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1. Introduction



Speed in transportation cost

Oy = Apg: heat distribution
= (pt)e>0: curve in P(M)
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Speed in transportation cost

Oy = Apg: heat distribution
= (pt)e>0: curve in P(M)

Q.1 Te(ps pus) =7 (s — t)

Te(p,v) := inf / cdr| coupling of
S JM xM (e and v

(Optimal transportation cost for a cost function c)

Q.2 Applications?
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Background

On Q.1: Speed of gradient curve
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On Q.1: Speed of gradient curve

1 = e'® g heat dist. on a met. meas. sp. (M, d, v)
— “Bt Mt — —V Entv(pt) w.r.t. W2 (7:12)1/2

[Jordan, Kinderlehrer & Otto '98

|Ambrosio, Gigli & Savaré 05, ...
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Background

On Q.1: Speed of gradient curve

1 = e'® g heat dist. on a met. meas. sp. (M, d, v)

—> “Bt Mt — = —V Entv(p,t) w.r.t. Wz (7:12)1/2

[Jordan, Kinderlehrer & Otto '98
[Ambrosio, Gigli & Savaré '05, ...

e Entv(ﬂt) — —<V Ent,, atlet> — —|at.ut|2"
J
Wo (s |V pe|?
lim ( 2(1 ’“t)> = / Ve dv =: I ()
st s —1 JM Pt

(Fisher information)
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Background

On Q.2: Monotonicity of transportation costs

5 /30



Background

On Q.2: Monotonicity of transportation costs
“Hess Ent, > K" (< “Ric > K") for K € R

I
0) (1 .
XKWy (py”, pg”) N in t
J
eKtW2(I‘ta Piys) N int
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Background

On Q.2: Monotonicity of transportation costs
“Hess Ent, > K" (< “Ric > K") for K € R

I

XKWy (py”, pg”) N in t
J

eKtW2(I‘ta Piys) N int
J

I(pe) < e %' (po)
(= log Sobolev ineq. (when K > 0))
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Remark on backgrounds

* g; } e~ grad. flow “fiy = —VU ()" on P(M)

|Ambrosio, Gigli & Savaré '05]

o Q1 e~ Energy dissipation equality

d 1 1
U = —|pe|* + =|V_U :
At (Nt) 2|Nt| + 2|V |(Ht)

o Q2 e~ (K-)Evolution variational ineqaulity

1 th Kt 2
e Kt (KW, (g, v)?) < U(v) — Upme)

2 dt
(v € Po(M))
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Questions

o What happens for other trans. costs than 727

o What happens when there is no gradient flow

structure?
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Questions

o What happens for other trans. costs than 727

o What happens when there is no gradient flow

structure?

~ Heat distributions on (backward) Ricci flow
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2. Heat distributions on backward Ricci flow

8 /30



Framework

o (M,g(t)): cpl. Riem. mfds., t € [0,T]
d:g(t) = 2 Ric; (backward Ricci flow)

o ((X(t))t>0y (Pz)zenr): g(t)-Brownian motion
e~ Ay p): generator

pe =P, 0o X(t)~*: heat dist.
o v¢. g(t)-volume meas., uy = prvy

* Ovy = Ryvy (R4 g(t)-scalar curv.)

Ass. sup |Rmy|,4) < oo (Rmy: g(t)-curv. tensor)
t
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Oy # —V Entvt(ﬂt)

Ent,, (1) = /

pt log pi dvy = / log pr dpy
J M J M

* Oipe = Agpy (weakly)

VvV 2
— 8t Entvt(pt) — —/ (‘ pzt‘ I Rt) d“t
M Pt

=: —F (pt) (F-functional)

=> No monotonicity of Ent,, (pt:)!
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Monotonicity of transportation costs

' Observation
When g(t) = go, 9:g(t) = 2 Ric; = Ric =0
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Monotonicity of transportation costs

~~» Monotonicity of transportation cost

* Tz (s 11g) N\
o [McCann & Topping '10]: Opt. trans.

o [Arnaudon, Coulibaly & Thalmaier '09], [K. "12]:
Stochastic analysis (coupling of BMs)
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Monotonicity of transportation costs

~~» Monotonicity of transportation cost

* Tz (s 11g) N\
o [McCann & Topping '10]: Opt. trans.

o [Arnaudon, Coulibaly & Thalmaier '09], [K. "12]:
Stochastic analysis (coupling of BMs)

7 Taz(1es pe4s) ¢ (time-inhomogeneity)
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Monotonicity of transportation costs

LY (z,y)

+— Inf
v(t)=z,
v(t')=y

J

t,

e (W ()} + Re(3(r) dr
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Monotonicity of transportation costs
L"" (2, y) -
= inf | [ (F0)E + Rely(r) dr

V(t):wv
v(t")=y -

Theorem 1 ([Lott '09], [Amaba & K.])
Tret+s(pey pegs) in't
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Monotonicity of transportation costs
L"" (2, y) -
= inf | [ (F0)E + Rely(r) dr

V(t):wv
v(t")=y -

Theorem 1 ([Lott '09], [Amaba & K.])
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2 /30



Monotonicity of transportation costs

L% (z, y)
:— 1nf
v ()=,
v(t')=y

Theorem 2 ([Topping '09], [K. & Philipowski '11])

J

t,

r*2 (|5(r)|2 + Re(v(r))) dr

o, (t) - — (V T1it — A T()t) EIOt’TIt(“Tot’ “Tlt)
_m(\/'rl — \/‘7‘()15)2

= B (t) \(int




Monotonicity of transportation costs

L% (z, y)
:— 1nf
v ()=,
v(t')=y

Theorem 2 ([Topping '09], [K. & Philipowski '11])

J

t,

r*2 (|5(r)|2 + Re(v(r))) dr

S (1) = (V7T — V) T )
—m(y/71t — /Tot)?

= B (t) \(int




Monotonicity of transportation costs

Ly (2, y) . :
= int | [+ (5} + Ry(y(r))) dr

—CB, . t
Y(t)=y - -

Theorem 1 ([Lott '09], [Amaba & K.])
7;;6’”8(“%’ Nt+s) N\ int

Theorem 2 ([Topping '09], [K. & Philipowski '11])
ETO,T]_ (t) «— (V Tlt — V TOt) EIOt’Tlt(MT0t9 l'l'Tlt)
—m(+/T1t — /Tot)?

= B ((t) \int




Monotonicity of transportation costs

Comparison of results

o [Lott '09], [Topping '09]:
— Optimal transportation
— Ass: M: cpt.
o [K. & Amabal, [K. & Philipowski "11]
— Stochastic analysis
— Ass: Ric; > Kg(t) (Vt)
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Monotonicity of transportation costs

Comparison of results

o [Lott '09], [Topping '09]:
— Optimal transportation
— Ass: M: cpt.
o [K. & Amabal, [K. & Philipowski "11]
— Stochastic analysis
— Ass: Ric; > Kg(t) (Vt)

Recall:
Ass. sup |Rmy|,4) < oo (Rmy: g(t)-curv. tensor)
t
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Monotonicity of F

Theorem 3
Suppose Ent,, () < oo and F(pg) < oo
: 7-Lf,’t+3(ll’tv ft+s)
= lim
sl0 S

= F () ae. t € [0,T]

Corollary 4
F(1e)

o Rem: g(t) = g, Ric > 0 = I(pt)
o [Lott '09] when M: cpt.

by Eulerian calculus (requires smoothness)

14 / 30



Monotonicity of VV-entropy

Theorem 5
Suppose Ent,, (o) < oo and F(pg) < oo
, 7'L§’t+8(l£ta its)
= lim
sl0 S

= VitF () ae. t € (0,T)]

Corollary 6
t*F (pur)

mt

2

\y. In particular, YW (1) ™\

m log t
W(t) := tF(u:) — Ent(py) ; - const.

o [Topping '09] when M': cpt.



3. Coupling methods (Thm 1 & 2)
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Time-homogeneous case (for 7 2)

(Xo(t), X1(t)): coupling of BMs moving parallely
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Time-homogeneous case (for 7 2)

(Xo(t), X1(t)): coupling of BMs moving parallely
M / (iBO(t) € TxotyM \

\Xo(t) Xl‘(t)/
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Time-homogeneous case (for 7 2)

(Xo(t), X1(t)): coupling of BMs moving parallely
M / ‘iBO(t) € TxotyM \

o—

\Xo(t) ~: geod. XI‘(t)/
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Time-homogeneous case (for 7 2)

(Xo(t), X1(t)): coupling of BMs moving parallely
M|  dBo(t) JvdBo(t) € Tx, )M

/i i

o—

\Xo(t) ~: geod. XI‘(t)/
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Time-homogeneous case (for 7 2)

(Xo(t), X1(t)): coupling of BMs moving parallely
M,  dBo(t) //~dBo(t) = dB1(t)

/i i

o—

\Xo(t) ~: geod. XI‘(t)/
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Time-homogeneous case (for 7 2)

(Xo(t), X1(t)): coupling of BMs moving parallely

I d(Xo(t), X1 (1)) l

\Xo(t) X1 (t)/




Time-homogeneous case (for 7 2)

(Xo(t), X1(t)): coupling of BMs moving parallely
My d(Xo(t + At), X1 (t + At))

f d(Xo(t), X1(t)) \

Xo(t) X1(t)/




Time-homogeneous case (for 7 2)

(Xo(t), X1(t)): coupling of BMs moving parallely
My d(Xo(t + At), X1 (t + At))

f d(Xo(t), X1(t)) \

Xo(t) Xl(t)/
o (mart. part of d(Xo(t), X1(t))) =




Time-homogeneous case (for 7 2)

(Xo(t), X1(t)): coupling of BMs moving parallely
My d(Xo(t + At), X1 (t + At))

f d(Xo(t), X1(t)) \

Xo(t) X1 (t)/
o (mart. part of d(Xo(t), X1(t))) =0
o (“bdd. var.” part): Controlled by Ric > K

17 / 30



Time-homogeneous case (for 7 2)

(Xo(t), X1(t)): coupling of BMs moving parallely
My d(Xo(t + At), X1 (t + At))

f d(Xo(t), X1(t)) \

Xo(t) Xl (t)/
o (mart. part of d(Xo(t), X1(t))) =0

o (“bdd. var." part): Controlled by Ric > K

J
“%d(Xo(t)a X1(t)) < —Kd(Xo(t), X1(t))"




Time-homogeneous case (for 7 2)

(Xo(t), X1(t)): coupling of BMs moving parallely
My d(Xo(t + At), X1 (t + At))

f d(Xo(t), X1(t)) \

Xo(t) X1(t)/

. Ric > K
= ePKt7, (u”, i)y Nyint (1 < Vp < o0)
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Ricci flow case (for Lo/ L)

o Properties of L

being analogous to the Riem. dist.

(geodesic (minizing curve), 1st & 2nd variation,

index lemma, cut locus, ...
o Coupling of dX(t) and dX;(t+ s)

)
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Ricci flow case (for Lo/ L)

o Properties of L

being analogous to the Riem. dist.
(geodesic (minizing curve), 1st & 2nd variation, )

index lemma, cut locus, ...
o Coupling of dX(t) and dX;(t+ s)

by space-time parallel transport

For ~ : [s,t] — M & V': vector field along ~,

.y 1
V’gY((u))vv(u) — _58119(“)#‘/(“)
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Ricci flow case (for Lo/ L)

o Properties of L

being analogous to the Riem. dist.
(geodesic (minizing curve), 1st & 2nd variation, )

index lemma, cut locus, ...
o Coupling of dX(t) and dX;(t+ s)

by space-time parallel transport along L -geodesic

For v : [s,t]| =& M & V: vector field along -,

.y 1
ViV () = =2 8ug(w)*V (u)
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Ricci flow case (for Lo/ L)

o Properties of L4
being analogous to the Riem. dist.
(geodesic (minizing curve), 1st & 2nd variation, )

index lemma, cut locus, ...
o Coupling of dXy(79t) and dX;(7t)

by space-time parallel transport along L {-geodesic
& scaling

For ~ : [s,t] — M & V': vector field along -,

u 1
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Ricci flow case (for Lo/ L)

Technicalities

o Non-smootheness of Lo/ L at their cut loci
«~ Approximation by coupling of random walks
(Differential ineq. ~» Difference ineq.)
o Lack of a (global) upper bound of Ric

«~ Localization by stopping times
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Ricci flow case (for Lo/ L)

Technicalities

o Non-smootheness of Lo/ L at their cut loci

«~ Approximation by coupling of random walks

(Differential ineq. ~» Difference ineq.)

o Lack of a (global) upper bound of Ric

«~ Localization by stopping times

Remark

o Many other approaches in time-homogeneous case
o A method in [Arnaudon, Coulibaly & Thalmaier "09]

does not seem to work
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4. ldea of the proof of Thm 3 & 5
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Kantorovich duality

Observation: T4 under g(t) = g

7212(“ W S) Wi | -
Qt T = sup | | Qupdprss — / @ dut
S peCy LJ M J M i
d(y,x)?
5 = inf |
Qsp(x) inf (SO(y) > )
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Kantorovich duality

Observation: T2 under g(t) = g

Taz . 8 [ . -
° (Nzt Heva) _ = sup / Qsp dprys — / @ dut
S peCh M M )
d(y, x)?
Qsp(x) 1= (90(3/) 2w, ) )

2s

,.,in] (go('y ) + = / T)\zdr)

v (t+

8)=

(Hopf-Lax semigroup)
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Kantorovich duality

Observation: T2 under g(t) = g

Taz (peey press) [ | —
——~ = sup / Qsp dprrts — / @ dpi
2s peCy LJ M JM i

Qaop(x) := inf (80(3/) |
= int (e g [ @R

(Hopf-Lax semigroup)

1
* O0:Qsp + E‘VQSQO‘Z = 0 (Hamilton-Jacobi eq.)

21 / 30



Upper bound

7712(% P’t—l-S) i |
’ = sup / Qsp dprpys — / o dpse
2s 0eCy LM M ]

] = / 3 (m /MQrso d#t+r) dr

Vpiir 1
(Or--) = ( (VQrp, —) — §\VQ1~90\2) dprir
1
2

pt+r



Upper bound

Taz(1ees Pty — —
a ; o) _ sup /stodut+s—/ P dpy
S peCyp [J M M i
0] = / (EL Qrp dut+r) dr
0 M
Vpiir 1
(Or--) = (—(VQrso, >——\VQT¢\2)dut+r
Pt+r 2
1
< §I(Ht+r)
T (e prers)  — 1 [t+s
i e o) e L dr = T
slt s2 st 8 J¢
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T a2 (Mta Ht+s)

2s
1

Lower bound

— sup
p€Cp

lim — / Qspdpys — / @ dpi
sit S LJM M il

/QSSO dprg s _/ p dit
L J M M _

i Vpr, 1
= /(_<V‘Pa t)—g\VSO\z) dpst

Pt



Lower bound

Taz(pees prits) — —
: — Sup / QSSO dﬂt—l—s _/ SOdNt
28 peCp LJ M M _

1

lim — / Qspdpys — / @ dpi
sit S LJM M il

i Vp 1
= / (_<V‘Pa ) — —\VSOV) dpst
Pt 2

J ¢ = —logp;




Lower bound

Taz (15 ptts) —
Y — sup /Q d |
)y sP Al s _/
1 b MLP d“t

Iim — — —
m 2| /Msto dpi s — / @ dpy
M

i 1 ‘
— / ( < & - -
v ) 2‘ v 80‘2) dp

Pt
J ¢ = —logp;
lim Taz(pees press)
> > I ()

slt S



Outline of the proof of Thm 3

. _ : t,t+s
o Kantorovich duality / Hopf-Lax semigr. for L

Q

24 /30



Outline of the proof of Thm 3

o Kantorovich duality / Hopf-Lax semigr. for L
o Difficulty: Dependency on t of geometry

t,t+s
0

24 /30
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No a priori integrability of V p; & Ay py
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Outline of the proof of Thm 3

o
o Difficulty: Dependency on t of geometry
No a priori integrability of V p; & A¢py
—> Approximation
t Use @ of heat kernel & Gaussian (upper) bound

t
f Show Ent,, (ps) — Ent., (1) > / F () dr
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No a priori integrability of V p; & A¢py
—> Approximation
t Use @ of heat kernel & Gaussian (upper) bound

t
t Show Ent,, () — Enty, () > | F(u,)dr
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Outline of the proof of Thm 3

Q

o Difficulty: Dependency on t of geometry
No a priori integrability of V p; & A¢py
—> Approximation
t Use @ of heat kernel & Gaussian (upper) bound

t Show Bty (1) — Bte, () > [ F()dr
(= F(p,) < oo ae. r)

___ Ent, (us) — Ent,,
t Show Tim Cotee(#a) = Enbo(pe) )

slt s — 1

24 / 30



5. Further problems
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A remark on lower bound

Alternative proof for T4 in the time-homogeneous case:

Ric > K = Wang's Harnack inequality
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A remark on lower bound

Alternative proof for T4 in the time-homogeneous case:

Ric > K = Wang's Harnack inequality
P,f(z)* < Py(f*)(y) exp (Ca,K(S)d(ma y)z)

(£20 0> 1, con) = 5 )
= ST K T S @ — 1) e2Ks — 1
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A remark on lower bound

Alternative proof for T4 in the time-homogeneous case:

Ric > K = Wang's Harnack inequality

" Psf(m)a S Ps(fa)(y) exp (Ca,K(S)d(m’ ’,1/)2>

(2o )

J g1:=clalogPf, go:=c 'log P:(f%)
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A remark on lower bound

Alternative proof for T4 in the time-homogeneous case:

Ric > K = Wang's Harnack inequality

" Psf(m)a S Ps(fa)(y) exp (Ca,K(S)d(m’ ’,1/)2>

(2o )

J g1:=clalogPf, go:=c 'log P:(f%)

Taz(p,v) 2 /QldV — /godu
(.- Kantorovich duality)
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A remark on lower bound

g1 := c 'alog P,p;, go := c ' log Ps(p%)

s Tz (et Nt+s)
im
sl0 s? 1
> lim — (/91 dprg s — /90 dﬂt)
sJ0 S : :
= =4(a—1)(2 — a)I ()
Ja=3/2
Taz (e press
L (Mt2Mt+ ) > I(1)
S

sl 0
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Tar (or W),)

o For Tge (p € [1,00)) in time-homogeneous case?

f Ric > K = e Tan (1", 11,")

[Savaré '14] (non-smooth sp.)
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Tar (or W),)

o For Tge (p € [1,00)) in time-homogeneous case?

f Ric > K = e"X1T5, (1, uiV) N\,

[Savaré '14] (non-smooth sp.)

p . S V p
% Tim (721 (ees pre+ )) < / | [:0t1| do
M

10 sP Py
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Tar (or W),)

o For Tge (p € [1,00)) in time-homogeneous case?

f Ric > K = e"X1T5, (1, uiV) N\,

[Savaré '14] (non-smooth sp.)

% Tim (ﬁp(ﬂtaﬂws)) S/ \thlp To
M

10 sP Pt

Ric> K >0, uy > v € P(M)

1 [ |[VplP
— %P(“av) S E/M pp—l dv
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Tar (or W),)

o uy € L. (v): The solution to the p,-heat eq.

Oyu = div(|Vu|P+—2Vu)
(or gradient flow of / |V f|P*dv)
_ )P \VATAIZ
- T (0w 0)? [ Zfll dv
sl0 sp U

[Ambrosio, Gigli & Savaré, '12|, [Kell]
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Tar (or W),)

o uy € L. (v): The solution to the p,-heat eq.

Q

Oyu = div(|Vu|P+—2Vu)
(or gradient flow of / |V f|P*dv)
o T »(wv, upy V)P _ |V [P "
sl0 sp up—l

[Ambrosio, Gigli & Savaré, '12|, [Kell]

. Monotonicity of W), on "Riemannian” spaces?

(False on Finsler mfds with p = 2)

29 /

30



VV-entropy

Facts

o Monotonicity of VW-entropy

N
WI(t) := tI(pus) — Ent () > log t + (const.)

on IN-dim. Riem. mfds with Ric > 0O
o Rigidity: WW-entropy is constant iff M ~ R"

L. Ni'04], [X.-D. Li '11], ...

Q. (X.-D. Li) The same for RCD*(0, IN') spaces?

(The proof on smooth spaces relies on differential calc.)

% Monotonicity holds on RCD*(0, IN') met. meas. sp.
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