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1. What is Wasserstein distance?



Framework
(M, d): Polish space
P (M): probability measures on M

Wasserstein distance - - - distance on P (M)



Framework
(M, d): Polish space
P (M): probability measures on M

Wasserstein distance - - - distance on P (M)

For u,v € P(M),

II(w, v): set of couplings between p & v i.e.
II(p,v) C P(X X X),

(A X X) = pn(A),

Hov) =7 (X x A) = v(A)




LP-Wasserstein distance
For p € [1, 00|, p,v € P(X)

Wp(p,v) := inf |[d|[Lr(r) € [0, 00

well(p,v)

LP-Wasserstein space

Po,(M) C P(M),

PoM) = {1 | [ dCe,y)utdy) < oo |

o W, (p.v) < oo for p,v e Pp(M)



Alternative definition of W,

For p,v € P(M),

— 3 p11/p
WP(”? V) (;(I,I}f;)]E[d(X,Y) ] y

where the infimum runs over
o (X,Y): M x M-valued r.v.s,

erep,Yrev



Example
supp p = {a1,as,as}, supp v = {b;,bs. b}




Example

Supp pt = {ala a, Cl3}, SUpp vV = {U]- b2, b:a}
aq 2 o
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Example

supp 4 = {ai,az,as}, supp v = {

da 1 a 2 P
®

asg ¢ ®

w € II(pu,v): a prob. meas.
supported on {(a;,b;) | 2,7 € {1,2,3}}
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supported on {(a;,b;) | 2,7 € {1,2,3}}



Example

supp @ = {a1, az,as}, supp v = {

a 1 a 2 P
®

(L3 o °

w € II(pu,v): a prob. meas.
supported on {(a;,b;) | 2,7 € {1,2,3}}



Example
supp @ = {a1, az,as}, supp v = {

a 1 a 2 P
° o
\ .
a3z ¢ °
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Example
supp g = {(1«1_3 az, (1/3}, SUpp vV — {

(1/] (1’2 P
°< —0
\.
(L3 o °

w € II(pu,v): a prob. meas.
supported on {(a;,b;) | 2,7 € {1,2,3}}



Example

sSupp U — {(1/13 az, (1/3}, SUpp vV — { , }
a a- o
°< —0
\\.
3 e °

w € II(pu,v): a prob. meas.
supported on {(a;,b;) | 2,7 € {1,2,3}}
® 1, v unif. = Zp:{1,2,3} — {1,2,3} bij.
s.t. “unif. meas. on {(a;,b,(;))}" is a minimizer
|IBirkhoff’s thm]



Example

SUpp = {ala az, (Lg}, SUpp vV =— { y Y& }
a1 s a2 ®
(1/3. . ®

w € II(pu,v): a prob. meas.
supported on {(a;,b;) | 2,7 € {1,2,3}}
o 11, v unif. = 3p:{1,2,3} — {1,2,3} bij.
s.t. “unif. meas. on {(a;,b,(;))}" is a minimizer
|IBirkhoff’s thm]



Example

supp p = {a1,as,as}, supp v = {b;,bs. b}
A : \
(I3 o o

w € II(pu,v): a prob. meas.
supported on {(a;,b;) | 2,7 € {1,2,3}}
® 1, v unif. = Zp:{1,2,3} — {1,2,3} bij.
s.t. “unif. meas. on {(a;,b,(;))}" is a minimizer
|IBirkhoff’s thm]



Properties of W,

® 117ILIl Wp(,una :u) = 0 for H < PP(M)

L)

M1 i — 1 & sup [ d(,y)pn(dy) < oc
n JM

e W,,: distance on P,(M)
e Another variational formula (Kantorovich duality)

¢ Wy(p,v) <E[d(X,Y)P]'/P
for Ycouplings (X,Y)



More geometric properties

e W, is stable under perturbation of (M, d)

o W, reflects the geometry of (M, d) well.
For instance,
o (M,d): complete = sois (Pp(M), W),)

o (M,d): geodesic sp. = sois (Pp(M), W)



Proof of some properties



Lemma 1 (Zminimizer)

Woln,v) = ninld]l e ()

Proof

(775, )n: Minimizing sequence

x IT(p, v): compact. .. m, — -7 w.l.o.g.

|d||Lr(x) = lim ||d A R||pp(x)

R—)&
— Rh—I>noo (llTILIl Hd A RHLP(W?L))

< lim [|d]| 1o x,.



M product of M with index set A
pi,;:. proj. to 2-th and y-th components

Lemma 2 (gluing)

T € H(“la FLZ)v T C H(LLQ, Mg)

= 7 € P(M?>) s.t.

ia

~ 7
P{ o™ = 71, P

T =

Proof

c c
(X1,Y1) ~ 1, (Yo, Z2) ~ w2
P(X, € dx|Y, = y|P[Zy € dz|Y5 = ylps(dy)

=: (dxdydz)




Pf: W,,: dist

o m € Il(pq,p2), wo € II(p2, pe3): minimizer
7v: gluing of 71 and 75

= W (11, 13) < ldll 1o o

1,3

< ||d||Le(m) + |dl|lLp(xa) [/

o W,(p,v) = 0, w: minimizer

= u(A) =7(A X X)
=7m({(z,x) |z € A}) = v(A)




Pf: lim,, W, (ttn, ) = 0= pp — p

o € (e, oy, ): Minimizer

x 7 € P(MNo), pff”ﬁ = TTn
(via gluing & Kolmogorov's extension thm)

= pn — po in LP(MNe, 75 M)

= | fdun= | fop.d
M MNo |

—> f O Po dﬁ'
MNo

for Vf € Cy(M)




Kantorovich duality

&
displacement interpolation



Theorem 1 (Kantorovich duality)

Wp(p, v) =sup
g,f

— sup
f

where f,g € Cy(M),

/. gdu+/ fdv

/ fdu+/ fdv

g(xz) + f(y) < d(z,y)?,
f(z) := inf [d(z,y)? — f(y)]

yecM




Constraint: g(x) + f(y) < d(x,y)P

= For m € I1(p, v),

fvins [, 10

_ /M(g(a:) + f(y)) 7 (dzdy)

S Hd“zl)'m(ﬂ')

= Wp(p,v)P > sup
g,f

/ gdu+/ J dv
J M M _




If # € II(w, v): minimizer, ( fo, go): maximizer
e go(x) + fo(ly) = d(x,y)P m-a.e. (x,y)




If # € II(w, v): minimizer, ( fo,go): maximizer
e go(x) + fo(ly) = d(x,y)P m-a.e. (x,y)
¢ gozfo&f():@o

= Wi(uv) = sup | fd(u—v)
f: 1-LipJ M




If m € I1(p, v): minimizer, ( fo, go): maximizer
e go(x) + fo(ly) = d(x,y)P m-a.e (x,y)
¢ Qozfo&fozﬁo

= Wi(uv) = sup | fd(u—v)
f: 1-LipJ M

1
¢ When M = R™, d(:z:,y)2 = —|x — y\z,

2
g(x) + f(y) < d(z,y)*
S g(x)+f(y) 2y

(3(2) == glaf* -~ 9(@)

= §o = Legendre conj. of fj




Property: (P,(M), W,,): geodesic sp.

(M, d): geodesic sp.
iff "o,y € M, 3~ :[0,1] — M s.t.
7(0) =z, ~v(1) = v,

d(v(s),~(1)) = |s — t|d(z, y)
(+: constant speed minimal geodesic)

Example

o (R™, ]| -][p), p € [1,00]
o M : Riemannian mfd with the Riem. distance
X A C R™: not convex, with || - ||2




I' := {~:[0,1] — M const. speed min. geod.}
et : I' = M, e(y) := (1)

Theorem 2 (displacement interpolation)

Suppose (M, d): geodesic sp.
For pg, 1 € Pp(M), "= € P(I) sit

oe#E:ug efﬁE:,ul

o Wp(et i—', 6#'_‘ — |dHLp((etaeS)#E)

= |t — s|Wp (1o, p1)
(= (B#E)tE[O,l]: min. geod. in (P,(X), W),))



2. Wasserstein contraction

and
equivalent conditions



Example
L:i=A—-—VV.VonR™

i
dX* = v/2dB; — VV(X*)dt, X2 ==

Assumption:
(VV(z) = VV(y)) - (z —y) > K|z — y|*

(t Hess V > K)



dX* = v2dB; — VV(XZ)dt,

U

W, (PX: ,PXt) < e Ktz — y
— e "W, (64, 0y)



dX* = v2dB; — VV(XZ)dt,
X, X str. sol. of the SDE with a common B,
J

W, (PX: ,PXt) < e Ktz — y
— e "W, (64, 0y)



dX* = v2dB; — VV(XZ)dt,
X, X str. sol. of the SDE with a common B,

\(X
d( Xy — X/)=—(VV(X]) - VV(X})) dt
\(%
d|XF — X7 |” < —2K|X? — X?|*dt
\(X
XT — XP|?2 < e *Htz — y|?
\(%
W, (BX:,PX) < e Ktz —

— e "W, (64, 0y)



M : complete Riemannian manifold
P, = e'®: heat semigroup



M : complete Riemannian manifold
P, = e'®: heat semigroup

Theorem 3 [von Renesse & Sturm '05]

For K € R, the following are equivalent:

(@) Wa(PFpo, Prug) < e tWa(po, p1)
b) Ric > K

(b)
(c) IVPf|(x)* < e * 'R (IVf|*)()
(d) CD(K, o0)




Relative entropy: Ent(u) := / p log p dv
M

(if du = pdv & [plog p]_ € L)

The condition CD( K, 00):
For Y Wa-geod. (ptt)tcio,1],
Ent(p:) < (1 — 1) Ent(po) + ¢ Ent(pq)

K 2
> L1 — t)Wa(po, p1)
(< “Hess Ent > K")



Significance of Theorem 3

e Each condition has rich applications

e (a) & (d) are stable under the measured
Gromov-Hausdorff convergence

e Source of several trials to extend the existing
theory, once we obtain a variant of them
~> the latter part of the talk



3. Coupling by parallel transport



In Theorem 3
(M: cpl. Riem. mfd, P;: heat semigroup),

(b) Ric > K
J
(@) Wa (P o, Pp) < e FtWo (1o, p1)

by studying a coupling by parallel transport of BMs
[F.-Y. Wang '05, K. '10, etc.]



Example (BM on R™)




Example (BM on R™)




Example (BM on R™)




Example (BM on R™)

x Y



Example (BM on R™)

x Y



Example (BM on R™)




Example (BM on R™)

)
v

Xa
1 2 1 2

= X" - X7 = X" - X7

= Wa (P p1, P p2) < Wa(pa, p2)



Coupling by parallel transport on a Riem. mfd M

(X,fl), X,fz)): coupled BMs on M,

driving noise dBt(z) of Xt(z)
— parallel transport of dB,gl) along a geod.



Coupling by parallel transport on a Riem. mfd M

(X,fl), Xt(2)): coupled BMs on M,

driving noise dBt(z) of X,f2)
— parallel transport of dBél) along a geod.




Coupling by parallel transport on a Riem. mfd M

(X,fl), Xt(z)): coupled BMs on M,

driving noise dBt(z) of Xt(z)
— parallel transport of dBt(l) along a geod.

M
* X(z)
~{ /Xt( ) t 1 =
TX(I)M TXt(z)M



Coupling by parallel transport on a Riem. mfd M
(X,fl), X,fz)): coupled BMs on M,

driving noise dBt(z) of Xt(2)
— parallel transport of dB,gl) along a geod.

. \

12382

/X(l) \ X(z)/

TX§1)M Tx(z)M




Coupling by parallel transport on a Riem. mfd M

(X,fl), X,fz)): coupled BMs on M,

driving noise dBt(z) of Xt(z)
— parallel transport of dB,gl) along a geod.




Coupling by parallel transport on a Riem. mfd M

(Xél), Xt(2)): coupled BMs on M,

driving noise dBt(z) of Xt(z)
— parallel transport of dB,gl) along a geod.




ldea of Pf: (b) = (a)

o “|to formula” for p; := d(Xt(l), Xt(z))

= dp = 0+ Y (Viesen)?d(X", X ) dt

e Ric > K
= (2nd) < — K p,dt

= d(X\", X?) < e Kta(x§", X§?)




ldea of Pf: (b) = (a)

o “|to formula” for p; := d(Xt(l), Xéz))

= dp = 0+ Y (Viesen)?d(X", X ) dt

e Ric > K
= (2nd) < — K p,dt

= d(X\", X?) < e Kta(x§", X§?)

Remark
di1s NOT differentiable at some off-diagonal points

= technical difficulties




Time-dependent metric

(g(t))+: complete Riem. metrics on M
e BMon (M,g(t)): diffusion < A,



Time-dependent metric

(g(t))+: complete Riem. metrics on M
e BMon (M,g(t)): diffusion < A,

* If 9:9(t) < 2Ricyu) —2Kg(t), then

Wi (P, Prug) < e PWEo (uy, pu2)

IMcCann & Topping 10,
Arnaudon, Coulibaly & Thalmaier '09, K.]



(backward) Ricci flow: 9:g(t) = 2 Ricgyy)




(backward) Ricci flow: 9:g(t) = 2 Ricgyy)

e Perelman’s L-distance: L(7y, x; T2, y)

(71 < 72, &,y € M)
o Given 0 < 7 <~

O;(x,y): a normalization of L(7t, x; 7-t, y)



(backward) Ricci flow: 9,g(t) = 2 Ricy s

e Perelman’s L-distance: L(7y, x; T2, y)

(T]. < T2, L4l - M)
o Given 0 < 7 <

O (x,y): a normalization of L(7t, x; 7>t, y)
Theorem 4 [Topping '10, K. & Philipowski '11]}

Under ¢-unif. lower bound of Ricg ),

3(x M, X)) coupling of g(t)-BMs s.t.
e, (x"), x?)) \\ as.

(coupling by space-time parallel transport)



4. Dual approach



In Theorem 3
(M: cpl. Riem. mfd, P;: heat semigroup),

() [VP f|(x)? < e 2K P(|Vf|?) ()
4
(a) Wa(P; po, Py p1) < e Wa(po, pa)

by passing through (b) Ric > K




In Theorem 3
(M: cpl. Riem. mfd, P;: heat semigroup),

(c) [VP:f|(x)? < e 2K P,(|Vf|?) ()
J
(a) W2 (P po, Py 1) < e Wa(po, p1)

by passing through (b) Ric > K

% Direct proof is possible in a generalized framework



Framework

(M, d): Polish metric sp.



Framework
(M, d): Polish metric sp.
p(x, dy): Markov kernel on M




Framework
(M, d): Polish metric sp.
p(x, dy): Markov kernel on M
= P :Cy(M) — Cp(M),
P*: P(M) — P(M)




Framework
(M, d): Polish metric sp.
p(x, dy): Markov kernel on M
= P :Cy(M) — Cp(M),
P*: P(M) — P(M)
(When M: Riem. mfd, P = P, for instance)




Framework
(M, d): Polish metric sp.
p(x, dy): Markov kernel on M
= P :Cy(M) — Cp(M),
P*: P(M) — P(M)
(When M: Riem. mfd, P = P, for instance)

For f : M — M,

V£|(%) = limsup \f<a2(; ;)(.y)\




Given C > 0,
W,(P*u, P*v) < CW,(n,v) (W)
[IVPf|(x) < CP(|Vf|7)(x)/7  (Gy)

(n,v € P(X), f € C'°(X))



Given C > 0,
W, (P*p, P*v) < CW,(p,v)  (Wp)
[VPf|(z) < CP(IVF|7)(x)/7  (Gy)

(n,v € P(X), f € C,P(X))

Theorem 5 [K. cf. K. '10]

1 1
For p,q € |1, 00| with — + — =1,

% q
(Wp) & (Gq)




ldea of Pf: (G,) = (W,,) for p € (1, 00)
By the Kantorovich duality,

Wy, (P*04, P*6,)P
P( p y) — st;p[PQlf(CU)—Pf(y)]

(Q+f: Hopf-Lax/Hamilton-Jacobi semigroup)
*v:[0,1] = M, ~(0) =y, v(1) ==z

= PQ1f(z) — Pf(y) = / D (Qef (ve))dt

- [calc. of B (Quf(ve)) & (Go)] = (W)




Previous argument: (iii)) = (ii)
VP, f|(x)? < e 2R P (|V fI?) ()
4 04
I'5-condition:
CA(IVIP) ~ (V. VAS) > K|V
|l Bochner formula
Ric > K




Previous argument: (iii)) = (ii)
VP, f|(x)? < e 2P (IVf|*) ()
4 04
I'5-condition:
CA(IVIP) ~ (V. VAS) > K|V
|l Bochner formula
Ric > K

Remark
@ ¢ 25t conti. at + = 0 is essential




Gradient estimates for hypoelliptic diffusions

|Driver, Melcher, Bakry, Baudoin, .. .}
VP f(x)|" < O, (1) P(IV f])(x)"

with |V f|?: carré du champ < P



Gradient estimates for hypoelliptic diffusions

|Driver, Melcher, Bakry, Baudoin, .. .}
VP f(z)|” < Cp(H) P (V) ()P
with |V f|?: carré du champ <~ P,

o C,(t): NOT conti.att = 0



Gradient estimates for hypoelliptic diffusions

|Driver, Melcher, Bakry, Baudoin, .. .}
VP f(x)|" < O, (1) P(IV f])(x)"

with |V f|?: carré du champ <~ P,
o C,(t): NOT conti.att = 0

e Theorem 5 is applicable



Gradient estimates for hypoelliptic diffusions

|Driver, Melcher, Bakry, Baudoin, .. .}
VP f(x)|P < Cp(1) P (|V f]) ()"
with |V f|?: carré du champ <~ P,
e C,(t): NOT conti.att = 0

e Theorem 5 is applicable

e Coupling methods seems to be hard
(e.g. [Kendall '07])



5. Heat distribution
as a gradient flow on P, (M)



In Theorem 3,
(M: cpl. Riem. mfd, P;: heat semigroup),

(d) CD(K, oc)

J
(a) Wa(P; o, Py pa) < e Wa(po, p1)

([Erbar '10] for a direct proof)



In Theorem 3,
(M: cpl. Riem. mfd, P;: heat semigroup),

(d) CD(K, oc): For YWy-geod. (14¢)¢cio.1],
Ent(p:) < (1 —1t) Ent(po) +t Ent(p)

K
> t(1 — t)Wa (g, p1)?

J
(a) Wa(P; po, Py pa) < e Wa(po, p1)

([Erbar '10] for a direct proof)



Heuristics [Otto '01]
(pe¢)¢: heat distribution

— a gradient curve of — Ent on (P2 (M), W)
l.e.

= —VE t(per)
dtﬂt— NUfet



Heuristics [Otto '01]

(pe¢)¢: heat distribution
— a gradient curve of — Ent on (Po(M), W5)

l.e. d
—pe = —V Ent
dtut nt (fes)
4
Hess Ent > K

= VY 1! gradient curves,

1 2 _ 1 2
Wa (s, 1d?) < e KWy (ul”, p$?)



Heuristics [Otto '01]
(pe¢)¢: heat distribution
— a gradient curve of — Ent on (P2 (M), W)

l.e. d
—pe = —V Ent
dtut nt (fes)
4
Hess Ent > K

= VY, 1{?): gradient curves,

1 2 _ 1 2
Wa (", i) < e KWy (ul®, ui?)

v It works even when M i1s NOT smooth



Theorem 6

M : cpt. m-dim. Alexandrov sp., curvature > k




Theorem 6

M : cpt. m-dim. Alexandrov sp., curvature > k

(1) [Petrunin '09] CD(K,0), K = (m — 1)k




Theorem 6

M : cpt. m-dim. Alexandrov sp., curvature > k
(1) [Petrunin '09] CD(K,0), K = (m — 1)k
(i1) [Ohta '09] u(i)' grad. curves of — Ent

= Wa(pg', pg)) < e S tWa(ug", pg”)




Theorem 6

M : cpt. m-dim. Alexandrov sp., curvature > k
(1) [Petrunin '09] CD(K,0), K = (m — 1)k
(i1) [Ohta '09] u(i)' grad. curves of — Ent

= Wa(ui, pn?) < e M Wa(ng”, 1)

iii) [Gigli, K. & Ohta '10] ¥ : grad. curve,
Ht — P{g O,

where P%: the heat semigroup
« the canonical Dirichlet form on L?(M)




The “metric” on (P2(M), W)

&
Gradient curve of — Ent



One more property of W,




One more property of W,

For simplicity, suppose NV — R™



One more property of W,

For simplicity, suppose M/ — R™
Proposition [Brenier '91, McCann 95}

Lo, i1 € P2 (R™), abs. conti. w.r.t. Leb. meas.

% : R™ — R: convex s.t.

o (V@) o = 1,
Wa (o, p1)?

. — | |o—V@(@)po(da)
2 JR™

o py:= ((1 —t)I +tVp)7 g
= (¢ )e: Wa-min. geod.




1 .,
pi=gl "=
= (1 —t)z +tVe(xz) = exp, (—tVy)



1
o— __| 2 — (A
pi=gl "=
= (1 —t)x +tVe(x) = exp, (—tVp)
— cc‘ﬂO‘Q” — / ‘Vg0|2 d,u()



1,
pi=gl "=
= (1 - ta + tVe(x) = exp, (—tV)
— “‘I.LOP” — /R ‘VSOIZ d,u()
“Natural™ definition
e Tangent space at . € P2 (R™):
T,P,(R™) = (Ve | g € C=(R™)}
e Riem. metric on T}, P (R™):
#(Vo, Vi) (i) i= | (Ve Vib)dy:

™m

L= (p)




“Regular” curve in P (R™)
et € Cg°(R™), ®;: grad. flow of ¢ on R™
Mt <= (I)fﬁ“’ (= Vi € T, P2(R™))




“Regular” curve in P2 (R™)
pt € Cg°(R™), ®;: grad. flow of ¢ on R™
pe =P p (= Ve, € T, P2(R™))

d d
— — d — — o P d
1 Rmf ot 7 Rmf t AL

[ ()0 B 00

— (Vf, Vo )dpg
Rm™

d

= e = div,, (Ve )pe (weakly)



Gradient of Ent

For puy = @f&u = pev (v: Leb. meas.),



Gradient of Ent
For pu; = @fﬁu = pev (v: Leb. meas.),

d
— Ent _o0 = — | d
P Il (Mt)|t_o dt Jom og pt At e
Po
= Ot po dv + ( , Voo)dp
R™ R™ o




Gradient of Ent
For pu; = @fﬁu = pev (v: Leb. meas.),

S
|

|
<
S
&
S
4
A
|



d

. —
dt“t

‘ —
dt“t

= divy, (Vi) ue

—V Ent(pue) iff Vy

Pt



d

o i = divy, (Vepr) e

dt

d
o — p—
dtut

— J dp

—V Ent(pu.) iff Vo = Pt
Pt
—> When 4 grad. curve of — Ent,
— —/ <Vf, V,Ot>d”0

Af dyp
R™

. put solves the heat equation (weakly)



6. Curvature-dimension conditions



Framework: M : cpl. Riem. mfd, P;: heat semigroup




Framework: M : cpl. Riem. mfd, P;: heat semigroup

Ric > K

1
& 5A(\Vf\2) —(VF, VAF)
> K|V f|?

[Bakry & Emery '84]
& |[VPf|? < e ?"'Py(|Vf|?)



Framework: M : cpl. Riem. mfd, P;: heat semigroup

Ric > K & dim M < N

1
& ANV —(VHVAf)
> K|V f|* A N(Af)2

[Bakry & Emery '84]



Framework: M : cpl. Riem. mfd, P;: heat semigroup

Ric > K & dim M < N

1
@ SANVH) (V£ VAf)
> K|V f|* N(Af>2

[Bakry & Emery '84]
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Theorem 7 [K.]

The last inequality is equivalent to the following:
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