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1. Introduction



Purpose/History

% Many characterizations of “Ricci curvature > K"
on a complete Riemannian manifold X:

o K-convexity of Ent (via optimal transportation)
o YGiven B;(0) & B;(0),
3(By(t), Ba(t)): coupling of BMs s.t.

d(Bi(t), Ba(t)) < e~K'd(B(0), B3 (0))
o [Veldf|2 < e-2KtetB (W £]2)
o SAIVIF — (VS,VAS) > K|V’
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Purpose/History

% Many characterizations of “Ricci curvature > K"
on a complete Riemannian manifold X:

o K-convexity of Ent (via optimal transportation)
o Yu,v € P(X),

Wz((etA)*u, (etA)*V)z S 6_2KtW2(/J,, I/)2

o |VerSf2 < e 2KtetA (| £[2)

o %A|Vf|2 —(V,VAF) > K|V ]|
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Purpose/History

Purpose
Unify characterizations of
“Ric > K and dim < N”

in terms of optimal transportation / T; = e*&
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Purpose/History

Purpose
Unify characterizations of
“Ric > K and dim < N”
in terms of optimal transportation / T; = e*&

o Established for “Ric > K"
[von Renesse & Sturm '05] X: Riem. mfd.
[Ambrosio, Gigli & Savaré et al.] X: mm sp.
Study via optimal transport
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Purpose/History

Purpose
Unify characterizations of
“Ric > K and dim < N”
in terms of optimal transportation / T; = e*&

o Established for “Ric > K"
[von Renesse & Sturm '05] X: Riem. mfd.
[Ambrosio, Gigli & Savaré et al.] X: mm sp.

tudy via optimal transport
o Study Vét PH P separated

Study via T; when IV <00
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Purpose/History

The case N = oo
oviaT, A&V (or A& V): [Bakry & Emery '84]
o via Optimal transport: [Sturm '06,
Lott & Villani, '09, Sturm & Bacher '10]
in terms of the relative entropy Ent
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Purpose/History

The case N = oo
oviaT, A&V (or A& V): [Bakry & Emery '84]
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in terms of the relative entropy Ent

Key “fact” when N = oo

T;p: gradient curve of Ent on (P(X), W)
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Purpose/History

The case N < oo
o Bochner's inequality (via T} [Bakry & Ledoux '06])

LAV (VS VAS) > KV 4 (Af)

o via Optimal transport: [Sturm '06,
Lott & Villani, '09, Sturm & Bacher '10]
in terms of the Rényi entropy (NOT Ent)

Key “fact” when N = oo

T;p: gradient curve of Ent on (P(X), W)

(Ent(u) r= /Xplogp dm (p= pm))

5/23



Goal

o Characterize “Ric > K & dim < N" by Ent

o Find missing conditions
optimal transport approach

connecting { &
T} approach

o Establish the equivalence
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Goal

o Characterize “Ric > K & dim < N" by Ent
= (K, N)-convexity of Ent

o Find missing conditions
optimal transport approach
connecting { &
T} approach
= (K, N)-evolution variational inequality,

Space-time Ws-control

o Establish the equivalence
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Applications

Stability under mGH (or Sturm’s D)-conv.
Tensorization
From local to global

Measure contraction property MCP (K, N)
— (sharp) Bishop-Gromov volume comparison
— volume doubling property
— (local unif.) Poincaré ineq. [Rajala '11]
= Fheat kernel, two-sided Gaussian bound
= Ultracontractivity of T}
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Applications

N -precision of f'nal ineq.’s
— N-HWI ineq.
= IN-log Sobolev ineq.
= INN-Talagrand ineq.

Lipschitz regularity of the heat kernel/eigenfn.’s
Lichnerowicz bound of Ay [Ketterer]
Li-Yau's ineq. [Garofalo & Mondino]

Maximal diameter theorem [Ketterer]
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Outline of the talk

1. Introduction
2. Entropic curvature dimension condition

3. Connection with Bakry-Emery theory
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2. Entropic curvature dimension condition
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Framework

(X, d, m): Polish geodesic metric measure sp.,
m: loc. finite, o-finite, suppm = X,
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Framework

(X, d,m): Polish geodesic metric measure sp.,
m: loc. finite, o-finite, suppm = X,

Cheeger's L2-Dirichlet energy functional

Ch(f) :=fin£ liminf/ |V fr|?dm
ne Lip. n
fn—=f i:L2 X

— [ 195E dm
b'e
(|V f|w: minimal weak upper gradient)
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Framework

(X, d,m): Polish geodesic metric measure sp.,
m: loc. finite, o-finite, suppm = X,

Cheeger's L2-Dirichlet energy functional
Ch(f) := inf liminf/ |V fr|?dm
fn: Llp n X
fn—f in L?
— [ 195E dm
X

(|V f|w: minimal weak upper gradient)
% Suppose Ch: quadratic (= Ch: Dirichlet form)
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Framework

(X, d, m): Polish geodesic metric measure sp.,
m: loc. finite, o-finite, suppm = X,

L2-Wasserstein disntace
For p,v € P(X),
Wa(p,v) := inf{||d||t2(x) | 7 coupling of u & v}

Po(X) := {p | "3z € X, Wa(p,d,) < oo}
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Framework

(X, d,m): Polish geodesic metric measure sp.,
m: loc. finite, o-finite, suppm = X,

L2-Wasserstein disntace
For p,v € P(X),
Wa(p,v) := inf{||d||t2(x) | 7 coupling of u & v}

Po(X) := {p | "3z € X, Wa(p,d,) < oo}

* (P2(X), W2): Polish geodesic met. sp.
(conv. in Wy <> weak conv. with unif. L?-moment)
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Framework

Examples
o X =R", d: Eucl. dist., m(dz) = e V®@)dx

o X: cpl. Riem. mfd, d: Riem. dist., m: vol. meas.

In both cases, Ch(f) = / (Vf,Vfidm
b'e

11/23



Entropic curvature dimension condition

KeR N >0

(K, N)-convexity of Ent

1 22
“"Hess Ent _NV Ent=® > K"

¢

K 1
"‘HessUn < _NUN”' Un :=exp (_N Ent)
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Entropic curvature dimension condition

(K, N)-convexity of Ent

K 1
‘HessUn < _NUN”' Un :=exp (_N Ent)

Entropic curvature dimension cond.

(X, d, m) satsifies strong CD*(K, N):
& Ent is (K, N)-convex along Ymin. geod.'s

in (PQ(X), Wz)
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Equivalence of CD cond’ns

Theorem 1
For K € R and N > 0, TFAE:

(i) strong CD*(K, N)
(ii) strong CD®(K, N)

* CD*(K, N): reduced curvature-dimension cond.
[Bacher & Sturm '10]

*x For Riem. mfds,
(i) & Ric > K and dim < N



Equivalence of CD cond’ns

Relation between CD*(K, N) & CD*(K, N):

CD°(K,N) e~ relative entropy/ log p du
X

CD*(K,N) e~ Rényi entropy/ p VN du
b'e

(n = pm)

1
*/ p N du=/ exp (——logp> dp
X X N

1

> exp <_N i log p du) = Un(p)
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Equivalence of CD cond’ns

Theorem 1
For K € R and N > 0, TFAE:

(i) strong CD*(K, N)
(ii) strong CD°(K, N)
(iii) Yo, F(pe)e>0: EVlg n-curve & (V)

(V) /Xexp (—acd(wo,x)2> m(dz) < oo

(K, N)-Evolution Variational Inequality of Ent:

A variational formulation of “Oyuy = —V Ent ()"

15/23



3. Connection with Bakry-Emery theory
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Space-time Ws-control

v d
EVig n: Yv, a bound of awz(yt,u)
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Space-time Ws-control

v d
EVig n: Yv, a bound of ﬁwz(yt, V)
U

Space-time Ws-control

W Vv, 2 W. o)\
5K/N( 2(127 ))Se—K(s—l—t)sK/N( 2(l;07 0))

N1 — e K6+t
) K(s+1t)

(VI V3
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Space-time Ws-control

d
EVig n: Vv, a bound of awz(yt,u)
U

Space-time Ws-control

W Vv, 2 W. o)\
SK/N (—2(Mt’ ))<6_K(S+t)5K/N( (1o, 0))

2 - 2
N1-— e—K(s+t)
_+_ -
2 K(s+1t)

(VI V3

NOTE: i = T po (T3 = €', A «m Ch)
[Ambrosio, Gigli & Savaré|
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Bakry-Ledoux’s gradient estimate

Space-time Ws-control:

W- )\ W. vo) \
5K/N < 2(/1't71/ )) S e_K(S+t)5K/N ( 2(“03 O)>

2 2
N1 — e K(+t)

Ty K(s+t) (Vi = V5)"
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Bakry-Ledoux’s gradient estimate

Space-time Ws-control:

W- )\ W- 2
5K/N< 2 (Hety v )) < e—K(s+t)5K/N( 2(#0,1/0))

2 2
N1 — e K(+t)

_ t — 2

T T RKery (VYR

U  Derivative in space & time (cf. [K.])
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Bakry-Ledoux’s gradient estimate

Space-time Ws-control:

W- )\ W- 2
5K/N< 2 (Hety v )) < e—K(s+t)5K/N( 2(#0,1/0))

2 2
N1 — e K(+t)

_ t — 2

T T RKery (VYR

U  Derivative in space & time (cf. [K.])

Bakry-Ledoux's gradient est.: For f € W2 m-ae,

C(t)
N

IVTfls, < e ' T(IVSIL) — ——— AT f?,

(C(t) =1+ 0(2) (t — 0))
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CD¢(K, N) = Bakry-Ledoux

Theorem 2
For K e R & N > 0, (iii) = (iv) & (v)

(iii) Yo, FEVIg n-curve (pi): & (V)
(iv) Space-time Wa-control

(v) Bakry-Ledoux's gradient estimate



Bakry-Ledoux < Bochner

Theorem 3
For K eR&N >0, (v) & (vi)

C(t)
N

(V) IVLfI;, < e 'LV SIL) — —5  |ATS|?

(vi) Vf € W2 with Af € W2 &
g € D(A)N L™ withg > 0 & Ag € L™

1
| (3801958~ a(V£.9A7) ) dm
X

2 , 1 2)
> [ a(KIVIE + IasE)d



Bakry-Ledoux < Bochner

Theorem 3
For K eR &N >0, (v) < (vi)

(W) [VTSE < M T(VFL) — 20O amge

(vi) Vf € W2 with Af € W2

1
(3A01VFE = (v, 947)
2 1 2
> | o (KIVAE+ glasp)



Summary

Theorem 4
K € R, N > 0 (Recall: Ch is quadratic)
(1) TFAE
(i) strong CD*(K, N)
(ii) strong CD®(K, N)
(iii) PEVIg n-curves & (V)
(2) Under Ass. below,
either (iv)—(vi) is also equiv. to (i)—(iii)
(iv) Space-time W-control
(v) Bakry-Ledoux’s gradient estimate
(vi) Bochner’s inequality



Assumption
o The volume growth bound (V)
o |Vflw <1m-ae = f: 1-Lip.

Remark
Ass. 1 & |VTf|2 < e > 'T(|V f]2)

= CD(K, o0)
[Ambrosio, Gigli & Savaré|
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Examples

o —Nlogsk/n(x) or —IN log sy /()
are (K, N )-convex fn's on R (or an interval)
o When (X, d, e Vvol): cpl. Riem. mfd, 8X = 0,
CD¢(K,N) <
1
Ric + HessV —
+ N

—n
(n = dim X < N)

vVve? > K

o More generally,
(X,d,m): strong CD*(K, N)
& V: strong (K’, N')-convex on X
= (X,d,e"Vm): strong CD°(K + K’, N + N’)
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