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Let (X,d) be a Polish space. Let d and d be continuous distance functions on X (d can be
different from d). For f: X — R and x € X, we define |V f|(x) and |V4f]|c by

f(x) = f(y)
d(z,y)

Note that ||Vif|lcc < oo holds if and only if f € Lipy;(X). Let P(X) be the space of all
probability measures on X. For p € [1,00] and p, v € P(X), we define LP-Wasserstein (pseudo-)
distance d)" (11, v) by

|Vaf|(z) :==lim sup
10 0<d(z,y)<r

, |Vaflloo := sup |Vaf|(x).
reX

a3 (. v) o= inf { ||| o

We define |V ;f|(z), [|V;f]lc and JJV similarly by using d instead of d.
Let (Py;)zex be a Markov kernel. For p € [1,00], we consider the following two properties:

7 : coupling of p and 1/} . (I

(i) (L%-gradient estimate (of Bakry-Emery type)) For f € Lipy(X) N Cy(X),

VPfl(@) < P(IVaf|?)(2)" (Gqg)

for any z € X when ¢ < co. When ¢ = oo,
IViPflloe < 1Vaf oo - (Goo)

(ii) (LP-Wasserstein control) For any p,v € P(X),

a¥ (P, Pv) < dY (u,0). (C))

Assumption 1

(i) d and d are compatible with the topology on X and (X, d) is locally compact.

(ii) For any z,y € X there exists a curve 7 : [0,1] — X from z to y such that d(y(s),7(t)) =
|s — t|d(x,y) for any s,t € [0,1]. The same is true for d.

(iii) There exists a positive Radon measure v on X such that

(a) (X,d,v) enjoys the local uniform volume doubling condition, that is, there are con-
stants D, Ry > 0 such that v(Bay(z)) < Dv(By(z)) holds for all z € X and r € (0, Ry).

(b) (X,d,v) supports a (1, p)-local Poincaré inequality for some p > 1, that is, for every
R > 0, there are constants A > 1 and Cp > 0 such that, for any f € Lip,(X),

1/p
/ f = fx,r| dv < Cpr {/ |Vdf|pdv} (IT)
B’”(x) B)\'r(l')

holds for every z € X and r € (0, R), where f,, := v(B,(z))™! fBr(r) f dv.

LS THERGRS v AP 4 (2010 4F 12 H 20 H—12 H 23 H REERAHTHFZEAT) i TR
"URL: http://www.math.ocha.ac.jp/kuwada  e-mail: kuwada.kazumasa@ocha.ac.jp




(¢) P, is absolutely continuous with respect to v for all x € X; P,(dy) = P(y)v(dy). In
addition, the density P,(y) is continuous with respect to .
Theorem 1 [3] Let p,q € [1,00] with p~! + ¢! = 1. Then the following hold.
(i) (Cp) implies (Gy) (without Assumption 1).
(ii) Suppose that Assumption 1 holds. Then (Gg) implies (Cp).

Example 1

(i) Let X be a Lie group of type H (e.g. a Heisenberg group), d the Carnot-Caratheodory
distance and P = P the heat semigroup associated with the canonical sub-Laplacian.
Then (G1) holds with d = Kd for some K > 1 (see [2]; K must be > 1).

(ii) Let (X,d) be a Lie group with a bracket generating family {X;}! ; of left-invariant vector
fields, d the associated Carnot-Caratheodory distance and P = P; the heat semigroup
associated with 37 | X?. Then (G,) holds for ¢ > 1 with d = K,(t)d (see [5]). If X is
nilpotent, K,(t) = K, for some constant K, > 1.

Assumption 1 is satisfied in the cases (i)(ii). Hence we can apply Theorem 1 to show (C) or
(Cp) (1 < p < o0) respectively.

For the proof of Theorem 1 (ii), we use a general theory of Hamilton-Jacobi semigroup
developed in [1, 4] in the context of abstract metric spaces. Given p € [1,00), we define Q;f by

@uf(w) = inf [f(y) +i ]19 <W>p]

for f € Cy(X). Under Assumption 1 (iii)(a) and (iii)(b), for ¢ > 0 and v-a.e. x € X,

iy QeSO =D Y1,y

sl0 S

The Kantorovich duality provides a expression of dJV (u,v) by means of the Hamilton-Jacobi
semigroup and a sort of “the fundamental theorem of calculus” and “the Leibniz rule” implies
the conclusion.
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