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(Zl g——ZZlog——i—ZNb long>
=1 k=1

T

k
= m;bgm—;m;bngr;pzlog%
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—>/ logxdx—Z/ logxdx—i-ZleOng

= [rlogz — 2]} — Z[:clogx—:cpl +szlong = Zpilog%.
i=1 ¢

i=1 i=1

2 DHODOES THIMDONMANZ Nalog(Na) —>"7_, Nb;jlog(Na) =0 Z#HA L. THIZL-o
TEDREEZEHTEDIRICELTE 2.
A EDOFERIFIRBHNTE I e 2R LTS N w00 DL X

(Na B DFRT TRERD D p; = b;/a 2R B HER)Y N

(p1/q)Pr -+ (pr/ar)Pr

1.8 Kullback-Leibler [F#= & %185 % O #/ D& R E 2 O BE &
Z OB i E Y 1 — b
https://twitter.com/genkuroki/status/773390919450132481
DNEZZLDHELZEDTHD.
ERICHRZARNOEH ¢,pi >0, =0 pi=1 k FEDQRKT > k=n
ThdLdd. ZHDMHIIBIT DR

qul SR qk”'
TR

M, ki =np; + i, pi = ¢+ 2/, g =o(y/n) DEZFL n =00 TEDLDIZHRDEEDS 0
ANV, T ZTHREE n!, k! I Stirling DA

n! =n"e "V2mn(l+ O(1/n)), kil = EFie %y /2rk, (1 + O(1/n))
(XAUNC R

n! g = n"e "/ 2mn(1 + O(l/n))
kol ook T Rk Ok - Krehe 2k,

DTFD e EFRED e HIE YT ki=n LV FYURIVULTHAS. n" =nfr...nh

EE;?%Iq?"“ﬁT: <?%2>_h “(?fﬁ>_h1quﬁn;_ﬂgﬁaf?~<m¢n>' )

ZORARBLUTNOERDOIEARIZZD. ZORK () & & <BRDNIEXZL LA O HUOMBIRE
L ¥ Kullback-Leibler 1% ¥ &= D BERMN DD 5.

AEPITIY o] < 1/2 (BIC & = 0(1)) ICHUNB .
PRA (%) I n BRERL 3?@%@%%@@%%&:%@3‘%'lﬁiﬁwftiei‘t«“fé\iﬂfu\é YEZTEW.


https://twitter.com/genkuroki/status/773390919450132481
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ZIEDHOFROBREE ZIHDHDZIRTTIERIEIZ LD EM %D 20121
ZT; .
ki = np; + €, pi:CJH‘%? ;i = o(v/n)

% (*) C:ﬁ)\@_m&&bm Z::l kl =N C‘_). Z;:l q; = Z:lei =1 J: U, Z::l g = 0,
SV @, =0 £,

B o1 Ly 4 i
no & Vg ng

k. —ki . .
log( ,/n> = —(ng + Vnx; + ;) log (1—1— Ti o & >

) =q(l+o(1)),  ki=ng+vVnw+e;

qi Vg ng
x; &; 1 Z; g\’ 1
= Vi) (mm—m(mw) “(ﬁ))
T
= — na:i—ez»—i—Q—qi—i—o(l)

BOT, Y (Vazi+e)=0 &Y,

n! i )
kll...qufl'”qfr: . x (1+o0(1)).

1 T
| exp (5 E q—’)
n: i 7
R 'q’fl coogtrdley e dby = ! dzy -+ dz,_q % (14 0(1)).
ek

S k=130 2, =0THhdILIIFEREEL. ZORBRIIZLHDHDN n NRKIVE X
CEUOCIERBAATEMTES 2 L 2R L TV (LIS O HUOB R E ).

KLBEHREDEY Kullback-Leibler [E#E %155 72021, (x) DRHEDNE % HL > T,
k; = np; + o(n) = np;(1 4+ o(1))

#RAUT o(n) DIEZFHTNIE L. & =np; +o(n) =npi(1 +0o(1)) D& X

, i el 1 .
TH»D logn = o(n) 2DT

n' ! Di
log <mdfl o qy’fr) =—n ;pi log” "+ o(n) = —nD(pllq) + o(n).

Z 27T D(p||lg) & Kullback-Leibler I§H&ETH 5.
CFEPIZIL |g;] £ 1/2 1B,
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KLBREEZEDHOFRMBEREERDOER HULET>72Y k =np; 72513 Kullback-
Leibler & & & (x) DAL D R T
o <M) "
dr

()
0

DOXED —1/n 52— B. k; = np; + o(n) DHAHITIE, Kullback-Leibler [ i%k 2
DEFDNED —1/n 5D n — oo TOMPRIZ Kﬁ(’é‘é T UCZHEDDZIRTTIER 17

I & 2L DB E ZORFNEB/BLNEZDTH o2, UL >TEHENf%
WAL 2 ZIRGTIERL 0 A6 D FRER B - DD —1 %

1~ 22
220

I Kullback-Leibler [ &2 513518133 ThH 5. Kullback-Leibler [T D(pl|q) &
g%:%®83§$@OK@6@T%Ot.%@ﬁ?nD@M)%EMm@%bt%%@
2 IRDIERGY I & % T3 A % AT B 2 YR ITIE R 43 76 O Tl 3 %5 5 B AR D 5 BB B 73 D W 4%
D -1 FEPFONE. TOILEERLED. 9 Y 2 =0 LHIBRETIT nD(p|lq)
Wpi=q +xi/y/n ERALUT, 2; ZHIZDWTHEMET S &

aDlpll) = 3 g+ i) og (1+ 2 )

i=1

=St v (- gz v (7))
—Z( n$z+—2+0(1)>

IITY =025k,

r 2

nD(plle) = 5 3 2+ o(1).

i=1 1

DI EMLZHEMMDLIRTTCIER DAL DELIL p; 2D ¢ 72HITENE I
Kullback-Leibler 1&# & Taylor BEEAD 3 IR EDIEZ HAHT 2 Z L 1IN T2 0D
ND.

Pearson Dh 4 2T HREHAE L DOER ZHEHDMHIZHITD

i ((i DIEBOBLHME) — (i OIEBOMIFE))? Z (ki — ng;)”
(i DIRB D) a ng;

i=1 =1

% Pearson DN 1 2 Feffigt i LN, TN by = ng; + Vnax; +o(y/n) ZRA LU THEAT
5L,

r 2

~ (ki —ng;)? 7
; ng; a ; E ol
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WZIZ n BRI NE X, Pearson DA 2 FTARGHRIFZIHD A % 5T D 2R EHR DA
U 2 2HIBT 2 Y a2 /q TEEIS NS . SIEN % 5T 5 ZIRGTIER
A1 DR FE I DI B BGR 1S exp (—(1/2) D01 27 /qi) DIEZ L TWBDTH o7
ZDIZENS, n BRI WVE X, Pearson D1 2 TG RIT I 2 FOAAITIEMLIZU 72
MWD ZEMWOND. LIS (r HAAR) %2 BLT 2 IRt IERL AR O MR RIS
Y xi =0 TEREING r— 1 IRTDOEEZFHDODT, TDHAA 2HEIMGDOEBELIE r — 1
B35,

FE (DM 2E&DHBER). 20, ..., Z, \FEEEH DAL 203D WL RERERTHD L
5. F4D Z; \ZDWT f(Z;) OMAFHEIZ

=% /2
E[f(Z;)] :/Rf(zi)ﬁdzi

YEDIND. TOLIHREIY =S5 22 BUEMNS RS % HHE s DhA =

=11

F'DMENTN. A ZR/AMIZB T DFHEIZIRD L D IZTRDIND:

e—y/2ys/2—1

E[f(Y)] = /000 f(y)W dy.

eSS

s

E[f(Y)] = Const./ f < ZZQ) e X A2y dy,
Re i=1

= const. / f(r2)efr2/274371 dr = const. / f(y)e*y/QyS/Qfl dy
0 0

2OHDEFEZST 2= 22 LBE, Bk r LIRE EOFRMICHESE R /2. Bk O mifg
FERED s — 1 FIZHHBITDDT ro~t ORTFAHD. B3Rl EOBES 25470, HTRAE
% const. IZHEDIAATZ. 3DHDHFEST y=1r? LBV, EBLG const. X BMHERDIA
FIW 1LIZRDEND NS HERNIZRED.

A = [ay] BEEENTRTIED s IWERNFATHTH S & U, TD#ATH% A" = [b;]
LELZLIZTD. (X, .., X,) E (s RITDE R FFD) MEREEHE

exp (-% > i bz‘sz‘%‘>
det(21A)

DB BUGEERM IS HRERTH D L TH. 0L ¥, MRS O
B 5 DI —2 FEZIHIET B 28

Y =) bXiX;
ij=1
EHHE s O ZF/R/MHIZUEZND . §806, GORTH s DERITIERD DR
BERBOEBHHLE D ONED -2 FICHET 2EXEHIEBRE s Oh1 ZFo2H
ICLEBS. 2O ENEHT 2 T’OMIE DS IGTERDEINBET B (b ) HAW
BHERDATHDEHZERDIENTED.
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FOY WHHE s OB A “RHOMBIZU DD BAIILAITO@E Y . ARE I EAE S5
MTFIOMEARETH D, FHHITH A EHDERTH U = [u;] &XATH D =
diag(o,...,a,) &> T A=UDU ' =UDUT £E£EbLIND. A DEAME a; 1ETRT
EBDT VD = diag(y/an, ..., /a5), C =UVD &8k, A=CCT 8%, TDL ¥
Al =(CHTC BoT

Y= bXX; = XTATX = (C7'X)T(CT'X).
i,7=1
ZIT X IFMERZ X, 28 i KR LT 2F5RT MV THS. §H8DL, MERZHDF|N
NV Z=[Z]% Z=C1X LEDD L,
Y=27"2=> 7.
i=1

Z; 1= B AN T 2 DM TEMOAAIZ U205 Z e 2R, Y BWEHHE s DA 2
FOMIZUZND ZeNbhnd. TD-OIZIE Z, 725 O 8AT R DS AL T HNIZ A
522 xREEFTRTHD. Z; 2bONEIESHITHOERIE E[ZZT) THY, X, 7=H
DI ITFNE E[XXT] = A= COCT 2DT

E[zz") = E[(C*X)(C' X)) = c'EIXXT)(CH) P =07t (0T = E.

INTRIREIZENITARTORINSE. ]

1.9 Poisson 9% & Kullback-Leibler [E3R & D EE{%

Z DA EESTHR [0] O p.80 1B B KT Y ¥ 434 & i o 7= BUIH O BRI IE Y L2
+%

https://twitter.com/genkuroki/status/775549559405555713

DAY 1 — NONEEFEDELEZEDTHS.

Poisson 0% A >0 ThH3 L35, HEREH K /ST A—&— X\ D Poisson 74512 L
25 8E, k=0,1,2,... 1Z08F 2 K =k QRN
NG
k!
EBROTNWDIETHD. MERORMMN 112252 LiE
= A A AA
ZP(K:k):e’ ZH:e’ et =1
ke

0 k=0

P(K=k)=e

EHEND 5N S . Poisson HAAIEZHAADMRE UTHLND. 0 <q<1I1T0T2IH
SAADORER nl/(Kl(n —k)) - ¢"(1 —q)" * iZ g=)\/n ZRAT DL,

n(n_l)“l.{!(n_k+1> (%)k (1_%)nk: <1_%>n2—:€ X A,



https://twitter.com/genkuroki/status/775549559405555713
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4 - 1=0/m)A—-1/n)---(1~(k—1)/n)
" (1— A/n)k

ERD. INT, ZHSAIE ng= )\ WN—EDEFET n— oo &F 25 & Poisson 746 (PR
T % Z LMoz, Poisson A DMER P(K = k) IFBARHET k BOA NV AT
SHERTH D LRI ND. Poisson 2 DWIFHE E[K] &8 E[K? — E[K]? I3 IRD &
DIIEEINS:

_ _ A A R N
Emj_;:M%K_ky_e ;yﬁi—e ;:%_1ﬂ—e At =\,

oM -
<MKM¥Jﬂ:e*§:%_2y:e*VA:A2
k=2 '

E[K?] - E[K]? = E[K]+ X — X = E[K] = \.

—1 (n — o0)

Poisson 3 DE— A ¥ M EEEKE E[e'™ 1JIRD &S IFHREINS:
tK AN e Adet _ o A(et—1)
Ele*]=e kz:e e e =e :

—0

#1Z Poisson A IE/8N T A—R — N IZDWTHAENEZFEDT. WXIZ, FOMRREH XY,
K\ D385 A—4— X\ D Poisson S U2 HEREBTH D & X, (K, — \)/V I
A — oo CHEHEEHAMIZU 0D HEREBIZHIRT S, UL > T, ML B iERZEK
26 Ky, MTNTH/NT A—=8— )\, O Poisson FEIZ L2005 & &,

(K, — )2
Z( A)\i )

i=1

N 2B ERBICKRELSTOMBTHRE s DA 2R DMAITU 72085 MERZLUTFHIN
W9 D, 0, =K, 2BHIEHEMINU, B, =\, 2GFEHREMINT S L, LOoRIZ

—~ (0; — Ey)?
Ef &)

=1

EEIEIN, &< Pearson DA ZFARGIEE U THEDND AZAIVIZED.

Poisson 2 DHDRIREIE  Poisson 7347 O FULMG R EFL D Stirling D EH % {fi > 72 E
BERGEBH OB 2 HB L & 5. f(z) & R EOFEBEEREGHRRTHD L TD. K, I
INT A—R— \ @ Poisson P U NI HEREHTHZD LU, X\ = (K- N /Y &b
. Zhkx

AMVAZ A

S (R N
EV(XA”:“;f<W)H: 2 IO

meZz_)\/ﬁ
- Y i XHAe M (14 0(1/)))

2€Ts_\/VA (A + VA x)MVAze=A=VAz, [or(A + V)

TIHNT R HERER X, Y DENTNINT A—F— Ay, A\y D Poisson DAHIZLAZMND & &, X +V IIN
T A—=H"— Ax + Ay D Poisson FFIZU7ZMD.
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z \ OVAD 1+0(1/)) 1

- ) 1+ —= eVAe —
Z/f ( ﬂ) V2r(1+ 2/ V) VA
_ oy f(x>e—w2/2(1+0(1/\/X))1

vz s 2m1+2/VR)

S

00 67:102/2
— f(z) dx (A = 00).
oo V2T

3 DHDE ST Stirling DX %72, 5 DHDFEST

2

— (A4 VAa)log (1+i) VA= (A + Vo) (i_im(ﬁ)) Ve

VA VA 2)
_ ? I 1
=— /\x—I—E—x +\/Xx+0(/\_\/X)__?+O(ﬁ)
o7,

Poisson 7ML EEAHAN ¢, >0, ¢ =1 LIRETD. ZHOMIZIE T DRI

T k.

n! Ky & q."

I N 4
=nl

l{:ll---k:,n!q1 @ H k;!

LEITD. HEU K OB HEHIE YTk =n IZHIEINTHNS. LAR-T,
Ni=ng £ L,

r

ki | ki J— ki

i n: — (nql) n: i /\

| (A ng; — i
n! H ki' nhe—"n H <€ kzl > nte—" H (6 _kz' .

=1 i=1

ZORFDEDNHNTFNL/INT A —&— \; = ng; D Poisson FPAEDHERDADILE LTS,
ZDIEMND, ZIHNAMIIILZA Poisson 2AEDHZ >0 ki =n CTHIELZEDIZZ -
TWB I b,

B D Poisson M 5 KLIEHREDKIEAN  HIHD Poisson 3 A H 5 Kullback-Leibler
FEHRED [HFIEH] WHTELEZZEZHHLED. )INF A—4— X\ @ Poisson 7375 DERIZ
Stirling DA ZHHAT D &,
AN e N _ (E)k s-a 1+ OQ/k)
k' kkek\/27k(1 + O(1/k)) A V2rk

ZOFDERNEARIZERD. ZORDAELDEA]D —DDHRFDIED N HIX

K\ k
log <<X) ek)‘> = —klog " + k- A\

ZHIE & A & Kullback-Leibler [EFHEDHKIEHDIE# L TW1d. IHIZTNH6ULIAZD
£DIZTBDITIE, k=np, \=nqg ZIRALT

—klog§+l{:—/\: —n (plogg—(p—q))
q
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EEET XX, HILDFEIRD F11Z Kullback-Leibler [E#H & DA IHDE DR E T W
%. plog(p/q) & p=q CTRUNIBRLBOD, TIN5 p—q ZEIWFERIE p=q T
INZ 7% . Poisson 7048 D HUMBFREMIX —klog(k—A)+k— X D k= X ZE1F % Taylor
JE G

1 (k:—A)2+ L(k=X* 1 (k=)
1-2 A 2.3 X2 3-4 )3
= ROIEFTTY 2L E2 LIV, LV IEMIZERNRS &, 20D Taylor JEFAIZ k =
A VAz ZRALT, N> oo DIiEEZEZD. k=A+V iz D& X

k
—klogx—i-k—)\:— +---

2

k
—klogx+k—)\—>—% (A = 00).

ZDZEMND k=A+VAz DEE k/N=1+z/V\ dk=VXdz &V

2

k —k —x
e gl = (5) r2IEOWE) o 7 e (3= 00)
k! A V2rk V2r

LB LE LMD, T T Poisson 7746 D OB R EHLE, Poisson 2065515
KL T EDAIED Taylor %2 IRETTYIREME TR I LIZE>THELND Z &
MWbmo7z. —klog(k/\) +k— XD k= \IZEF S Taylor BEHO —IXDIHIZEHDLND
(B —=X)?2/ A& 0= (BHER) =k F=(FER) =)\ <L

(h— N2 ((BHUEES) — (WIFES0) (0 — B)?

A (ARFREEEN) - FE

EIEIFOHERETLISAD AR AITEIT S, Poisson 34 DHFMEREHEN S, B 8
REZRELEE (O—E?/EIECMIZEHBEE 1 ONA ZF/,H/HEIMHED 2 VD05,

B D Poisson D DIEHN S KL IEHREAN  HIHD Poisson 7745 H* 6 Kullback-Leibler [
WEDKIEIG S N/ZD T, #HEBD Poisson 434 DFEH 5 Kullback-Leibler [&#HEZ D E
DONELND. O Poisson DA IZEET D EHE LV

i—1 kil i—1 Ai 21k ‘

log H (()\—) eki_’\i> = — Z (k, log " + ki — /\i)
i=1 ) )

=1
N

= —HZ (piIOg% — (i — QZ)> :
i=1 !

BRI =Y g ERET B L

T —k;
logH ((%) e"’i_ki> =-n Zpi log%.
i=1 ! ‘
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EL I£H & 5 & Kullback-Leibler [EHED —n DK% L T\ 5. Kullback-Leibler &%k

BRIIZHNHOMERD n — co TOWMEEFNOR/OLNEDTHo/-. TDI L% [£IH
73 Poisson 2D E Y0 ki =n EWDRMETHIPTLZLIZE->TRLND Z L]
ZHWTRYZLHTES. Poisson DM EZHDMOREREY , ¢, >0, > ¢ =1,
N=ng, > ki=n 3D,

| | r )\kl

n! Ky Ky n! Y
| lq1 G ne—n H € Zl
k'l. cee kr. n-e 1 ]i]l

= v/2mn( 1_+0 (1/n) H (ks p) Per >
B A Vorki(1+ O(1/k:))

Stirling DAXZ Wz, ZOANEKRIZZRD. 6Tk =np 2B &,
n! . ke 1+ O(l/n) ﬁ (pi)—nm

—'q1 RN 7
k! k! \/(QWH)T_I Hizl bi ;4 4

L7znoT,
n! . 8 P
log (kﬂ"‘kr!ql qr ) = n;pllogq + O(logn).
43012 Kullback-Leibler 1§ & D(pl|q) = Y.i_, pilog(pi/q;) D37z
BB Poisson HH DM 5 SEAHOROERERA  LOFEETOFEF5 T

| r k‘ )\ —ki gki—Xi
T ghg = V2mn(1 + O(1/n) H i/ A0)

Tl - Je | V21E(1+ O(1/k,))’
—ki ghi=Ai L(ki —X)* | 1(ki—N\)°
Nk k=AY — "y oy 1 1 B
log((ki/Ai) ™M) = —kilog(ki/\i) + ki = Ni = = ot 2
£V,

ki:)\i+\/)\_i$iZTZQi+\/nQixi7 Li = Vi - nZiq

n! k1 kr exp (=3 2y 7}
TR N
Z D& 512 Poisson A& #EH U CEZHAMOHNMEREHZ G L ETED.
DEDESHBAAEE2T DL, ZIHDH LY H Poisson DAV ERNLRDHETH S L
IZRATHRD. ZHDAMIIERD Poisson DA DRE Y7 ki =n &V D RMETHIRY
5 ElZ&oTHELNDS.

) day - dr,—q (n — 0).

2 S EREDERD S Boltzmann FF A

ST E RE DR (/) Kullback-Leibler [H & D M, AN TV B E—0DJH
) 75 Boltzmann K7 TRl SN DAAHRIIHEONDG Z L 2 G L 2.
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2.1 MBEDETE

REEMAAD ¢ = (q, ..., q) DEZHDHOBHEIIRS.
n BOMTERITIC &5 TEL D i 1ZDWTIREE § A U 72818 b /n DIEIE p 12 L
X RERAAAIFIE p=(p1,...,p) WHFULLKRDEEDZLIZTD. TOMHRIZIONT

(n EICTRERD A MIEIE p 2R 51HEHR) = exp(—nD(p|lq) + O(logn)) (n — 00)

ML L TWDDTH o 7~.
ROMEEZZD: 504 p=(p1,...,pr) T s EHDFM:

ny,ipizcy (V:1,2,...,S) (*)
=1

BT AEU R ORZ MVES (1,11, (fots s for) (u—l ) ;c YA
’Cd@éc‘:ﬂiiﬁbf%< RRER AT Z DM % i 723046 p 12 Hu\ (2 HITBR L
FE BB OMRN L n — 0o TEDEDIT Hﬁé%ofm

e ZIE KRB DRI F—2 E; DBEIC

zr: Eip; = U
i=1

VDG (THDE TRV X —DORERIPFIIENZIE U ILFL B2 T0D LW D5
) 2B U728 &, REDED n— co TEDE D ITHRDEED 7
e ZIE, YA anER-oT i OAPHAS, HeE B, RV ALLAD5LE,

zr: Eip; = U
i=1

EWVI M (THRDOD 1[EH 72D OESOREBRIEIENZIE U R HIZFELLR>TWHD
5L VOEM) ZIRLZE I BREADAEN n— oo TED XD ITHRDFEDS 77
LED2ODHITIE s=1Ths. BEROZHEZHETXs>1 215,

2.2 Boltzmann FFDEH

M (x) DB & TORBRDAE DR THERIE n — 0o T, Gk S0 ps = 1 L 54
(x) DB & T Kullback-Leibler 1§ & D(pllq) = >i_, pilog(pi/q;) M E/IMEIZR D 3 H
p=1,...,p) CEFTDILIZHD.

T DM E B/MERE % fi# < 72812 Lagrange D R ERTEHIEZHH 5. (Kullback-
Leibler 5 EAS p 12 DWT RIRFEMNARKMCTH >~ L2 BVHTS.) TDADIC

L= sz 1og— - 1) (sz- - 1) +> B, (Z fuipi — cy)
i=1 v=1 i=1

EBEL. ZITA-1, B WREEKRTHD. REFERE p, T L 2RO U IERNT
RTOIIZHRD WD FHER

r

:Zpi—l, (1)
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aﬁy Zlfmp,— » (v=1,...,s), (2)
oL
0= 3 = log +A+§:&ﬂz (i=1,....r) (3)

ERIFIZ L. (3) &),

—eXp< A — Zﬂuful) qi

Iz (1) ITRATD L,

Z:=e = Z e~ o= Prfvig, pi = %6_ L=t Bulvig, (4)
YRBIENDMNE. D Z iﬁﬁa L IEIEND. D& p & Z =t I
B, ZHDHBIZE>TWS. B, 2bid (4) 2 (2) ITRATEHIZLIZE>THREIND.
exp (— > Bufui) Z Boltzmann ? EWERZ X129 5. Boltzmann K113 REE N 240

G EDORERDAR p; MENEITRZLZNEHEBLTVE. ZOXDIZLTKRDS
mtéﬂﬁ pi Bh/) = ﬁ)bﬁ*ﬁtﬂ?«»\_ 1295,

G (%) DIEAE U TV DG EIZHIR U 72356 ORI A1E, n — oo TUAETKRD 5
fip=(p1, - pr) C:iﬁﬁ< (G EREDERIE D). n BEKRZ S ITRERDMIE ST/
ZHANBEDOEZ LTS E L TEW.

f:titi‘s: 1, fuZEi, C1 ZU, 51 Zﬂ 0)(‘_’.%,

1 . 8 log Z
. — o BEi — § —BE; . § : 7BE _
p’L - Ze qw Z - : € ng Z E e -

I

INEDRANIE ¢ ZHEDPHEWIZTRNTELWHEIZIEHE 151281 % Boltzmann K+
= TR AR DR I —E LU TS,
A = AN T ST MY = S(pllg) = —D(pllg) = — 32, pilog(pi/a)

OJEIJ@%ZJ—_\‘%*@J: 53 log(pz/qz) = — Zi:l ﬁ,,f,,’i — 10g Z, Z::l Pi = 1, Z;:l fz/,ipi = Cy
NONE

S(pllg) = Zﬁycy +log Z.

=1

A s=1,fii=E,a=U =0, &
S(pllg) = BU + log Z.

HEHIXILF—F %2 F=-3llogZ LEHTD L,
S(pllg) = B(U - F)

ZDAANIE, Boltzmann MG FN TRV EZRITIE, Mt ¥ 2 > T\W5d NE
EOTHBEEADRNRXLZA DS,
8Boltzmann EA 1 ICRD B REHATLILETES.




2.3. R AAMEGEILDEGE D G EGETR DIRBI RN GO NE Z & 21
2.3 B9 ERGEOGENSEZEROIEHREGEIEOND &
RHEM DA DHEREEEI q(2) THEAONTWVWREEE2EZ LS. ZOHAEITIE n (b

DISLEALT DRGIRIT D VD BRI AT D Eﬁ+%WT§&b§LiL

&l n— oo T @
= — xr O]il'
S(pllg) = ‘/M)lg“@d

IER S EERBND. S p(a) 1BV F DS % T

/fu(x)p(x)da::cl, (r=1,...,s).

R L FRRIC U T, 2ORMBDE & T D(p|lq) Zm/NIT DHEREERE p(x) 2KkDD
ERDEDIZRD ZeDOND:
1

e 25:1 Bv fu(z)

Z:i/GEEﬂmnuw@Mmj
dlogZ 1
o =7 )
Z D& DR O G R R A DR % ERE OIS B D RR L L. BB HIDSE I
SBERR B DIE B DR & T IEN S .
728 ZIXLL FDOMER DAL T R TREEM S AFRIZEEZFNT NS,

X p(z) IR DHERDIED 1/n

—D(pllq) =

p(x) =

o= Bufu( )q(x) dr = c,.

ZIESM: 0<0<1DE&E —B=logh—log(l-0) B L, k=0,1,...,n IZDNT
n e PRgp n\ 1 1
= k(1 — )k = = — J=——.
ZDGE &R EREBOEIOBRIZOWTIEH 4.3 £ ST L.
%Iﬁiﬂfﬁz 91 Z O, ‘97" > 0, Z:Zl 91 =1 VC%%) el L/, —62 = log@l — log@r tj:3‘< t,
ki+- - +k=nbD&Z
o n' Ky . e Z:;ll Bikiqkl .... k.
Pk, kr = We "'9 = 7 )
n! 1 1
_ . 7 =
R P rngn
IEF 2.
e~ (@=1)?/(20°) e~ (1/(20%)z*+(p/o)x o
— — 7 — ol /(20%)\ /952
p(z) VT 7 : e V2ro

uw=0,0=10%4
W g &R o? RIBELZE X

ICDWTIEE 24 HIE SUTARU . BRI ORERZE R p(r)
2, 805 [ p(x)

dr =1,

/xp(x)dx:u, /pr(x)dwz<72+u2
R R
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VIO T, Ty b —

BEBKIZARS p(r) & UTHEMNT 5N,

Gamma9f: =z >01Z8WT

ef:r/TI,afl efz/T+(a71)logz

p(z) = T(a) = 7 , Z =1°T(a).

Ganma A5 OHER LB p(x) & [, p(x) dz = 1,
/Oooxp(x) iz = 1, /Ooo(logx)p(x) iz =
WO Ty MO —
S(p(o)l = = | pla)logp(o) do
DERKIZES plr) £ LT 5ha. IFEAKTHS.

B Betafdfi: 2>0I1IHBNT
1 o1 e(afl)long(a+ﬁ) log(1+x)

B(a, B) (1 + z)*t8 Z !

p(r) = Z = B(a, p).

BEHE n Ot 9%F% 1/y/n TRT—)LL7IcED: HHE n O ¢ DAFOHERE LI

2\ T nml(n
p(t) dt = é (1 + %) dt, cn = V/nB(1/2,n/2) = %

Tho/. plx)de =p(v/nzx)d(y/nz), f=Mn+1)/2 LB &

1 1 e—Blog(1+z?)
p(w) = 7 (14 22)(t+1)/2 - Z ’ Z=B(1/2:n/2).

B—FEBeta®f: 0<z<1IiZDOVWT

xa—l(l . x)ﬁ—l ela—1)logz+(8-1) log(1—=)

po) = g = . Z=B(a,).

Poisson 4%

k! Z
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2.4 EEFHRSHOEHH

BleLTs=1, filz)=2%c1=1,q(x) =1 DEHIZEDBRLEZMNEFFRLTALDY. &
DGEIT EOFERIE, n BIOMSERITORERGE S N7z 22 ORBRIIFHE (27 +- - +22)/n
IZDWT

EWVIERMEEFRUILEE, n— oo Ta ORBRIDMANE D RDMERDD ZLIZFELW.
EORKZMD &

_Ologz 1
s 28

WAIZ B=1/2, Z =27, pla) =e ™2/ 21 £%5%. TRDOEL n— 0o THLND N
SEEEERDAMITRS.

ZOFERIE R NOBEED2FD n DR E2HLNET D n— 1 IRGLERH EO—RR3
D 1 RTTEBZERINDHFE I n — oo THHEEHDMIZPERT I L 2EHRLTWS. §
BHOHBIRDARDEANLL TV

p(z) = —e P, 7 = / e P dy = N e 1.
R

e—x2/2

li n(dz) = dzx.
s [ e min) = [ 5@ e
ZIT n S IEAZEFLETEHE /o D n— 1 KITERH

{(:Ul,...,xn)eR”\xf+---+xi:n}

ERDOU, i 1FTDOEO—FRMERZSMATHY, f(xy) O zy (FEKE LD (21,...,2,) D
R Thd. ZOMROARNITEEDLEHOWMES DR CHEBEICHATE L1,

ML EDEMERZ RUX, SRS GHRIZE T 2MOMERSENED KD 25428 U 7~
EXIZHRIZEHDODNDZ NE T I LS.

3 ZIEDHDIBE D Sanov DEIE

ZIH A6 D4 D Sanov DEMD Eik % AR IR R TEEIZEEH L TH 2 2129 5.
Stirling DARI ZHDLLNVG LU WEEHZ BN TS, ZOROIEHIE T 0 Z5H [12] T
MINTWDIFHEARABRIZFEILEDTHD. TDOTOTIINIBEBIZRDMBHRI - I A
Hb.

3.1 Sanov DEXED IR
HBEA (L2, 1} EOMRMEREOESE P L8

P:{p:<p1""’pT)€RT|p1a"'7p7‘207 p1++p7":1}

99(x) =1 BOTIDHEIT q(z) IFHERBERBUCR S22V, UL, UROFEOFEGRIZE L.
1R DHEZ 72 ) — b D Maxwell-Boltzmann JIDHIIZ T DEERZFHENENTH D,
http://www.math.tohoku.ac. jp/ kuroki/LaTeX/20160501StirlingFormula.pdf
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Pldr—1RTOHBKTHD. 2 Er=30L % P RIE=ZAFIILES.

WERNH ¢ = (qu,...,q) € P 2RI TREET D, MHRLH X, Xy, ... ITES
{1,2,...,r} ICMEZFOHERLBFITH Y, ML TRDG g = (q1, -+, ¢) (U2 TO
DEMETD. g=(q1,....q) 2 BEEADTHE LI

BEH5 AITHUTEDODMEEE #A & FES KM AWHZINDSHERE P(A) LEL
ZXiZTB. (BTEM ADE L TO B OFMN EHERE P(B|A) &< )

BaDi=1,...,rIZHLTX,, ..., X, IZ&END i ODIHED k; 27 5 HERIT

P(#{k:1,2,...,n|Xk:i}:kzi foreachizl,...,r) =

n! & i
'qll."qr
!

kel k

BB, WHeR (k... k) OMERIE kL =0,1,....n, ki +--+ k. =n 22U TVA
FAUXNT RN, ZDED R (k... k) ST D (ky/n, ... k. /n) 2IEOHEEE P, C P
EELZLIZT S

Pn:{ (ﬁ,...,&>‘ki:0,l,...,n, kl—l-—l—]{?T:TL}

n n

DX E P, DLOMEIE (n+ 1) BLRIZARZ. (#P, < (n+ 1) 2B THBIZHAT
%.) Xi,..., X, \IZHIET D P, DIE P, = (ki/n, - k. /n) & RERDM LIS, RER A
P, & P, IMEZ RFOMERLEHTHD.

MR DM DM (p,q) € P* DB D(pllg) ZIRDEDITEDD:

. Di
D(pllg) = > pilog o
i=1 v

pi X ¢ M0 IR BIGEITIE 0log) =0, —log0 =00 EWOMKEDE &L TlEZEDHTH
<. D(pllg) % Kullback-Leibler f&#E % U < |& Kullback-Leibler ¥ 1 /X\—2 TV R
bl RSN

EIH 3.1 (Sanov). LA EOFEDE E TR L TV B

(1) A2 P OBEBAEELRHIE

1
liminf —log P(P, € A) =2 — in£D(p||q).
pe

n—oo N
(2) AN P DWHESLEHIE

1
limsup —log P(P, € A) < — in£D(p||q).
pe

(3) P OMHES A DFBOMAN A 2405513

1
lim —log P(P, € A) = — inf D(p||q).
pEA

n—oo 1

Hlim inf, limsup (ZDWTE 9 fillCfli a2 HFVWTH W 2.
R B> TWBEEITIE A IMEEOBLESTH > TERELZ . UL, ERXTOHEEIZIE A
BRI EE L CARET D I EAEEIZRD 5 L.
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ZDEDITRHBRDMD n — oo TOWHEZEH)IF Kullback-Leibler [H# & D(pllg) @ inf T
ik EIND. ]

F3.2(ZIHEAHDBZA). r=2¢ L, qo=q g=1—q¢,p=p,p=1—p &HE &,

DwMme%§+ﬂ—mbgl

ZHEp=qDEEIHRARME 0 128D, p M g 1HEEND & ZNDMEIXRAT 5.
05a<b<1THBEL, A= (a,b) = (a 5 b TTOREKME) £BL. ZDr X

Pren= 3 ([)ea-or

a<k/n<b
BDOT
—D(bl|q) (b <q),
: 1 n k n—k : < 4 <
&gﬁbggg@ )4 —a) Z—QﬁfMWﬁz —D(qllg) =0 (a=q=b),
s —D(allg) (¢ <a)
2%, ZH Sanov DEMODIEHHZ)ICHDORE B R RGETH 5. B
3.2 Sanov DO EMEDEEEAD # g
IR DS T Stirling DARDMRD D IS .
R 3.3, IEEDELR k1 1T LT
! I~k
] >k
EERR. [ 2k DX X
|
= (kD)2 R
ISkDex
l_! — 1 > 1 — k’l_k
Ko (+D(1+2)-k = kbl '
INTRIREIZEIRINT. (]

R DFHREANEEI T X K Sanov DEBDREHIES U, IROMIEDEERA 121X Stirling D
NRZ DR,

HE3A FEED pe P, IZXHLT

1 e—nD(0llg) <PP,=p) < e nD@lla)

(n+1)r



26 3. ZIHSAADEE D Sanov D EHL
FEER. p= (p1,...,pr) = (ki/n, ... k./n) € P, DL X

—aD(p||g) = zyn%m+§:kau

ki I
—nD(pllq) _ @ "'qr ) n: k1 K
e N pp =)= gk gk
pir ke Bo=p) = gt

W22, Z OHE DR IZIR L FETH -

1 n!
< k1 1.
RS L A=

ESDOFHED S (HRIOAER) IFZLHAAOHH L) BHHTH S, (ZHAMGIZEITS
MWLM 1R THD I L E2EHRLUTWVDITEE R ) BURT 2o O (A DA%
X)) ZFEHL &S,

L=0,1,....n, l1+ -+l =n &IRETD. TD&E p=k/nRDT

nl n!
B
S %—kL”

el (¥
bfﬁjzjbﬂ\é X TH5. BERLIEZENAIIP O THERNERIZR D DI/
(5 DGEE Ii/n) WREFDAE (SOBEIE p = ki/n) IKEULBRDZEIENLTHS.
;%%ﬁia3im

(L) 1! !

—_— e e — . ky— ll kr—ly > li—k1 .. lr—ky . k1i—l - kr—1y —
il AR R R fhks ke gk H 1.

) DRI N WA, ZTEH LY

NnT

n! n!
1 = E: e < (1) Rk
L zﬂnm“ pr—(+)k¢“m@' Pr
1+ +lr=n

Wii4% (n+1)" TEINIL TS DFHEMAFSND. ]

ER 3.5, U EOFERO—EMIATO L S IR I D,
f(n) & £(0) = 0 2372 TIADEE n OEFAHIMEBTHD L U,

f)=f)f2)---f(n),  fO)l=1
CEDD. INE fFEELERZIELIZTS. ZD& IIEFEDEB E1ITRHULT
J!

i 2T
EBE 2k DL E
[)!
% = flh+ D f(k+2)-- f(D) 2 F(R)"
LB, ISk OEE
I 1 !

v

= f(k)'.

K fU+ 00 +2) f(k) = f(k)F
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ki € Zzo pi = f(k:)/f(n) £BL< &L, € Zzg DEF,

OIS () BN
f(h)!---f(lr)!]:)1 Py S F)!- ),P1 Py

BERLIE

(i = ! kizli | Koy —1r
(Z23) ALY F(ky)
z f(k1>l1_kl .. f(kZT)l’“_kT . f(k,l)kn—h . f(k’r)kr_h —1

F(n) DR AB A OEMAI S22 e NTEXE L EDNS. 0

3.3 Sanov O EIEDIERA

EIE 3.1 DIEHE. FH 5D (1) 25%5. A BERES {1,2,...,r} LOMENH2
TRODZER] P (Z AU r — 1 IROTHAKIZ Eé)@ﬁ'ﬂjﬁﬁ%A’C%ét’&é U, P.=PNQ"
X P ORI THRETHD. Al P OFESEESBRDTHAES p, € P, mAf

Jim D(pnllg) = inf D(pllq)
AT EDND. PLEDRIT

1
P(PaeA)= > P(Py=p) 2 P(Py=p,) 2 ——¢ "2l
pEPLNA (TL + 1)

BEDAESTHEIAD TN LDz o7, 2kl

1

~log P(P, € A) Z =D(pllq) — - log(n + 1)
ERDIEDDMND. ULENR>T,n—00 &32528I2L5T,

1
liminf —log P(P, € A) = — in£D(p||q).
pe

n—oo 1

ZNT (1) AEEFH X 7z
BRSO OFH (2) 2 RED. AIXERES {1,2,...,r} EOMHRSGHERIKDZERM P O
EEDOUMNEETHDETEH. ZDL X

P(P, € A) = Z P(P, Z e Pl < (4 1)reninfrea Dplla),

pEPLNA pEPnﬂA

BHOAESTHES LD ENLDOHFfiZ M-~ Zhdkd)

1 r

- < _ 3 _

, log P(P, € A) < — inf D(pllg) + - log(n + 1)
EBRBIEDNDONDE. LENOT, n—ooo &TB5ILIZE5T,

lim sup — logP(P €A = Ii)gf‘D(qu).

n—oo T
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ZNT (2) BEEH I N7z

(3)&ZRZTD. ADRIN%E B LEE BOMA% C LEX ACC LETS.
BC AcCC &V —inf,ep D(pllg) £ —inf,ea D(pllq) £ —infpec D(pllq). C ¥ B OFEAQ
THDZ &L D(pllg) » p DEFEEHBTHDZ &LV, —inf,cc D(pllq) = — infpes D(p||q).
W AT —infyep D(pllg) = —infpea D(pllg) = —inf,ec D(pllg). U722 T (1),(2) 5
(3) WEIPND.

CNTEH 3.1 MEEHI Nz [

SER 3.6. DA EOGIHTIXHERIZEIT S Stirling DIEAIAR % H > TR, G TAER
WA > 7ZFRIXIRD DT ThHh 5.

(1) LS DFHEID 72 DITIRDFEFE % fF > 72
piZ0,pi+ - Fp=10DLF

!
ﬁpfl...pfr§l (ki € Zzg, ky+ -+ + k. =n).

CHFZTHEMMGIZEWT THERIZIUAFTTHE L] 2EEL TS, ThE ZEiE
TEIARENE, £z k o280 TCRUETZERVLIEEHLYD 11245
ZE

!
Z ﬁplf =+ +p) =1
ki++kr= 1 T

Mo, 7ZEBILR/RoNS.

(2) T2 DFHID 72D ITIRDFHFE % F - 7=
kz‘EZ;m k1++k7’:n7p2:kl/n@t%7

n! n!
Tl S o €2z Ll =)

ZHIIZTEDAIZBEWT THERWRKIZARD DI OB REROMIZE LU RS &
ITHDI L] 2ZEKRLTVS. TOARERIIRDG UNARERX (k, 1 OKRNERKIZ
EOFTITHILLTND) Mo 22bIlBoNnd:

— 2 K=k (k‘,l S Zgo).

(i) _ b ﬂk_kl e k?]f > gk ek Rl gkl —

(F38) k! RIER R T
PAED 2 DOFERIZZ NGOV THI D TOAUERYRA > TR IXTDEHRTH S, /2o
72N DHEENSZIESAAID Sanov DEMIFEEHINDSZIDTH 5.
i 3.4 OFFIH % %12 7= € o T Kullback-Leibler [EHENH TR D & 2 A5 X TODHH %
MO IRT S .
ki € Lo, kit -+ k. =n,p,=k/n EIRETSD. ED(2) % [; EIDOWTREL LTS
IZ&o>T

n! . n! & k
= _ . e r < = 1.,.. T
1 Z ll'lr'pl Py = (n+1) kl‘pr'pl by
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ZROTGLE (n+1) TH->TELNEZFRERY LD (1) 26bHE 5 &

1 n!
< |
(n‘l'l)r_kl!"'kr!pl b=

#13%. ¢ €L, n++ ¢ =1 THB2L, TOREXR2MKZE i phr TEST,
gt BB

Loq g oo @t
< Qg S /.
(n_‘_l)rplfl-p?]f’r k‘1|-k’r‘ 1 p]flpﬁr

ki =np; &Y, ZOKRTY TIZ Kullback-Leibler & # &

. Di
D(pllg) = > pilog =
i=1

qi
MEZTW5:
k1 k pP1 Pr\ T
q1 " q " q1 qr
log — =1lo - e[ = = —nD )
B 18 <(pr) (pT) ) (plla)
U7zho>T
1 e~ nD(plla) < n—!qkl . qkr < e~ nD(plla)
(ot 1) = lk 0=
ZOREADHE 34 DFGFRTH 572, TUTIDAEREAVTEZHAAD n — oo T
DFRT 2 FARNIEX 272 B 12 Sanov DFEEL (B 3.1) BMELNEDTH > 7= []

4 SanovDE®BAFE>7H/ ZAHIDHDEH

EIHIOR T ETOEEF S, ZERAEX PIFAERES {1,2,...,r} EOWERSE
p=(p1,...,p)) BEROEETHD L, BEMDIM ¢= (q1,...,q) EP ZERIZH-T
EET D, n BIOMIFAITOREE, R ¢ WEUZEEE k &EFES L R DEUE]
Bl ki/n THD. BERDAM P, = (ki/n, ... k. /n) & P IEZFFOMEREBUIZ L L.

4.1 DEEHEIXILF—OHFE
E=(E,...,BE)eR THd&L,
Ei=--=F,<B, < <E_,<E_y1=--=E,
PO qg > 0 THELFEELTHL (L THREBOMBUNMER X % RT3 72

OOWE). E 725 %RE i OTRILF—LIERL 5 e RITHUTHM p(B) =
(p1(B),.--,p(B) €P LB Z(B) %

e PEig,

pi(B) = 7208) Z(B) = Ze_ﬁEiQi,

BY A a0DHD & S IZEIT I L ATEDHERIZE T 2 B2 R L ITR. BB A P, DI n
BIDOMSIERAT 2 X ) E T Z L ITHERIZELT 2D T, P, IlERERZ L AR IND.
UXr VTN ERNITAINF -2 20T i OHPHZL ZIIIELRDEHSEZLE>TH W,
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ZEoTEDD. X BIZEK UB) = (B)s %

= (E)g = ZEzpz(ﬁ) = _%Ing(ﬁ)

LEDD. B ERYRE LY, e PP % Boltzmann EF L, p(B) % H/ ZHILDFH
Y, BB Z(B) & DEEE L MO, B U(B) & TRILF—DHIRFE & IS
log Z(B) 1% B 1292 FICBMBREBTHD. BERLIE

DN e 708) = Z1OZ(8) — 2'(B)?
(a5) s = =257

ThY,a,=ePPig; 20 B, BHDHTDIRENS a,a, >0 D B, < E, RDT

Z”(/B)Z<5) — Z/(B)2 = ZE?CLI'(IJ' - Z EiCLZ'EjCLj

= —Z E2+E2 ala] — —ZQEE a;a; = L Z(EZ — Ej)2(liaj >0

1,J i,J

<%)210g Z(B)>0

EREMNHTHD. ULR->T, T2 NF—DHRHA

ERY, PRI

U(g) = _%bg 2(5)

I3 B ORBERFRDHELTH 5.
RIZ U(B) DMEDORETZANE S, £ p(0)=q &V

= Z Eiq;.
i=1

RIZ B —00 D& X

Z e=BEiq e—6E1 S e BE~E) g, ~BE zz L
BRRIZ B— —oco D& X
U(/B) _ Zz Ez‘eiﬁEiQi o eiﬁET Zz EiGB(EriEi)qi N _/BET Zz =r—b+1 E; idi .y
Y. e PEig e=PE 57, eflEr—Filg e PE Y, b+1 i "

MEIZE>T, E,2UZ2E & —0<S S0 ldU=Up) IC&>T—R—IZmL
TWbZEWhbhd.
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4.2 FUENZHEE/FHFDOH/ ZHILDFHRADINE

BRI p = (p1,...,pr) €EP DV, &M Y Eipi = U(B) DEET, n— 00 D
Y XA XRERS AT ) = IV p(B) WINET B 2 L 2R L.

PUFCHE, BOEIIZ B AT B & 2 720010, 0 S Epr =~ U(8) DAY 12,
EEIZa>0 ZHoTU IO LD IZE&AEZ2HT:

¢ BZ0DLE RMUPB)—al) EpSUP) 2ikd.

=1

¢« BZ0DLE RMUPB) LY Ep SUPB)+a &ikd.

=1

T a>0 DY HIFFEROAEIZEBERTH D Zebnd. ZOFRMFEDE L TORMA
(EMEREEZEZD-ODIZ{1,2,... 1} LOMRIGEEOES P OMHLES A %

),

e {{peP UB)—a <Y EmSU@B)} (82
B<0)

{peP|UPB) =X EpisU@B)+a} (
LREDD. M P, c ADE L TOERMN EHER

P(P, € AN B)
P(P, € A)

M n— o0 THZAViAG p(B) ([ZHEHT ST &% Sanov DEM (EH 3.1) %> TFE
HHU 720, 207200 ERIZ e >0 2> T, P OHBES B 2iIROLDIZEDS:

0
0

P(P, € B|P, € A) =

(BCP)

B={peP]|llp—p@B) <c}

ZZT ||| & Euclid / VA THD. Bl p(3) D e FEFETHD. LEDOFREDE & T,
n — oo CHRMAS SHERDAEN A ) = HVidE p(B) \CEH TR 2EKRT S

P(P,€B|P,€c A)—1 (n— o) (*)

ERTIEVUTORETHS.
Kullback-Leibler 1§#i& D(p|lq) DEFEZ P OMHESE C 12

D(Cllq) = inf D(pllq)
PR L TH L. Sanov DEH LY, P OHSES C OFKOMAUN C 2&L L &
P(P, € C) = exp(—nD(C||q) + o(n)).

ETEDZ P OHSEAR A B, ANB OREOMAEETNEN A, B, ANB 280, X
512 B D ATOHES B=A~B EtHKETHD. PRI

P(P, € B')
P(P, € A)

ZHD 00 TOIRTZ 2L LHEETH S (+) ZRABETH 5.

P(F, € B'|P, € A) = = exp(—n(D(B'[lq) — D(Allq)) + o(n)).



32 4. Sanov DEHZMio 7/~ ) = IV DEH

BLLBERME pe ADE LT p=pB) » Dp|lg) BH—DB/NEIZRZRSIE, B =
AN B OBEIZ p(B) BEENBZNZ L &Y, D(B'|lq) > D(Allq) = D(p(B)||lq) &%=V,
n—o0o CP(P, e B|P, € A) =0 LRI ENDOND.

D(p|lq) & p DEE L UTTFIIEZNTHY, A X P OMTRESBZDT, ZffEpe A
DELTD D(pllg) 7 p=p(B) TRNIEDEHIX, p=pB) IFMHE—DB/NRIZZRSD. WD

IZ&MEpe ADEET D(pllg) D8 p=p(B) TRNIEHD Z L ZREIE (x) DIEHIHHE
T35 UFRTEDODZ 2L LS.

) =RV p(B) &

ZEipi(ﬁ) =
i=1
Zhi/zUTCWSDT, p(f)e A THd. IHITP
e BE:
Alla) = sz sz log 70
= Zpi(ﬁ)(_ﬁEi —log Z(3)) = —pU(B) — log Z(p3). (%)
i=1

INDEMEpe ADEELTD D(pllg) PBRAMETH D Z L Z2mULZW. §4Db pe A
DY E D(pllg) = DpB)|lq) £B2I&ERLI.

pEAYLINETD. ZOLE ADEHRLD, 200X YT Ep SUPB) &2,
BEODEEST Ep2U(B) £B5DT, B O/EICELTIC

s Z Epi < BU(B). (#)

WRSIL TS, HATHORELY, >0 & UB) < X, Big ERAMETHY, B <0
Y UB) >N Eg FAETHZ. £ A ZEZTL LIV a> 0 BZATOH
A (X BEER L AR,

Kullback-Leibler 1§# & D(pllg) IEZEATD XS IZEEI NS

D(pllq) = szlog Z lg( pi_pil ) Zp% Pz +Zpilogp’(/3)
=1

pi(B

—BE;
= D(pllp(8 +§:nbgzw) D(pllp(5 +§:@ —BE; —log Z(8))

D(pllp(8 ﬁE:EmZ log Z(83).

=1

W2, AER (#) & HJ =)V 4D Kullback-Leibler 1&¥& D(p(B8)||q) DFE= (%) &
Kullback-Leibler IE¥EmMNHIZ 0 LETHD Z L L V),

D(pllg) =2 D(pllp(B)) — BU(B) —log Z(B) = D(pllp(B)) + D(p(B)llg) = D(p(B)llg)

INTEMEpe ADE LT D(pllg) 1 p=p(B) TRNIERS Z L Wb 7z. BEEOD (x)
ASEERA X A7

ATy h Y — S(pllq) = —D(pllg) ZAVTAREEXET L S(pllg) = BU(B) +log Z(B) 1275
ZOFOARITEINEE R >TOD AT EBEIRADEDES .




4.2, FMALEHERDAGD N ) = FIV A ANDILK 33
FR AL (RER (#) IK2WT). ML EOGRIFAEMIZAER (#) OIREZITFIZED L.
REFHZOXARTIE B 1FHEEE O Boltzmann E S OWE % EK T 5. TOEHEIC
X8>0 LRBDTARER (#) &
(ZARNVF—DFMH) = > Ep; < U(B)
=1

RRET S, ZOBDEMETH ) =V AREA T 56 2 LI DWW TIXHIE [10] D

55 9-2-1 fii (p.319) L2WE &.
710 Z NG DPRRINC BRI/ OND Z L 2RI 20121F, Y Ep~UpB) &
WOV ZINE T 2 BEIIR L, REX (#) 2IKETDZITTE. ZORIZDONT

E5DLFEELLaAY MLTEL.

BALHITEHELU @Y, U0) EXREERSATOZ RN F—DOHRHE Y| Eiq (24
5. LT A>02KREIL<T2LUP) IBRNTRIVF—HER min{E,, ..., E.} 1TEAE,
B<0ZNEILTDEUP) FERZRIVF—HEEN max{F,..., B} [ZEML. =00
THREBIZ RN T 2V F —RAE (FEERRE) [TIF) D<K &S ITARY | 8 = —c0 TREEIZKA
ITRIIVFIREIIED DK K DITRD.

A FIZE T BIFMRE DY TH Y, B = oo IFHMTFEEITTINL, B =0 (34
SHEE MR KIZHIGE LTS, L2 DBFE-TWDIGEITIE B IRAIZERY 25, TOGE
IR B HOHRE L B DMHEIZAR S, HRED S I 2 HiRE 8 OEITHIS Z &2
AU, BOMNIERE ZHGTREHRER LV D EETH D L ARIND.

BADPFE S TODDIFIRDE D BRINTH D LEZOLND.

r FEEOEN SN —Ly hEFEIUT, i OENZ080% B, XV L5557 — L%
HEZ25B. (B <0DHBEITE |E| RV ALIS LT NEF YV 7R85 i DENH
PHERIE ¢ THDIETD. OISR =L 1D OELOMEE Uy = X, B
285, KBDEMED ZDOE DB — L% 72 XA REIX 1B 2D OELD WY
filil% Uy 123ER<.

FTU > Uy THIEWMETS. =LA SAMBMYBELT (HEIZ n BHET3).
T—=AL1EH7ZY) OEROEIMEN U R THRO- 72251, RHE2ESRUTHET
En BT —LERVEEDLRETD. TDOEIIICLTT—AL1HHZY DESED
SEYGRE T — L EAROIAFETH D Uy ORIV U LLEICR -2 6KH%E &SR T O
1kDZ. 20X n @O =Lt i OEBPHZEG p & (n DAIBRLI)EDLD
BRABIZ R DA REME DS \NZ A D h?

T—=AL10H 72D DBEEOFIED Uy »5HENNITEEN S IZE T D XD R AET
SHERIETMNEDT, 7—AL1HH-Y DBEEOFEEIRIFIE U (T48DH U LDIFAD
AU KEBZBUE) 122 >TUE D AREENENZAS.

ZTDLED i DEPH-EE p, 23tH T2, U DEDD IZHIETD N =5
i pi(B) WEL BB ATREED W E WD DR Z OB W TEEFEMIZE B A LI L2 2
EThD.

ZOBEIZIEU>U) BOT <0 LBD. §ROLBERLRLIFFMEZEIRT L
WZ&oT, 7= LHKRODESMAEI D EEWEEZ RO D &, MIET 2 iREIZAD
EIZZ>TUED LRI ND.

MR IEDEDRME ED HTIZIX, U < Uy TH D EAREL, BER S IZHFHE %
BERUT, F—A1ED ) OBEOFEMEN U UTFIZZD LD IZTnEE N, Tk



34 4. Sanov DEHZMio 7/~ ) = IV DEH

=LA 1EH7Z) DESOEEED Uy 2 SHNNITHNDIZE T D & S R E
UCRTERIZTNEDT, F—A1[EH7-Y) DESOEYAEIXIFIE U 1285 Al GEMENE <,
i DEPHEZEEGIE U WIS D7) =7V pi(B) 1IZEL R D AREME A E. Z 0
BlZIF U< Uy BDT B>0 &R0, MIEEIZEDHEIZRD.

DFY, KHHZEIRLT, F—A2HKOHFHE LY EEMVERE/D L5127 5 Lif
SHEEIZEDEIZ R L XNEDTHS.

DA EDFH % GEDIEN ) = AN D AEDOB R THE > 2 AEX (#) OREINED LD ICH
RTHLNDOND LS. LOEHREE 15HORBOFOMBOEE L L THhL.
HISHEHITIR TTHET] Or—22FE->T0dEeEZLNS. N

4.3 FEDHEZBEDHIL D/  ZALDHEDHICKR->TWSD I &
PLEDEEEIFIRD LS I HEND.

I 4.2 (R KBOTER, SO SBRERE). EMAS T = (¢1,...,¢) EP T
H2LTD. X, Xy, . WFHLTHEDM ¢ (ZUEDD {1,2,...,r} IfHZREDOMERELRS]
ThHdLd5d. X1, Xy,..., X, OFIZEEND i OEEE k L EE P, = (ki/n,... k. /n)
EBEL. P, BDHOES P2 R OMREBIZES. B, e R IFHLLHO@E) £ 95,
Ei<U<E,. Thd2L,BcR, pB) = (pi(B),....p(B) €P, Z(B) ZAFDOLKRMTE
Hb:

e PEig, 4 0

(B =gy 2B) =2 e 5518 Z(8) =) Epi(B)=U.

p(B) BH ) ZAMBHEEESR. 0<a<oo LU, HHOES Ay C P %

A — {peP|U—-as) i EpsU} (820),
U UpeP|USYL EpSU+a} (BZ0)

YEDE. ZOEE Y Ep(f) =U BOT p(f) € Ay THB. {LFHIT ¢ > 0 ZILY
p(B) D Ay (2B B ¢ BIEEE B.(p(f) LEL. ZOLF 000 T

P(P, € B:(p(B)))
P(P, € Ayp)

TROHRERDA P, 1&n — oo TH =V p(B) 12 (HER) PERT 5. 0

Bl 4.3. HER 0 1TINT 2 — O _HA AR 1/2 O_H A2 BEMI G LT 256
DH ) ZHNHEE UTHRIZEODND Z 23U LS. ZOHIIRERD AL S
HTRWGED R ) =7\ OFFEIRFNZ R > T\ 5.

BRRES {0,1,...,r} ITMEZFFOMERZ X TR 1/2 ITHIGT D06 FRR ZIHS I
U7nd L IRET 5!

P(P, € B.(p(3))|P. € Au) = 1

mx—@—(g%; (i=0,1,...,7).

X1, Xo, .. \3MSET X LRIUAHZRDWRERDITHELTD. X, Xy, ..., X, D
WZEEND i O % ky &EX, P, = (ko/n,ki/n,... k. /n) &< &, P& {0,1,...,r}
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LRI E FFOMEREBICR D, REOEE Y, ME&ME2M1TTI2n = o
92 L, P, 1R ZIHHAITEN <.

E, =i DBEIIH ) ZNVBHEMNIELENEFELTALDS. TOL &, SEIEREU
CIHER LY

-5 2 ()(5) 0 -

=0

L BDHDT, ) =AM

pi(B) = 6;(’;;1 _ (Z)% _ (:) (e_z—il)i (6_51+1)r—i

Y TIENICRD. DY,

T\ i r—i e’
wo) = ())oa-or= o=
ZDkx,
—B(,—B r—1
_71(p) = re P (e 2T—I— 1)
BOT, “TRIVF—DOHARHME" 1%
0 - =Z'(B) re? B

EHER 0 1TSS 2 ZHAMEICH TS i ODMFHEIZZRS.
fER 1/2 1Z3HET 2 MFRR ZHHMMEIZ DOV TIE a1 VERITORRZ UG T2 & a0
DNEAD . AL VBT EIRIZBDMERN 1/2 THIRNEEZEZD. TDLS740
A V% r AT CTEROEZEE 0 RPN EE i)r 2EBETDTAZ o BIEDIRL
L&D 22U n BIEFIIRIVET D, EEITIZRDOWE 2RI ¢ &R EE i/r
NENTN n flTORBHEINT VDS, TOREE R D LIRMBKNL LT\ d 510
(ROUHE i/r DI =3 Lpi~ 0. (%)
=0
ZDEE p=k/n 2blFEDXD BIEIZE > TODHREMEDEGNZ A D N?
BRI p = (Do, p1s - - -, pr) WHHER 0 ITKIET D ZHHAMAITIFIFFEL S B2 TV D
AREMED ] EWVD D, B A2 29 < EOREIEMA L 2 & SORGEICRD.
ETEE LA =RV p(B) (MR 6 (TIE 2 ) 1%, A2 & V),

(FA I | OIIREE) = > ip; =) Eipi = U(B) = r0
i=0 1=0
BT D = (o1, pr) IHIRL IR E ORI P, 7 n — oo TIER < Sl

BoTD, ZORMEED (+) LAMETH 2. ROHBEEH 012755 L1 &l Tl
% A NIEHER 0 SRS 2 A AEBAT L LT ERICHDNS.

6RBD (59) FTEHIE YD, 0 25 1/2 DOENTOWDHERIE n — oo T O LEMNL. 22 TEHEDOL D B
B — AWMU GEEREL TV,
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fEam. ROHMDMEERD 1/2 ORFR A V% r [T TROEZBEEHZD I L%
TS EIAMEVRL, r MR RO ZEBMNKREIZEBRINZ) AN 2Eo28dd. TD
EEXELEETDRKITHNT v BIFRDOHZEEDEIEN 0 1I22->TWVWER5XT, £
DV ANIEH7Z0E [ROHDHERN 0 O _HHAHEDELEEDNFEZ->TND] "D LD I
HBATULES Z&IZRD. N

EE 44043 DFmE AT LIFFHPIZLTOL I BRI B LTWE Z &
DD, BENDE ¢ ZRONS B (BT 0 ) 2 AVDHDEE LT3 EIRE
CRAE

—BoEi . r
- € QO,z o —BoE;
q; = —Zo ) Zy = ; 1 € qi,0-

ZZT qo,i Z 0, Z:Zl%,z' - 1, El,...,ET e R @E%j(ﬁﬁ E1 tﬁ-ij({lﬁ ET Ciﬁ‘ﬁz),
q,q- >0 THRERETD. ZOLE ZOREMANME B, 2B dd 0/ =)
5346 p(B) BRERMAMGEHE UKD ) = HNHAHEITES:

pi(B) = M Z0Z(B) = ZoieBEiq, — ie(ﬁow)mqo 4

' ZyZ(B) — = 4
A O BB A IS ENT VB DO TH A3 D& 5 BRI LA T ZDT
HB. MMOBMBIHDGIHIZE ENDMERDAIOVTERKD Z EAHALT S, N

5 {I%%: Kullback-Leibler [EHREICEAT 2 1ER

Cover-Thomas [3] IXEHRIEMICEH T2 EHGCERETH L. FHREL TV bOY——
BT B FE L WS Z G AT O ANZTOARE SRS UT L. IR TR EICZOHRE
=2 U BN 5, Kullback-Leibler [ &DY THEEf] LS BMEEZFF> TV I L2 K
kg5 AEXEZRD.

5.1 %{&: Jensen DAER
B f(X) 28 E[f(X)] B2 WEE B[ - ] B FOZ&ME2H~Z LTS LR
EYD:
(1) R B f(X), 9(X) 8 a, B 1T LT,
Elaf(X) + 89(X)] = aE[f(X)] + BE[g(X)].
(2) KEFME: £(X) = g(X) PHICHEL L TWB AR BIE E[f(X)] = E[g(X)].
(3) HitgfbZett: E[1] = 1.

BURRALSE L TFIME L D, B o IS LT Ela] =a £ B2 22b2%. COES % B -]
EIARFEN B E LR, 728 2 p 20, pi=1 D& E Ef(X)]=>_, f(z:)p; &
WIRENESTH D, M p(z) 20, [Pp(z)de =1 DL X, E[f(X)] = [’ f(2)p(z)dx
BIIRHENHETH B,

ZDEEUTDOAREADNKLL TS (Jensen DAER):

79 23 1/2 MOEEND &, n BRI REZIZDEI RN A RIELNDHERIZIFZIZ 0 IZRDH, TD LD
BRERRWUPMELCTUESAZBEIIOVWTEEZ TS,
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o f(X) MEISMALIE Bf(X)] < F(B[X]).
o f(X) NFITMASIE Bf(X)] = f(BX]).
DR CHZFDAZFAU & 5. BFIE —f(X) CHFZEHTNMEELNS.

BIE DR, B f(X) Z RN THE EREL, p= EX] &BL<. 2D E EIINA
B f(X) DX =p TD B % a(X —p) + flp) &ES L,

fX) = a(X —p) + f(p)
Y 2230T,
Elf(X)] = Ela(X — p) + f(p)] = a(E[X] = p) + f(p) = f(E[X]).

2 D HODOE S CHRMENEBDIEHNEZ M\, 2 DHDE S TZE DB & gt %
o 715, 0

EES.1. EOFHNS, f(X) 2 ECHENERDIE, X OQMEH p = B[f(X)] IZ&EH L
TWARWERY (IFXAEHEEIZ f(X) =p PEZUTOARVEY), 524 2 0ER0OA
LERXDVHLLTND I b nd. []

5.2 NWHHMAZFARE ZTDNHA
IRDOARFENILZ & 2K [3], p.31, Theorem 2.7.1 (Log sum inequality) (ZEHWTdH 5.

WEMAERX 0 UED a;, b 1ITHFUT,

Zallogb—>Alogg A= Zaz, z": .
i=1

=1 =1

3

HEZDWANLE a;/b; PEHVZTRTEHELULWIZ LIZFAMTHD. WOEDKSIZ 0log0 =0,
alog(a/0) = oo EMHLTH <

FERR. a; > 0, b; > 0 DEEDAZFHTIVEF A TH L. (—MOGHEIZT DEE DI
fRE UTREIAINDG.) f(r) = xlogx £BL &, f(x) = logx + 1, f”( ) =1/ DT

flx) F 2z >0 THRIIRFBMNTHS. T Jensen DAEFEXRZEHAL K5, TDDIZ
G —bi/B LB ZOL X

Zallogb Zb—&l Zqz ( )
a; - biai A A A
= f (;%b—) =f (25%}7) :f(§> :EIOgE‘

1=

flz) OFEFZMEL Y FEBEDBHITDI L L a;/by PEWVIZTRTEHELNZ EAHEETH
52LHEDND. 0

BEf(X)] =Y, f(xi)p; DHBED Jensen DAREFERIE r (ZB9 2 BFAMRMNIETIEAT S 2B TE
2%, WIFHEINEE D ABL /2 1) % > TEET S 2 A AFERXD AL T DB HAB DN D P TV e S,



38 5. ff$%: Kullback-Leibler & &2 % A A

ZORERZMAITRI p, ¢ PWIEATENTNORKMN 1 DL X

D(pllq) = szlogq— > 110g— =0

=1
M35 1% (Kullback-Leibler (B3 REDIEM). I 512, £E {1,2,...,r} ODE
{1,2,...,r} =AU UA,

IZHUT, {A... A} LOWRNGE P = (P,...,P), Q= (Q1,...,Qs) %

szzpia Qj:ZQi

’iEAj ’iEAj

CEDD L, NERMAEFEXLY

D(pllq) = ZZpllog >ZP10gQ D(P||Q).
J

j=1i€A;

52, MEDIER%E TN B & Kullback-Leibler [FHR=E XN I <A 5.

5.3 Kullback-Leibler (53R T L' E%= LSBT XA bNhI &
£46 {1,2,...,r} LOWEEEDIG p= (p1,...,pr), ¢= (q1,---,q) DDHWEZD L' FRHE

lp—all % )

lp — ql| s :2|pz‘_%‘|
LREDD. MRS p (BT OMEEE :

=> p (Ac{12....1})

ica
L,
lp—dall =2(p(A) —q(4)), A={ie{l,2,....r}|piZa}. (#)
AN AN >4
lp —allr = Z(pz' — )+ Zc(qz' —pi) = p(A) — q(A) + q(A%) — p(A°)
= 1196(?4) —q(4) ij— q(4)) = (1 = p(A)) = 2(p(A) — q(A4)).

UEDFRFZUTNIZENTTDEEFHND.
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KLIE3HRET L' Effz LA oBIZL6NB T &:
> 1 2
D(pllg) 2 5llp = allz:- (%)

ZDOAREXZGEH L 720,

r=2 DFED (x) DEEAR. 0<a<1,0<b<1 DEE

a
> 2(a —b)?
T—p =20

ERZDIEERBIEEL. TOEOIZEANSHEREG VKR E f(b) £FL:

alog% + (1 —a)log

1—a

1-0

f(b) :alog%+(1—a)log —2(a —b)%

a 1—a

fo) =g+~ 4o =0-a (b(ll—b) _4>'

b(1—a)<1/4 &Y, 1/(b(1-0b)—420,7%5. DRIT f(b) DFHIE b—a OFFFITE
L. T8D55 f(b) 1Eb<a THHFFHAL, b>a THREEMTSD. L 5T f(p) =0

BOT f(b)20 &322 LBbN5. N
—MRDBAED (x) DFEBA. A A 1T (#) OBYTHD LU, A {1,2,...,r) OHE
{A A} EOWERDMA P = (a,1 —a), Q = (b,1 —b) & a = p(A), b = q(A) &&

5. ZODL THIEOEHR % 5 d & Kullback-Leibler IEHEAVNI <725 Z & (5 5.2 fi)

)
Dplla) = DIPIQ) 2 2a — ) = 2p(A) — a(B) = 5l — all3.

ZIT2OHDOAES T ETIHHLZ r =2 OBEOREREZ MV, |RFBIZ (#) 2io72. [

5.4 Pithagorian theorem

P:{p:(pl,...,pr)ER;O lpr+-+p =1} BE P EES {1,2,...,r} LOf#
RNEEIRDEEGEART. Pldr—1IRTCHAETHD.
IROARLERIL [3], p.367, Theorem 11.6.1 IZH 5.

Pythagorian theorem F (& P OMEAHSIEETHDL L, e PNE THDLT5.
p = (p},...,p5) € EZ D(pllg) # E LTHR/IMET D p THD LT 5!

D(p"llg) = min D(pllg).

ZDLx
D(pllg) = D(pllp*) + D(p*llg)  (p € E).

Z OARFEAR & Kullback-Leibler fEDIEEAMEL Y, D(pllq) — Dp*|lq) BHIE p — p*
BB IENEMIND.



40 6. ft&%: Cramér DEH

Pythegorian theorem DEEEA. p* & p % i@ 5 EAR LD Kullback-Leibler & & DAED
p* IZB I BRI E RNIEZ ORERDGHINS.
teRIZHLT

p(t) = (p1(t),..,pe() =tp+ (1 —1)p*,  pilt) =tpi + (1 = t)p;,

ﬂwzmmmm=§]m+u_oﬁﬂgm+tfﬂﬁ

=1

LB, ZDeE

) =3 (= pitog PECZIE 4 )

qi

r

o i (1 =)
:Z(pi—pi)log pit( )P )
i=1 4
2DOHDEFEST Y  pi=> . pi=1,R2I%&Mo/.
p(0)=p € E,p(1)=p€e ETHY, EIFMNE2DTpt)e E (0t =1). p* &k
D(pllq) %2 E ETH/MET S p Zo7/0DT, f/(0) 20 &85, DRI

r

B R Pivi\ N~ ey P
0= f(0) =) (pi—p)log= =) p;log (——) —) pilog™t
i=1 i i=1 4i Pi i1 4q;
- Pi Pi ™oy D} . \
=Y n log* — > b log - - > log = = D(plla) = Dpllp") = Dr"lla).
i=1 b= @ i=1 ¢

INTRUEZOAFEADRI N ]

6 fI£%: Cramér O EIE

SCRE PRI B R G % 5 D VTR WD TR L FERHIZ RN H 5 AIFIEE L
TAU ., HEIZHE 122D formulation & OXF % BARIZ RS & 5 R AKX A )L T Cramér
DEHDFEHDOBNE % T2 Z & ThH D.

6.1 Cramér DTEEDRTE & TR
H X V%2 R OMREHTHD L U, TDOEEE

CELH DOEFE—A Y SREBE:

Z(B) = Ele™"].

ORI BRI, B8, WRER H 0T —A > MNIBEE M(t) = Be'”] LE#T 355, 2 2Tl
A L ORI E RSB TH2DI t = —f LB, SRS 5 NREKE AUAS 2(5) & T—
A I R D > 7.
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FIEDIE RO K ECHROME > L KET 5. U) 2RO ESIIEDS:

E[He PH] B _i 5
20 851 g Z(B).

Hy, Hy W7 5K ZSBGET H LI UAIZ Lm0 5 51, Z(8) AVEIRIZ A 2 BIK
2BV,

U(p) =

DN ez — - i - Z1BIZ(B) — Z'(B)’
(55) roe2(6) =~ 5500 D
2"(B)2(8) ~ Z'(B)” = SEI(H, — Hy)’e 0 +1] 2 0

LB2DDT, log Z(B) W& MITMBREBUZZR Y, U(B) IFHFMAKBIZ RS, FIZ, U(0) =
Uy=FEH 2D, 3200 ZUB)SU RV, BS0DEIUPB)ZU, RD.
log Z(3) @ Legendre 24 S(u) £ ZD —1£% D(u) ZIRD XD IZEDD:

S(u) = inf (Bu+ log Z(8)),

D(w) = ~S(u) = sup(~Bu~log Z(8)  (u € R).

S(u) 1w 1ZBEY 2 —IREE (RIS T ISR EE) OROA R I & D TFRTESR I /2B
DT, S(u) 1& EIZMAEREIZR S, Ou—log Z(0) =0 RDT
S(u) =0, D(u) 20 (u € R)

L 5%, X512 Z(8) BERABKIIZBNT,
%wumg 2(8)) = u — U ()
BOT,UPB)=u &2 B=p(u) WEFHLETDZ5IZ,

S(u) = Blu)u+log Z(B(u), — S(U(B)) = BU(B) +log Z(5)

5. HEDZDIDEDR B = Fu) WEIZEHND LIKETD. ZN6DARLY
S(u) 1&H/ ZALBHEOE[ITY hOE—IZHIEL, D(u) = —S(u) &7/ ZALSHD
Kullback-Leibler [BREIZMIGT D Z &b d. Kl

S(W(0) =0, DUO) =0

ERBDT, S(u) & uw=U(0) = E[H] TRKRMHE 0IZ48Y, D(u) XA TRME 0 12
%%, Su) (B ULIE D) & u > U(0) = E[H] THEFABMA (B U <IZHEFR) U,
w < U(0) = E[H] THEEM (L U IZHRFRD) T5.

U(B) IXHFHEADHRERDT, u SU(0) = E[H & E Bu) 20 &8, u=U0) =
EH D&% Bu) S0 &85, WRITIRMKILL TN D:

S(u) = {infﬁzo(ﬁu +log Z(B)) (u<
infg<o(Bu+1log Z(B)) (uz=

D(u) IZDWTEFABRDOERRVPEFEHET D, u 25 H OFEME U(0) = E[H] L EE LI FDE
BTERE U IETRZEDHEM § O#HFEZLIICHIBTES.

(

0) = E[H])
(0)

vA0) = ELH), )
U(0) = E[H)).
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I 6.1 (Cramér OFEIR). LA EDOBREDE & T, Hy, Hy, ... \FISLF DA 73RS
ThY, HERUAMILEND EIRETSD. ZOLILURPLL TWD:

(1) F 2SR OHHAEAR DI

1 1
. - - < -
lim sup " log P (n g Hy e F) < sup S(u) irelgD(u)

n—o0 1 uel
(2) G 2R OBEAELE DL

1 1
lim inf — log P (E ;Hk € G) = sup S(u) = —lltIElgD(U)

n—oo M uel

(3) AN R OWHEETHY, A ORI G DG F N A 28 A, supyee S(u) =
sup,ep S(u) B L TSR 51X

n—oo N u€A

1 1 <
lim — log P (E ;Hk € A> = sup S(u) = — inf D(u).

ZD& DI ARV (Hy+- -+ Hy,) /n PEA A IZEENDIMERD n — oo TOWHLE
A Z ANV AOMN Ty hBE—IZxEd S8 S(u) (b USIET =V Ahd
Kullback-Leibler [ & (Mg 2 & D(u)) D A ZH 1T LR (E U SIEFR) TRk X

o, [

6.2 Cramér OEEDELHA
78 6.2 (Cramér DEEDABMERD). 2B 6.1 HIDOREDD & TR L TV D.

(1) u ¥ H OF¥E U(0) = E[H] AEE U FDBEITE T, ThEh
1 1 &
nlogP(ﬂ ;21 Hk:u> < S(uw) (u 2 U(0) = E[H]),

%long Hkgu>gs<u> (0 £ U(0) = B[,
k=1

ZOFEREEHAT L XIT, 02 U0) = E[H] T S(u) IZHEFABAL, w S U0) =
E[H] T S(u) XHFAMNT 2 Z L ICHEEY &,

(2) fERED 6 > 0 IR LT

] 1O
lim inf — log P (ﬁZHk € (u—(5,u+5)> = S(u).

n—oo M =

(1) D _E2 S OFEIIFERL T A 7 7K ZICEGIEEHI NG (2) D TS Ol “h
J =AY B RE DL 2> TIEH I N5, O
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SEBE. (1) D BRSO L &>, 9, S U(0) = E[H] $IRETS. Hi + -+
H,<nuD&ZF1TMDEE 0IZBRDIEBE 1y rim,<nn CELE, Z20DEE

( ZHk— ) 1H1+ +Hn<nu]

[1H1+ +H,<nu€
[ B(H1++ +Hn—nu)j|

E 5(H1+~~-+Hn—nu)j|
E

A A

— enﬁuz<5)n — n(Butlog Z(B))

DRI u < U0) = B[H], 320 D& X

logP< ZHk ) < Bu+log Z(B).

UZD>TH 61 ED (#) &V

Liog P ( > < ) < inf (Bu -+ log Z(3)) = S(u).

k=1

I, u=2U0) = E[H| &IRELT, LEFRKOHEMRZITED. Hi+- -+ H, Znu D&
X1 THOLE 0 IZRDEEE Ly, oyg,on EELSEL, BS0DEE

( ZHk = ) 1H1+ +Hp >nu]

[1H1+ +Hp>nu€
[ B(H1+-- +Hn—nu)}

E 5(H1+~~~+Hn—nu)}
FE

IVANIVAN

_ g (B)r = n(Butlos Z(5)

%logP (%ZHJC 2 U) < Bu +log Z(B).

U THEGLHID (#) &V
1 1 .
ElogP (ﬁ E Hy 2 u) < érg(ﬂujtlogZ(B)) = S(u).

AT (1) D LS OFHiANFER X 47z

(2) D RO DOFEMiZFERAL & 5. (2) 1& “I ) = VA ICET 2 KO TIER 25
b, WREH H OWESGIEZ R EOMEREE 1 BWEDDHERIHEIZLZ0>T
Wb L9 5. MERHIE us %
e 7" pu(dx)

pp(dz) = Z(8)
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LED, ZOMRHEDTOLIMRNMGEN ) ZAINDRMENERILIZTD. ) =)
DT D HRME L HERE TNT N By ], Po( ) L EL. HEREH H OH ) =745

N AR R I S 8 S—
ElHe™
“zm TV

2B MTFClRu=U(B),6>0 LT3 20X X Su) DEHLY,

S(u) = Pu+log Z(B).
SUTDERED e >0 25, 7/ ZHNVAAMIZET D KBOGFHEN XY

. RS
T}LrgoPﬁ (EZH’CE (u—s,u—i—a)) =1

k=1

Eg[H] =

TUT, 1) =R A TOMER & BEFID A TOMEDDH NI TOBEREH 5

1 - E 1 nu—ne,nNuU+ne
Py (;Zer (u—s,u+e)> ittt 0 :
k=1

Z(ﬁ)7nE[1H1+'--+Hn6(nu—n6,nu+n6)

1 n
— o~ (Butlog Z(B)=1B15) p [ — H. e (u—e¢ c
e (n E k€ (u U+ €)

k=1

e B(H - Ha)]

A

efn6u+n|/3\e]

1 n
< o Butlog Z(B)=1610) p [ — H.€(u—24 N1
<e (n E k€ (u—0,u+9)

k=1

DEDfEREGDOED &

1 n
P (ﬁ ZHk €(u—9d,u+ 5)) > en(Butlos ZB)=1B1E) (1 4 o(1)) (n — 00).
k=1

WD ZAZTHLDRELD 1/n 5D n — co TOMEZD Z &IZ&>TIR%EE5:

liminfllogP (%ZH’“ € (u— (5,u+5)) 2 Pu+log Z(B) — |Ble = S(u) — |Ble.

n—oo M 1

>0 FWNWSHTENILSTELDT,

ol 1«
lim inf — log P (ﬁZHk € (u—5,u—|—(5)) = S(u).

n—soo Mn
k=1
INT (2 bRINT 0
EIE 6.1 DFEAR. (1) D ENSDOFHi%2FEHL &S5, F X R OFHEAHEATHD L L,
Fy={ueFluzU(0)=E[H]}, F. ={ueF|[usU(0)=E[H]}

LB INHE R OHHRESRDT, F. ORKEu_ & F, OF/IME u, HBEE
5. S(u) X uz2U(0)=E[H] CHHFHEAL, « SU(0) = E[H] CTHHFEMTLDT

sup S(u) = S(uy), sup S(u) = S(u-), supS(u)=max{S(us),S(u_)}.

uekFy uelk_ uelF
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WRIZHIEG.2 (1) &V,

1 1 & 1 1 &
EIOgP<EZH’f€F+) §510gP<EZHk§U+> < S(uy),

k=1 k=1
Liogp liﬂkeﬁ < Ligp linSu < S(u)
n n i ~n n & = = ’

P (l Z Hy € F) < enSlut) 4 onSlu-) < gensupuer S(u)
- < =
k=1

U7 oT

1 1 <
limsup—logP(— E Hk€F> < sup S(u).
n
k=1

n—oo T ueFl

INT (1) BRI N
(2) DTFPODOFHHEIZFHL LS. G IR O EAETHD LIRETD. FREIZe >0
zloE, HDHueG T
S(v) 2 sup S(u) —e

ueG
27T EONFET D, G IZFRAESRDT, 5 >0 T (v—6,v+6) C G %
ETEDERND. ZOLE MiEH62 (2) &Y

1 1 & 1 1 &
lim inf — log P (E;Hk € G) 2 lim inf —log P <ﬁ ;Hk € (v—10dv+ 5))

= S(v) 2 SlelgS(u) — €.

L7zR->T
o1 1 ¢
lim inf — log P (ﬁ E H,, EG) = sup S(u).

n—oo N 1 weG

INT (2B RINE.
BBIZ(B)ZRTH. AXR OWMA/EEATHDLL, ADEE G LEX, G OHE
P LES ACF EIRETD. TOLEGCACF BOT

1 1< 1 1<
sup S(u) < liminf — log P (ﬁZH’“ € G> < liminf — log P <EZH’“ EA)
k=1

ueG n—oo 1 1 n—oo 1,

1 1< 1 1<
< lim sup — log P (ﬁZH’“ EA) < limsup — log P (EX:H;g EF) < sup S(u),

n—oo N 1 n—oo TN 1 uelF

sup S(u) < sup S(u) = sup S(u).
ucG u€A ueF

»

W AT sup,eq S(u) = sup,cp S(u) 251X

1 1
lim —logP | — Hy,eA| = S(u).
Jim 2 log (nZ e € ) sup S(u)

k=1

INTRIREZENITARTORINSE. [
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6.3 A/ ZAHAILDHOMNIY NOE—EDRER
q=(q,...,q) IXERES {1,...,r} LOWRK/HTHD LT 5:

%20, @+ +g=1

MeRZSH H $ Db ERES {1, .., r) LOBK Hi) = E cR 2%25%. Z0OL %

r

Z(8) = BleM] =) ey,

i=1

710 =FIVIrAE p(B) = (pi(B), .- -, pr(B)) &

pi(B) = ezi];)q i
EEHEIN,
U(8) = EBylH] = ;Emz(ﬁ) A Fie?Pq,
W2z
SW(B) = BU(B) + log 2(8) = ~(~BU(S) — log Z(5))
f; logZ(B))Z—ilpi(ﬁ)longg) Bl

THRDOH log Z(B) D Legendre f%fﬁ%i‘?’bﬂ S(u) IZu=U(B) ZRAUFERIZH
JZANVAAOHEFN T bR —=IZ—HT 3.

6.4 HY<RHDIHEDH
ERE H W a >0, AT7—IV1>0DHYIDHIZIULEND LiX
1 oo
o —z/7,.a—1
ﬂmm_ﬁaﬁéj@y 2V di

MENLTDIETHD. ZDEE > —1/7 561K

1 *° 1
7 — F —BH — / —(14+78)x/T afld —
(8) L ()T Jo ‘ v v (14 76)

_ (1 + T@)a /00 T (1 + T@)a F(Oz + I)Ta—i-l _ T > 0.
L) L)t (14 7p)ot! 1+708

ZIZTHLHEONDIROAAZ H > 7220
/ e il dr = L(s) (s,c>0).
0

CS

0ffi5 2 ARIF AV YEBOEHD S BERFINICE>TARITRING. UB) KET2AR UB) =
—(0/0B)log Z(B) &M AIZE D HNILBELND.
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W2z
Taf
+ 70

«
:a—1+76—a10g(1+rﬁ).

SWU(B)) = BU(B) +log Z(5) = — alog(l +70)

N UPB)=u>0¢&
1+rp="2  p=2-1
u u T
ZRATDH L,
S(u):a—g—alogﬂza—aloga— <E—alogg>.
T u T T

Su) IFu=U(0)=7a THRKE 0 IZKD.

Hy, Hy, ... WHSLEDHRHERERY|ITE 2N H EFEUEK o, AT—N 7 DAV~
DAL DD e &, AU mOFAENEE Y2 Hy + -+ H, IFBRK na, A=)V 7 D
HURPAIZ U IR DT,

()] s [ 1@

WRIZ0Sa<bDl ¥

nb no b/T
< = E H, <b —y/7, na—1 dy = n / —nz na—1 dr.
(a * ) (na)T”“/n c Y Y= Tlna) J, I c .

a

2 ’)E@#%”C“ y=nrr &HW/z. Cramér DEH L),

X e rbjr S) (b/T < @),
71113010 (E log F?na) /a/T e e yna—l dx) = as<111£bS(u) =<0 (a/T < a < b/T),
S(a) (a<a/T).

AH 4+ Hy, DE—AY MEKBUIXIE H ODT—AY NEEEO n T Z(B)" = (1 +78)"" 2% L
W 2R nay, A=V 1 DAY BPAEDE—A Y MRERBIZ-HTE. 2ol e»S Hi+---+H,
PR na, A=)V 7 DH VI DIRIZ UMD ZeRbhd. EENBEHBEIZEI>TEZTDI L2 RE5.
H, K I3MLBRHEREHTH Y, TNENWEIR o, B, AT = 1 DHUIBHEIZLEND LI

E[f(H+K)| = W/oo (/OO f(x+y)e—<x+y>/fxa—1yﬂ—1dy) dx
~ I(a)I( T“+5/ / FOe e x)ﬂ_ldt> d:r
r(a)r(ﬁ)w%/o f)e T (/0 zal(tx)ﬁldz> dy
= 3 /OOO ft)e T (/Oltalualtﬁl(l — u)ﬁltdu) dy

= ; = —t/Ta+B—1
= T(a 1 B)rat? /0 f®)e "t dt

2OHDES T y=t—2 BT y 5 t ITHDEBEZEBRL, 4 ODHOESTo=tu BTz 5
u TR ERE LW L. Zn&Y) H+ K DIk a+ 8, Ar—Ib 1 OHYIBHEIZLENRD 2 Ehibhn
5. HYIHGEFRICOWTEHANEZFEOE S5,

L(B)rot
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48

Stirling DAX KLY —log'(na)
=a/T, B="5b/T):

AREAMBTHS (A=

—nalogn + n(a — aloga) + o(n) 2D T, ZAUXIRD

1 e mat
lim — log e " dr
n—oo N A
alogB—B (B < a),
= sup (alogr—z)=1<aloga—a (A<a<B),
a/T<x<b/T
alogA—A (a<A).

DY/ WS
—nxxna—l _
IZ Laplace D fiiEEHHT S Z L IZE > TERIIRINS.
6.5 Sanov DEEMNLERI N/ Cramér DEEBDEFHIZGETHD I &

BB TIERW.
HERR X 77 Cramér DEBLIZ DWW T ARMEEIZHIL &5
== (/617"'7ﬂ7‘) S

PAR AL
9, EEOMIRE 2 KD XN
R ORBEREE (L) LELS X I3 R AR OHRERTHS L U, § =
R" (2B % 23 EC B & Massieu P& %
Z(8) = Ble "], w(B) =log Z(p)
EEDD. U(B)IF BeR ICBHT D MITMARKEICRD. E a = (a1,...,a,) € R" (TH
LTO=>_,a0/08;, X, =(a,X) B &
E[X2e8X)] Ele~#X)] — B[ X, e (#X))? _ E[(X, - Y, )2eBX4Y)] >0
Z(p)? 22(B)? -

0, (B) =
CITY IF X EHNT X LHEUAHIIUAENOIHERERTHS. (B LE X, DEH
FEEE L) pe R OEE S(p) 2IRDEDIZED

BRBBLIE PUP) =0 LBBIL

% (U(B) D Legendre Z#4):
S(p) = mf (B, p) + V(D).
(B,p) +W(B) % B; TRMALERE 0 2B L
9] o) E[X;e~BX)]
p a5z, (8) 85, 8 (B) 720 pi(B)
ZITX; 13 X OB i A Thd (MERELIHD i HEDOHREHTIERWI &
HEL). INT pB) = (0u(B),....p(B)) DEE o7/, ZO&MEWLT 8 % B(p) =
(Bi(p), ..., Br(p)) EFEL. (ZDIEANE Y FEIFOHRICAR>T WD, ERRIZIEEhAY
THIMNNERENBEIIRD) DL E
S(p) = (B(p),p) + V(B(p)).

Sp(B)) = (B, p(B)) + ¥ (B),
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X X@ FWSIFES D R EREBSITHD L U, X LRI UHRSMFIZUZDD
CIRELU, ACR £33, ZD& Z#YLREMEDE LT

1
lim —log P XHF e g = S
i 7 log ( > ) 2 5
WAL B (HRERE T 7172 Cramér DEH).
Sanov D EHIHLIR X 72 Cramér DEHDORH RIGETHD Z e 2L LS.
GRES {1,2,...,r} LOWEDHEEDOESEZ P CR & EL:

P={p=0,....0r) R |p1,....0, 20, p1+---+p. =1}

NI RN e e RT %25 i ROZITIN 1 THW 0 THdeEDD. ZDEX e, e P TH
5. q= (ql,...,qr) ER ZERICEEL, X IIHER ¢ Tl ¢; ICRDMEREHTHD L
9 5. ZOGEIZ ETHAL ZHEE I 72 Cramér DEH % #EH A3 5 & Sanov D EFMNTE
bND. TDEHITIEZDGEIC

Zp@ IOg— = S(pllg)

LRB e RERELN. ZOHAITE
Z(p) = Z e~ ey = Z e Pig, U(B) =log Z(B).
i=1 i=1

ZD U(B) D Legendre ZHMWHN TV I E— S(p|lq) 124 d Z &2 mU 7. L THIHA
Lk DI
0 0 e Pig

b = pi(B) = _@@\D(ﬁ) =35 log Z(B) = 70)

BT, WHEND Z LIZ&>T

U(5) =log Z(5 sz log Z(B

- Z pz 51 + log q; — log pz Z Di IOg -

=1
DAIT, EOHTHIIUE S(p) (T 5 AREHS &
S(p) = (8,p) meg— = S(pllg)-

Z D& DIZ Cramér DEH DRI ZERNAME % K OMER BN DILERDOFER 2356 U T
Sanov DEHNESND.
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6.6 V(3)=logd> | e Piq DLegendre B#IIMHEF T hOE—
ABIREAS {1,2,...,r} LOWESMREOESEE PCR £EL:
P:{p:<pla~-'7pr)€RT ’plv"'aprgoa p1++pr:1}

D7D, MERDM q=(q1,...,q¢) EPWE g >0(i=1,...,r) iU TVD LIKE
T5. (ATDEREIE qeP THHoTE, ¢; ZODPIANTIEDOEHLSLIEKILLTND.)
LD EKEL Z(8) & Massieu BREL U(6) LR34 p(8) = (m(B),-..,p(8)) € P
EIRDEIDIZEDS:
. . 0 e*ﬁiq
Z(B) =) e g, WP =logZ(B), piB)=—5-V(B)=——=
(8) Z q (8)=1og2(8),  pi(B) = ~55Y8) = 73
ZITB=(B1,...,B.) ER"THD. INODHEAMEELFLHDTEID.
U(B) FEIEi T OB HH L TB W& S I P ARRTH 5.
e=(1,...,1)eR" &BL. ZDL X

Z(B+Xe)=eZ(B), U(B+A)=U(B) =N plB+Ae)=pB).

FHIZHER DG p(B) 1& B D e FEDEAT—ETHS.
EEOWEEMMG p=(p1,...,p,) EPIIHULT, BeR %

pi=e P (N e RIMEEER)
WWEoTEDD L, BITREZZ L&Y p=p(B) &4 5:

r

—Biy — oA, — —Bi, — Ay, — oA . _6_6iqi_.
€ qz_eph Z(ﬁ)_ze QZ_Z;epz_e7 pz(ﬁ)_ Z(ﬂ) _pl'
W2 p(B) DEFIE P 2KIZ—T 5.
p=(p1,...,pr) ERTIZHLT g eR" O f(B) &
f(B) = (B,p) +¥(B)

LEDD. [(B) B TICMBEERDOT, B LY f(B) WR/MEZFEDRLIE, T ORI
T f(B) DIRMAREIZTRT 01245, f(B) DImEEEIE
9
Bi

LBBDT, f(B) WR/MEZFEDZODOMEFRFMHEE peP LRE2ZILTHD. TH
PO Y F F(B) I3EMER R 728 infgepe f(B) = —00 L85,
U72m 5T, ¥(B) D Legendre £ S(p) %

S(p) = inf ((8.7) + W(3))

LD L S(p) OERBIE P 1T BF B (EERONTOMIE —00 1285 L EZS).
peP DX p=pBp) 2T B(p) € R" ZAEREIZHND & (B(p) DHLYD FHilid e i
FMOSEATHENIBT 2 ARAEMNDH D),

S(p) = (B(p),p) +¥(B(p))-

f(B) =

0 — 0
95, ;@pi + %‘I’(ﬂ) =pi — pi(B)

)
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B=78(p) EEDEIITp=ePi7rqg DEDITHID &
Bi=—logZ—x  zZ@) =&, W(E) =\
INOXG

r

S(p) = Z ( logq— —A) pit A= Zpllogq— = S(pllg)-

=1 v

ZDE DT U(B) D Legendre ZHUIMIT T Y b Y — S(p|lg) IT—3HT 5. S(p) & LI
ML EANEEE Qg
HZ S(p) D Legendre 2= #

F(B) = sup(—(B,p) + S(p))

peEP

P U(B) 1o BT B2 L B EHEOFEI &> THALTE S (T ki wEs o\
THBIZZS82). B g(p) %

g(p) = —(B,p) + S(p)

EEDD. g(p) 1& p IZEALTRIZ ﬂl%\ B THD. g(p) D P ETORKEREEE Z 7=
. Lagrange @%Eﬁ*ﬂ({féﬁj 72D p & NDEE L %

ng(p)—(k—1)<2pi—1>=— p) + S(p) (sz—1>

[5) -
—a_zpi I
i=1
oL i i
=—0i—log——1—(A—1)=—-8;—log— — A
apz qi ( ) 7

INED, S pi=1 WA EHEDE LT g(p) BEKAICRDDIE

=) elig=2(8), p=e Fig= ‘ iQia log Z (B Z/\:—ﬁz‘—log]ﬁ
ZZ_; (6) Z(B) ) 4;

DEXTHBILNbNd. ZDLE

)l

s T

V(B) =log Z(B) =A=> pr=> pi ( B — 1og%) = —(8,p) + S(p) = F(B).

=1 1=1

THRDHL S(p) D Legendre Z# F(B) 1 W(5) IZ—ET 5.
BLEDFBIZRD LS It DHEND.

W 6.3. ¢ = (q1,...,¢) DERDPFTRTIEDOEHRTHDLTDH. RT EDOFITHHARKEK
V() &P LD EIZMBEE S(p) ZIROELDIZEDD:

= log Z e Pig, Z pilog .
i=1 4
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INHIFHWIMFD Legendre ZH#IZZ > TV, 4805

S(p) = inf ({(8,p) +¥(B)),  W(B) =sup(—(B,p)+S(p)).

BER peP
MWHAZLL TS, ]
AR 6.4 LOMEDOEIHZ. P LOEK D(p) %

. Di
D(p)=> pi 10?;5
i=1 ¢

YiEDD L, D(p) b U(F) & AR TICMAREIC AR Y,
D(p) = sup(—(B8,p) = ¥(B)),  ¥(B) =sup(—(B,p) — D(p))

BERT pEP

DAL LTV 5, N

7 &k METHFEE DER?

ZOHITIIBEENIH B LG E 3228 D IXAW. +oICHELTWwWsd 2 2ELD
HEVERN. 2D — MNORNEE FEHER R R HFOBRIZOWT, EEWHEZED
B21-DIZEBENEZT TRATYFELANIZEESRL THEL.

2016 £ 7 A 13 H: £79, Cramér OEHDO—MALIZEET 25 7.1 fiiz F /2.

2016 47 H 14 H: HEFHZOBRIZB IS TDH ) Z WV AOEHEDOH &2 /HA L7
HI2fieE N

2016 427 H 21 H: #Et HZOBRIZBIZE D0 ) Z WV DAOEHEOFIHEZ ) ET
72D 7.3 HieEN /2

7.1 NRNSA=Y—|IETIZOERBOIOER ZRE LLIBE

TR 2T OO ISL A 348 DARE & ERZ D B B /3T A — 2 —I|ZH T HMnEZE)ICEd 5
IREIZE SR 5 Z 212X > T, Cramér DEFIZEET 25 6 i & IFIXA Uidinz i) K
<9,

Hy lF3NT A= — \ Z2ROMRLHTHD L U, Hy OMERDAMIE R _EORERHAE 1,
TRARINTWD LT 5:

ﬂﬂmﬂzéﬂ@mw@

INTA=BR—=NFROY A X (BIZIFHRE V) 2RO, Hy IZFROELETRIVFTF—%2KDL
TWHEEZD.
DHEERE Z(B,\) & T DX U(B,\) (Massieu BE) ZIRD K D IZEHKRT D!

Z(B,A) = E[e"™], W(B,)) =1log Z(8,)).
I HIZ R EOMERHE (71 =V 5340)

e 7" py(dx)

ppa(dr) = 730



7.1, NI A=Z—IZHT L AR OWEFE % e U 72 53

DIED B MR L W E TNTN Py( ), ( s = Es] | £8<
U(B,\) =log Z(B,\) Ix A = 00 T
U(B,A) = AW(B) +m(B),  m(B) =o(1), n\(B)=o(1), nx(B)=o(1)
VIRBIES LIRET S, Tk %

e—BHA
<mm:5%%342—%wum:—xwm+dm

DT

SR
H
() =uo)+o>u®) 00
B
X5, MERRE pp (ZBI9 D Hy DOEE, Z =Z(B.N) £EL &,

0 (U~ (H)a)") = (s — ()7 = 2222120
o\ "
(wJ W(5,A) = AW (8) + o(1)

LWV, (ZOAREY V(BN B OBBELTTRICMAZEEbNS. URTHE
Y(B) BTICNTH D LETD.) YA

(% D pga b Eﬁﬂ_éﬁj\ﬁﬁ() = ”)(\5) + 0 <§> =0 (%) -0 (A= 00).

PAER EFeDD L, HERRE sy (777 ZHIVAAE) DE & TD Hy /N WS “KREDIER] % i
ZUTWB Ze0nd. §805, MERIE pg, DB ETD Hy/A DRAIZ N — 00 T
u(B) = =" (B) WWHEH U, A BREFVEL E ZOHE (DO ETDOKRIID2FE) IX "(B)/A
FEEIZRS.
U(B,\) 1 B DK zﬁzt UCTIZMARDT, (Hy)g = —Ts(8,\) & B 12DV T HFRIEA
BTH5. »(B) B FITMIIRD 2 iE L =0T, ulf ) —/ () %%ﬁm“d\mﬁz B,
Lﬂ@i’%ﬁ%@f:@ B20 XEL, u=u(B) = (8) Sul0) LB X,

s(u) = Bu +1(B)
LEDD. U=U(B,N) = (Hy)s
S(U,N) = BU + U(B, \)
LBELE, Ao 00 KBWT U = Mu+o(1)), U(B,\) = M(8) + o(1)) BDT,

S(U,\) = MBu+Y(B) +0(1) = As(u) + o(A) (A — o).

L
\yv
~

pa(dz) = g(x) dz
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54
DL |
pasta) = 255
relk, ,
ps(dr) = GZ(B—C]:\/(\? dr = pga(x)dx
ROT, S(UN) IFIRD &S ITERIND:
SU(3N) = [ (82 + log Z(5 W)psa(e) da
B e P B pep(@)
——Am%§@5>mxwm——émwﬂ%(ﬁ@)dm

TROH S(UN) WEH ) = ANVAAOHITY hOE—=TdHh Y, s(u) IFHF 1 XN — ool
F20 ) ZHNRHEOHF LY hAE—FE (1 A XAhH/-YOHNTY hoE¥—) T

H5.
B2 L0 5 DFHMi = RT D.

9 P(H\/AZu) DN — oo il
E < — < —B( Au)
P NI A Ellg,<ni) £ E [1iy<aue |
é E[B—B(HA—)\u)] _ ekﬁuz(ﬁ’ )\) — ekﬁu-&—\lf(ﬁ,)\).
QU fltld & X 0 IZRZEBERDOLTNS. 1

ZZT 1H>\<)\u Li H)\ E AU 0)&9& 110
(5>OiUMH%xzoE®T%ﬁf

’)E@T‘%‘%ﬁf =8 1HA<)\u > 1H <€ —B(H
L sawe™ “:6ﬁmAu%@°t‘ W(B,A) = AM(B) +o(1)) &V
log P (S ) = A+ 6(9) + 0(1)) = M) + (1)
W%z N TH->T AN —o0 &dDE
Hy
hmsup)\P( S < ) < s(u).

A—00
RIZFEWODFHtiZRTS. 0<e <6 LIRET D, MERNE pg, (BT D Hy/\N DO
fild XA — oo Tu=u(f) IZEFTLDT (“REDEA]),

H
P5<)\>‘€(u—8,u—|—8)>:eo(l)—>1 (A = 00).
IHIT, =20 &Y,
H)y E [1ie0ueputre) € P
Ps| — € (u— = .
5(/\ (u a,u—i—s)) 7.0
< Z(ﬂa ) [1H>\€()\u e, dutde) € 7)\ﬁu+/\55}

AEW—&u+@)

H
— o ABUFABe=A@W(B)+o(1)) p (T
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eMM)&mmP(%éEW—&u+®).

A

U= oT N> o0 iZBNT

P (% e (U _ 5,U,+ 5)) 2 e)\(s(u)—ﬁa—i-o(l))—i-o(l) _ e)\(s(u)—ﬂa)-ﬁ-o(/\).

MDD KELD 1/NFED N — oo TOMPREID Z&I1Z&>T

A—00 A

lim inf %P (ﬂ € (u—0d,u+ 5)) 2 s(u) — fe.
£>0 NS HTENILTEDDT,

o1 H)
— - — >
ll)r\ri)glf)\P( v € (u 5,u+5)> = s(u).
PAEIZ& > T, 56 #iTIEA U 72 Cramér DE B D ARKBE IR IR ST 2 A EX1E 5N
2. Eo T, HOoHiL ABRDEMRZGEY RT I EIZE>T, IMAPENL L TWD Z b nd:

.1 H)
— 2 < =
i 3 (% 50) =t
ZOEDIZZRINF—EE Hy /X2 u=uB) LROHERD N\ — oo TOWHEZEENL, 7
) ZHNBAEOMMNTY Na Y —8E s(u) Tk Ind.

UL, INETELHED DR ZRICBNEN. BRI D2 ICHENTHD
JZANGAOEREDEARIZE D B >TWEDEA D0

7.2 WMENZOHEREBEILSITEH/ ZAILDHEOESE (1)

PR Ol dARBE RN HIE [10], pp. 105-106 LA Uikind2E D THD. 2720, Fx
i3 TEHERDFE ] (FEROFEM) 2 EE I EEO TN DT, NREHR % T
R IESIBRATEZD. TOMEBEZY MO —TRE<, Iz v o¥—%2£22% 2
L85, (BHERDOFIOIEDE & TIRREBE THERM R ES. TV b E— TR
DO THY , Y hOE—ITHEERONHTH D))

Hyy XAV LR O N ITKFT 2RO I — 2 BRT DHEREHMTDH
LT3 (ZNEMED ) — M TIRARL, BFED ) — N DO TEMHEROFHZ KE L RW).

Us(N,V) = E[Hyy] £8L. n= NV B—=EDLXEDEL TV - 00 LTI X,
Uo(N,V) = Vug(n) + o(V) MWEALL TWD ERET D, (Ug(N,V) = oo, ug(n) = co T
HoTHEN) V = co TREDZEH P(|Hyv/V —up(n)] £ e) — 1 (e > 0) 23K L
TWBROIX, Hyy/V O5AIE up(n) (IZEFTD. ULEB>T U W Uy(N,V) 56 (5
U<l u DS ug(n) 25) BENIISHEN D F CHEEDVNS S RBMEIZAY 5038 U
& u \ZDWTHERIZRFRMBEEBUZ 2 5. (WE I LB 2R P T IR EBEL (L 7228
THER) IZT 3 F— D BRI R 5 )

BTy hOE— S(UN,V) T3V F¥— Hyy DU BAFICRDMERONMEED D

S(U7 N7 V) = IOgP(HN,V é U) (U é UO(N7 V))
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S(U,N,V) & U B3 2 HRBMEKEIZ RS, K< HDIRMTIETRIVF = U FEIZ
BRHMERIEV NRERLE P(Hyy SU) TEELIHD ([10], p. 105 D 16 2iET
) 2RE XHICZO—NOFE 2 LB AMORERE LU TAL). TR F—
By CMEHBEEE n 2IROE D IZED S:

_v _N

U= V' n = v

MNTY Y= T2~ TS ERET S, ([10], p. 76 D (3.2.29) A& H &)
RE 7.1. fix=> bo¥— S(U,N,V) & U IZBU T EISMEEHERTHD LIHETD.
512 S(U,N,V) I& V — oo TLAN D28 % Ff D!

S(UN,V) = Vs(un) +n(u,n, V),  u— % n—
Y n(un, V) REDB L,

W V)= o(V),  mlunV)=o(V) (V= o).
F#iz

1 .1
lim VS(U’ N, V) = VlgréovlogP(HNy <U) = s(u,n)

V—o0

BESILTHEY, U =Vu, /U = V-10/0u &1,

SuU, N V) = (Vs n) + i 1,V)) = safum) + o(1), ®
X 51T s,(u,n) O u iZBT2EBEEREL THL. s(u,n) & (REMHEEXOKEIZH

TR)ENIY hOE—BE LSRN s(u,n) & u iZDWT RIS R B INKEIZ RS &
RET S, BIREEKE Su,n) 20 %

B(u,n) = s,(u,n) = Sy(U, N, V) +o(1)

LEDD. BTIHOBRIBEEINEZ A=V OT7—IATULEDRED (IFIF) KRILL T
WBEIRBEEEATVWDIEEZLNS. N

FHIE [10], pp. 105-106 Dl L AUX, 7 = IV HIEARERIZ

Vi T PNy 20) ¢ (*)
ERGIEICE>TEEING., ZHUIIREFAMTH D

P(Hyy =U - E)
P(Hyyv S U)

ZHFRDEDITRING. FEOEH I Y 0<0 <1 29I HD 0 BWFHELT,

P(Hyy SU—E)
P(Hyy S U)

log

= —f(u,n)E + o(1) (V — 00).

log

= S(U—E,N,V)—S(U,N,V)

— _ESy(U—-0E,N,V)
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o (0 ) o)

= —FEs,(u,n) +o(1)
= —fB(u,n)E + o(1). (V — ).

2 OHDE S TEMEDTEZE AV, 3 DHDE ST (1) 2\, 4 DHDE ST s,(u,n)
HGETHDEWVIINERMD /2.

(x) DR TEL TN/ TBoltzmann K1) IFLATFD &S ICHRINDS.

BIRLIEHTIRVEMUTVWDE LD R R%E2EZXD. HHTLI2RDOY A XE—ETH
LU, BIROY A AR KICRDMRZEE 2 5. BanDOMIZEH U TKFEMERZ A
T5. U IZREROZINVF—THY, FIFFEHTLIRDODIAINF /L5, U~ F
BB D T RIVF 28D, BIRODIRXINFTF—N U - F BREIZZRDHERIZ V KX
BeE PHyy SU—E) TEEING. HHITDZROZFINF =2 E (IR DRI
PHyy SU—-E)IZHHITE7255. Lo T(x) &V, HHT RO RIVF =N E
THDHHERIZV NAXR L ZEMAIZ Boltzmann KT e P@mE (24 % .

LML, ZNTE EEZDODN S KU BNZRN.

PAEDFEIRD & V) EHEREAMEIEE DB >TWDDEA D N

T RRHEIET D -OIE BB E2ED-EROREERHTLIHMOR] LWVWORESR
EEES BERH YD T D 7.

2.4 HiZ B 1 D EHE A OB IFIABEIZHEF 15125 1 6 Maxwell-Boltzmann
SAAOBEHRIZHELU. TOFHmIIHITD [RIKOR] 1FEE /n O n— 1 RGeEKH Lo —
RO (BT AN F——E L WD FMTERIND ERTERE EO—#kafm) THY, E
HI 282 %]1 1XTDODAED LIRTCERDERANDHETHY , TR 1FERY OHEET
H2. ZTUTRIKRDRDY A X% KIS TR n — oo DIBRIZHIET D, ZDF%
AL Ui 2.

7.3 METHZOHEREZILHE TN/ AL HEOESR (2)

AT DR 2 2 U ET

AR, H, Hy,, H™, H* R E X TR THERERTHD LT 5.

A (thermal reservoir, heat bath) IZH: U TWAIEH T R2E X 5. BunDRRE % &K
DINTA=L—=% V LE RFHEN BABLTESZILIZTS.

HEHTLROIANF—% H EEFEE, BAOI XN F—% Hi L ES L, HEHTLR
EEREGDEEZRERORDIAINF —IE H = H+ HiS L RDODIND LIRET D,

BB HEHT 2R Z2EDEAZ2EDRITE VT,

P(H=FE;and H £U)=P(H = E;) P(H{* S U — E) (1)
ML L TWD LIRNET B.
BB L EEARICIEH T2 RIIMER ¢ TREIZARY KRB ODZXVX—IL E THD
95, HIIHER ¢ T B, \IZR5MERERTH5:

P(H = E) = q. (2)
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FHEEDFEMH (FHEOFE) 20E U ZGEIIE TN TOIRE | PWEMETERIND
EFEZDH, S B BAEET D ITIRE U7 KBV D THEEBOFH 2 e U RV,
(BLF DG AYR Y & 5 12 Boltzmann K ¥ DE I EERDFHIZEIR LU W)
RIBILV — oo TIROWNEEF % {7z LTV D LRET S:
U

S*(U, V) :=log P(Hy* S U) = Vs (u) + o(V), U=

S*s(UV) B0y N =LY, u=U/V 2 TRV F—EELIEY, s7(u) %
BOLY POE—EE LIERN (C fREARE). o(V) DEZD u 12 & BDEEREBEE o(V) T
HBLFETD. 20X, U=Vu &V 9/0U = (1/V)0/0u ZDT, EHEDER L)
BEIZTEIZHD0TO<O<] 2iZTEOMEFEELT,

oSres

log P(H" SU = E) = §™(U = E,V) = S™(U,V) = BZ2—(U = 0B, V)

1 0 0r

_ Qres _ E__ res -

ST(U, V) v 9 (Vs (u v > +0(V))
— =(UV) — B2 (w) 4 (1)
= , M u) + o(1).
TRLL, BROWERE B(u) &
8Sres
sy = 2 )

LEDD L,
P(HI® SU — E) = P(HI® S U) e PWEM (1 4 x0).
PLEDRE LR E, (1),02) 2Hi>Txedd L,
P(H = E; and HY' S U) = P(HI® £ U) g PWPitel),
X 51T

PHy SU)=> P(H=E and HY' SU) = P(Hy* SU) Y ge WPt

UZzdioC, Sl SR 2

P(H = E; and H¥* S U)
P(Htt < U)

P(H=E; |H»<U) =

LEL L,
P(H=FE;|H <U) gie” P Fitol) gie—PE: . |
> qje P E;+o(1) >, aje B(u)E;

TROLL, RIKODZAINF =N U UTFTHELVIRMFEDE LT, EFHTDHZRDIT IV

X =2 B, TH D RMA SHERDOBIRDRBIER K TOMPRIFIRD & 5127485
efﬁ(u)Ei

lim P(H=FE, | H* <U)=_J3°

ZOEDIIUTHEOLNDGIFEHTLZRICETIMRS A2 HIRE S(u) DA/ ZAILDHL
I3, BURDEHEEE N 558 5 ND KT e PWE: % Boltzmann &F & FE3N.
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Bl 7.2. Hy, Hy, ... \3MSZESABHEREHCRYBEGE 2 ZT2DOTHDEL, V =
n=1,23,...£8F H**=H +Hy+---+H, H=H, H}* = Hy+---+ H, £5<

&, Sanov DEHLE U < X Cramér DEHIZ L > T, LLEDRIwDBEE /2L T\WD. Z
@f% O} -V & i RVA il FRANT WL ) B O &ﬁ#%ﬁ’*ﬁ’bé

DT OFEERIFMALIFE A ORITDMEN IR L & ARE D LD B EGETESTEH,
BB O RFEHE R K COMOEZE BN 2 — RN RTHED 5 Boltzmann K+ e PWE Tl
WBIND ) =N AEPERIIZEOSND Z 2 RLT WS, ]

8 fI%%: HhFEEOITY POE—IZDWT

8.1 HHI RILF¥—* Massieu K & DEEZR

FRBL(E— XY MNEEHHKEF1 LT Y NEEE). HERNM ¢ O & THEREEH X -
i&%&@%—xythﬁﬂh()i

t) = i g,
i—1

CEEIND. ZNE X =E, t=—5 DL INHEEHE

= i e Pig;
=1

—HT D, MRROBBEICENTHDE— AV MR (B 130 BB &
$§m HUEDEZLESTL. MERHOHREIZINIEE— AV MREKBDOXE

Kx(t) = log Mx(t)

THERZE X OF 25TV MREEKEL (cumulant generating function) & IFIEN TV 5. H
BT R F—DEH

1
F(p) = =75 log 2(5)
IAREMIZF 24T Y PRENBDERIC—BLU TS, LV IEMICITERE 3 THDEID
F(B)=1log Z(8) (& VIEMEIZIZALIET D Boltzmann & #fF)

DHEMF 2T Y NEEHBOEZOIEWIZERD. 250 F(B) I& Massieu EE &
ENTn3. []

8.2 MW RényiTy hOE—

EE 8.2 (HX Rényi T hOE—). 2 DDMERD p= (p1,...,pr), 4= (15, q,) £
B LT, 88 Rényi T bAE— Ss(p|lg) A

g )

B 1-p8
Ss(pllg) = N%E:m%
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CEBIND. IND -115% 5 TP T DL

Pl log(pi/an)
S pla

%«ﬁ —1)Ss(plle) =

BOT, X612 =1¢F2L,

9
98 ,_,

EHMXTY hEE=2HTERDL. WRIZ

((8 = 1)Ss(pllg)) sz IOg— = S(pllg)

S1(pllg) = lim Ss(pllg) = S(plla).

FIXF Rényi T PO =3NS Ty hOE—D T VT — A =R —ERIZBR>TNDB L H
ZAbN5. ¢ =1DEAEDRényi TV O E—DEFEZE > TOAUEMHN Rényi =2 b
E—DEHRIFHTELAG AN EBbNS.

FAX Rényi T b 11 ¥ —D5E # I 70 Br Bk

r B r
bi _BE; pi
Z(Bipa) =) (q_) g=Y e g,  E= —1083;
(2 i=1 (2

=1

AT 2 HHTZ RV F— F(B:p,q) & Massieu BRI F(5;p, q) DEF

F(B;p,q) = —p "log Z(B;p, q),
F(B;p,q) =1log Z(B;p,q) (Boltzmann & 8% I3 1)

EARBWHIZFE U TH S:
(B —=1)Ss(pllg) = BF(B;p,q) = —=F(B;p,q) = —log Z(B;p, q)-

Rényi divergence (FHXf Rényi T> b O —0D —1 fF) DFEARMEEDE L O [11] IZHD.
(B—1)Ss(pllg) = —log Z(B;p,q) & f OB E LT EIZNTHS:

0\? Sor i1 (B — Ej)Pe PEFEDgiq,
(%) (—lOgZ(ﬁ;p,q)):— 22(6)2 :O

(FFHE p=q (i=1,...,r) L[EMHE).

TUT, (B-1)Ss(pllg) = —log Z(B;p,q) D B =1 TOED —log Z(1;p,q) = —log1 =0
ThHdI e, (B—1)Sspllg) = —log Z(B;p,q) ® B =1 TOWREPHNTY hOE—

S(pllq) SHUNE S EOFHIEER X D,
(B—1)Ss(pllg) = (B—1)S(pllg)-

FILIZIELDERD AT H S . 0
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8.3 ¥ TsallisT> hOE—

FR 8.3 (X Tsallis TV hAE—). #ESM p= (p1,...,0r),¢ = (q1,--,q) XU
T, Z(B;p,q) ZIRDEDIZEDD:

r ) B r )
2B p,4) Ze :Z<]qi) a=y g’ Ei:—log%.
i=1 7 i=1 ¢
& B X2O00MERMMip & ¢ D& i TLDEVERDLTWS. A ZHNHF
p(B) = (p1(B),....pr(B)) %

B 1-8

v P Py
20 = ZGmd) ~ 2B

CEDD L, WIRE B 1F ¢ =pi(0) & py=pi(1) ZRATE/NNTA—F—IZR>TNS.
ZDEE, MM Rényi TV B E— Ss(pllq) &

1-p
LEPIN, HKMTY hOY— S(pllq) &

log Z(B;p, q 1 :
S(pllg) = BEEP0) _ 1_Blogzp5qf g

0 0
5(p|!q)=—%5 logZ(ﬁ;p,q)z—%B Z(8;p,q) szlog—
=1 1

ERDOIND. 2DOHDHFEST Z(1;p,q) =1 2o/,
ROEEZ © (BT 5 ¢ ZNIERE LTSN

f(x) = f(gz)
(I—-qx

q— 1T q##5 Dyof(x) 3D 0f (x)/0x (KT S.

FOHNTY hEE—DAD log Z(8;p,q) TIFEL Z(B;p,q) ZAVWERRIZBITD
BIZETIMN % ¢ ENTEIHZ DI LI12&-5T2, 8% Tsallis T O E—2RD
EDIERINDS (¢ Z57D q ZIROATIE a £FL):

Z(Lip.q) = Z(asp,q) L= pig "

T, =—Dgsals Z(Bip,q) = — =
(pllg) B, ’,3,1 (B;p,q) 1—a 1—a

Dy qf(x) =

a— 1T a ZREEOMWDIZIRT 20T, #HR Tsallis T b ¥—3tfExTy b
—IZRT S, TDZ &iE
Z (pi/ @) — (pi/Qz)aq i & % «

0%
; = — x* =zlogx.
11—« v a=l 1 —« Oala=1

T.(pllq) = —
=1

2HEHIF 2016 4 6 H 22 HOBRBCTTORARMEE o2 <HETETHARL.
23$% (PHX) Tsallis T hOE—DEHRDBARMEZE £ 72 <HEL TOHARW. (FH)Rényi => b
—IEARBEN D E R DONEL (AT )L F— Massieu i) RO TTD LI BREDEFZZ D Z L DB
‘fi’ier:E'f’C 50, (FHA)Tsallis T b E— DT & < DDA,
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EEIZEHE»DOLNS. HY Tsallis T bOE—3MGTY hOBE—DERIZB T
% zloge & (x—2%)/(1—a) CTEIMWMAZEDELEZAS. N Tsallis = hOo¥—%
AN Rényi T PAOE—TIRD LD IZRKDOTILETES:

2(5:p.0)~ 1 _ esp((1— )S5(plla)) -
-3 1-3
WA Rényl T bR E—Z X Tsallis TV hBE—IZ&>T

~log Z(B;p,q)  log(1+ (1 = B)T5(pllg))

Selplle) = —7—5— = -3
EROTIEETES. AN Tsallis T O E—2 % Rényi T O E—DEWNE 2 —1
Ylogr =log(l+ (z— 1)) DEVTHBLEZLILETES,

MEDESIZ, Y bo¥—, M Rényi T b ¥ —, #Exf Tsallis T k¥ —
X ENE SHLERE Z(B;p,q) MODIREHTH D . ]

Ts(pllg) =

SEE (185t Tsallis T bOE— &R Rényi T bOE—DORMR). HX Tsallis = h
B — Ty(p|lg) LA Rényi TV hEY— Sy(pllg) BB

Zs(pllq) = prqi ’

B (pllg) (rllg)
Zs(pllq) — 1 _log Zs(pllq
_T’ (pllg) = 5-1
t%b*%é/ﬁﬂ(%b<iﬁ<ﬂ@ BIREE LY Zy(pllq) OHIHEL (L L
HFBFE ML) 20T, ThH %Fﬁﬂﬁ’é‘é &E Zs(pllg) Z2&mME (B U <I3EmwK
() F5 2 v LRI AS. X bz

Ts(pllg) =

P —1
sal) = (14 (3= D00, ) =T

MWEHZHFOF IR Z & &Y,
Zs(pllg)"" ™V = e 1 (—=Ts(pllg)) = exp(—Ss(pllq)).

Z DR THN Tsallis T b B E— MM Rényi T hBE—DEWNEH £ 5 & egq(2)
& exp(z) DENMIBZS>TWDS. EHb5A, ZORERIEINDS

Ts(plla) = —Ls-1 (Zo(plla) /), Ss(plla) = —log (Zs(pll) V)
LENVTEBITIEEHHLZDTH S W 0

ST 8.4 (BB p,g 20, X =Y =qa=1ThbaEL,3>0ThdLE

T5. MY hoE— M Rényi =¥ b O E—, X Tsallis TV b E¥—ikznth

Sllg) =~ pilog”
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Ss(pllg) = -log § pla; ",
ZT lpﬁql 5 ~1
T — i i
5(pllg) 51

EREDD &, MM Tsallis =¥ b E—|%

Ts(pllg) = ZMﬂ | (g)
ERDOINS. S(pllg), Sspllg), Ts(pllg) WITRTOMUFTHED I LERTD.

BTy hOE— f(z)=xloge £BLE, fl(z)=logx+1, f'(x) =1/ £V f(z) &
WKIMBEETHY), f(H) =0, f/()=1 &Y, flx)2x—1 L85 PAIZ

R 1 IR o I

MR Tsallis T hAE— g(x) = 2ls 1(z) £BLE, () = lg_1(z) + 2°71, ¢"(2) =
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