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1. Introduction



Framework

M : cpl., stoch. cpl. Riem. mfd., dim > 2, 9M = ()
P;: heat semigr. on M

Goal
Characterize

Ric > K & dimM < N

In terms of behavior of couplings of heat distributions

P p (v € P(M))



lower Ricci bound on metric meas. sp.

Recent developments:

Generalization of "Ric > K"



lower Ricci bound on metric meas. sp.

Recent developments:

Generalization of "Ric > K"

o Equivalent conditions in terms of BM or P,
or only “metric and measure”



lower Ricci bound on metric meas. sp.

Recent developments:

Generalization of "Ric > K"

o Equivalent conditions in terms of BM or P,
or only “metric and measure”

;

o Geometry only based on each condition
(even on spaces without mfd. structure)



lower Ricci bound on metric meas. sp.

Recent developments:

Generalization of "Ric > K"

o Equivalent conditions in terms of BM or P,
or only “metric and measure”

;

o Geometry only based on each condition
(even on spaces without mfd. structure)

o Same equivalence beyond Riem. mfds
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lower Ricci bound on metric meas. sp.

Why interesting?

o Geometry/Analysis on “singluar’ spaces
T Each cond. has its own advantage
~~» We can combine them!

~~» e.g. 'Stable” sufficient cond.
for Lipschitz regularity of P;f

o Different viewpoints even on smooth sp.
* What happens when "Ric > K" fails?

~~ Description of singularities in terms of P,
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2. Known results for Ric > K



lower Ricci curv. bound
For K € R, TFAE ([von Renesse & Sturm '05] etc.):
(i) Ric > K

(") WZ(Pt*HJOa Pt*/vl*l) S e_Kth(y,O’ Ml),

where Wa (o, 1) = if;f Hd||L2(7r)
t coupling of po & 1

(ii}) [VPf]? < e P(IVf]*)
1
(V) S(AIVIF —2(Vf, VAS)) 2 K|V f[*

(v) Ent: K-convex w.r.t. W



How important?

o (iii)(iv) has rich applications
in functional ineq. & differential geometry,
e.g. quantitative Lipschitz regularization of P;
[Bakry & Emery etc.]

= More applications if “dim M" is involved
(e.g. Harnack inequality)

(ii)) VRS < e R(V f]?)

1
(iv) S(AIVIF —2(Vf, VAS)) 2 K|V



How important?

(v) Ent: K-convex w.r.t. W

o (v) makes sense well even on singular spaces
& stable under Gromov-Hausdorff conv.

[Sturm '06, Lott & Villani '09]
=> extension of (ii)(iii)(iv) to singular spaces
[Ambrosio, Gigli & Savaré]| etc.
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On non-smooth sp.:
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Implications

On non-smooth sp.:

(v) “Hess Ent > K" w.r.t. W5

o ldentification of P with the gradient flow
of Ent in (P(M), W5)

o Linearity of heat flow w.r.t. initial data

Gigli, K. & Ohtal: Alexandrov sp.

Ambrosio, Gigli & Savaré]: met. meas. sp.

Koskela & Zhou]
(i) Wa (P po, Prpr) < e Wa(po, pr)

([,
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Summary of implications

(v) = (i) <= (i) <= (iv)
Ent Wiass. grad.est I's

O — O

What we did for Ric > K & dim < INV:

o Formulate a missing condition corresponding to (ii)

o Extension of the implication (ii) <> (iii)
(even in an abstract setting)

o Another approach based on a coupling method



3. Examples



Spaces with “Ric > K”

o Alexandrov sp.’s [Petrunin '11 / Gigli, K. & Ohta]

o Boundary of a convex body (e.g. polyhedra)
o quatient of Riem. mfd by a discrete group of isometry

E : (orbifold)

o Wiener space (

o (Finsler mfd.) [Ohta, Ohta & Sturm]

«~» Nonlinear heat equation

o (discrete Markov chains / Lévy proc.) [Maas, Erbar]

13 /32
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Spaces without “Ric > K"

o Spaces with conical singularity
(e.g. Riem. surface < 4/z)

T Holder est. for P;f [H.-Q. Li '03]

o Sub-Riem. mfds. («» hypoe. diffusion) [Juillet '09]
i [VPf| < Ct)P(|V 7)1
IimC(t) > 1

t10

(Melcher, H.-Q. Li, Bakry, Baudoin, ...)
o Fractals [Kajino]

o Riem. mfd, 9M +# () (F.-Y. Wang, E.P. Hsu, ...)



4. Curvature-dimension conditions



Summary of implications

(v) = (i) <= (i) <= (iv)
Ent Wiass. grad.est I's

O — O

What we did for Ric > K & dim < INV:

o Formulate a missing condition corresponding to (ii)

o Extension of the implication (ii) <> (iii)
(even in an abstract setting)

o Another approach based on a coupling method
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(i)’ Ric > K & dim M < N
§ « [Bakry & Emery '84]
|
(v) SA(VIP) — (VS VAS) > K|V ]

1
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Known conditions
(i)’ Ric > K & dim M < N
§ « [Bakry & Emery '84]

1
() SA(VSP) = (V£ VAS) > K|V ]

1 0
¢ « [F.-Y. Wang '11] | N(Af)"
(i)’ |VP.f|? < e *"'P,(|Vf|?)

1 — 6—2[([ )
NK (AP f)°

(i)’< (v)': CD(K, N) [Sturm '06 / Lott & Villani "09]

16 )» 2



Theorem 1 (|K.])
For K € R and N € [2, o0],
(iii)’ is equivalent to the following (ii)’:

(i) Wa(P po, P 1)’
—1

< (7[[ ezKT«S(d”“)) Wo (o, p1)° ];T'S([Sat])z

2K e
where £(dr) = (1 i ) dr
— e r



The case K = 0

Corollary 2 ([K.])
For N € |2, 00|, TFAE:

(i)) Ric>0&dimM < N

(i) Wa(P; po, P/ 1)’
< Wa(pos p11)? + 2N (Vt — V/s)?

2
(i)’ |[VP.f|*? < B(Vf?) N(APtf)z




The case K =0
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The case K =0

("), WQ(PS*N'Oapt*“l)z
< Wa(po, 1)? + 2N (Vt — V/5)?

O0p., =20

11

I o = 04y, 11



The case K = (0

(“), WQ(PS*H’Oapt*“’l)z
< Wa(po, 1)? + 2N (Vt — V/5)?

U po = 04y, 41 = 04, s =0
Pt(d(a?(), )2)(231) S d(ibo, iEl)z —+ 2Nt



The case K = (0

("), W2(PS*FL09P:“’1)2
< Wa(po, p1)? + 2N (Vt — /5)?
‘U’”'O:(Sworulz(swlrszo

Pt(d(ib(), )2)(231) S d(ibo, iEl)z —+ 2Nt
= A(d(zo,-)?)(z1) < 2N

(sharp Laplacian comparison)



5. Proofs & extensions



Idea of the proof

(i)’ = (iii)’: Differentiation

(iii)’ = (ii)’: Kantorovich duality
& analysis of the Hopf-Lax semigroup
(cf. [K. 10 / K.] when N = o0)
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(i)’ = (iii)": Differentiation

(iii)’ = (ii)": Kantorovich duality
& analysis of the Hopf-Lax semigroup
(cf. [K. 10 / K.] when N = o0)

=> Extension to more general situation
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Sketch of proof: (ii)’ = (iii)’
(i) Wa (P o, P/ 1)’

—1

< ( ere(dr) ) Waluuo, i)+ 5 €005 1)
iy 2 (AP f) 1 VR < e K PV AP

2K \7VP . dr
1 — e 2Kr "

where £(dr) = —
¢(ar) = ( e
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Sketch of proof: (ii)’ = (iii)’

(t)

2W
(i) = (APS)? + VPRSI < e 2K PV 1)

O =—————— O
For 7v: coupling of P[0, and P 0,,

P.f(z) — P.f(y) = / (F(2) — f(w))n(dzdw)

Take t — s = ad(x,y) for “suitable” a € R:

= (RHS) = / f(z)(z— f(w)d(z. w)m(dzdw)

w)

<" P(|VFI*) ()2 W, (Pjo,, PXd,) - --



Sketch of proof: (iii)’ = (ii)’

Ingredients

o Kantorovich duality:

W : 2 ~ . .
2, 1) = sup /Qlfdu—/fdv
2 fol _
o Hopf-Lax semigroup:
’ d(x,y)*
r = Inf |
@-f(@) = Inf 1/(y) o

1
*x 0,Q,f = —§|VQrf\2 (Hamilton-Jacobi eq.)



Sketch of proof: (iii)’ = (ii)’
(i) Wa (P o, P 1)

—1

< ( ere(dr) ) Waluuo, i)+ 5 €005 1)
iy 2 (AP f) 1 VR < e K PV AP

2K \7VP . dr
1 — e 2Kr "

where £(dr) = —
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Sketch of proof: (iii)’ = (ii)’

(ii)” W (P o, P/ )

—1

= (7[[ ezKT'S(d”'“)) Wa (1o, 1) Nﬁ([s»t])z

2

—_— 0 ———————— 0
For simplicity, g = 04,, 1 = 0,

W P*(S:EO,P*(S;M ?
2 (P ; ¢ Or1) = s?p PiQ1f(x1) — Psf ()]

Idea: give an upper bound of [-- -] being uniform in f



Sketch of proof: (iii)’ = (ii)’

(i)’ Wo(P*pg, PFpy)?

Q =2

—1

< (7[[ ezKrﬁ(d"“)> Wa (o, 1) ];[.’;“([s,t])z

00— 0
: [0,1] — M geod. joining xg & x4

: [0,1] — [s,t], n:[0,1] — [0,1]: 7, surj.
(suitably chosen)

= P,Q1f (1) — Psf(xo)
— Rl(l)Qlf('y(n(l))) — P(.y((_))QOf(’Y("'?(O)))

1
_ / 9, Pa(yQ., F(v(n(r)))dr



Sketch of proof: (iii)’ = (ii)’

(ii)' Wz(PjHOa R*N1)2

—1

< ( e redr) ) Waluos )+ % €015, 1)

O

BrPa(r)Qrf(‘Y(n(r)))
< & (r)AP,»Qr f(v(n(r)))

—  Pay (IVQF ) ((n(r)

+ 10/ ()| VP Qr I (v (n(7)))

O




Remarks

differentiation

N (i) / (i) d (iii) / (iii)’
Wass. contr. < gradient est.

Integration
o If an est. like (ii)" is “infinitesimally sharp”, then it
implies (iii)’
= An weaker est. than (ii)’ can be equiv. to (iii)’

= Self-improvements in Wass. contr.’s



Extended duality

Theorem 3 ([K.])

M : Polish geod. met. sp., P, = e**: Feller semigr.
Then for a,b : [0,00) — (0,00), TFAE:

(A) Wy (P po, P} pq)*

! §(dr) - 2 2
( . a(n) ) Wa (o, p1)” + &([s, t])

(B) |VP.f|> < a(t) [P(|VFf]?) + b(t)(LP.Sf)?

<

where &(dr) := b(r)~Y3dr,
IV fl(x): loc. Lip. const. of f at x



5. Proofs & extensions

5.2 Coupling methods
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Coupling by parallel transport
(Xo(t), X1(t)): coupling of BMs with different speeds

Driving noise dB1(t) of X1 (t)
— parallel transport of dBy(t) along a geod.
& scaling

dB1(t)
f‘f’/f“” \

\X:(t) ~: geod. X;.(t)/
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Coupling by parallel transport

s < t fixed, (pr)refo,1): Wa-geod. in P(X)
«:|0,1] — [s,t], n:|0,1] — [0,1]: 7, surj.

(X, (t), X,/ (t))tejo,11: coupling by parallel transport of
(X (ax(r)t),P, )and (X(ax(r')t),P

n(r) frr)

— WQ(P;(,)H,, P(;k(,,,)p,,./)2
S E [d(X,(]-)a X,’(l))2] S T

1
= Wa(Plpo, Pim)* < [ |Pigypnlidr <+
0

—WQ(P;(T)NM P;(r/)l'l’r’)

where \P(;"(;)ur|w2 = lim

"',l"' ,r.l —7r



5. Proofs & extensions

5.3 Questions



Questions

o (v) = (ii)’ 7
t Sturm/Lott & Villani's CD(K, IN)
o How sharp (ii)’ is?
% Seems to be sharp when K = 0

(Laplacian comparison)

o Connection with the monotonicity of normalized

L-transp. cost under backward Ricci flow?
[cf. Topping '09, K.-Philipowski "11]




