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Coupling by parallel transport on R™

B()(t)I d BM, Bl(t) « — (BI(O) — B()(O)) + B()(t)

. Bol(t)
R ot
e 'f

BO(O) P
- B1 (O)

= |Bo(t) — B(t)| = |Bo(0) — B1(0)| ("¢)



Coupling by parallel transport on R™

| Bo(t) — Bi(t)| = |Bo(0) — B1(0)]
4
Wp(Pt*“Oa Pt*lil) S Wp(IJ'Oa ll'l),

T P%;: transition semigroup

: T —
T Wpro, p1) = 117}f{||d|\Lp(7r) (Po); FLo }

(P1)s = 1
pi € P(R™), 1 <p < oo
(Wasserstein distance)




Question

Estimate for P pg & P pq with tg 7# €47
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Background
o On Riem. mfd., for K € R,

W, (P} 1o, Prpa) < e "W, (po, 1) (V)

(1
Ric > K

lvon Renesse & Sturm '05]

—> Equivalence in metric measure spaces
[Ambrosio, Gigli & Savaré et. al ]

An estimate of W (P o, P/ p11)
< “Ric > K & dim < N”

(even in met. meas. sp.) [K. / Erbar, K. & Sturm]

Q
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Monotonicity formulae along heat distribution
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*

How about couplings of P/, po & P, p1?

(non-trivial even if t; — to =t} — t4)



Al
A probabilistic approach to these problems
via coupling method

(generalizations of coupling by parallel transport)
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T Z: C'-vector field on M
T (X (t),IP,): diffusion process exs A + Z

tPrpi= | P,oX(t) " u(de)
M

Ba kry-Emery Ricci tensor

1
Ric%" := Ric —(VZ)¥" ZQZ
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Assumption 1
Ric”" > K forsome K € R & N € [m, o]

xAss. 1 =P, [ X(t) e M] =1



Theorem 1 ([K.])
Under Ass. 1, for p € |2, 00
ty >tg >0 & po,u1 € P(M),

( “’O? tﬂ;l*”l)z
—2

< (]é:l eK"’J(dr)) W (o, p11)° ()
N +p—2
2

where J(A) —/ \/ i 1
e —

*x J([to,t1])* = 4(v/t1 — Vt9)? when K = 0

J ([to, t1])*,




Connection with Bakry-Emery theory

(%) Wp(P; o, Ppa)? < e 22'W, (o, p11)°
(to =t = t)

¢ [K. 10, ...]

VP.f|? < e 2Kt P, (|V f|P)-

§ [Bakry & Emery '84] (p, = 2)
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Connection with Bakry-Emery theory

(%) Wo (P 1o, Pu1)? < e MW, (po, p1)?
(to = t, = t)

¢ [K. 10, ...]

‘VPtf\z < e_thPt(|Vf\1")%

f+  [Bakry & Emery '84 / Savaré| (p. = 1)
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2

Connection with Bakry-Emery theory

(%) Wy(P; 1o, {;Hl)z < A(to, t1) Wy (pos p1)°
+ B(t09 tl)

¢ K]

VPfI? < e PV f[P)m

{ [Bakry & Ledoux '06] (p. = 2)

1
CA(VIP) = (£, VAS) > KV + | AfI°



Connection with Bakry-Emery theory

(*) Wp(PtT)NO’ Pttﬂl)z < A(tO? tl)zwp(lLOa Nl)2

+ B(t09 tl)
¢ [K]
‘VPtf\2 < e_ZKtPt(|Vf‘p*)p%
_ »—2Kt
1 —e€ \APtf|2
(N +p—2)K

T [Bakry & Ledoux '06] (p. = 2)

1 1
CA(VIE) = (VF,VAS) > KIVF + |Af]



Future questions

o Applications of LP-estimate?
o Sharpness of the estimate?

o Validity on non-smooth spaces?



2. Space-time W ,-control

2.2 Outline of the proof
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Coupling by parallel transport
(Xo(t), X1(t)): coupling of BMs moving parallely

dBo (t) //~dBo(t) = dB1(t)

r d(Xo(t), X1(t)) l

\Xo(t) Xl(t)/
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Coupling by parallel transport
(Xo(t), X1(t)): coupling of BMs moving parallely

d(Xo(t + At), X1(t + At))

o
[ d(Xo(t), X1(2)) \4

\Xo(t) Xl(t)/

. Ric > K
= Wy (P} po, Prpa) < e MW (po, p1)
(1 <p < o0)
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Different speed case

(Xo(cxpt), X1(cx1t)): coupling of BMs

Driving noise /cidB1(t) of X1(t)
— parallel transport of /capdBy(t) & scaling

VaidBi (t)

/ V&adBo(t) \

\X:(t) Xf(t)/

M,

1(_1‘ 37



Different speed case

Proposition 2
X (r) L X (t;r) (2 = 0,1): coupling s.t.
E[d(Xo(1), X1 (1))7]*/"

< e E[d(X(0), X1(0))"]*/"

(N +p—2)(1 —e?K") >
| Kf (\ﬁl_ \/t70) 9

Vit (K >0),

where t, := < t, +
2

(K < 0).



Different speed case

to < tq fixed
(tr)refo,e: interpolation

(“7’)7*6[0,1]: Wp—geod. In P(M)
n: [0, — [0,1]: 7, surj.

(X, (s), X,7(8))tefo,1]: coupling by parallel transport of
(X (t,s),P,, . ) and (X(t,./s),]Pun(r,))



Different speed case

* W (P, Py pr)® < E [d(X, (1), X;0(1))7)



Different speed case

x Wa(P; pry Py p)? <E [d(X,(1), X,(1))?]

= |Ptfl"r‘W2 < .-
WZ(P*Mra P* I«Lr)

where \P*ur\wz = lim

/l,,, ,r./

— T



Different speed case

* Wa (P} pp, Py p)® <E [d(X,(1), X,v(1))?]

= |Pttllfr‘Wz AR
W2(P*l1'r9 P* Il'r)

where \P*ur\wz = lim

/lf,, ,r./

— T

* W (P po, Py ) S/ P} 1, |y, dr
0



Different speed case

* Wa (P} pp, Py p)® <E [d(X,(1), X,v(1))?]

— |Ptt“"“W2 = """
W2(P*MT?P* u’”’“)

where |P*ur\W2 = lim

/lf,, ,r./

— T

« WaPypio, P < [ \Pi il
0

*x Good choice of £,  and (%,),c0.9

—> Conclusion



Technical difficulties

o Singularity of d at cut locus

«~ Coupling via approximation by geodesic RWs
[von Renesse '04 / K. '10 / K. "12]

cf. Other approaches:
( F.-Y. Wang '05] )
Arnaudon, Coulibaly & Thalmaier '09]




Speciality of this coupling

o [mart. part of d(X,(s), X,/ (s))] # O
= p < OO
o Singularity of d at diagonal
*x X, (s) & X,/(s) cannot coalesce

= p > 2



2. Space-time W ,-control

2.3 Estimates involving comparison functions



Theorem 3 (|Erbar, K. & Sturml)
Suppose Z = 0. For K € R & N > 0, TFAE:
o Ric> K &dimM < N
, <W2(Pttﬂ09 P;;NI))2
2

2
< e Klott)g, <W2(N20, M1))

QO SK/N

N 1 — e_K(tO t1)
l .
"2 K(to+ t1)

Sin(\{fr) (k € R)

N

(Vi — Vo)

5,{(7“) e



Theorem 4 ([K.])
Under Ass. 1,

,2:‘]1)\'-(61/2) (Ptt,“’()a P:;[Jq)2/1)
< e "Tr (a/2) (ko5 1) "7
N + p - 2 ]_ S 6_9
: 29)( ) (v — Vi),
where 0 := K (to + t2) + PK* (VI — V)2
K
N —1

K* =

T.(pn,v) := inf ||¢||pi(x) for ¢ : M?* — R
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Framework and basic results
(M, g(t))icior: cpl. Riem. mfds
(X (t),P.): g(t)-BM, i.e. diffusion process e~ A ()

A time-dep. analog of "Ric > K"

dig(t) < 2Ricyr) —2Kg(t) ()
o (1) = P,;[X(t) € M| =1
(K. & Philipowski '11 / K. '12]
O (h) i ’Z:ilg’(t) (Ps*—>tl’l'()’ PS*—>tl’l’1)1/p
< e KT (po, pa)'/P

g(s)
[McCann & Topping '10 /
Arnaudon, Coulibaly & Thalmaier '09 / K. "12]



3. Couplings on backward Ricci flow
3.1 L-coupling



Perel’man’s L-distance
v i T, — M, [T, 2] C [0,T]

L= [ V7 ()2 + Ry (1(7))) dr

(R: scalar curvature)

L(1y,x; T2, y) := inf {E(fy) 1&; — z’ }




Perel’man’s L-distance
v i T, — M, [T, 2] C [0,T]

L(v):= Tz/; (H(T)IE(T) T R.{/(T)(7(T))> dr

(R: scalar curvature)

L(1y,x; T2, y) := inf {E('y) zgg; — ;3’ }




Perel’man’s L-distance
v i T, — M, [T, 2] C [0,T]

L= [ V7 (B + Ry ((7)) ) dr

(R: scalar curvature)

L(71i,x;T2,y) := inf {g(fy) zg:;; z :;3, }

Normalization

Gven 0 < 7o < 7 < T,
Ol (z,y) := 2(v/ 71t — V7ot) L(7ot, ;3 T1t, y)
— 2m(yv/7it — V/Tot)’

(m = dim M)



Theorem 5 ([K. & Philipowski '11})
8tg(t) — QRng(t),

Ric, (X, X
Suppose 4 .o icq(t) ( ) S oo

(Xo(7T), X1(7)): coupling of g(1)-BMs s.t.
(©*(Xo(Tot), X1(T1t)))tepn.r/7): Supermartingale



Corollary 6 (|K. & Philipowski '11])

Vp: 7, concave & Y, vy heat distributions,
I:(G)t)(ﬂ"z‘-ota Vﬁt) N

o [Topping '09]: T@t(“’ﬁ)ta Vﬂt) N
when M :cpt, via optimal transport techniques
(= Monotonicity of Perelman’s YWW-entropy)



Strategy of the Proof

o Properties of L-distance
being analoguous to the Riem. dist.

(ﬁ-geodesic, Ist & 2nd variation of L-length, )

L-index lemma, L-cut locus

o Coupling of dXo(7ot) and dX1(7t)

by space-time parallel transport along L-geodesic
& scaling

o Approximation by geodesic RWs
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Strategy of the Proof

Space-time parallel transport

For v : [s,t] — M & V' vector field along ~,

V. space-time parallel

. 1

Remark

[mart. part of @t(Xo(’f'()t), X1(7_'1t)] ;é 0

o Driving noises have different speeds

o v/u4, is NOT space-time parallel to ~



3. Couplings on backward Ricci flow

3.2 Lo-coupling



Lott’s L-distance

v i T, 2] = M, |11, 2] C |0,T]

Lo = [ (W) + Ry (v(7)) ) dr
/o )

Lo(71,x; T2, y) := inf {ﬁo('y) zggg z ;» }




Lott’s L-distance

v i T, 2] = M, |11, 2] C |0,T]
o= [ (RO + R (3(7)) ) dr

i el | 125

Notation
0 < 70 < 7 < T fixed,

l_}f)(:n, y) P = L0(7_'() +t,x; 7 + €, y)




Theorem 7 ([K. & Amabal)
Btg(t) — QRng(t),
Suppose o Ricy ) (X, X)

(Xo(T), X1(7)): coupling of g(1)-BMs s.t.
(l_}f)(Xg(T‘O +t), X1(71 + t)))tejo,r—7,) supermart.



Corollary 8 (|K. & Amabal)
‘v’cp ", concave & Y g, vy heat distributions,

Y(L )(“To-l—t? VTl-I—t) N\

o [Lott "09]: Trs (Lbrgtts Vr+t) "\
when M :cpt, via optimal transport techniques

(= Monotonicity of Perelman’s F-functional)



Strategy of the Proof

o Properties of Ly-distance
being analoguous to the Riem. dist.

(ﬁg-geodesic, Ist & 2nd variation of Ly-length, )

Lo-index lemma, Ly-cut locus

o Coupling of dXo(79 + t) and dX (71 + t)

by spacetime-parallel transport along Ly-geodesic
(without scaling)

o Approximation by geodesic RWs



Strategy of the Proof

Remark

[mart. part of LL(Xo (7o +t), X1(T1 + )] # 0



Strategy of the Proof

Remark

[mart. part of L(Xo(To +t), X1(71 +1t)] #0

O Y Is NOT space-time parallel to ~

Lo-geodesic:

1
(U) . . Uu . # .
V,g-yu Yu — avg( )Rg(u) — 2 Rlcg(u)(")’u)



