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§1 Introduction



M : closed Riemannian manifold

({zt}t≥0, {Px}x∈M) : diffusion process on M

its generator : L :=
1

2
∆ + b

Xt(α) :=
∫

z[0,t]

α : stochastic line integral

(α : smooth differential 1-form)

Xt(α) =: Yt(α) + At(α)

Yt(α) : martingale part of Xt(α)
At(α) : bounded variation part of Xt(α)



‖ · ‖p : p-th order L2-Sobolev norm on 1-forms;

‖α‖2p :=
∫

M

|(1−∆1)p/2α|2dv

Dp := {smooth differential 1-forms}
‖·‖p

? D−p is regarded as Dp
∗

p > 0 large enough =⇒ Xt, Yt, At ∈ D−p



Purpose : To know the asymptotic behavior of

{Yt}t>0 as t→∞

Analysis

for Yt

 



• Xt or At

• empirical measure

∫ t

0

δzsds

• homological behavior of

{zs}s∈[0,t]

• Periodic diffusion(M = Td)



Known results

Law of large numbers: Ȳt :=
1

t
Yt −−−→

t→∞
0

(Ikeda ’87)

Central limit theorem: Px ◦
(

1
√

t
Yt

)−1
d−−−→

t→∞
νS0

(Ochi ’85)

Large deviation with a rate function I:

Px

[
Ȳt ∈ A

]
� exp

(
−t inf

w∈A
I(w)

)
(K. ’03)



⇒ By the Varadhan lemma, for F : D−p → R,

lim
t→∞

1

t
log Ex

[
exp

(
tF (Ȳt)

)]
= sup

w∈D−p

(
F (w)− I(w)

)
=: κF

Problem:

e−tκF Ex

[
exp

(
tF (Ȳt)

)]
−−−→
t→∞

?



§2 Rate function I and its perturbation



Heuristics on the Varadhan lemma

By the large deviation,

Px

[
Ȳt ∈ dw

]
� exp

(
− tI(w)

)
dw

⇒ Ex

[
exp

(
tF (Ȳt)

)]
�
∫

exp
(
t
(
F (w)− I(w)

))
dw

⇒
1

t
log Ex

[
exp

(
tF (Ȳt)

)]
−−−→
t→∞

κF



⇒


the limit of e−tκF Ex

[
exp

(
tF (Ȳt)

)]
l

behavior of F − I near w where

F (w)− I(w) = κF


For simplicity, suppose

F (w)− I(w) = κF ⇔ w = w0

⇒ ∇(F − I)(w0) = 0, ∇2(F − I)(w0) ≤ 0
(Assume F to be smooth in the Fréchet sense)



I(w) :=


1

2

∫
M

|ŵ|2dµw if w ∈ H,

∞ otherwise.

w ∈ Ω⇔ ∃µw ∈M1(M) s.t.

√
dµw

dv
∈ H1,

〈w, du〉+
∫

M

Lu dµw = 0.

w ∈ H⇔ w ∈ Ω and ∃ŵ ∈ L2
1(dµw),

s.t. 〈w, α〉 =
∫

M

(ŵ, α)dµw.



L̃αu := Lu + (α, du) +
1

2
|α|2u

Λ(α) : the principal eigenvalue of L̃α

hα : eigenfunction↔ Λ(α)

α := α−
dhα

hα

Lαu := Lu + (α, du)

mα : normalized invariant measure of Lα

α0 := ∇F (w0), i.e. 〈w, α0〉=∇F (w0)(w)

Lemma 1 〈w0, β〉 =
∫

M

(α0, β) dmα0 .



Proposition 1 Lw0(w) ≥
1

2
(w, GF

w0
w)−p.(

⇔ ∇2(F − I)(w0) ≤ 0
)

Lw0(w) =


1

2

∫
M

|w̌|2dmα0 if w ∈ H′
w0

,

∞ otherwise.

w ∈ H′
w0

⇔ ∃w̌ ∈ L2
1(dmα0),

〈w, β〉 =
∫

M

(w̌, β)dmα0 .(
2Lw0 ⇔ ∇2I(w0)

)



(η, GF
w0

η)−p

= ∇2F (w0)((1− Γ∗
α0

)η, (1− Γ∗
α0

)η).

Γα0 : Dp → Dp bounded and linear

Γα0β = duα0,β

uα0,β : a solution to

Lα0u = (α0, β)−
∫

M

(α0, β) dmα0 .



Assumption 1 ∃δ > 0 s.t.

Lw0(w) ≥
1

2
(w, GF

w0
w)−p + δ‖w‖2−p.

(⇔∇2(F − I) < 0)



§3 Asymptotic behavior near equilibrium



J(t) := e−tκF Ex

[
exp

(
tF (Ȳt)

)]
A :=

{
‖Ȳt − w0‖−p ≤ ε

}
�

J(t) ∼ e−tκF Ex

[
1A exp

(
t(F (Ȳt)− κF )

)]

By the large deviation for Ȳt,

lim sup
t→∞

1

t
log Ex

[
exp

(
tF (Ȳt)

)
; Ac

]
≤ sup {F (w)− I(w) ; ‖w − w0‖−p > ε}

< κF



ε ≈ 0⇒ the Taylor expansion of F (Ȳt) near w0
⇓

J(t) ∼ Eα0
x

[
1A ·

hα0(x)

hα0(zt)

× exp
( t

2
∇2F (w0)(Ȳt − w0, Ȳt − w0)

)]
Eα

x [f(zt)] = e−tΛ(α)Ex

[
eYt(α) hα(zt)

hα(x)
f(zt)

]
(

Λ(α) : principal eigenvalue of L̃α ↔ hα
)



h-transform

measure Px ⇒ Pα0
x

generator L ⇒ Lα0

martingale Yt ⇒ Y α0
t

CLT 1√
t
Yt

d−→ νS0 ⇒ 1√
t
Y α0

t
d−→ νSw0

covariance S0 ⇒ Sw0

Y α0
t (β) := Yt(β)−

∫ t

0

(α0, β)(zs)ds

〈Sw0(γ
∗), β〉 :=

∫
M

(γ, β)dmα0 (γ, β ∈ Dp)



Lemma 2

Ȳt−w0 = (1− Γ∗
α0

)Ȳ α0
t +(remainder term)

Proof.

Ȳt(β)− 〈w0, β〉 − Ȳ α0
t (β)

=
1

t

∫ t

0

(α0, β)(zs)ds−
∫

M

(α0, β) dmα0

=
1

t

∫ t

0

Lα0uα0,β(zs)ds

= −Ȳ α0
t (duα0,β)

+ t−1
(
uα0,β(zt)− uα0,β(z0)

)



J(t) ∼

Eα0
x

[
1A ·

hα0(x)

hα0(zt)
exp

(
t

2
(Ȳ α0

t , GF
w0

Ȳ α0
t )−p

) ]
zt is strongly mixing⇓

J(t) ∼ hα0(x)Eα0
x

[
1

hα0(zt)

]
× Eα0

x

[
1A · exp

(
1

2

∥∥∥∥√GF
w0

(
1
√

t
Y α0

t

)∥∥∥∥2
−p

)]



CLT−−−→
t→∞

hα0(x)
∫

M

1

hα0
dmα0

×
∫

exp
(

1

2
(w, GF

w0
w)−p

)
dνSw0

(w)

=
hα0(x)

det(1−GF
w0
◦ Sw0)1/2

∫
M

1

hα0
dmα0

(
dνSw0

=
1

Z
exp

(
−

1

2
(w, S−1

w0
w)−p

)
dw

)



Now remove the assumption

F (w)− I(w) = κF ⇔ w = w0

KF := {w ∈ D−p ; F (w)− I(w) = κF }
KF is a nonempty compact set

Assumption 1’

For ∀w ∈ KF , ∃δw > 0 so that

Lw(η) ≥
1

2
(η, GF

wη)−p + δw‖η‖2−p

for all η ∈ D−p.



Theorem 1 Under Assumption 1’,

#KF <∞ and

lim
t→∞

e−tκF Ex

[
exp

(
tF (Ȳt)

)]
=
∑

w∈KF

hαw(x)

det(1−GF
w ◦ Sw)1/2

∫
M

1

hαw
dmαw ,

where αw = ∇F (w).

(
Assumption 1⇔∇2(F − I) < 0
⇒ #KF <∞

)



§4 Related results



Asymptotic behavior of Xt and At

e(α) :=
∫

M

(
(b̂, α)−

1

2
d∗α

)
dm0

X̄t :=
1

t
Xt − e, Āt :=

1

t
At − e

? lim
t→∞

X̄t = lim
t→∞

Āt = 0 a.s.

Qα := duα, Luα = (b̂, α)−
1

2
d∗α− e(α)

⇒ Āt

(
(1−Q)α

)
= 0



⇒ X̄t(α) = Ȳt((1−Q)α)

+t−1 (uα(zt)− uα(z0))

Āt(α) = Ȳt((−Q)α)

+t−1 (uα(zt)− uα(z0))

LDP: I(T )(w) = inf
T η=w

I(η) (T : D−p→ D−p)

r.v. rate function

X̄t ←→ I(1−Q∗)

Āt ←→ I(−Q∗)



F1 := F ◦ (1−Q∗)

Theorem 2 Assume ∇2(F1− I) < 0 on KF1 .

Then #KF1 <∞ and

lim
t→∞

e−tκF1Ex

[
exp

(
tF (X̄t)

)]
=
∑

w∈KF1

hαw(x)e−uα̃w (x)

det(1−GF1
w ◦ Sw)1/2

∫
M

euα̃w

hαw
dmαw

(
αw = ∇F1(w), α̃w = ∇F ((1−Q∗)w)

)



F2 := F ◦ (−Q∗)

Theorem 3 Assume ∇2(F2− I) < 0 on KF2 .

Then #KF2 <∞ and

lim
t→∞

e−tκF2Ex

[
exp

(
tF (Āt)

)]
=
∑

w∈KF2

hαw(x)e−uα̃w (x)

det(1−GF2
w ◦ Sw)1/2

∫
M

euα̃w

hαw
dmαw

(
αw = ∇F2(w), α̃w = ∇F ((−Q∗)w)

)



Empirical measures

At(α) =
∫ t

0

(
(b̂, α)−

1

2
d∗α

)
(zs)ds

⇒ At(du) =
∫ t

0

Lu(zs)ds

ι : D−p → H−p−1, 〈ι(w), u〉Hp+1
= 〈w, du〉

G = L−1 : Green operator

⇒ G∗ ◦ ι(Āt) + m0 =
1

t

∫ t

0

δzsds =: l̄t



F̂ : H−p+1 → R
Apply Theorem 3 for F (·) = F̂

(
G∗ ◦ ι(·) + m0

)
⇓

lim
t→∞

e−tκ̂F̂ Ex

[
exp

(
tF̂ (l̄t)

)]
=

∑
µ∈K̂F̂

ĥµ(x)

det
(
1−∇2F̂ ◦ Ŝµ

)1/2

∫
M

1

ĥµ

dµ

(cf. Bolthausen-Deuschel-Tamura ’95)



Comparison with Theorem 1

Nonexistence of a term corresponding to (1− Γ∗
αw

)
↑

† Yt(or Xt, At) depends on Px in its definition

⇒ We need a correction term under the

transformation of measure Px → Pα0
x

† The definition of lt is independent of Px

⇒ We need no correction term


