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Speed in transportation cost

(X¢)t>0: stochastic process on M

U
(Nt)tzo: curve in P(M) e :=Po Xt_l
Q. Te(peyps) =7 (s — t)

; li f
Te(p,v) = inf{/ cdﬂ" 7T COUPHNG © }
M xM p and v

(Optimal transportation cost for a cost function c)

3/19



Background

p: = e pg: heat dist. on a met. meas. sp. (M, d, v)
= "Oypy = —V Ent, ()" wrt. Wy = (7:12)1/2

[Jordan, Kinderlehrer & Otto '98]

[Ambrosio, Gigli & Savaré 05, .. .|
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= "Oypy = —V Ent, ()" wrt. Wy = (7:12)1/2

[Jordan, Kinderlehrer & Otto '98]

[Ambrosio, Gigli & Savaré 05, .. .|

"0y Enty (p) = —(V Ent,, Ogpur) = — |0 p4]*”
v 2
Wo (s |V
11 ( 2("” ’“t)) — / | ptl d'U —. I(Il/t)
slt s—1t M Pt

(Fisher information)

4/19



Background

“Hess Ent, > K" (< "Ric > K") for K € R

Y
Wa(ul”, i) < e KWy (ul”, ui™)
|3

Wa(pts proys) < e X Wa (o, ps)
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Background

“Hess Ent, > K" (< "Ric > K") for K € R

!

Wa(ut”, pi?) < e KW (ug”, u”)
4

Wa(pts proys) < e X Wa (o, ps)
0

I(pe) < e 2R8I (po)
(= log Sobolev ineq. (when K > 0))
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Questions

o What happens for other transportation costs?

o What happens when there is no gradient flow

structure?

6/19



Outline of the talk

1. Introduction

2. Heat distributions on backward Ricci flow

3. Idea of the proof

4. Further problems
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2. Heat distributions on backward Ricci flow
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Framework
o (M,g(t)): cpl. Riem. mfds., t € [0,T]
9:g(t) = 2 Ric; (backward Ricci flow)

o ((X(t))t>0y (Pz)zen): g(t)-Brownian motion
e~ Ag(p): generator

pe =P, 0 X (t)™!: heat dist.
o vy g(t)-volume meas., puy = pivy

* Oy = Ryvy (R g(t)-scalar curv.)

Ass. sup |[Rmy|g:) < oo (Rmy: g(t)-curv. tensor)
t
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8tﬂ’t # -V Ent'vt(ut)

Ent,, (p) 1= / ptlog py dvy = / log pt dpuy
M M

* Orpr = Agpy (weakly)

V pi|?
= 6t El’ltvt(p;t) = —/ (| 2t| —+ Rf) d/,l,t
M Pt

=: —F () (F-functional)

= No monotonicity of Ent,, (1s)!
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Ws-contraction

Observation
When g(t) = go, 8:g9(t) = 2Ric; = Ric =0
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Ws-contraction

* T2 (ut , utl)) AW [McCann & Topping '10],
[Arnaudon, Coulibaly & Thalmaier '09], [K. '12]
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Ws-contraction

* T2 (ut , utl)) AW [McCann & Topping '10],
[Arnaudon, Coulibaly & Thalmaier '09], [K. '12]

% Taz(Wes Btrs) ¢ (time-inhomogeneity)
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Ws-contraction

* Treees(pey pegs) N int [Lott '09], [Amaba & K ]

tl
Ly (@) = _inf [ / ()2 + R,) dr
v(t’)=1; !

(Lo-distance; introduced by Lott)
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Monotonicity of F

Theorem 1
Suppose Ent,, (o) < oo and F(po) < oo
Tt,t+s Mty Hitts
= lim —= ool = F(m) ae. t €10,T]
sl0 S
Corollary 2
F(pt)

o Rem: g(t) = g, Ric > 0 = I(p)
o [Lott '09] when M: cpt.

by Eulerian calculus (requires smoothness)



3. ldea of the proof
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Kantorovich duality

Observation: Wy in the case g(t) = g

Wo(pts tiys)”
2(fies o)™ _ sup [/ Qsﬂpdut+s—/<ﬁdut]
M M

28 SoECb

Qup(@) = in (cp(y) + %)
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Kantorovich duality

Observation: Wy in the case g(t) = g

Wo(pts tiys)”
(b Heva)” sup [/ Qscpdut+s—/sodut]
M M

28 SOECb
d(y, fv)2>
2s

Qup(x) = inf (cp(y)+

t+s

— it (e +; [ P

v(t)=y 2 /i

v(t+s)=x _
(Hopf-Lax semigroup)

1
* 0sQsp + §|VQS<,0|2 = 0 (Hamilton-Jacobi eq.)

13/19



Upper bound

Wo(pety thits)?
ACILADRS sup U stodut+s—/sodut]
M M

2s peCh

-] = /OS <8r/ Q¢ d#t+r> dr

0.+ = [ ( (VQre, ”t+r>——|vczT<p|2)dut+T

Pt+r

[y

< ZI(pttr)

[\
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Upper bound

Wo(pety thits)?
2(ptes bugs)” sup U stodut+s—/sodut]
M M

-] = /OS <8r/ Q¢ d#t+r> dr

0.+ = [ ( (VQre, ”t+r>——|vczT<p|)dut+T

Pt+r

1
< §I(Mt+r)

— W 2 1 [t
i 2o es)” e b e = T
st s2 sit s Jq
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Lower bound

W. 5)2
2(ftes bugs)” sup [/ Qap Aty —/ sodut]
2s peCy /M M

1
lim [ / Qup ditgss — / sodut]
sit S M M
(13 ”n Vp 1
_ /(—<w, t>—§|w|2) dp

Pt

15/19



Lower bound

W. 5)2
2(ftes bugs)” sup [/ Qap Aty —/ sodut]
2s peCy /M M

1
lim [ / Qup dpts s — / sodut]
sit S M M

4] 1) Vp 1
= / <—<VS07 t) - _|V<P|2> dpug
Pt 2
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Lower bound

W. 5)2
2(ftes bugs)” sup [/ Qap Aty —/ sodut]
2s peCy /M M

1
lim [ / Qup dpts s — / sodut]
sit S M M

4] 1) Vp 1
= / <—<VS07 t) - _|V<P|2> dpug
Pt 2

J o= —logp:

. [’[’Z(Hta Nt+s)2
lim
slt 52

> I(pe)
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Outline of the proof of Thml

o Kantorovich duality / Hopf-Lax semigr. for L;""*

Q

16/19



Outline of the proof of Thml

o Kantorovich duality / Hopf-Lax semigr. for Lf,’t—i_s

o Difficulty: Dependency on t of geometry

16 /19



Outline of the proof of Thml

o Kantorovich duality / Hopf-Lax semigr. for Lf,’t—i_s

o Difficulty:
No a priori integrability of Vp; & Aysp;

16 /19



Outline of the proof of Thml

Q
o Difficulty: Dependency on t of geometry
No a priori integrability of Vp; & A¢p;
= Approximation

16/19



Outline of the proof of Thml

)
o Difficulty: Dependency on t of geometry
No a priori integrability of Vp; & A¢p;
= Approximation
T Use 3 of heat kernel & Gaussian (upper) bound

16 /19



Outline of the proof of Thml

Q
o Difficulty: Dependency on t of geometry
No a priori integrability of Vp; & A¢p;
= Approximation
T Use 3 of heat kernel & Gaussian (upper) bound

t
t Show Ent, (us) — Ent,, (u) > / F(pr)dr

16/19



Outline of the proof of Thml

Q

o Difficulty: Dependency on t of geometry
No a priori integrability of Vp; & A¢p;
= Approximation
T Use 3 of heat kernel & Gaussian (upper) bound

T Show Ent,, (ps) — Enty, () > / t F(pr)dr
(= F(p,) < ocoae r) )

16 /19



Outline of the proof of Thml

Q
o Difficulty: Dependency on t of geometry
No a priori integrability of Vp; & A¢p;
= Approximation
T Use 3 of heat kernel & Gaussian (upper) bound

f Show Bt (1) — Bty () > [ F(ur)ar
(= F(pr) < 0o ae. r) )

e —— E tv s i E t'Ut
¥ Show Tim °% .(s) — Enty, (1)
st s—1

< F(pe)
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4. Further problems
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To/Wp

o For Perelman’s L-distance? (backward Ricci flow)
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To/Wp

o For Perelman’s L-distance? (backward Ricci flow)
T A monotonicity of transportation cost is known
[Topping '09], [K. & Philipowski '11]
=> Monotonicity of WW-functional
([Topping '09]; M: cpt.)

18/19



To/Wp

o For W, (p € [1,00)) in time-homogeneous case?

t Ric > K = X'W,(1l?, ui")
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— (W, )\ P V p:|?
slo s M Py
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To/Wp

o For W, (p € [1,00)) in time-homogeneous case?
t Ric > K = X'W,(1l?, ui")

— (W, )\ P Vp:|P
slo s M Pt

2
Ric > K >0, v € P(M)

1 [Vp|?
p
= Wy(p,v)? < 7 /M o dv
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