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1 ABCDIR#

A BIXC EOKENRETHZL TS X =abc AQA T IE X =abe ARB
DEEPX)=b®a, X?=ab®1, XB =010, X®=10a®b, X' =b®a®1,
X' =btR1®a, XP=10ba £EX.

1.1 ABCD B
EHE 1.1 (ALL = LLA' BAORBOEEMRMY) A, B,C,D, A, B,C",\D' € (A A)* IZ
B
AL'L? = L*L'A’, BL*M'= M'L*B', CL'M*= M*L'C’, DM’M"'= M'M*D'
RDOBERRN L FESHEOBEEED 25 UTL AR S:
C' = P(B),
A12A13A23 — A23A13A12
D12D13D23 — D23D13D12
A12013023 — 0230131412



2 1. ABCD R
D12B13BQS — 323313D12
A" B C' D' IZEY B AEROBEBRRN. [

SEEA. BL*M' = M'L*B' & CL'M? = M*L'C" 1& C = P(B), C' = P(B') % 5I3[F{#
THd. AL'L? = L’L' A, CL'M? = M?L'C' in 63502 D DEX

L1L2M3 — (A12013023)71M3L2L10/230/13Al12
L1L2M3 — (023013A12)_1M3L2LlA/12C/13C,23

L ARCBC® = CBCBARZ, A12CM30"2 = OO A2 2 GIEFEMEIZR Y | DFHMAED
FIZOWTEFETHD. [

EIHE 1.2 (ABCD BEREBDBEMFZH) A, B,C,D € (AQA)* IZ&d AL'BL? = L*CL'D
DERA L FRESGHROESMED &ML UTUTRRNS:

C = P(B),
A12A13A23 —_ A23A13A12
D12D13D23 — D23D13D172
A12013C23 — 0230131412’ ’
D12B13B23 — BQ3BI3D12.
INSDOMENEITSEE A B C,D I ABCD BBR#Z2EDDEED. B

B 1.3 MEOFERIHRDVORTA, o2 EUDICRBITIE [2L1 = ARLIL2(A"2)],
L2} = (A2) LI L2 AP 2 EDBEMIZ OV TEEZBFNEN T &L, 0

1.2 Twister IZ& % ABCD BRI DIERK

EIHE 1.4 (twister F ICE£ 5 ABCD (K8 D#ERK) C LD Hopf algebra (U,A) & R €
(U@ U)* OfiliE (U, A, R) I& quasitriangular TH S LARET 5:

(1) RA(a) = A'(@)R (A’ =PoA),
(2) (A®1)(R) = R®R*,
(3) (1®A)(R) = RBR2.

X5IZ Fe(UaU)* WUTEEALTHSLETS:
(4) FRPBE2 — pBEIBRI2
(5) (A®1)(F) = FPF?%,
6) (1@ A)(F) = FB3F2,

ZOk5% F % (UAR) O twister LIER. ZD& X

(7) Rp = P(F)RF~', Ap(a) = FA(@)F~', Al = Po A



1.2. Twister {2 &% ABCD BRI DRE K, 3

EBEL LTIV T B
(8) RrAr(a) = A(a)Rp,
(9) (Ap®1)(Rp) = RFR?,
(10) (1® Ap)(Rr) = RPRE.
(11) R}:?RBR% R23R13R12
( ) R12R13R23 R23R13R12
(13) R};?F?’IF?’Q — F32F31R%¢2,
(14) R12F13F23 — F23F13R12.
(15) R12F32F31 — F31F32R12.
U725, (U, AF, Rr) I quasitriangular Hopf algebra (2724 ((8)~(10)), A = Rp, B =
F,C=P(F),D=RI3ABCD BIR¥ZE DD ((11)~(14)). ]
FERA. (1),(5) 25 (14) 2/RTD:
RPFSF® = R2(A @ 1)(F) (by (5))
= (A"@ 1)(F)R?  (by (1))
= FPFPR®  (by (5)).

FIREIZ LT (1),02) 25 (12) BRI N5,
(1),(5) 5 (15) &/RT 5
REFZF = RP(A®1)(P(F))  (by (6))
= (A'®1)(P(F))R™  (by (1))
= F3F2R™  (by (6)).
FIRRIZL T (1),(3) 5 RZR2RY = RIRZRZ ARINDH, 123 ZKEIZT S5EIX

()tﬂﬁf%é FIREIT (4) 13 FRERPS — FSIER PR ZEECH S,
(4),(7),(15) 25 (13) Z/R T D

R}?FSIF?)Q — F21R12(F12)—1F31F32 (by (7))
— F21R12F32F31 (F12)—1 (by (4))
— F21F31F32R12(F12)_1 (by (15>>
— F32F31F21R12(F12)—1 (by (4))

= F2FRE (b (7))
(1),(7) BB (8) &mRE >

RpAp(a) = P(F)RF'FA(a)F~  (by (7))
= P(F)RA(a)F~' = P(F)A'(a)RF~  (by (1))



4 1. ABCD BU%K

— P(F)A(a)P(F)"P(F)RF™" = Ap(a)Rr (by (7).

(2),(4),(5),(6),(7),(14),(15) 25 (9) ZRT >

(Ap®1)(Rp) = FAA®1)(P(F)RF)(F?)™ (by (7))
=A@ )(P(F)(A®1)(R)(A®1)(F ) F?)™
_ F12F32F31R13R23(F23) (Fl?’) 1(F12) 1 (by (6),(2),(5))
_ F31F32F12R13R23(F12) (Fl?’) (F23) 1 (by (4)’<4))
_ F31R13F12F32(F13)*1(F12) 1R23(F23) 1 (by (14),(15))
_ F31R13F12(Fm)*l(F13)*1F32R23(F23) (by (4))
_ F31R13(F13)*1F32R23(F23)*1 _ R}TSR? (by (7)).

(3),(4),(5),(6),(7),(14),(15) 25 (10) Z2=T >

(1@ Ap)(Rp) = F#(1L@ A)(P(F)RF)(F#)™1 (by (7))
=F¥(1e A)(P(F)1@A)(R)(1e A) '
F23F21F31R13312(F12) (FIS) 1( 3
— F31F21F23R13R12(F23) (FIS) (F12
— F31R13F23F21(F13)—1(F23) 1R12(
— F31R13F23(F23)_1(F13)_1F21R12(F12) )
— F31R13<F13)—1F21R12(F12)—1 — R}ER}? (by (7))

(1),(2) 25 (12) 2R T D LFEERIZ (8),(9) 25 (11) Z/RT I ENTES. ]

XeEAQA IZHLT X, =X, X_=P(X)=P(X!) £BL. ROGEITAES
WRIND.

i 1.5 (R & F)

1. (U,A,R = R,) »' quasitriangular Hopf algebra & 51X (U, A,P(R)™ = R_) &
quasitriangular TdH 3.

2. (U, A, R) ¥ quasitriangular Hopf algebra TH Y, F = F, DX ED twister 2 51X
P(F)™'=F_ % twister Th 5. 0

1.3 ALL = LLA BIORK# & ABCD B2 DE R

EIE 1.6 (ALL = LLA BOREE ABCD BEIREBDOER) A Bk C EOFEEHNRET
H%L¥%. ABCDAB.C.DeAA LMNEeADB, veAFT R~
TW2 LIRET 5

(a) A12L13L23 — L23L13A/12.

(b) BI2L23M13 — M13L2BB,12.



1.3. ALL = LLA ®DOAR%E L ABCD AR D%

(c
(d

Cl2L13M23

~— N N~

D12M23M13

— M23L13C,12.

M13M23D/12
AllQ’}/lB/lQ’yQ — 710/12711)/12'

M EFECHY, N = Lyt ML

A12N13Bl2N23 _ N23012N13D12. D

A12N13B12N23 —
— A12L13")/1L23B/12(M13>_1'}/2<M23)_1 by (b)

SRR, (a) 5 (F) BV CANEALIERTER I L& RTD:

A12L13’)/1(M13)_1312L2372(M23)_1 by (f)

_ A12L13L2371B/1272(M13)_1(Mgg)_l
_ L23L13A/12’VlB/12’}/2(Mlg)_l(M23)_1 by
— L23L1372(]’1271D'12(M13)_1(M23)_1 by

_ L23L13’)/2C/12’71(M23)_1(Mlg)_le by (d)
— L2372L13C,12(M23)_1’71(MIS)_IDIQ

— L23’y2(M23)_1012L1371(M13)_1D12 by (C)
— N23CI2N13D12 by (f) D

EIHE 1.7 (ALL = LLA' BB ORBDOERDILES) A= B & C LOFREEHRETHD &7
5. A,B,C,D.A,B,C"\D'e A A, ve AFLUTZi/2L T3 ERET S:

(1 A12A13A23

(2 D12D13D23

(3 A12013c23

(5 012 B21

A23A13A12.
D23D13D12

0230131412

BQ3Bl3D12.

(6 A12 1312,}/2 _ 72012 1D12.

(7

)
)
)
(4) D?BB® =
)
)
) A

— A B =

B, C"=C,

D' =D.

AB,C,D a#ThdL L, X = A, B,C,D IZHLT X, = X, X_

P(X~

N eBL.

1.L=Ay, M =B'' N =Ay'B &BL LEH 1.6 DEM (a)~

5.

2. L=C, M =D:'" N=Cy'Dy LB LEH 1.6 DEAM: (a)

5.

N OPa1

— P(X)!

(f) A3F R TRz

~(£) BTN TR

[



6 1. ABCD BIfR%K

SEER. (6),(7) & V) (e) BRI T 3.
1. L=A,, M =B N=ABrBI. ZOLX () BHELTEIEIEHL D
(1),(7) ;5 (a) HIHED. (H)K)#b()#ﬁé-iﬁ

B2z — B12A2i3(B13)—1 by L= Ay, M = B!
= CHAB(C*)! by (5)
= (C*) 1 APCH by (2)
= (BY)'AZB® by (5)
= MBLBBY byL=A,, M =B"
— M3 g2 by (7).
)Wb()ﬁ&é.

(7
Cy'D, ¥BL. ZOX X (£) BHSLT 5 2 LB 5
(7) B ()ﬁmé.%@

c) 7 ?é()

012L13M23 012C13(D23) by I = C, M = D;l
= BB (D¥)™" by (5)
— (D:2t3)71331321 (4)
= (DF)7'C¥C™ by (5)
= M*LBC"? by L=C, M = Dy
= M*LBC"™ by (7).

by
by

(€) & (5),(T) 5 (b) BB, (3),(7) 25 (a) ANHB. [

Bl 1.8 A= U,(g) I& quantum enveloping algebra TH 2 & U, R € A®A 1T D universal
R-matrix Td 29 5. Levi subalgebra [ C g D universal R-matrix & R £&FL. F =
(R)y £BL. A=Rpr=P(F)RF',B=F,C=P(F),D=R &85L.ve A=U,(9)
4

Ry'y* =9*y'R, ~'F=Fy', ¥F=Fy
72 LTC0W2Ed5. ZOL XU ED A B ,C, D,y IXEH 1.7 DEM (1)~(6) 2z L
TWd. a,b=+ThdLTdL,

1.L =A, = P(F)R,F™', M = B = F' = (R);' D&% N = [y'M~' =
Aa’}/lB = P((R[)b)Ra”yl.

2. L =C = P(F) = P((R[)b), M = D;l = R;l D& X N = L’yl]w_1 = C’lea =
Y P((R()y)Ra.
EH1G L EH 1T £ ADEDE N = P((R)y) Ry’ V' P((R)y)Ra XK E 7 LT3
ZEeNbnd:
R?N13F12N23 — N23F21N13R12. (*>
F=(R)_-=PR)'D&% P(F)R=R'R ¥ R 5 Levi subalgebra [ |{ZX}&d 2 [X
TZBRWZEDIZRD.



F %% Cartan subalgebra h C g @ universal R-matrix Ry D# L THd 45, 40
% Cartan subalgebra h @ dual bases H;, H* ZH(% & &

F:R,;l :q—ZiH@H@'.
DL E P(F)=F CTHY, A=Rp=FRF ' B=C=F,D=R,yv=¢" (f €bh) &
1T DZM (1)~(6) 272 LT3,
1. L=A=FRF '\ M=B'=F1'0D¢% N=Iy'M"'=Ay'B=FR(¢")"
2. L=C=F, M=D"'"=R'D&& N=Ly'M'=Cy'D = (¢’)'FR.

INHE (x) &L TS, FR=R'R= ¢ T R R 35 Cartan part (ZXE
TROWT Ry ZBRWZE DI D, FR(¢°)!, (¢°)'FR % Painlevé 520 L-operator & A&
T L X, ¢ OEFDIE Painlevé RODINT A —R— LRI NS, N

2 L-operator ~®D TLT! BID{EFE

EH 2.1 A B C LOFEHRRBETHLSLTD. ReEARATHY, L, Le ARB T
HY, TNHFLT 22U T0E ERET S:

(a) R2LPL = [BLBR12,
(b) R2LBL — [B[BR12,
(c) L_ IEH#THD.

(d) L=L""L,.

Dt X
R21L13R12L23 — L23R21L13R12. D

SRR, () 25 (d) 2> CALELADIZELTE 5 2 L 2 RT D

R21L13R12L23

= RPY(LP)TLPR®(L*)7' L% (by L=LZ'L,)

— R21(L1_3)_1(L2_3)_1R12L}'_3L3_3 (by L13R12(L23) (L2_3)_1R12L13)
_ 23\—1 13\—1 21 723 713 p12

() LB RALBLERE

— (L%3)_1L13R21 (L£3)—1L}r3R12 (by <L£3) 1R21Li3 — L%ER21(L£3> )
— IPRMLPR™ (by L=L7'Ly). [

by R21 L13 (L%3) :(L273)71(L13) 1R21 R12L13L23 L23L13R12)

EIE 2.2 A Bl C EOKEEMNRETHDETD. REAQATHY, LM,T e A B
ThHY, INSIEUTE2HEZ LU TS EIRET !

( ) R12L13R21L23 L23R12L13R21

(b) R12T13T23 — T23T13R12.



8 3. ABCD B R#E ZyZ—1 D7z RE

(C) T13L23 — L23T13.
(d) T I3HA175 2 F:D.
(€) M =TLT".
ZDeX(a)D L% M CTEIHMRAZADKITS:
R12M13R21M23 M23R12M13R21 D
SEER. (o) 25 (d) & Mo CAMEAICENTES Lk RE >
R12M13R21 M23
— R12T13L13(T13> 1R21T23L23
— R12T13L13T23R21 (TIS) 1L23
— R12T13T23L13R21L23 (T13) 1
— T23T13R12L13R21L23(T13) 1
— T23T13L23R12L13R21 (T13) 1

by M =TLT™)

by (T13)—1R21T23 — T23R21 <T13>—1)

by L13T23 — T23L13, L23T13 — T13L23)

by R12T13T23 — T23T13R12>

by R12L13R21L23 — L23R12L13R21)

— T23T13L23R12L13(T23) 1(T1 by R21(T13)71(T23)71 _ (T23)71(T13)71R21)
— T23L23T13R12(T23)71L13(T13 by T13L23 L23T13 T23L13 L13T23)

— T23L23(T23)71R12T13L13(T13) 1R21 by T13R12<T23> — (T23) 1R12T13)

= M*RPMR  (by M =TLT™"). []
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3 ABCDEEFAREE ZyZ7 ! OFELTHRE

T 3.1 A, B3 C LOFEHRRETHELTD. A B,C,DEARATHY, ye AT
HY, ZMe A B THY, INHIFLUTN2HZLTWD LRET D:

(a) Z IZAHETHD.

(b) B RMTHY, B = C12.

(c) AZZBR12Z = ZBC12 71312,

(d) D241D?y2 = 42D1241 D21,

(e) v2B'? = B2y2. (2 41012 = 124! L [FlAE.)
(6) M = 20%91(2%)

“orx,
A12M13A21M23 — M23A12M13A21. D

SEBR. (o) 05 () 2o TRUAVARDALEADICENTES 2 L &R

A12M13A21M23
— A1221371(Z13>_1A2IZ2372(223)_1 (by M = Z')/Z_l)



_ 1213 1021Z23D21(Zl?’)_l(Bm)_l’yQ(ZQ?’)_l (by (2191421 225 — 2 729 D21 (7131 (321) 1)
A1221302lz23 1D21 2(Z13) (223)—1 <by 71021 02171 72B21 32172)

— A12Z1331222371D21 2(213) 1( 21 —1(Z23)—1 (by 021 — Bl?)

— 223012213D12 1D21 2(213) 1 ( )

— 223012213 2D12 1D21(Zl3) ( by D12 1D21’72 — 72D12 2D21)

= 72078 DAy (Z%%) 71 (by D2L(z13)=1(B2)~}(22%)~1 = (22%)~1(C?1)~1(21%)~1 4%)

— 223012213 2D12 1(223) (by 021 BIQ)

— Z23’}/2012Z13D12(223) (BIQ) v <Z13)—1A21 (by 72012 01272 '71B12 31271)

— Z23’)/2(Z23>_1A12213’}/1(213)_114.21 (by 012213D12<Z23) (312) — (223) 1A12213>

= MBARMBA? (by 2727 = M). []

(by A12Z13312Z23 Z23012213D12)
(



