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4 1. ZIEASAAH 5 Kullback-Leibler [ &

BxlxZnd b REMDE ¢ = (q1, ..., q) ZEBICEEL, RO (ky/n,... k/n)
DMERNA B Z, TDn— oo COMTERFNRD ZLIZRS.

n EOMZEAITTIRE ¢ 2k BRSNS MERIT, Y khi=nDL ¥

n!
TSI )

2R DL F 012485 (ZIHSE).

pz 20,50 pi=1 tf}iﬁé’@“é n [ OMSTRFT TIREE @ DR ONZEE ki/n HNE

P BB E REBOMIIEIE p, WBRDELEDZLIZTS.

1.2 BTN A XHKRKEL LIZEZTDSIELHEOENHLES)

n— oo D& IREBAAMNIFIE p; ITRDMEENED LS ITIRDEES a2\, £ 2
Tn—=o00DEX k 72BN

n

k; = np; + O(logn) = np; (1 +o (log”)) (%)

22U TCWDEREL, EOMER (x) NEDLDITIRDFES NEFNED. ZORED
£ & T log(ki/n) = logp; + O((logn)/n) MEEILT 2D Z L ITEREY &2
Stirling DA E >0 ki=n &V

logn! =nlogn —n+ O(logn) = Zklogn—Zk + O(logn),

log k;! = k;logk; — ki + O(log k) = k:i log k; — k‘i + O(logn),

logqfi = k;logq;.
INH% EOMER (x) ONEIZRATD L kb ODHIFF YU 2ILTD. I 50T (x) ZUA
THEMMMELND:

n!
o (m‘ﬁl o qu) = —HZ <log — —log q@) + O(logn)

=—n Zpi(logpi —log g;) + O(log n)

=1

=-n pllog—%—Ologn
z: ” (logn).

=1

FIREDFHEE % (X 40 sRBIE 2 P 7= B L AL DR CHAT 9 2 L £ T X 5 (55 1.7 ).

1.3 Kullback-Leibler [ k=& HE T hOE—DES
5 1.2 B EIL

Diplg] = sz log—

2Taylor J&RH log(1+ z) = x fx2/2+:c‘3/37x4/4+~-~ L.




1.4. Kullback-Leibler & #{ & D FAM:E 5
EBELEMRDODESIZEZIEINS:
n! kL o
log | ————a" ---¢;" | = —nDlp|q] + O(logn).
kil k!

PN ERRERIIAG K fm NENE p; (7R DHER DN E R L TV Z &IiERE L. Dplq] %
Kullback-Leibler 18RE (7)) /N 7 - 51 7 F —IF#E) & U < I& Kullback-Leibler
divergence & IFE.3. Kullback-Leibler [z D —1 %

Slpla) = ~Dlpla) = =Y _p 1og§

ZENTY MNAOE—CRERZLIZTS. T PO E—EZAREMIZ n DREIRLED
MFEM AN ¢ DL SRR EINEE p; L BDHERONBDO n 5D 1] THS.
K% BB T DA RIFIRODE Y

(n BIDISIFRIT TREA DA DNEIE p; 1IZRDHER) = exp(—nD(p|q] + O(logn)).

HELE Dplg] >0 &6 n 2+ KE T O(logn) DIEIE nDp|q] DIHE ik
UCTHHTIDRIZZRDDT, ZOMERIE exp(—nD[plq]) DA TIEIFRE->TWND LFH
A TEW.

1.4 Kullback-Leibler (SR DEAME

Kullback-Leibler f&#& Dplq] ® p = (p1,...,p,) OBEE UTOWEIZEE f(z) =
rlog(z/q) = z(logz —logq) (z > 0) DWEZFNIEDONS. f/(z) =logz —logq + 1,
f'(x) =1/z >0 BOTHEE f(z) IFFITRBHTHD. DAITHE f(z) FTDx=q T
DOHEARDHE « TEFNHOMIZOND. T2DS f(z) 2 f(Q)+ (e —q) =2z —q (¥
FOMILE x = ¢ E[FMHE). WA

Dlplq] = }:mbg Z: pi—a) =0,
%ﬁ@}ﬂiiipi:qi (z:l,...,r) & [A4E.

X5 flz) BFICHEBNTHD 2L &Y, Dplgl & p DEEE LT FIIHEBNTHZ 2
L bnd.

Z ® & 512 Kullback-Leibler fEHEDMEIL 0 A EIZZR Y | F/MB 0 BWEHT D Z & &4
fop; WREEFD ¢ ICHFEUKRDZLIFFAMETHD. WA, 94 py PWREEMDA ¢
WCHELLSBRWEE Dlplg) >0 £825DT, BRERDAMMIFIE p; ICRDHERIEn— 00 Th
DWW THREBIRBINIZ 0 1IZRT 5. LA > T, n— oo TRERD k;/n ISRHENI DA
¢ VR ZHIEKREDERBID AL % FEIR L T\ 5

Kullback-Leibler [E#H & IZRHEM MG ¢; DE & THA p; BREEROAMA L U TENZITHER
PHZEBIUHEWN N E RO LU TS, BRD0MDEBT DHERDILIE n — oo T Kullback-
Leibler fHfREDZED —n FOEBEHBD LS5 IZHRDEES . W Z 12 Kullback-Leibler &k
BMBIFADAL TEHE-> TN, Kullback-Leibler & A& V) K & 42 S5 D43 A6 1A
PHZIFE A LR RVE WS ZEDND. WAL, 254U THM ps WELD
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S IHEREEZE X DG, R U 254D E & T Kullback-Leibler 1% ¥ & A3 /M 72
BN S % i 7 REER AR L (S SHERDEIRT) i< 2 2285 (FRHFEXR
WOER, FEMSBRERE). Z DEHI% &/ Kullback-Leibler 53R £ D RIE & IR
n WIEFIIRIZRLE HEEMOE L TREMIZER IND AR L 2&MH0E & T
Kullback-Leibler [E# &M x/ND 3 HIZ7E 5.

XY b B E—I& Kullback-Leibler [F & D —1 5725720 T, &4 X THAA p;
BERNZHE U MR 2 ZZ D553 U LMD L THEZ Y b =2 &% KIZA
BOAEITRERD DA K 28RS, ZOEVHZZ2EAEANIT Y NOE—DRIE L IT
N BRERELE, HEIEMDOE & TREEMWICEB IND OMITHR U 25408 & TH
WYy hOE—DBHRKIZARDEDBDHETH .

. DR ELD 72D B BWEIL LTS & &M A DEIZHIL LTV &
WETD. D& E, & ADELTERME B WHRALT MR (M SHER) 1L, &4 B
DIRAL T D HER % 5k A DHERTE S ED L EHRIND. TD K D IZEMA SR
WEOETERIND. 0D, HEREDOBEMN n = 00 TEDIDIIRDEI NEMATE
X, RN SHEENE DL S ITIRDES WD D. EOERTIIZIDEZ Fizllio7.

1.5 ZIESHDIGEDETER

THREIZIRD KD IZERDING:

1—¢q

p
DMdzpbg5+O—mﬂ%

INE p=q THRAME 0 122D, p N g PHEENNITHEN D 1ZE K E <2 D. Kullback-
Leibler & & 130 A DRRER L E U I 2 ROTELDT ¢ M5 p 1FERBRIYIZE
CH#< 25, UnE p BREERIVICAE U SHEHEIX n — oo Texp(—nD[plg] + O(logn)) &z

BED. WA, D p DEU DR Z BT D &, Diplg] WHEMIZKER p BED
LHERIE n — oo THOBEKRTHMNRIZ 0 (238 <. PAEZEE A2 ETIROMEIZ DWW
TEZED.

BIRE n IZFEWICKIVERET D, n WD I A VRITOERIRLHZEED o DAEIZ
Bo/ldd. ZOLIRODENGIIEDHEIZRDIES DN

KEDFEHIE YD, n— oo TROEEIE ¢ ITIEMNLS. PRIZ0Za<qg D X, RDEG
MNallETHDEWVIEMIEn = co THIZERTDZZILIZRD. 2056, 05a<qg D
X, ROEEN a UEDHEIZHIRLTH, n BRI ITNIEERDEEIXIEIF ¢ ITFLL
BOTWbEEZOLND.

Ml g <a <1 DEETHD. TOLI n BRI BNERDIFE, RDEIED a LA
FIZRBHERIE 0 1AM <. EOMBEIFEROEED o IR GEICHIBRLZE FiZ
RKOEENEIE p IR DHER (M SHER) NED LD ITIRDFES N WS EIZARD.
ZDHGEIZIE ETEHE U 72 Kullback-Leibler ITEHREDMRIZNLD. p = a E WD FEMDE L
TOD Diplg] DE/IMEIE p=a TEHIND. DIIZFMHMA I KBEOENELY , n— 00 T
BRI p=a ITEMNK. g<al1DEE, KOEEMN a LEDGEIZHIET B &, n
MRETNIERDESIFIZITE o IZEFELLB2TWVWEEEZLND.



1.6. max-plus fREXNDMER X Laplace D ik & OB £R 7
MUEDFERNOSUTDOARNHELL TSI EE b2 d:

—Dlglg) =0 (0=as=
<

1 n
lim —log ()qkl—q"k——inpoq—
oo n 2 k)09 @a[‘] —Dlalq] (g<as

k/nza

W EDBRNEATIDORANZEI T L,

5 (§) - = exp (—nint Dlpl] + o00) )
pZa
k/nza
FEBERDOENEMN o LEIZRDHERTDHD. n— oo D& IHERIZIE Dlp|q) WHE/MIZ%
BT DR FINTHRD.

1.6 max-plus fXEANDRR N Laplace D% & DR
EHEZIE —00 D a,b IR U THE
(a,b) — max{a, b}, (a,b) —a+b

%HZ 2725 D (LB (semiring), A (semifiled) & FEEN TV 2) & max-plus 21 & IE.3.
(max-plus UL BEERE X tropical mathematics X & IEE M %R D BER EIT&
B4 EER R THD. RITINRERVPEHIZTES “REC DI L THDN, FiE
EHIERIZEHICTE 25| BIXEHICTERN “RE D2 L THD. 5IBIPEHHIZT
SRS TEERDDDH AN T EZEND.)

KM, max 1 0 PAEDOFEBOREITHIGLTEY, + IFEEISHEL TWT, —c0
WRBEDRAIE 0 IS L TWS. TOXISIE log ZH> THifRZHIS Z 2 IZL>TH X
LN5. TERDLEL, IRDRAAMNKILL TV D:

1 1
lim — log(e™ + ") = max{a, b}, lim — log(e™e™) = a + b.

n—oo M, n—oo N,

BEFHOPBEARNTHL. fiEDOLARNIFIRD IS IZUTHENOONDS. a2 b LIRET
28, b—as0&B2DT, "0 IHEHRIZRY,

%log(e‘m + ") = %log (e (14 ")) =a+ % log (1+¢e") 5 a (n— o)

8%, INTHHEDRXNERI NI,
O —IZIRDIENL L TV B

1 T
lim —log Z exp(na; + O(logn)) = max{ay,...,a,}.

n—o0o N,
i=1
ZD & DIT exp(na; + O(logn)) D& DIk S BOFDNED 1/n £5121En — 00 D
EXHRD a; DEFZFDANNNTHRDS . HEEHEDLRNFOAREHEEFTT L,

Z exp(na; + O(logn)) = exp(nmax{ay,...,a,} + o(n)) (n — 00).
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ZAUIFET DI E D Laplace D HIEDFELITH D L AR IND.
T DGEIFIROEY . WY RFREDE & TIRDKANL L T\ 5!

/aﬁ exp (—nf(x) + O(log n)) dx = exp (—n inf f(z)+ o(n)) (n — 00).

asz<p

flx) M x =12y CENBRRKEEZED, ["(xy) >0 R 5,

g 7T
/ e @ g(2) dr = e @) g () %@0)(1 +0o(1)) (n — 00).

Z D& D REHEEEFOFE DM 51X Laplace D AR L EIENT WS,

1.7 ROKRBEEICLDZERILRIVDOEAETKLIEREEZHT HE
ZIHDAED n — oo TOWHEZEENZLLRD X SI1ZL T, K4 REEZF - 72 @i -
EWHIETHRSD ZETE 5.
20,30 =1L, FADEK a,b, 1T > bi=a&2ALTNDEL,

._bi_Nbi
pi = a Na
EBEL. Ik E
. 1 (Na)! Nb Nb - Di
| — 1 Loooglt?n ) = — log —.
Neo Na Og((Nbl)!---(Nbr)!ql r 2 4 *)

=1
INOFEBIFME LY b B Y — (Kullback-Leibler [§#ED —1 £%) TH2. §4bbH
] 1/(Na)
lim < (Na)! TARCRER q1{VbT> — 1 _
N=oo \ (Nby)!--- (Nb,)! (pr/q)Pr - (pr/ar )P
XARBETINEHALTAL D, ARk (x) ZREEED. N 50 DEX

1 (Na)! Nb Nb
] L. gNor
Na °® ((Nbl)! TR TEC

Na v Nb; r
— Nia (Zlogk—ZZlogk+ZNbi10g%)
k=1 i=1 k=1 i=1
r Nb;

Na r
:Nia(ZlogNia—ZZngia—l—ZNbilogqi)
k=1 i=1 k=1 i=1

—Lglo i—iL%lo i—i—i ;log q;
—Nak:1 gNa — Nak:1 gNa izlpz & i

1 T Di T
—>/ log:cda:—Z/ log:cd:c—i-Zpilogqi
0 i=1 70 i=1

; : Di
= [zlogx — x]5 — Z[xlogx —zlg’ + Zpik)g%’ = _Zpik)g q_
i=1 v

i=1 i=1



1.8. HHEIAXI)ILF—X Massieu ECRMOFEEO T b ¥ — & DR 9

2 OHOEFSTHIMDAMIZ Nalog(Na) -, Nb;log(Na) =0 2Ffi AU/, THIZL-
TRARMIEZEHTEDRICERTE .
A EDFERIFIRBKN T I &2 BEHR LTS N w00 DL X

1

Na [EORIT CTREAD DS p; = b;Ja (275 B HER)Y (Na)
( - b / ) (pr/a)Pr -+ (pr/ar)Pr

1.8 BHEI X)L F— Massieu HECHOEFEOITY hOE—E DERK
B 11 (E—AY MENE F AT Y MEEK). BRS¢ OB L THERZH X -
i Xy DE— AV MR My (t) 1

r

Mx(t) = Z g,

i=1

CEBEIND. CNE X =E, t=—-8 D& ETHNEHK

Z(B) = Ze_ﬁEiQi
B, MEEROBBEICENTHDE—A Y N REEEK (B R 14 BB v
ZIS%TEI’J IAUBDEZEESTEW. HELFROBRIEIZLNIEET—A Y b RO
Kx(t) = log Mx(t)

ITHERZE X OF 25T Y MEEEKEL (cumulant generating function) & IFIEN TV 5. H
HITXIVF—DEH .
F(B) = _Blog Z(p)
EARBERIZF 2 AT Y MREREDERIC L TWD. &V IERMEICIZHERE § THISHTD
F(B) =log Z(B) (&Y IEMEIZIZALIE T D Boltzmann &%)

DFEMF LT Y MEEBOBEZORIGWIZRE. 2550 F(B) I& Massieu B & I
T3, [

FR 1.2 (M Rényi =2 hO Y —). 2 DDMERDH p= (p1,...,pr), ¢= (q1,--.,q) IZ
B UT, 83 Rényi T bOE— Sslplq] W

Sslpla] = ——1 gz (pl)
CERBIND. IO L -115% 5 THHTDE

0 S pla T log(pi/a)
%((5 —1)Sg[plq]) = — 12 T

ROT, X512 =135,

8 1-8
110gszqz

%, (8= 1)Sslpla]) = sz log— = S[plq]



10 1. 2S5 5 Kullback-Leibler [§ =\

T N —20HTkS. WAz
&W@:gg%@m:SM@

FIX Rényi TV hOE—ZMGZY hOE—DT VST — A =X —BIZB>TWd L #H
ZAbN5. ¢ =1DEED Rényi TV O E—DEFEZ > TOAUEHY Rényi =¥ b1
E—DRERIFHTERG AN S EEDND.

X Rényi T b0 E—DE FIZ LA

r

r B
Di —BE; Di
Z(B:p,q) = E (q_) ¢ = § e g, E; = —10ga

i=1 ¢ i=1

AT HHT RNV — F(8:p,q) & Massieu BiE F(3;p,q) DEFH

F(B;p.q) = —B"log Z(B;p, q),
F(B;p,q) =log Z(B;p,q) (Boltzmann & 2 13 1)

EAREBHIZFEUTHS:
(B —1)Sslplg] = BE(B;p,q) = —F(B;p,q) = —log Z(B; p, q).

Rényi divergence (X} Rényi T> v —0D —1 £%) DFEAMEEDO L L OMN [7] 1ZHDB.
(8 = 1)Sslplg] = —log Z(B; p,q) & f DEEE LTLEIZNTHS:

9 \? S (B — Bj)?e P ED g
Gﬁ)(4%ZWmﬂD=— SYAGE <0

TUT, (B—1)Sslplg] = —log Z(B;p,q) D B =1 TOMEL —log Z(1;p,q) = —logl =0
ThHhdIrl, (B—1)Ssplg = —log Z(B;p,q) D =1 TCOWRBMHEFITY hOE—
Slplg) \ZFE LW E WD EOFEAERLY,

(B—1)Salplgl < (B—1)S[plq].

FILIFFLDERD AT H S . 0

FR 1.3 (M Tsallis =2 b B Y =), R4 p= (p1,...,00), 0 = (q1,--.,¢) (U
T, Z(B;p,q) ZIRDEDIZEDD:

r ) B r )
Z(B;p.q) Ze =Z(§—) a=> plg " Ei:—log%-

i=1 7 i=1 !
K E X 2DODMRNG p & q DK i TLDENERDLUTWS. Gibbs 940 p(B) =

(pl(ﬁ)v cee 7p7’(/8)) )E

_ . 1
e g plg "

Z(Bsp,a)  Z(B;p,q)

pi(B) =



1.8. HHEIAXI)ILF—X Massieu ECRMOFEEO T b ¥ — & DR 11

LEDD L, WIRE B 1F ¢ =pi(0) & pi=pi(1) ZHMTE/NTA—=Z =T8> TN3S.
ZD&E MHN Rényi T R E— Sglp|q] &

1-p
y#EbI N, HIRTY ha— Splg &

log Z(B3;p. q 1 -
Splplg) = BZE2D) _ 1_510g2p5qzl o

0 0
S =~ 32 log Z Py =~ a5 »q zl -
plal =~ 33 | loe (B;p,q) %l Z(B;p,q Zp og
ERDOIND. 2DOHDHFEST Z(1;p,q) =1 2o/,
ROEE%Z ¢ \[ZBT 5 ¢ ZRMERE LTSN

f(x) = flqz)
(I—q)z

q— 17T q7#5 Dy of(x) 1353 0f (x)/0x IZIRT B,

EOMFTY N —DAD log Z(8;p,q) Tld&< Z(B;p,q) ZHWERRIZETS
BIZET M0 % ¢ ZNTEIHZADZLIZL->T?, M8 Tsallis T hOE—MRD &
IIEHRIND! (¢ ZHD q BIRDATIE a &FEL):

Z2(p,q) = Z(aipg) _ 1= "

Ta :_D o|B— Z D = = -
[plq] Balgr 2085 p,q) 1—a J Y

Dy o f(x) =

o — 1T a ZDIREEOWS IR 2 DT, M Tsallis TV b E— 3Ty ~ho
—IZERT D, TDZ LIk

Z (pi/Qi)l_ (pi/Qi) g, lim r—z — i x% = xlogx.
—

T, = —
[pla] a=l 1 — Oala=1

=1
EEIZBHEPOSNS. M Tsallis T hOE—I3HGTY O E—DERIZH T
% zloge & (x—2%)/(1—a) CEIMAZELDELEZAS. HY Tsallis = hO¥—%
MM Rényi T PO E—TIRD LD IZRDT L ETED:

ol = ZERA =1 _ el = D5l

AN Rényi T2 b O E—Z % Tsallis T b E—IZ &> T

Subla) = 2200 _ o1+ (1= k)

EROTIEETES. A Tsallis T O E—2 % Rényi T A E—DE WL 2 —1
Elogzr=log(l+ (x—1)) DENTHEELEADILETED.

EDESIZ, MYy b —, Mx Rényi T b ¥ —, #xf Tsallis T h O ¥ —
XENE SHLERE Z(B;p,q) MODIREYTH D . []

SHEHIF 2016 4E 6 H 22 HOBBETZ OMBMRM%E o - <HFTITLAR.

4£% (PHX) Tsallis T hOE—DEHRDBARMEZE £ 72 <HEL TOHARW. (FH)Rényi => b

—IAREMNZ DB DN E (HHT 3L ¥ —, Massieu BHE) RO TED LI BREDEEZEZD Z L DR
‘fi’ier:E'f’C 50, (FHA)Tsallis T b E— DT & < DDA,




12 1. ZIESFH 5 Kullback-Leibler 158 &
FER 1.4 (IEEIZDOWT). v=1,2 IZHTIHBES R, = {1,2,...,r,} ORI G

Do = (Duts s Pvr)s Do = Doty -y Do) WXRTUT, MHE T Y b B E— X Rényi T
Mo —ix

pu‘Qu = Zpuzl()gpyl

logZ( )[pv]gv]
=5 o Zlpdel= meq

Sﬁ[pu|qu] =

(\:.73:%) F%A R1 X RQ = {(2 ]) ‘ 1 € Rl, j € Rg} L@Eﬁ%ﬁj\%ﬁﬁ) (Z,j) — P1,iP2,5;
(4,7) = qrigo; W EOTEHREIND. ZOEMES EOMRSMOMIIN T HHGTY b
OE—C X Rényi TV POE—DEREZEIFTLIRDLDITRS:

P1,D2
Slp1,p2lar, ¢2] = Zpl iD2,j log .
i q1,i92 j
_ log Zs[p1, p2|q1, @2 B 5 s
Sslpr, p2lar, @] = 1-3 5 Zglp1, palar, o] = Z(pl,iPQ,j) (q1,i92.5)

i7j

ZDE TIRDAGEENENL L TV D
Slp1, p2|q1, g2) = S[p1lga] + S[p2lgal, Salp1, p2lar, 2] = Sslpilge] + Salp2|qe].

®BE X
Zﬁ[PbPﬂQh CIQ] = Zﬁ[pl‘%] Zﬁ[Pz’Qz]

CAMETHD. FEBIEEA T D@ Y -
Slpy, p2lar, ¢2] = Zp“pg]log— - Zpupmlog—
= —Zpulog—’ - sz,j 1og—’ = S[p1la1] + Slp2lea],
p q1,i , 42,5
Zglp1, po| a1, go] = Z(Pl ip23) Q1zQ2g = ZPUQ -pg,jq;,}ﬁ

_Zplquzﬂ Zp2]q2j Z/B[p1|q1] Z,B[p2|([2]

FHX Tsallis T b ¥ —

ZB[P17p2|Q17Q2} -1
1-p

Zﬁ[pu|qu] —1
1-0 ’
WEHIENE % 35 72 U T RO DS,

Tslpu|a] = Tslp1,p2lq1, q0) =

Tslp1, p2lar, q2) = Talp1|a1] + Thlp2lae) + (1 — B)Ts(p1lq1] Tlp2|ge]
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272U T, GEBIZIRDIE Y -

Tﬂ[p17p2|lh, C]2] - TB[P1|Q1] - Tﬂ[p2|CI2]
_ Zplpla] Zglpalge] — 1 — (Zplpalaa] = 1) — (Zslpafge] — 1)
1-5

_ Zg[p1|q1] Zﬂ[p2|Q2] - Zﬁ[p1|Q1] - Zﬁ[p2|Q2] +1

1-5

(Zglp1lar] — 1)(Zslp2lge] — 1)
1-5

= (1 = B) Ts[p1la1] Ts[p2lgal-

ZNE g # (), =(1-¢")/(1 —q) ITHATHARX

(@ +y)g = (2)g + (Y)g + (¢ = 1) (2)q (¥)g

WZALTCWS ., Tsallis TY MOV —> (ZBMR L A BUFIREG 1B D 3ia b L Otz o »

Tk 0] 22RE L. T I TlE n— co OWHEFE)IZ Tsallis T b BE =28 bND L IH
B RO TN D, 0

2 FHEMZTREOZEADS Boltzmann FHFA

ST E REDIER] (/) Kullback-Leibler [H & D, AN TV O E—0DJH
) 75 Boltzmann K1 TRl SN DHEAHRIIHONG Z L 2L 2.

2.1 RIEDRE

REMDHEN ¢ = (q1,...,q¢) ODZHSHDOFEIRS.
n BIOMIFRITICE > TE LD i (ITDOWTREE ¢ BEUZEE ki /n DUEIX p (IZFELW
X, RBRAAAIFIE p=(p1,...,p) CFULLKRDEEDZLIZT D, TOMHRIZIDONT

(n [ TRIRD A DIEIE p 2R B 1HEHR) = exp(—nDlp|q] + O(logn)) (n — o0)
MENL L TN DTH > 7=
ROMEEZZEZD: 3 p=(p1,...,p,) I

Zfl/,ipizcl/ (V:1727"'7S) (*)
i=1

EWSEMEERT. 22U, R OXRZ NV (L,1,..,0), (fors ey for) (W =1,...,8) I&—
PHMNITHDEREL TEL. RERAANZOFRMZ w7~ 534 p ITIFIFFELWEEIC
HIR L 72& X, BREBDADOMHERD AL n — co TED LD ITIRDEED 27

e ZIE R i DRIV F =0 E; DEEIC

i Eip; = U
i=1

S Tsallis T NOE—DEHRT ¢; =1 £FD L Tsallis TV hOE—DEBRNRFOLND.




14 2. ST S KREODOIEAIH S Boltzmann K-\

LS Sl (T4 B T AL ¥ — ORBRITTAIENIEIE U 125 L < BoTHW3 L1055
) 2L L X BB 1 — 0o TED XS I1TIRD 8> 5
FrZIE YA ANEEST i DHAMED, HeE B RUAEHADE X,

i Eipi=U
i=1

EWDS R (TRDS 1D 7Y OERORERIPTEEMNEIE U RY BIZELLBR2TY
HEWVIRM) ZERLZE S BREAADN n— 0o TED LD ITIRDEED 7
UED2O0HITIE s=1Thd. EHOFGEZHEIEXs>1 45,

2.2 Boltzmann FFDEH

G (x) DB E TORBOMHDORMANEMHRIE n — 0o T, &MY p=1 8%
£ (x) D% & T Kullback-Leibler [ & Kplq] = >.i_, pilog(pi/q;) PE/IMEIZE 2 5345
p=(p,-..,p) KHEFTDHILIIRD.

T DFMAF E B/ MERE % fi# < 726012 Lagrange D R EFEIEZHEB S, (Kullback-
Leibler fE&E A p ICDWT MICREBINVAERE TH > 2 BVHZE D) TDDIC

L=> p leg% +(A—-1) (Zpi - 1) +> B (Z foipi — cy>
=1 ’ i=1 v=1 i=1

EBEL. ZITA-1, B, WRERKTHD. REFE p, T L 2mMHUIZEERNT
RTOIZRD LW HERX

T

:Zpi—l, (1)

aﬁy iquzpz_ v (V:L’”as)u (2>
O—aL—k>l+A+§:ﬁf4 (i=1,...,r) (3)
apz g 4 o vuvi 7

ERITIEEV. (3) &V,
—eXp< A— Zﬁufuz) qi

ZRE (1) IRATS L,

=t = Ze v= 15”f'” Qi pi = %62i=lﬁ”f”’in‘ (4)
ERDBIENDONDE. IO Z IFDBEERELEIENS. ZDEDIT p & Z = IE
B, ZHDEBIZE>T WD, B, 1261 (4) 2 2) ITRATEIZLIZL>THREIND.
exp (= >.°_, Buf,:) % Boltzmann FF &5 &129 5. Boltzmann K I3 REE 244

G E ORI p MENEZITERRDIZNZHRL TS, ZOXDIZLTKRDS
N4 p; % Gibbs B EIERZ 2129 5.



2.3. DA DEGEEL DG S E R OB BBINAEIE L ND Z & 15

Gt (%) PR U TS GEICHIBR U 7256 ORER A1, n — oo T ETRD 72453
fip=(p1,...,pr) \SEM (RO EKREDEAIL D). n WEKRZRSIX p; 1& Gibbs 24
DIE%E LTS L LTI,

eZEs=1, fii=E,c=U,3=80D% ¥,

1 . m%z
— o BEi _ § -BE; . _ § —5E _
p’L - Ze Qm Z - . € QZa - . E

INSDRANIE ¢ ZHHBHENIZ ?Afiﬁfbb‘ iﬁnfﬁ%c 35 \7 % Boltzmann [X1-
Z W ER DA DR IC—H L TWD.

Gibbs I MM T Y ha Y — Spl¢l = —Kplg] = — > ;_, pilog(pi/q;) DHID
FRERDED: 10g<pi/Qi) - Zi:l Bufvi—log Z, 2211 pi =1, 2211 Jvipi = ¢ BDT

Slplq] = Zﬁycy + log Z.
v=1

A s=1, fii=E,a=UB=80D,&
Slplql = BU + log Z.

BHIRXNFX—F % F=-3llogZ LEHET DL,
Slplg] = B(U = F)

ZDAANIX, Boltzmann BN E EFN TRV R ZRITIE, HEHHFEEH>TVW5E NE
EOTHENIEADRNKEZA SO,

2.3 BOMIEGREDOGZEOERBEOEHESTHENMELONDE L

REEMD D HERE LI ¢(2) THAON TV HG %%Z&O ZOBEITIE 0 b
DMSZEALT DFERTF S 1 2 REER A DWERE L BN FIE p(z) ([ZRDHERONERD 1/n
f&lE n— o0 T

@ dz

Smd=4%M=—/M®M%@

IR & B2 BND. S plo) I T D% % 3

/fl,(x)p(a:) dr = ¢, (v=1,...,s).

I & FRRIC U T, ZO&RMDE & T Kplq) ZE/MIT DHERBEER p(r) 2 RDD &
ROEDITRD ZEDDIND:

1 s i
p(z) = e T Aelr@g(g),

A
Z:/e Zy 1Bufux) ( )dﬂ?
log Z
_aaoﬂgy :_/fV L=t B )q( )dx:cu-

Z D & S ITB IO HE e B3R 070 DO % B DI EL 2 ik & IS, B M D5
TR DR AR L FIEIND.

7= ZIELN N OMER DX T A THREDARIZEEINT VD

CBoltzmann E#A 1 (2R B RERATHILETES.
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AN

o n k . n—k — € Qk — n

0<O<1Dr¥ —B=logh—log(l—0) LB L, k=0,1,...

A RECDIERIDY 5 Boltzmann K+

,nAZDNT

_
(1 —0)

Z DEE & R E RBOFEAOBERIZOWTIIH 4.3 £ 2T &

91’ 20, 9T>0, 22:19%:1 "C&’Détb, —61210g81—10g87~ K}D\< t,

ZIHDTh:
i+ +k=n0D&Z
_ r—1 o 1.
p — n—lekl . ekr _ € Zi:l szhqkl ..... k.
Bk = QT 1 " 7
n! 1 1
e — Z —
Aky,... .kr el -k L rnfn
ERD:
—(z—p)?/(20%) —(1/(202))22+(p/0?)x
T

p=0,0=10DHFIIONTIEHE24HESMU THRU . IERDAH OMERE KL p(x)

(ZF p &R o® ZIRELE ST, §48DS [ p(r)de =1,

/a:p(ac)dx:,u, /xzp(x)dxza2+u2
R R

EWVHEMEDE LT, Ty b —

PEAIZARS p(r) & UTHEMNT 5N,

Gamma Zf: >0 1ZHWVT
ef:r/Txafl efz/T+(a71)logz
plz) = rol(a) 7 ’

Gamma 7345 DMERE LKL p(x) & [ p(r)de =1,

Z =1°T ().

/Oooxp(x) dx = ¢y, /Ooo(log x)p(x)de = cy

EWHEEDE T Y —

Slp(z)] = — / " () log p(x) de

BEARIZHES p(r) & UTHBMT 5NE. UTERETH .

BZFEBeta®Df: >0V T

a—1 e(oa—l)logcv—(oc—‘rﬁ) log(1+z)

p@”‘3m¢9u+xVW“ 7




2.4. FHEERDAGOE 1A 17
BHE n DOt 2%H% 1/yn TRT—=ILLEED: HHEE n O ¢ 7370 OMEREEIL

2\ —(n+1)/2 —
p(t)dt = é (1 + %) dt, cn = V/nB(1/2,n/2) = %

ThHo/z. p(x)de =p(v/nx)d(y/nx), B=(Mn+1)/2 B L

1 1 efﬁlog(1+x2)
PO = zagemr -z 0 Z=BA2n/2)

F—FfEBetaDf: 0<zx<1IiZDOWVWT

xa—l(l _ x)ﬁ—l e(oz—l) log z+(8—1) log(1—x)

po) = g - . Z=B(a,).

Poisson 27:
P\ B e~ (loE Nk g, e
Kooz T ar

Pr =

2.4 EEIFHRDHDOELHA

HlELTs=1, filr) =22, c1 =1,q(x) =1 DHFHIZEDBRDEZMEFHELTALDT. Z
DLENZ EOFRERIK, n BIOMALEAITORERAG 57z o ORERPFHE (27 +- - +22)/n
(ZDWT

EWVIERMEEI UL E, n— oo Ta ORBRIDANE S BLDMERDD Z LIZHFELW.
EDRAZEMD &

pla) = e P, Z= / e de = \/rpT2,
Z R

dlogZ 1
B 28

WARIZ B=1/2, Z =+2m, p(x) = e 2/\2r &85, THBDE n— 0o THELND N
IR DAMAIIR D,

ZORERIE R NOEED2FMN n DR ZEFOLETSD n— 1 IRJGEKH EO—HRD A
D 1 RITH A ZEENDI N n — oo THHEERDAIZPNRT LI LZ2EZERL TS, §
BHOHBIRDNAXDPEIL L TS

1.

I dz) = ey
s [ ) = | @ S

ZITVnSTUIRER i D n— 1 WOEERETCTH Y |y, 1ET D EO—REERNATH Y,
f(z1) @z FBRMEEDR (21,...,2,) ORHETHD. ZOMEBORRIFEE DL EHD
R DR TERICHEE TS 55,

PAEDEHER % RaE, 58BN HRIZE T S MOMERSHENED & S B2 U 7~
EZICHRIZEH DN NEMETED LB S,

Tq(x) =1 BOTIDHEIT q(z) IFHERBERBUCR S22V, UL, UROFEOFEGRIZE L.

SIRDHES 72 ) — b D Maxwell-Boltzmann HIDHiIZ Z DEHMZFHEIENTH 5.
http://www.math.tohoku.ac. jp/ kuroki/LaTeX/20160501StirlingFormula.pdf
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18 3. ZIEASAE DA D Sanov D&M

3 ZIEDHDIBE D Sanov DEE

LI A D6 D Sanov OEHOD F ik & PHEIE N THREICHEA L THE < 221275,
Stirling AR I ZHEDBWG UWIEHZ BN 5. ZOROFEHIE 7B J5HE 3] T#
MINTVWDIEHE AERIZFE L EDTHS. TOTUTIUISEZITRDFHN - T A
H5.

3.1 Sanov DEEDFIE
BIREA {1,2,...,r} LOWESGREOESE P LEL:

P:{p:(pla"')pT)ERT|p1a"'7p7‘207 p1++p7‘:1}

Pldr—1RTOHBKTHD. 22 Er=30cE PRE=ZAFIILS.

WeENA ¢ = (qu,...,q.) € P ZERIZHS>CREET . HREH X, Xy, ... IZES
{1,2,...,r} ICMEZREOHEREZRBFITH Y, L TRNG ¢ = (q1, ..., q) (U722 TV
2EETD. q=(q1,...,q) EEEHAITHLITL

EEHAITHUTEDTLOMEBME #A LEX KM AMZINDMHERE P(A) £ES

95, (BTEHME ADELTD B OFMAEHERE P(B|A) £ &EL)

BaDi=1,...,riZRHUTX,.... X, IZ&EEND i OMEBD K, 272 HERIT

!
P(#{k:L?,--wn’szi}Zkiforeachz':l,...,r) :ﬁqfl...qiﬂr
Nkl

FRENT B, ZOXSE (k... k) TS (ki/n,. .. k/n) REOESEE P, C P
EELZLITTS:

k k
Pn:{ (—1—>’k:01n k;1+-~-+k:rzn}.
n n

ZDLE P, OOMEBUL (n+ 1) ATIZBRD. (#P, £ (n+ 1) 2B THEICHAHET
%) Xi,..., X, \CHIET D P, DIC B, = (ki/n, -k /n) = REBRDH L IEN. BRI A
% R OMEREHTH .
MR NTRDM. (p, q) € P2 DB Dlplg] 2IRDE S IZHEDZ:

Diplq] = sz log—

pi X q; M0 IZRBEGEIZTIE 0logd =0, —log0 =00 EWHKHKEDE L TEZEDTEH
<. DIp|q] % Kullback-Leibler [ER& & 3.

EIE 3.1 (Sanov). L EDFEDE & TR L TV D!
(1) AN P ORHFSEEZLIX

1
liminf —log P(P, € A) =2 — inle[p|q].
pe

n—oo 1



3.2.  Sanov D EH D EEHH D HE fig 19
(2) AP OHPEEEZHIX

1
limsup —log P(P, € A) < — inf D[p|q].

n—oo T pEA
(3) P DWAESL A OBMOMEN A 2 BRI

1
lim —log P(P, € A) = — inf D[p|q|.
peEA

n—oo N,

ZDEDITRERDAED n — oo TOWHEZEH)IE Kullback-Leibler [H# & D(plq] @ inf T
FibI NG, []

Bl 3.2 (ZHAMADHE). r=22U, q1=¢ o=1—q¢,pr=p,pp=1—p &BL &,

D@m%=pbg§+(1—mk%1

SR p=q DX FREME 0 IIRY, p A g HHEEND & ZNOMEIRHS TS,
0Sa<b<1THBEL, A=(a,h) EBL. ZDLX

P(Poed)= 3 (Z) (1 — gy

a<k/n<b
BDT
X . —Dlblg] (b <q),
. - k . n—k — — _ — < <
tin x5 (3)a =0y =~ it Dl = { ~Dlgisl =0 (=g =)
—Dlalq] (¢ <a)
725, 2N Sanov DEMOIFHMHZIGHDOKRE HHLLETHD. ]
3.2 Sanov DEIEDEFEAD #(F
IRODMHEHE T Stirling DARDRD VIS,
e 3.3. HEADEK K12 LT
[! I—k
=k
SRR [ >k DE ¥
|
%:4k+n@+ay~zgﬁ*.
ISkDe ¥
L L > L g
K (+1)(+2)--k = k& '
INTRIRIZENRIN. []

B4 BFE O TVDEEITIE A IFMEEOBAEATH > TEMERN. UL, BRIOLOHEIZIE A
RO EEGE ERET D I ENEEIIRL S5 L.



20 3. ZIEASAE DA D Sanov D&M

IROFH-EAGEH T & 20 Sanov DEHDFEHIES UV, IROMHBEDEERH (213 Stirling D
RAZEDR.

HE 34 FED peP, IZHLT

—nDplq] < P(P., = < B—nD[qu]
€ = n = .
(n —+ 1)T - ( p) o

FEER. p= (p1,...,pr) = (ki/n, ... k./n) € P, DL ¥

— nDplg = ZklogpvaZklong,

n!

—nDlplq] _ ql qr _ o 1. ke
€ Tk P(P"_p)_klg...kryql 4
W 212, ZOMEDKERIFIRE FETH 5
1 n!
< Mook <1
(1) = kil k0L

LS DOFHED S (HHOAER) IFZLHAAOHH L) HHTH S, (ZHAMIZEITD
RN 1 TR THD I L 2ERLUTVDITEETR.) UT TR SO (ZHD A%
R) 2L LS.

L=0,1,....n, 4+ -+, =n EIRETD. ZDO&E p=k/nRDT

n! I n! L 3
cophr < Lok
A ]%:kﬂ”mW1 pt (%)

MHEE L TWBIETTHS. &ﬁab ZIEDAIZ B WO THERD R KIZ R B DIFRRER D A1
(B DBENE ;/n) BWEEFDE (SOBEE p = ki/n) IZHEULBDZLEIENLTHS.
ERE 33 &Y,

|
_ : ° kl ll k [ ll k1 l-—k klfll kr—I1 .
Akt A AN kel > bR ke sl kel —

ZNT (%) BREHI Nz, W AT, ZIHEM KLY
n! L I . nl k1 ky
1= Z ll!...lr!p1 e =) lcl!...lc,n!p1 b
l1+-+lr=n
W% (n+1)" TEHIE T2 5 DOFMNELND. []

TR 3.5. LEDHERD =TT D& D ITHRING.
f(n) & f(0) =0 27z 9 IEEDEL n OBRHFBEMEKBTHD LU,

f)=f)f2)---f(n),  fO)!=1
LEDD. Ik fBERIERILICITS. JOL XFEAOBE k 1IZHLT

~—

I > py.
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o = Dk +2)-- (1) 2 ()

R ISkDEE
o 1 o1
KU fU+0)f(+2) - f(R) = (k)

f(n)! L ; f(n)! . )
F) - ) S O s

= f(k)'.

BERLHIE
(B) _ f)t )t ot
a0 TS IS A es
2 f(/ﬁ) "'f(/fr)l’“_kT . f(kl)kl—ll - f(kr>kT—zr —1
f(n) WEMZGEIIEZIOEHUZE I SHIILZED I LNTELLEbND. 0

3.3 Sanov OEIEDIERA
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