (o1, 07)
t— 0
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Bakry-Ledoux = RCD*(K, N)
Idea: Action estimate (as in [Ambrosio, Gigli, Savaré|)
Wy(oo, Po1)? 1 /1 - 12,—2K
T . s Td
2 3 J 10:le " ds ()
< Nt(Un(P;o1) — Un(09))
fort K 1, where 7 = 75, : Oy7 = sUn(Pros),

For (02)sef0,1: Wa-geod.,
| () for (o0, ) = (04,07 or (o1, 07)
t— 0

Un(o,) — (1 —r)Un(0y) — rUn(o})

> 5 [(s@ =) A= 5)r) Un(e)ar
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Summary

Theorem 5
KeR N>0
(1) TFAE
(i) CD*(K, N) & infin. Hilb.
(ii) CD*(K, N) & infin. Hilb.
(iii) FEVIg n-curves & (V)
(2) Under (X,d,m): infin. Hilb. & Ass. 1,
either (iv)—(vi) is also equiv. to (i)—(iii)
(iv) Space-time W-control
(v) Bakry-Ledoux gradient estimate
(vi) Bochner inequality



5. Applications
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©

Properties of RCD*(K, N)

Stability under mGH (or Sturm’s D)-conv.
Tensorization
From local to global

Measure contraction property MCP (K, N)
(via CD*(K, N); [Cavalletti & Sturm])

= (sharp) Bishop-Gromov volume comparison
=> (sharp) Bonnet-Myers diameter bound

33/36



Properties of RCD*(K, N)

U

— volume doubling property

— (local unif.) Poincaré ineq. [Rajala]
= Jheat kernel, two-sided Gaussian bound
= Ultracontractivity of P;

o Lipschitz regularity of the heat kernel/eigenfn.’s
o Lichnerowicz bound of A; [Ketterer]
o Li-Yau's ineq. [Garofalo & Mondino]
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Properties of RCD*(K, N)

o N-precision of f'nal ineq.’s
— IN-HWI ineq.

Un (11
ﬁ S (Wa) + —5K/N(Wz)¢I(T

(I(pm) = 4/X |V/p|2 dm: Fisher info.)
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Properties of RCD*(K, N)

o N-precision of f'nal ineq.’s
— IN-HWI ineq.

Un (11
ﬁ S (Wa) + —5K/N(Wz)¢I(T

= N-log Sobolev ineq. (K > 0)
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Properties of RCD*(K, N)
o N-precision of f'nal ineq.’s
— IN-HWI ineq.

Un (11
ﬁ S (Wa) + —5K/N(Wz)¢I(T

= N-log Sobolev ineq. (K > 0)

KN (Un(p)™2—1) < I(p)
= NN-Talagrand ineq. (K > 0)

UN(N) < 5,K/N(W2(PJ7 m))

(I(pm) = 4/X |V/p|2 dm: Fisher info.)
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Properties of RCD*(K, N)

Maximal diameter theorem [Ketterer]
(X,d,m): RCD*(N,N +1) (N > 0),
diam(X) ==
= (X, d, m) ~ N-spherical susp. of 3(X’, d’, m’),
Isom
o N2>1= (X',d,m'): RCD*(N —1,N)
o N<1=#X'=1or
#X' = 2 with diam(X') =«

(homeo under MCP [Ohta '07])
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