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31 Introduction



M : closed Riemannian manifold
({zt}+>05 1P« foenr) : diffusion process on M

1
its generator : L := EA + b

Xi(a) := / « : stochastic line integral
z[0,t]

(o : smooth differential 1-form)
Xi(a) =: Yi(a) + A¢(a)

Y: () : martingale part of X; ()
A () : bounded variation part of X, ()



| - || : p-th order L%-Sobolev norm on 1-forms;

ol = [ 10— A)*2alde

IR

D,, := {smooth differential 1-forms}

x D_,, is regarded as D,,”

p > O large enough —> X4, Y, Ay € D_,,




Purpose : To know the asymptotic behavior of

{Yi:} 40 ast — oo

e Xt or At
t
, e empirical measure / 0. ds
Analysis 0
for Y; . e homological behavior of

{ZS}SE[Oat]
o Periodic diffusion(M = T¢)




Known results

Law of large numbers: Y; := ZYt —— 0
(Ikeda '87)

_ 1 ' d
Central limit theorem: P, O<7ZYt> —— Vs,
(Ochi '85)

Large deviation with a rate function I:
P,|Y;, € Al < —t inf [T
Y: € A exp< inf (w)>
(K. '03)



=> By the Varadhan lemma, for F' : D_, — R,

lim ~ log Ex [exp (LF(3))]

t—oo {

= sup (F(w) — I(w))=: kF
weD_,

Problem:

e "FE, |exp (tF(Y:)) > ?

t— o0




32 Rate function I and its perturbation



Heuristics on the Varadhan lemma

By the large deviation,

P, |Y;: € dw| < exp ( — tI(w))dw
= B, [exp (tF(Y2))]

= /exp <t(F(w) - I(w)))dw

1 _
= —logE, |exp (tF(Y))] > K

5 t— o0




the limit of e 7**FE,, [exp (tF(Yz))]

l

behavior of F' — I near w where
F(w) — I(w) = kF

For simplicity, suppose

= V(F — I)(wg) =0, V2(F — I)(wg) <0

F(w) — I(w) = kp & w = wg

(Assume F' to be smooth in the Fréchet sense)




1
—/ [w|2dp”  if w € K,
I(w):=< 2 /M

o0 otherwise.
d w
weE NS Iu® e Mi(M) s.t. \/ 5 € H,,
v

(w, du) + / Ludp” = 0.
M

weHES we Qand “w € L2 (du™),

s.t. (w,a) = /M(zb,a)duw.



L% = Lu+ (o, du) + — |0¢\2

A(a) : the principal elgenvalue of L

h® : eigenfunction < A ()
dh®

ha
LY := Lu+ (a,du)
m,, . normalized invariant measure of L
Qg +— VF(’UJ()), 1.€. (w, C\ﬂ0> :VF(’UJ())(’UJ)

8% o

lemmal (wo, B) = / (65, B) dm.,
M




" 1
Proposition1 L., (w) > §(w,G£Ow)_p.

(< V2(F — I)(wo) < 0)

1 , |
—/ |w|“dmg, ifw eI
Ly, (w) =<2 /M ’

o0 otherwise.
w & g‘C,'wO = EIQIJ = L%(dmao);

(w, 3) = /M(Qb,ﬂ)dmao.
(2Lw0 & VZI(wO))




(m, Gf,oﬂ)—p
= V*F(wo)((1 =T} )n, (1 =T )n).

I'a, : D, — D, bounded and linear
., B = du®oP
u®°:P : 3 solution to

LYu = (ag, 8) — /M (oo, B) dmg, .



Assumption 1 36 > 0 s.t.




33 Asymptotic behavior near equilibrium



J(t) := e ""FE, |exp (tF(Yy))]

A == {[|Y: — wol|-p < €}

U
J(t) ~ e "FE, [14exp (t(F(Y:) — kr))]
By the large deviation for Yz,

1 _
limsup— log E, exp (tF(Y;)) ; A€

t— 00 {

<sup {F(w) — I(w) ; [[w —woll—p > €}

< KFf



e =~ 0 = the Taylor expansion of F(Y;) near wq

U

heo (z)

J(t) ~ B0 [1,4-

ho (Zt)

X exp (%VZF(wo)(YZ — wg, Yz — ’wO))]

E2 [f(z)] = e "MYE,

oY ()

ho‘(zt)

he(x)

f(zt)-

( A () : principal eigenvalue of £ « h® )




h-transform

measure P. = pP2o
generator L = Lo
martingale Y; = Y, ~°
CLT 1Y, Svs, = LV S s,
covariance So = Swe

Y2 (8) 1= Yi(B) — | (65 8)(z)ds

(S (77), B) = /M(%ﬂ)dmao (v, B € D,)



Lemma 2
Y; —wo = (1 — T}, )Y,*° + (remainder term)

Proof.

Yi(B) — (wo, B) — Y (B)

— %/Ot (00, B) (zs)ds— /M (00, B) dmia,

1
_/ Laouao’ﬁ(zs)ds
t Jo

_Y;Oﬂo (duao 318)
_|_ t—]- (uaOnB(zt) _ uaOa/B(zO))



J(t) ~

EZ0 114

J(t) ~ h*(z)E)° |

(84
x B

heo (x) t . _ ’
N <_(Y; Oszlj;oY;t O)—p>

" heo(zy)

1A-eXp(

1

2

2

U | 2zt 1s strongly mixing




1
— eX
7 P

(

1

2

(w, S;:w)_p) dw )



Now remove the assumption

F(w) — I(w) = kp & w = wg

Krpi={weD_,; F(w) — I(w) =Kkr}
X g is a nonempty compact set

Assumption 1’
For Vw € K, 39,, > 0 so that

forall m € D_,,.




Theorem 1 Under Assumption 1’,
#Kprp < oo and

lim e " FE, |exp (tF(Y))]

t— 00

h%w (x) 1
:Z det(]_ _ GF O S )1/2 / how dmaw7
weK g W w M

where o, = VF(w).

(Assumption 1< VH(F—-1)<0 )



34 Related results



Asymptotic behavior of X; and A;

(@) i= [ ((bia) = Jd"a) dma

1 _ 1
Xt b ZXt — €, At c = ZAt — €

x lim X; = lim A; = 0 a.s.

t— 00 t— 00

Qo := du®, Lu® = (b,a) — %d*a — e(a)
~ A((1—Q)a) =0



=  Xi(a) =Y((1 - Q)a)
+t77 (u(2t) — u™(20))
Ai(a) = Y1 ((-Q)a)
+t77 (u®(2t) — u(20))

LDP: IT) (w) = inf I(n) (T :D_p— D_p)
n=w

r.v. rate function
X, «—— 7(1=Q7)
A, —— 7(=Q7)



Fl 2:FO(1—Q*)
Theorem 2 Assume V2(F; — I) < 0 on Kp, .
Then #Xp, < oo and

lim e "M E, [exp (tF (X))

t— o0

h,Cw (m)e—u&’w (x) U™
-3 | Sardma,
det(1 — GEr 0 S,,)1/2 [ g

w gCFl

(@t = VFi(w), & = VF((1 — Q*)w))




Fz :—= F' o (—Q*)
Theorem 3 Assume V?(F, — I) < 0 on Kg,.
Then #XK g, < oo and

lim e "2 E, [exp (tF(A:))]

t— o0

h,Cw (m)e—u&’w (x) U™
-3 | Sardma,
det(1 — GE2 0 S,,)1/2 g

w gCFz

(@t = VFy(w), & = VF((—Q*)w))




Empirical measures

A(a) = /Ot ((59 ) — %d*a> (2s)ds
= A;(du) = /Ot Cu(z,)ds

t:D_p— H 5, <L(w)7u>I—I = (w, du)

G = L1 : Green operator

_ 1 [ _
= G 01(Ar) + mo = 2/ 0, .ds =: 1
0



F . H_p_|_1 — R
Apply Theorem 3 for F'(-) = ﬁ‘(g* o ¢(+) + my)

U

lim e *FE, {exp (tﬁ’(l_t))}

t— 00
h“(m)
~ . \1/2

pek . det (1 — V?2F o S,,,) M

(cf. Bolthausen-Deuschel-Tamura '95)




Comparison with Theorem 1

Nonexistence of a term corresponding to (1 — I‘Z‘;w)

T

T Y:(or X;, A:) depends on P, in its definition
—> We need a correction term under the
transformation of measure P, — P2°

T The definition of [; is independent of P,
= We need no correction term




