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Framework

(M, g): complete Riem. mfd., 8M = 0, m = vol,,
P, = e'®: heat semigroup

or

(M, d,m): Polish geodesic metric measure sp.,
m: loc. finite, o-finite, suppm = X,
P, f = et f: gradient curve in L?(m)
of Cheeger's Dirichlet energy functional
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Framework
L2-Wasserstein distance Wa: For pg, 1 € P (M),

Wa (o, p1) := inf ||d]| L2(x)

m(A X M) = po(A),
(M X A) = p1(A)

P2(M) :={p € P(M) | W3(dzy; 1) < 00}

7w € P(M?), {
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Framework
L2-Wasserstein distance Wa: For pg, 1 € P (M),

Wa (o, p1) := inf ||d]| L2(x)

o Yo, p1 € P2(M), 3 (pr)repo,1: Wa-geod.
o T € P(Geo(M)) s.t.
i) = [ La(r(E)r@m),
G

eo(M)

Wa(ptes p10)? = /G ), (0)T ()

(Geo(M): const. speed geod.'s)
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Framework

Purpose
Unify the study of

“Ric > K and dim < N”
in terms of optimal transportation / P,
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Known results
On a cpl. Riem. mfd (M, g), for K € R,
TFAE [von Renesse & Sturm '05]

(i) Ric > K

(ii)) “Hess Ent > K" on (P2(M), Ws)

(iv) Wa (P} o, P pa) < e M"Wa(po, p11)

(v) IVPf|* < e 'P(|V f|*)

(W) JAIVIP — (V£ VAR > KIVSP
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Known results
On a “nice” (M,d,m): mm sp., for K € R,
TFAE [Ambrosio, Gigli & Savaré et al.]

(ii)) “Hess Ent > K" on (P2(M), Ws)

(iii) Fsol. to the K-Evolution Variational Ineq. of Ent
(iv) Wa(P}po, Prpa) < e X"Wa(po, p1)

(v) [VPf|* < e P(|Vf]*)

(W) JAIVFP — (V£ VAS) > K|V’
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Entropy and heat distribution

Ent(p) := /M plogpdm (p = pm)

(i) "HessEnt > K" on (Py(M), W)

l

(iv) Wa(P}po, Ppa) < e **Wy(po, pa)
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Known results (dim < o0)

On a cpl. Riem. mfd (M, g), for K € R,
TFAE

(i) Ric > K
(i) “Hess Ent > K" on (Py(M), W)
(iii) Fsol. to EVIg of Ent

(iv) Wa (P o, Pipn) < e X Wa (o, o)
(V) |IVPf?< e X 'P(IVfI?)

(W) JAIVIP—(VF, VAR > K|V P
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Known results (dim < o0)
On a cpl. Riem. mfd (M, g), for K e R & N > 0,
TFAE [Bakry & Emery '84, Bakry & Ledoux '06]

(i) Ric> K &dimM < N

1 — (3——2I(t

1 VR 1
(v) SAIVFE—(VF, VAS) > KIVFP+—(Af)?

(V) [VEf?< e ' PV fI*)— AP, f|?
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Known results (dim < o0)

On a cpl. Riem. mfd (M, g), for K e R & N > 0,

TFAE [Sturm '06, Lott & Villani '09]
(i) Ric> K &dimM < N

(ii) Curvature-dimension condition CD (K, IV)
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Known results (dim < o0)

On a cpl. Riem. mfd (M, g), for K e R & N > 0,
TFAE [Bacher & Sturm '10]

(i) Ric> K &dimM < N

(ii) Reduced curv.-dim. condition CD*( K, IV)
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Goal

o Characterize “Ric > K & dim < N" by Ent

o Find missing (iii) EVlg, N
& (iv) W5 estimate for heat distributions

o Make a connection between them
& previously known conditions
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Qutline of the talk

1. Introduction

2. Entropic curvature-dimension condition
3. (K, N)-evolution variational inequality
4. Connection with Bakry-Emery theory

5. Applications
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2. Entropic curvature-dimension condition
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(K, N)-convexity
K -convexity of Ent :
Yo, w1 € P2(M), 3(pe)tepo,): geod. sit.
Ent(p:) < (1 —t) Ent(po) + ¢t Ent(p)

K 2
— Et(l — t)Wa(po, p1)
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(K, N)-convexity
K-convexity of Ent ("Hess Ent > K"):
Yo, p1 € Pa(M), F(pe)tepo,1): geod. s.t.
Ent(p:) < (1 —t) Ent(po) + ¢t Ent(p)

K
— Et(l — t)Wa (0, p1)*
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(K, N)-convexity
K -convexity of Ent
Yo, w1 € P2(M), 3(pe)tepo,): geod. sit.
Ent(p:) < (1 —t) Ent(po) + ¢t Ent(p)

K
— Et(l — t)Wa (0, p1)*

* (RHS) solves

QOH(t) = KW2(U09 Hl)za
©(0) = Ent(po),
¢(1) = Ent(p)
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(K, N)-convexity

(K, N)-convexity of Ent

1 2
“Hess Ent _NV Ent®? > K"

¢

K 1
"‘HessUn < _NUN”' Un :=exp <_N Ent>
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(K, N)-convexity
(K, N)-convexity of Ent

K 1
“‘HessUpn < _NUN”' Un := exp (_N Ent)

Entropic curvature-dimension cond. CD“(K, IN):

Yo, 1 € Po(M), (1e)tefo,: geod. sit.
Un(pe) > Ug;]fr)(wz(ﬂmul))UN(Mo)
+ JK/N(W2(H09 p1))Un(p),

sin(+/Kk7) )
\/E ' K

S,(r) :=
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Relation with known conditions

On cpl. Riem. mfd.,
Volume distortion est. for optimal transport

4

reduced curvature-dimension condition CD* (K, IN)
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Relation with known conditions

CD*(K, N)
{ geod.'s on M are non-branching

Vo, 1 € Po(M), a(ﬂr)re[o,ui Ws-geod.,
Al € P(Geo(M)): “lift" of (ptr)refo St

pe(y) ™~ > aﬁi/‘ﬁ(d(vo,m))po(vor%
+ UK/N(d(707 71))pi(71)” ~

for I'-a.e. v, where pym = iy
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Relation with known conditions

pe(y) ™~ > aﬁi/‘md(vo,m))po(vo)—%

+ UK/N(d(’Ym ’)’1))01(71)

for I'-a.e. v, where pym = iy

1 1
H pe(1) N = exp <_N log Pt(’Yt))
& Jensen's ineq.

CD*(K, N)
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Relation with known conditions

pe(y) ™~ > a%ﬁ(d(wm))m(vo)—%

+ UK/N(d(’Ym ’)’1))01(71)

for I'-a.e. v, where pym = iy

ﬁ geod.’'s on M are non-branching

CD*(K, N)
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3. (K, N)-evolution variational inequality
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K-evolution variational ineq.

EVig of Ent
v

tto, 2 (pee)¢>0: abs. conti. s.t. for Vv,

d (Wz(uta v)?
dt 2

K
> + EWZ(H’t, V)z

+ Ent(u:) < Ent(v)

* Heuristically, Vgeod.(as)se[o,l] with o9 = g,
EVig for v = oy:

Ent(os) — Ent(oy) n

— (Ot G0) < o(1)

= 8tl1't = -V Ent(p,t)
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K-evolution variational ineq.

Properties of EVlg [Ambrosio, Gigli & Savaré|

[Ambrosio, Gigli, Mondino & Rajala]
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K-evolution variational ineq.

The volume growth cond. (V)

/M exp (—ac d(xo, :c)2> m(dx) < oo

Properties of EVlg [Ambrosio, Gigli & Savaré|
[Ambrosio, Gigli, Mondino & Rajala]
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K-evolution variational ineq.

The volume growth cond. (V)

/M exp (—ac d(xo, zc)2> m(dx) < oo

Properties of EVlg [Ambrosio, Gigli & Savaré|
[Ambrosio, Gigli, Mondino & Rajala]

o (pe)t>o0 sol. to EVlg of Ent = 1, = Py
o Yo, a(llft)tZO sol. to EVlg of Ent & (V)
< HessEnt > K & P/ i: linear w.r.t. pig

& HessEnt > K
& Cheeger's L2-energy f'nal is quadratic

(infinitesimally Hilbertian)
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EVix n and Riemannian CD¢(K, N)

EV'K’N of Ent
v

Lo, a(ut)tzoi abs. conti. s.t. for v,

d W (g, )\ 2 Wa (e, v) )\ 2
—SK/N <—2(“t V)> + K sg/n <—2(Mt V)>

dt 2 2
<5 (1 - gziv((:t)))

<5,§(r) = %, Un := exp (—% Ent))
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EVix n and Riemannian CD¢(K, N)

Theorem 1 (RCD*(K, N) cond.)
For K € R and N > 0, TFAE:

(i) CD*(K, N) & infinitesimally Hilbertian
(i) CD®(K, N) & infinitesimally Hilbertian
(iii) Yo, F(pe)e>0: EVlg n-curve & (V)

(V) /M exp (—ac d(xo, w)2> m(dz) < oo
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EVix n and Riemannian CD¢(K, N)

Theorem 1 (RCD*(K, N) cond.)
For K € R and N > 0, TFAE:

(i) CD*(K, N) & infinitesimally Hilbertian
(i) CD®(K, N) & infinitesimally Hilbertian
(iii) Yo, F(pe)e>0: EVlg n-curve & (V)

% RCD*(K,N) = RCD(K, c0)
= geod.’s on M are essentially non-branching
[Rajala & Sturm]
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4. Connection with Bakry-émery theory
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Regularity results on RCD (K, co) sp.
Cheeger's L2-energy f'nal

1
Ch(f) i= 5 [ V51 dm

|V f|w : minimal weak upper gradient of f, i.e.

/ f| < / |V f|lw for I-ae. ~, (Vtest plan T')
9y Y
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Regularity results on RCD (K, co) sp.
Cheeger's L2-energy f'nal

1
Ch(f) i= [ 19[ dm
2 /M
|V f|w : minimal weak upper gradient of f, i.e.

/ f| < / |V f|lw for I-ae. ~, (Vtest plan T')
9y Y

[Ambrosio, Gigli, Savaré et al.]: RCD(K, co) yields
o The volume growth bound (V)
o P;: strong Feller, i.e. P, f € Clgip for f € L>°(m)
o |Vflw <1m-ae = f: 1-Lip.
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Regularity results on RCD (K, co) sp.
Cheeger's L2-energy f'nal

1
Ch(f) i= 5 [ V51 dm

|V f|w : minimal weak upper gradient of f, i.e.

/ f| < / |V f|lw for I-ae. ~, (Vtest plan T')
9y Y

Assumption 1 (cf. [Ambrosio, Gigli & Savaré])

o The volume growth bound (V)

Q

0 |Vflw <1m-ae = f: 1-Lip.
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Ws-control

EVIgk-curve

d 'DICZ(/Lt, L’)2:> K 9
- _W [}
dt ( 2 + gy Welpev)

+ Ent(p:) < Ent(v)

J v = vy another EVIg-curve

Ws-control
Wa(pes vr) < e "Wa(po, vo)
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Space-time Ws-control

EVIg, n-curve

dt 2 2

<3 (1 B zlf]fvv((:t)>)

d Wa (e, v) Wa (e, v)
_5K/N< 2 (1t V)>+K5K/N< 2 (1t V))
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Space-time Ws-control

EVIg, n-curve

d Wa (e, v) Wa (e, v)

dt 2 2

<3 (1 B zlf]fvv((:t)>)

4

Space-time Ws-control:

4% ve) \ W. 2
SK/N <—2(Mt’ )> < e_K(Sth)ﬁK/N < 2(“0’1/0))

2 2
N1 — e K@+t

_ t — 2

e RKern VIV
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Space-time Wj-control
Heuristics (K = 0)
Hess Ent > %V Ent®? = Sp.-t. Ws-control
(o7r)refo,1: Wa-geod. from ;o to vy 4,
r := (V Ent(o,),0:), (t,),c[0,1: interpolation
0 Wa(Htous Vtyu)*

95 > = towo — 11
1o 1. 1.,
= — —(trpr)dr < — | tr.p, + —t, . dr
N 1§
< — —dr

4 Otr
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Space-time Ws-control
Heuristics (K = 0)
1
Hess Ent > NV Ent®? = Sp.-t. Ws-control

(o7r)refo,1: Wa-geod. from ;o to vy 4,
tri= (1= r)/Eo + rV/E)?
sz(l'l'to’u? Utlu)2

ds 2 = topo — tip1
- - _tr T'dlr<_ tr T _tr dr
/0 ar( pr)dr < /0 ¥ +N Yr
N 1i2
< — L dr

4 Jo t,
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Space-time Ws-control
Heuristics (K = 0)

1
Hess Ent > NV Ent®? = Sp.-t. Ws-control

(o7r)refo,1: Wa-geod. from ;o to vy 4,
t, == ((1 —r)vto+ rvt)?

3 W2 (l'l'to'UJ thu)z
Os 2

1o 1. 1.,
= — —(trpr)dr < — | t,p, + —t, . dr
142

N
< Ldr = N(vt1 — Vt)?

4 J, t

= towo — t1p1
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Bakry-Ledoux gradient estimate

Space-time Ws-control:

W- )\ W. vo) \
5K/N < 2(/1't71/ )) S e_K(S+t)5K/N ( 2(“03 O)>

2 2
N1 — e K(+t)

Ty K(s+t) (Vi = V5)"
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Bakry-Ledoux gradient estimate

Space-time Ws-control:

W- )\ W- 2
5K/N< 2 (Hety v )) < e—K(s+t)5K/N( 2(#0,1/0))

2 2
N1 — e K(+t)

_ t — 2

T T RKery (VYR

Y  Derivative in space & time

Bakry-Ledoux gradient est.: For f € W12 m-a.e.,

()

VP, fI2 < e ™ P(Vf]2) — —|APf|?,

C(t) =14 O(t) (t — 0)
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RCD*(K, N) = Bakry-Ledoux

Theorem 2
(M, d, m): infinitesimally Hilbertian

For K e R & N > 0, (iii) = (iv) = (v)
(iii) Yo, FEVIg n-curve (pi): & (V)

(iv) Ass. 1 & Space-time Wa-control

(v) Ass. 1 & Bakry-Ledoux gradient estimate

25 /32



Bakry-Ledoux < Bochner

Theorem 3
(M, d,m): infinitesimally Hilbertian

For K €R &N >0, (v) < (vi)

() VRS < e B9 12) - 200

(vi) Vf € W2 with Af € W2 &
g€ D(A)NL>® withg >0 & Ag € L™

1
[ (3201968 ~ 9tV 5, vap) ) dim
M
5 1
> /MQ (K|Vf|w + N|Af|2) dm

———|APf|?



Bakry-Ledoux < Bochner

Theorem 3
(M, d,m): infinitesimally Hilbertian
For K €R &N >0, (v) < (vi)

() VRS < e B9 12) - 200

(vi) Vf € Wb2 with Af € W2

———|APf|?

1
(3a01V2 = (v, 941)
2 1 2
> (K|Vf|w+N|Af| )



Bakry-Ledoux = RCD*(K, N)

Idea: Action estimate (as in [Ambrosio, Gigli, Savaré|)

W P* 2 1 1
2(11'0’ 7-/"’1) . 5/ |[.1,3|26_2KTd8
0

2 ()
< Nt(Un(Prp1) — Un(po))
for t K 1, where 7 = 754 : Oy7 = sUn(Pps),
Ts,0 = 0

Ingredients of the proof

Kantorovich duality, approximations
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0

2 ()
< Nt(Un(Prp1) — Un(po))
for t K 1, where 7 = 754 : Oy7 = sUn(Pps),
Ts,0 = 0

Ingredients of the proof

Kantorovich duality, approximations & detailed calc.
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Bakry-Ledoux = RCD*(K, N)

Idea: Action estimate (as in [Ambrosio, Gigli, Savaré|)

W P* 2 1 1
2(11'0’ 7-/"’1) . _/ |[.1,3|26_2KTd8
2 2 Jo

(o)
< Nt(Un(Prp1) — Un (o))
fort <1, where Tt =754 : 07 = s UN(P:LLS),

For (05)sef0,1: Wa-geod.,

| (@) for (pos 1) = (00, 0,) or (1, 07)
&t—0
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Bakry-Ledoux = RCD*(K, N)

Idea: Action estimate (as in [Ambrosio, Gigli, Savaré|)

W P* 2 1 1
2(11'0’ 7-/"’1) . _/ |[.1,3|26_2KTd3
2 2 Jo

(o)
< Nt(Un(Prp1) — Un (o))
fort K 1, where 7 = 75, : Oy7 = sUn (P ps),

For (05)sef0,1: Wa-geod.,

| (@) for (pos 1) = (00, 0,) or (1, 07)
&t—0

Un(o,y) — (1 —r)Un(00) — rUn(01)

> %/0 (s(1 = 1)) A (1 = 8)r) Un(0)dr
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Bakry-Ledoux = RCD*(K, N)

Theorem 4
(M, d, m): infinitesimally Hilbertian & Ass. 1
For K eR & N >0, (v) = (ii) :
(v) Bakry-Ledoux gradient estimate
2C(t
VR < e B (V) - 20 a2
(ii) Entropic curv.-dim. RCD*(K, N):
1
“Hess Ent —— Ent®? > K"
N

28 /32



Summary

Theorem 5
KeR N>0
(1) TFAE
(i) CD*(K, N) & infin. Hilb.
(ii) CD*(K, N) & infin. Hilb.
(iii) FEVIg n-curves & (V)
(2) Under (M, d,m): infin. Hilb. & Ass. 1,
either (iv)—(vi) is also equiv. to (i)—(iii)
(iv) Space-time W-control
(v) Bakry-Ledoux gradient estimate
(vi) Bochner inequality



5. Applications
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©

Properties of RCD*(K, N)

Stability under mGH (or Sturm’s D)-conv.
Tensorization
From local to global
Measure contraction property MCP (K, N)
(via CD*(K, N); [Cavalletti & Sturm])
— (sharp) Bishop-Gromov volume comparison
— volume doubling property
— (local unif.) Poincaré ineq. [Rajala]
= Fheat kernel, two-sided Gaussian bound
= Ultracontractivity of P;
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©

Properties of RCD*(K, N)

N -precision of f'nal ineq.’s
— N-HWI ineq.
= IN-log Sobolev ineq.
= INN-Talagrand ineq.
Lipschitz regularity of the heat kernel/eigenfn.’s

Lichnerowicz bound of Ay [Ketterer]
Li-Yau's ineq. [Garofalo & Mondino]
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