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Riemannian mfd <— Brownian motion
(M, g): complete Riem. mfd., M = ()

g: Riem. metricon M <+«  "Shape of M"
(inner prod. on T'M)

:

A,: Laplace-Beltrami op.

:

B(t): Brownian motion on M
(diffusion process generated by A)

P, = e!®: heat semigroup
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(2nd order analysis)
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Brownian motion < curvature

Riem. met. g — “Shape of M"
t e

“curvature” of M
(2nd order analysis)

o B(t) or P, e~ A
o A = tr Hess: “averaged (in direction)” 2nd deriv.

“ens" averaged (in direction) curvature
(Ricci curvature)

Q. B(t) or P; e~ Ricci curvature?

)(\
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lower Ricci bound on metric meas. sp.

Recent developments:

Generalization of "Ric > K" on met. meas. sp.

o Equivalent conditions in terms of BM or P,
or only "metric and measure”

§

o Geometry only based on each condition
o Same equivalence beyond Riem. mfds
~~ Geometry/Analysis on non-smooth sp.

~~» Different viewpoints even on smooth sp.



The aim of this talk

o Review of these developments

o (Partial) extension involving both Ric and dim



Outline of the talk
(# in []: the corresponding section in the abstract)
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2. Lower Ricci curvature bounds
2.1 Bakry-Emery's theory [3.3]



I's-criterion

Bochner-Weitzenbock formula

1
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Bochner-Weitzenbock formula

1
§A\Vf\2 —(Vf, VAFf)

J
Bakry-Emery’s T's-criterion [Bakry & Emery '84]

1
Ric > K & _A|Vf* — (V£ VAf) > K|Vf|



Gradient estimate

1
5A\Vf\2 —(Vf,VASf) > K|VF|?
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o
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Gradient estimate

1
SAIVI? = (VF,VAS) > K|V

()
%,
— [P.(|VP._.f|*)] > 2KP,(|VPi_,f|?)

0s



Gradient estimate

CAVF - (V. VAR > K|V
N (1
g [PS(‘VPt—Sf‘2):| Z 2I{Ps(lvpt—sf‘z)

U

Bakry-émery’s L?-gradient estimate
Ric > K < |VP.f| < e "'P(|V f|?)!/?




2. Lower Riccl curvature bounds

2.2 Coupling method (3.1, 3.3]
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(Averaged) variation of arclength

~ : [0,1] — M geodesic
Vi€ T, o) M )/~ V;: parallel trans. along ~

'yéi): geodesic variation associated with (V;, /,V;)

“l ] \

e

'y(O)F ~ v(1)
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(Averaged) variation of arclength

~ : [0,1] — M geodesic
Vi€ T, o)M )/~ Vi: parallel trans. along ~

'yéi): geodesic variation associated with (V;, /- V;)

g \ |
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(Averaged) variation of arclength

~ : [0,1] — M geodesic
V, e T, oM )/~ Vi: parallel trans. anng ~
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't - \\
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(Averaged) variation of arclength

~ : [0,1] — M geodesic
V, e T, oM )/~ Vi: parallel trans. along ~

7(7’) geodesic variation associated with (V;, /~V;
(2)

i \\
7({))k ¥
” v




(Averaged) variation of arclength

~ : [0,1] — M geodesic
Vi e T oyM: ONB, J/.,V;: parallel trans. along ~

7(7’) geodesic variation associated with (V;, /- V;

' : \\
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v(0) Y
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(Averaged) variation of arclength

~ : [0,1] — M geodesic
V;, € T, 0y)M: ONB, //,V;: parallel trans. along ~

'ys(i): geodesic variation associated with (V;, /- V;)

[

~(0) ' ~ (1)
\ /
0° .
(2)
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(Averaged) variation of arclength

~ : [0,1] — M geodesic
Vi e T opyM: ONB, /., V;: parallel trans. along ~

7(7’) geodesic variation associated with (V;, /- V;)

/ \
7({))2 v 17/(1)




(Averaged) variation of arclength

~ : [0,1] — M geodesic
V;, € T, 0y)M: ONB, //,V;: parallel trans. along ~

'yéi): geodesm variation associated with (Vi, //7 z)

/ \
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(Averaged) variation of arclength

~ : [0,1] — M geodesic
V;, € T, 0y)M: ONB, //,V;: parallel trans. along ~

'yéi): geodesm variation associated with (Vi, //7 z)

/ \
(0)\ 5 ;[7/(1)
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Coupling by parallel transport
(Bo(t), B1(t)): coupling of BMs moving parallely
d(Bo(t + At), B1(t + At))

[ d(BO(t)? B1 (t)) \

\Bo(t) B4 (t)/

o [1st variation of d(By(t), B1(t))] =0
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Coupling by parallel transport

(Bo(t), B1(t)): coupling of BMs moving parallely
d(Bo(t + At), B1(t + At))

lr d(Bo(t), B1(t)) \

\Bo(t) B4 (t)/

o [1st variation of d(By(t), B1(t))] =0
o "2 d(Bo(t), By(1)) < ~Kd(Bo(t), By(1))’
= d(By(t),B;(t)) < e *td(By(0), B;(0))



2. Lower Riccl curvature bounds

2.3 Digression: Wasserstein distance [2.1]



Wasserstein distance W),

A(Bo(t), By (t)) < e Kd(By(0), B, (0))
I E[-], minimizing over all couplings

Wp(Pt*IJJOa Pt*ul) S e_Kth(“m ”1)
(1 <p < oo)

W, (e, v) :=inf ||d||pr(x): LP-Wasserstein distance

t coupling of pandv (p € [1, 00])
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Wasserstein distance W,

W, (e, v) :=inf ||d||Lr(x): LP-Wasserstein distance

o W,: (pseudo-)distance on P(M)
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Wasserstein distance W,

W, (p,v) :=inf ||d||r(x): LP-Wasserstein distance

o W,: (pseudo-)distance on P(M)
o Conv w.rt. W, = weak conv. on P(M)

o For Wp,(po, p1), 2 (f2e)tejo.1): geod. interpolation

‘-Bm

.
“O-'Q*L\m

15 /36



2. Lower Riccl curvature bounds

2.4 Optimal transportation [3.3]



Volume distortion

Volume meas.: m := \/det gijdxy---dx,

~» Ric in volume distortion along Ws-geod:
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Volume distortion

Volume meas.: m := /det g;;dx; - - - dx,,

~» Ric in volume distortion along Ws-geod:

S2
/ \
e ————
H
u

\ o 2y

Ric > K = relative entropy Ent is K-convex
|Cordero-Erausquin, McCann & Schmuckenschlager '01
lvon Renesse & Sturm '05




Convexity of Ent

Ent(p) := /M plogp dm (pu = pm)

Ent is K-convex:
Ent(p:) < (1 —t) Ent(po) + ¢t Ent(p1)

K 2
> t(1 — t)Wa(po, p1)

M = §? ! |

— y Mg = M Bs(x;
K m(Bs(z;))

= Ent(u;) = — logm(By)

K
= Ent(p/2) < —log m(Bs) 2 Wo (105 p21)°



Convexity of Ent

Ex. 1

M — 82 . l’l’7 — m Bs(x;
e b= By () ™ o)

= Ent(p;) = — log m(Bs)

K
= Ent(pq/2) < —log m(B;) 3 W (1o, 1)



3. Implications between “Ric > K" [3.3, 2.2, 3.2]



Characterization of Ric > K

TFAE for K € R (|von Renesse & Sturm '05] etc.)
(i) Ric > K
(ii) Ent is K-convex on (P(X), W5)

(ii)) Wy, (P} pos Py 1) < e "Wy (pos 1) (W)
for some p € [1, o0]

(iv) [VP.f(z) < e ™ P(|VF)(2)/" (Gy)

for some q € [1, 00|

1
(v) SAIVIP = (Vf, VAS) 2 K|V f[*



Table of implications

() === (W) > (G1)_

AN \
I N

H | z z BN

$ 4 -
(ii) » (W2) &= (G2) < > (v)

(W) e (Ga) —— - (i)



Table of implications

Q. Which's valid on singular spaces?

(i) -

(i)

(iv)

::::)é (WOO) <

(ii)

(G

<

> (W) &= (G) < > (v)




Table of implications
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Table of implications

Q. Which's valid on singular spaces?

R
o N0
o .
.
. O
QD
. R
B |
. .
" <3

R

(i) ——— (Wa) 1 (G2) e (V)

(W) &= (Gx)
[Bakry & Emery '84]



Table of implications

Q. Which's valid on singular spaces?
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Table of implications

Q. Which's valid on singular spaces?

: i) (v)
(W) = (G1)

K.

(ii) (W2) (G2) > (v)

(W) (Gx)
|Ambrosio, Gigli & Savaré / Koskela & Zhoul]



General duality: (iii) < (iv)
M : Polish geodesic sp., (P(x, * ))zemr C P(M)

For f : M — R, |Vf|(x) := Tm (&) = (W)
y—z  d(x,y)

Theorem 1 ([K.'10]/[K.])

Forp,q € [1,00] withp~™' +q ' =1 and C > 0,
TFAE:

(@) Wo(P o, P ) < CWy(po, 1)
(b) [VPf|(x) < CP(|Vf|7)(x)"/
(When q = oo, (RHS of (G)) will be |||V f|||~)



General duality: (iii) < (iv)

Ingredients of the proof
(a) = (b): For "m: coupling of P(x,-) & P(y,-)

Pf(z) - Pf(y) = [ (f(2) = f(w))m(dzdw)




General duality: (iii) < (iv)

Ingredients of the proof

(b) = (a): Kantorovich duality

Wy (P* po, P*py)? =sup | [ fdP*py — | f dP*pg
f LJM J M _

(f(w) = inf [f(y) + d(w,y)z])

yeM




General duality: (iii) < (iv)

Ingredients of the proof

(b) = (a): Kantorovich duality

Wy (P* po, P*py)? =sup | [ fdP*py — | f dP*pg
f /M J M

(f<w> = inf [f(y) +d(,v)’] )

1 .
& interpolation: [+ «:] = / 0, ( Pf, dp,,,) dr
0 M



General duality: (iii) < (iv)
Ingredients of the proof

(a) = (b): For " coypling of P(x,-) & P(y,-)
Pf(x) = Pf(y) = | (f(2)— f(w))m(dzdw)

M x M
(b) = (a): Kantorovich duality

Wa(P*po, P'ur)* =sup | | FdP* s — [ 1P
Y, J M )

(f<a:> = inf [f(y) +d(,v)’] )

1 .
& interpolation: [+ «:] = / 0, (/ Pf, dur) dr
0 M




General duality: (iii) < (iv)
Ingredients of the proof

(a) = (b): For " ccypling of P(x,:) & P(y,")
Pf(x) = Pf(y) = | (f(z) = f(w))w(dzdw)

M x M
(b) = (a): Kantorovich duality

Wy (P* po, P*pu1)* = sup /fdP*m — /fdP*uo
f LM J M _

(@) = inf, [70) + (. 0)?) )

yeM

» | .
& interpolation: [+ «:] = / 0, (/ Pf, dur) dr
0 M




Gradient flow of Ent: (ii) = (W)

* p,, 2 gradient curves of Ent in (P(M), Ws)
Then, heuristically,

Ent: K-convex w.r.t. W5 (&)
= Wa(py, 1) < e M Wa(pg, 1)

* On R™, [GF of Ent] = P*p (QO)
[Jordan, Kinderlehrer & Otto '98]

Q.: When are (#)() rigorous?



Gradient flow of Ent: (ii) = (W)

Ans. for |GF of Ent| = Pu : Known results (I)

Smooth case

o R™ [Jordan, Kinderlehrer & Otto '98|

o cpl. Riem. mfd [Erbar '10]

o Finsler mfd [Ohta & Sturm '09] (nonlinear)

o Wiener sp. [Fang, Shao & Sturm '09] (oco-dim)

o Heisenberg gr. [Juillet] (sub-elliptic)




Gradient flow of Ent: (ii) = (W5)

Ans. for |GF of Ent| = Pu : Known results (I1)

Non-smooth case
o cpt. Alexandrov sp. [Gigli, K. & Ohta] (singular)

o metric measure sp. [Ambrosio, Gigli & Savaré|

Koskela & Zhoul]




Gradient flow of Ent: (ii) = (W)

Ans. for |GF of Ent| = P u : Known results (I11)

Other cases

o finite set [Maas '11] (discrete Markov chain)

o Lévy processes |Erbar| (nonloca

generator)



Gradient flow of Ent: (ii) = (W5)

Ent: K-convex w.r.t. W5 ()
= Walpy, ;) < e M"Wa(pg, p1g)

Ans. for (&)

o (@) holds when GF is linear w.r.t. initial data
[Ambrosio, Gigli & Savaré|

o When GF is nonlinear, GF s.t. (#) fails
[Ohta & Sturm '12]




Gradient flow of Ent: (ii) = (W5)

Ent: K-convex w.r.t. W5 ()
= Walpy, ;) < e M"Wa(pg, p1g)

Ans. for (&)

o (@) holds when GF is linear w.r.t. initial data
[Ambrosio, Gigli & Savaré|

o When GF is nonlinear, GF s.t. (#) fails
[Ohta & Sturm '12]

Rem

GF of Ent satisfies (EVlg) condition

= Ent is K-convex
[Daneri & Savaré '08 / Ambrosio, Gigli & Savaré]




Summary

(i) ::% (W) (G1)

AN K

I ; ; g BN

! ? i é 5 N

% ; NIZ 4
(ii) > (W2) = (G) < > (v)

(W) &= (Gw) ====> (i)



Summary

The following are valid even on metric measure spaces

(i)::%(Woo) ;>(G1)

AN K

[ | | | BN

I @ z z f N

S\% ; NI% J
(ii) > (W2) = (G) ¢ > (V)

- (Wh) &= (Gx) ====> (i)



Summary

B i (v

L e S

o< o

] L %' '(/ :\) ) 'f 3 . |
1) ===== % oo ) S 7 G 1) ™
P B A H G SIS ‘ e O T o e i N A s 5 '~", ity ‘*A\: § : X

I | i z RN

(i) —— (W) = (Ga) =3 (v)]

Q. When does (W )/(G1) hold?
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4. Curvature-dimension conditions [4]



Known results
(i) Ric > K

;
() SANVP) — (V£ VAS) > K|VfP

)
(iv) [VPf|* < e * ' P(|Vf|?)



Known results
(i)’ Ric > K & dim M < N
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Known results
(i)’ Ric > K & dim M < N
¥ «~ [Bakry & Emery '84]

1
(v SA(VFP) = (V£ VAS) > K|V

|1A‘2
'N( f)




Known results
(i)’ Ric > K & dim M < N
¥ «~ [Bakry & Emery '84]
1
(V) SA(VFP) — (V£ VAS) > K|S}

1

¥ « [F.-Y. Wang '11] | N(Af)2

(iv)' [VEf|* < e P(|Vf|?)
1 — G—Q_KI‘

N K

(AP, f)?



Known results
(i)’ Ric > K & dim M < N
¥ «~ [Bakry & Emery '84]

1
(v SA(VFP) = (V£ VAS) > K|V

1 D
¥ « [F.-Y. Wang '11] | N(Af)
(iv)" [VP.f]* < e P(|V f[?)

1 — C—ZK’I‘ ;

(AP f)"

N K

(i)'« (ii)": CD(K, N) |Sturm '06 / Lott & Villani "09]

20 / 36
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Known results

Table of implications

U

l N\

(i)’ >\k(iii)’ ¢ > (iv)’ < > (v)’

* What's (iii)’? (i)



Theorem 2 ([K.])

For K € R and N € [2,00),
(iv)’ is equivalent to the following (iii)’:

(iii)” Wa (P po, P )

S (][f e”"“&(dr)) _Vle(m,ul)2 | ]:g([s,t])z

2K /2
where £(dr) = ( ) dr

1 — 6—2Kr

* Sharper than the one In the abstract!



Theorem 2 ([K.])

For K € R and N € [2,00),
(iv)’ is equivalent to the following (iii)’:

(iii)” Wa (P po, P )

S (][f e”"“&(dr)) _Vle(m,ul)2 | ]:g([s,t])z

2K /2
where £(dr) = ( ) dr

1 — 6—2Kr

* Sharper than the one In the abstract!
x (i)’ = (iii)’ via coupling method



The case K =0

Corollary 3 (|K.])
For N € [2,00]|, TFAE:

(i) Ric>0& dimM < N
(i)’ Wa(P? o, P i)’ N
< Wy (po, p1)* g (Vt —V/s)?

2
(iv)' |[VP.f|? < P(|Vf]?) N(APtf)z



The case K =0

Corollary 3 (|K.])
For N € [2,00]|, TFAE:

(i) Ric>0& dimM < N
(iii)” Wa(P; po, Py 1) N
< Wy (po, p1)* g (Vt —V/s)?

A 2 2 2 2
(v) [VPSI* < P(IVF) — —(AP:S)

* (iii)" = sharp est. for
A(d(z,-)*)(y) = 9 Wa(da, Pt*‘sy)z



Extended duality

Theorem 4 (|K.])

M : Polish geod. met. sp., P, = e**: Feller semigr.
Then for p,q € (1,00) withp~ ' +q 1 =1
& a,b : [0, oo) — (0, 00), TFAE:

(A) W,(P; po, P,
<7[ g(dr > p(Ho,lh) + &([s,2])°

(B) IVPf|* < a(t)| Pi(|V £|")7 — b(t) (LP.f)*

where &(dr) := b(r)~1/%dr




5. Concluding remarks
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Summary

Several ways to characterize Ric > K
Coupling method = stronger est. on smooth sp.'s

Implications in more singular sp’s for Ric > K
Characterization of Ric > K & dim < N

© © O ©

(i) ====> (W) & (G1) (i)
(i) < ™)
™S s A =D
[N N J So U
| N |
o (i) > (W2) < > (Gg) ¢ > (v) o

(i)’ (iii)’ < > (iv)’ < > (v)’



Summary

o Several ways to characterize Ric > K

o Coupling method => stronger est. on smooth sp.’s
o Implications in more singular sp’s for Ric > K

o Characterization of Ric > K & dim < N

o New condition (iii)’

(i) ====> (W) & (G1) (i)
(i) * SR ()}
™ oSS S AN
L 4 J S v
o (i) = (W) & (G2) < > (v) o

(i)’ (iii)’ < > (iv)’ < > (v)’



Questions

o When does (W4)/(G1) hold?
o When (ii)" = (iii)’7
o How sharp (iii)’ is?

«~ Weaker cond. than (iii)’ can be equiv. to (iv)’
( “self-improvement”)

% Seems to be sharp when K = 0
~» Sharpen (iii)’ by coupling method (in prog.)
o Counterpart of (W,,)/(G,) in curv.-dim.?

o Connection with the monotonicity of normalized
L-transp. cost under backward Ricci flow?

[cf. Topping '09, K.-Philipowski "11]

o Weaker conditions and their relations?
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