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f:é:iljfs:l, fl,i:Ei7 Cle, ﬁlzﬁo)(\.’.%

S(pllg) = BU + log Z.
BHIRIWVF—F % F=-p31llogZ LEETDL,

S(pllg) = B(U = F)

Al Boltzmann @HEE FNTWARWVEZRITIE, Mt AFE2H > TW\W5d AE
B

NOY/N
EOTBHRADRAZS S5,

2.3 BOMIEREDGZEDOERBEOERESTHENMEONDE L

HEMD A PEREEH q(x) THEAONTWIGEEEEZ LS. ZOHAEITIE n (b
DML FALT DFERTT S N S RER DA DRERZ L HBMNFIE p(x) IR DHERDONIED 1/n
f&lE n— o0 T

S(lla) = —Dpllg) = — / p(x) log%dx
RS L ER BB, M pr) 1 F DR % T

/fy(x)p(:ﬁ) dr = ¢, (v=1,...,s).

il & FABRIC LT, ZO%RMEDE LT D(pllg) % BN B HEREEEE p(r) %KD B
LIRDESIZRB I ENDNS:
1

p(x) = 26

7 — /6—23—1ﬁufu(r)q(x) dz,
dlog Z
- aoﬂg = _/fu Lo Bl @ (1) dx = ¢,

2D &SRO i MR A5 D ffi % i B DR HE D Mk L IS, BB HID%
FBEREL DERBE D TR L IFIEND.
T2 & AT OMER D IE TN THREUDAHEIZE EFNTND

k

=X B fe@) g ()

Y

"EHA: 0<0<1D&E —B=logh—log(l—0) &< &, k=0,1,...,nZDVT

)

—Bk 1 1
pr = (k)e (1—0) 7 W (k) o 2 A= o)
Z D56 &R E KREOIEIOBEFRIZOWTIIE 4.3 € 2T &

8Boltzmann EA 1 (R DB RERATH I LETES.
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%IEﬁ;FE 01 20, ‘97">07 22:19121 "Ci)étb, —61210g01—10g87» ZEB< t,
b1+ 4k =nbD&X

=i Biki
Pkq,...kr = n' le e er — € 21:1 B qky,..., kr’
R A R A 7
n! 1 1
- Z —
Bl = T ey
ERD:
—(x— 2 202 —(1 202 x2+ 0_2‘/1:
p(:t:) _€ (x—p)?/(20%) e (1/(20%))z*+(n/0?) | 7 elu2/(202) 57
V2 7 \%
p=00=10DHFIIONTIEH24HESMU THRU . IEMDAH OMERE LKL p(x)

(ZF p &k 0® ZIERELZE ST, T48DS [ p(r)de =1,

/ zp(r)de = p, / 2’ p(x)de = o + pi?
R R

EWVWIHEMEDE LT, T O —

PEKICE S plz) & U TR b,

Gamma 9f: = >01Z8WT

6—1:/Txa—1 e—x/r—i-(oa—l)log:c

p(z) = ~T(a ) = 7 , Z =1T(a).

Gamma 7345 DMERE LKL p(x) & [pp(r)de =1,
/ rp(zr)de = ¢, / (log x) p(x) dex = ¢y
0 0
EWSFRMEOEETTY MRE—

S(p()] = — / p(z) log plz) dz
0
MERICES plz) & UTHEE T 5he. UFEABETHS.

EfEBetafdfi: z>0I125VWT
1 a1 e(a—l)logm—(a+ﬂ) log(1+4x)

B(a, B) (1 +z)o+8 z ’

p(z) = Z = B(a, ).

BHE n Ot %% 1//n TRAT—=)LLEED: HHE n O t DA OHERE

2\ —(n+1)/2 —T(n
p(t)dt = é (1 + %) dt, =/nB(1/2,n/2) = @i(l)//?)

ThHo/. plr)de =p(v/nzx)d(y/nz), f=Mn+1)/2 £ &

1 1 e—Blog(1+z?)
2(14—:1:2) iz 7 , Z =B(1/2,n/2).
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F—FfEBetaDf: 0<zx<1IiZDOWVWT

l‘a_l(l _ .’I?)B_l e(a—l)loga:—i-(ﬂ—l)log(l—m)
= = Z =B .
Poisson 73 7:
e~ M\k (log)\)qu e
Pk = L = 7 ) dk E? Z = 6)\+1

2.4 EEFHRDHDOEHH

BleLTs=1, filz) =2% c1 =1, q(2) = 1 DHEHICESBEDEFFLTHLSY. 2
AT EORTIE, n BOMTIRTOMERE DN 12 ORBRIIHE (22 +- -+ 22) /n
IZDWT

n
EVWIERMERUZEE n— 00 Ta ORBAIDHENE D RENERKDZ Z LIZFELW.
EORAZE[FS &
- l — B2 - —Ba? o —1/2 810gZ 1
plr) = e, Z‘Ae dz = 72, e
WARIZ B=1/2, Z =\2r, p(x) = e 2\ 2r £ 5%, THbDE n— 0o THRLND NG
WSEEHEE R AR IC R D,
ZORERIE R WOEED 2FH n DK EFLET D n— 1 RouEKH LD —HE53 16
D 1 IRTTERZZEENDHFE IS n — oo THHEEHDMIZPERT I I 2 EHRLTWS. T
BHOHBIRDRNARBELL TN D:

= 1.

6712/2
lim 1) Wy (dx :/ x dx.
oo \/ﬁsn—lf< 1)“( ) ]Rf()\/ﬁ
ZIZT /nSvHIERZFLE T DR /o O n— 1 IRJCEK

{(21,...,2,) ER" |22+ -+ 22 =n}

ZROU, pp, 1FTDLEDO—FRIERZHETHY, f(r1) O zy WEBRE LD (24,...,2,) D
R Thd. ZOMRDOANITEEDLEHOWES DA CHEEICHATE L1,
LJ\J:UDquﬁWJ%%?I’Li FREIL AR I @3‘64@03% DN ED KD BRMEZEHRL -
WCHRIZEDNE N BT X5 L |

3 ZIEDHDIGZED Sanov DEE

ZIH A6 D4 D Sanov DEMOD Fik % AR IR RN TEEIZFEIH L TH < 2 2129 5.
Stirling DARI ZHDLNVG U WIEHEZ BN TS, ZOROIEHIZ T 0 V5 H [12] T
HINTVWBIEHEARERIZFECEDTHD. DT AT IIEBHB IR DHI T I A
Hd.

99(x) =1 BOTIDHEIT q(z) IFHERBERBUCR S22V, UL, UROFEOFEGRIZE L.

VROKS 8 ) — b D Maxwell Boltzmann HIDHilZ T DEHMLFRIPENTH L.
http://www.math.tohoku.ac. jp/ kuroki/LaTeX/20160501StirlingFormula.pdf
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3.1 Sanov DEEDFIE
HBUES (1,2,....r} EORESSEOEAE P LEL:

P:{p:(plu-.-7pr)€Rr|p17_..,pTZO7 p1—|—-..+p7.:1}.

Plxr—1RTOFBMAKTHD. 22 Er=3 DL E P REZMBIIRD.

R q = (q1,...,q) € P ZERICH>THEET D, HREH X\, Xy, ... 3EA
{1,2,...,r} I Z R OMERERFITH Y, L THIE ¢ = (q1, ..., q) U T
2METD. q=(q1,....q) 2 BEEADTHE LI

G AITHLUTTORDMEEE #A LES &M AWHZINDHELE P(A) £ES
ZelZT5. (BTEM ADE L TO B OFMN EHERE P(B|A) &< )

BEADi=1,....riZHLUTX,, ..., X, \IZ&END i OB E; (#1752 HERIE

n!

P(#{k’:1727---771’XkZi}:kiforeachizl,...,r) :qul...qfr
Lk

FUENT RN, ZDEDR (k... k) WSNT D (ky/n, ... k. /n) BIEOESEE P, CP
EELZLIZTS:

k k.
Pn:{ (—1,...,—)’@:0,1,...,71, kl—i—-u—i—kr:n}.

n n

DL X P, ODOMEBIE (n+ 1) UAFIZRD. (#P, < (n+ 1) 2B THHEICHAT
%) Xi,..., X, \IZHIRTD P, DIt P, = (ki/n,--- k. /n) ZREBEDMHELILR. RERS A
P, &P, IZfHZRDMEREBTH .

RO (p, q) € P? DB D(pl|lq) ZIRD LD IZED B:

r

D(pllg) =) _ i log%-

i=1 v

pi X g W0 IZRDEGAITIE 0logd =0, —log0 =00 EWIKHRDE &L TEEZEDHTE
<. D(pllg) % Kullback-Leibler f&#RE % U < I& Kullback-Leibler ¥ 1 /X\—2 T~ R
IS

EH 3.1 (Sanov). LA EOFEDE L TUTFAEILL TS
(1) AW P OREDEELS X

1
liminf —log P(P, € A) =2 — in£D(p[|q).
pe

n—oo N
(2) A B P OWHESEDIE?

1
limsup —log P(P, € A) < — in£D(p||q).
pe

n—oo 1

Hlim inf, limsup (ZDWTE 9 fillCfli a2 HFVWTH W 2.
R B> TWBEEITIE A IMEEOBLESTH > TERELZ . UL, ERXTOHEEIZIE A
BRI EE L CARET D I EAEEIZRD 5 L.
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(3) P DEAHES A OBIMOBAN A 2504 51E

1
lim —log P(P, € A) = — inf D(pl|q).
peEA

n—oo M

ZDEDITRRD D n — co TOMREZEE)IX Kullback-Leibler ¥ & D(p|lg) D inf T
ALk I NG, B

Bl3.2(ZHEAHDBE).r=2¢L,qa=q @=1—q¢p=p,p=1—-p HL&,

p
D@WDZpbga+ﬂ—mﬂ%l

N p=q D& THRAKME 0 122D, p DS g NHEEND & ZNOEIZEAT 5.
0Sa<b<1THBEL, A= (a,b) = (a 1D b LTORKME) L5<. DL

Pren= 3 ([)ea-or

a<k/n<b
BDT
. S AV ) —D®M)_ @z@;
fin or 3 (})ea=ar= =~ int Dlplla) = { ~Dall) =0 (@< g =)

—D(al|q) (¢ <a)

LB%. TN Sanov DEBEDIFAWZIGHOKEBHRELETH L. ]
3.2 Sanov DFEIEDIERAD#(E
IR DFHEAE T Stirling D ARDRD Y IZflibHN .
8 3.3. IEEDER K, 1 1T LT

%ZH*
SRR 2k Dr X

%—wk+n%+aynzzyk
I<kDrX ' 1 1
%f:a+na+2yuk3kklzyw‘

CRTRTREZENRI NS, 0

IRDOFEDZEI T E AUE Sanov OFEHDFEIIZS U\, IXOFHEDGEFIZ X Stirling D
NV T LAY
B34 FED peP, IZHLT

1

e—nD(PHq) < P(P. = < e—nD(PHQ)
= n — = .
(n + 1)7" - ( p> o
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BERR. p= (p1,...,pr) = (k1/n,... k. /n) € P, DL E,

—nD(pllq) = XymwﬁE}bwu

_ qk -..q n!

e nD@pllg) — B 4" P(P,=p) = ———— ¢ ... ¢k

) q
p]fl...pﬁ'r kl!"'kr! !

W22, Z OHE DR IZIR L FETH -

1 n!
< k1 1.
RS L s

ESDOFHED S (HRIOAER) IFZLHAAOHH L) BHHTH S, (ZHAMGIZEITS
MWLM 1R THD I L E2EHRLUTWVDITEE R ) BURT 2o O (A DA%
R) ZHFHL LS.

L=0,1,....n, l1+ -+l =n &IRETD. TD&E p=k/nRDT

nl n!
B
S %—kL”

et ()

ﬁ&jbfwéiff%é BER SIELHEDMEIZE O THERI R KIZR D DI
(5 DGEE Ii/n) WREFDAE (SOBEIE p = ki/n) IKEULBRDZEIENLTHS.
;%%ﬁia3im

(£d) ZL' e ﬂ R, ke > kll —k1, bR k’fl—ll gkl =,

(&) k! kLT
A

ST () AT X N DRI, SIS X 1
_ nt o ,oonl ke
1= Z lﬂ...lﬂpl‘ﬂprg(n_‘_l) kll...krlpll.npr
l1+-+lr=n
Wi0% (n+ 1) THAUL TS OMAE DN, 0

FR 3.5, LEDFERO—EDEUTDO L S ITHRIND.

f(n) & £(0) = 0 2372 TIADEE n OEFAHIMEBTHD L U,
f)=fm)f2)---fln),  fON=1

EEDD. INE fRELIESNILIZTE. 2O IIFEORK L1 ITHLT

f(l)! I—k
ﬂﬁsz

EER I 2EDEX

EBYISkEkDEE

o 1 1
KL JU+Df+2) - f(k)
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ki € Zzo pi = f(k:)/f(n) £BL< &L, € Zzg DEF,

OIS () BN
f(h)!---f(lr)!]:)1 Py S F)!- ),P1 Py

BERLIE

(i = ! kizli | Koy —1r
(Z23) ALY F(ky)
z f(k1>l1_kl .. f(kZT)l’“_kT . f(k,l)kn—h . f(k’r)kr_h —1

F(n) DR AB A OEMAI S22 e NTEXE L EDNS. 0

3.3 Sanov O EIEDIERA

EIE 3.1 DIEHE. FH 5D (1) 25%5. A BERES {1,2,...,r} LOMENH2
TRODZER] P (Z AU r — 1 IROTHAKIZ Eé)@ﬁ'ﬂjﬁﬁ%A’C%ét’&é U, P.=PNQ"
X P ORI THRETHD. Al P OFESEESBRDTHAES p, € P, mAf

Jim D(pnllg) = inf D(pllq)
AT EDND. PLEDRIT

1
P(PaeA)= > P(Py=p) 2 P(Py=p,) 2 ——¢ "2l
pEPLNA (TL + 1)

BEDAESTHEIAD TN LDz o7, 2kl

1

~log P(P, € A) Z =D(pllq) — - log(n + 1)
ERDIEDDMND. ULENR>T,n—00 &32528I2L5T,

1
liminf —log P(P, € A) = — in£D(p||q).
pe

n—oo 1

ZNT (1) AEEFH X 7z
BRSO OFH (2) 2 RED. AIXERES {1,2,...,r} EOMHRSGHERIKDZERM P O
EEDOUMNEETHDETEH. ZDL X

P(P, € A) = Z P(P, Z e Pl < (4 1)reninfrea Dplla),

pEPLNA pEPnﬂA

BHOAESTHES LD ENLDOHFfiZ M-~ Zhdkd)

1 r

- < _ 3 _

, log P(P, € A) < — inf D(pllg) + - log(n + 1)
EBRBIEDNDONDE. LENOT, n—ooo &TB5ILIZE5T,

lim sup — logP(P €A = Ii)gf‘D(qu).

n—oo T
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ZNT (2) BEEH I N7z

(3)&ZRZTD. ADRIN%E B LEE BOMA% C LEX ACC LETS.
BC AcCC &V —inf,ep D(pllg) £ —inf,ea D(pllq) £ —infpec D(pllq). C ¥ B OFEAQ
THDZ &L D(pllg) » p DEFEEHBTHDZ &LV, —inf,cc D(pllq) = — infpes D(p||q).
W AT —infyep D(pllg) = —infpea D(pllg) = —inf,ec D(pllg). U722 T (1),(2) 5
(3) WEIPND.

CNTEH 3.1 MEEHI Nz [

SER 3.6. DA EOGIHTIXHERIZEIT S Stirling DIEAIAR % H > TR, G TAER
WA > 7ZFRIXIRD DT ThHh 5.

(1) LS DFHEID 72 DITIRDFEFE % fF > 72
piZ0,pi+ - Fp=10DLF

!
ﬁpfl...pfr§l (ki € Zzg, ky+ -+ + k. =n).

CHFZTHEMMGIZEWT THERIZIUAFTTHE L] 2EEL TS, ThE ZEiE
TEIARENE, £z k o280 TCRUETZERVLIEEHLYD 11245
ZE

!
Z ﬁplf =+ +p) =1
ki++kr= 1 T

Mo, 7ZEBILR/RoNS.

(2) T2 DFHID 72D ITIRDFHFE % F - 7=
kz‘EZ;m k1++k7’:n7p2:kl/n@t%7

n! n!

" phph < T R ke ) =
ll'lT‘pl pr = kllkrlpl pr (llezz()? l1+ _'_lT_n)

ZHIIZTEDAIZBEWT THERWRKIZARD DI OB REROMIZE LU RS &
ITHDI L] 2ZEKRLTVS. TOARERIIRDG UNARERX (k, 1 OKRNERKIZ
EOFTITHILLTND) Mo 22bIlBoNnd:

— 2 K=k (k‘,l S Zgo).

(i) _ b ﬂk_kl e k?]f > gk ek Rl gkl —

(F38) k! RIER R T

PAED 2 DOFERIZZ NGOV THI D TOAUERYRA > TR IXTDEHRTH S, /2o
72N DHEENSZIESAAID Sanov DEMIFEEHINDSZIDTH 5.
i 3.4 OFFIH % %12 7= € o T Kullback-Leibler [EHENH TR D & 2 A5 X TODHH %
MO IRT S .
ki € Lo, kit -+ k. =n,p,=k/n EIRETSD. ED(2) % [; EIDOWTREL LTS
IZ&o>T

n! . n! & k
= _ . e r < = 1.,.. T
1 Z ll'lr'pl Py = (n+1) kl‘pr'pl by
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ZROTGLE (n+1) TH->TELNEZFRERY LD (1) 26bHE 5 &

1 n!
< |
(n+1)r = kl'krlpl pr =
2185 g € Too qit -4 — 1 THBLL, ZOFRERAME oo b THST,
g BB

k K k .
1 qll...qr < n' . k;r<q11q7’k‘:

k1
= q r = .
(n_‘_l)rplfl-p?]f’r k‘1|-k’r‘ 1 p]flpﬁr

ki =np; &Y, ZOKRTY TIZ Kullback-Leibler & # &

. Di
D(pllg) = > pilog =
i=1

qi
MEZTW5:
k1 k pP1 Pr\ T
q1 " q " q1 qr
log — =1lo - e[ = = —nD )
B 18 <(pr) (pT) ) (plla)
U7zho>T
1 e~ nD(plla) < n—!qkl . qkr < e~ nD(plla)
(ot 1) = lk 0=
ZOREADHE 34 DFGFRTH 572, TUTIDAEREAVTEZHAAD n — oo T
DFRT 2 FARNIEX 272 B 12 Sanov DFEEL (B 3.1) BMELNEDTH > 7= []

4 SanovDE®BAFE>7H/ ZAHIDHDEH

EIHIOR T ETOEEF S, ZERAEX PIFAERES {1,2,...,r} EOWERSE
p=(p1,....,p) EROEETHD LU, HEMTH g=(q1,...,¢) € P ZERIZH>T
BEETD. n BOMRITOFER, IRE ¢ WEUZRBEE Lk, EES & KRB OEUZH
Bl ki/n THD. BERDAM P, = (ki/n, ... k. /n) & P IEZFFOMEREBUIZ L L.

4.1 DEEHEIXILF—OHFE
E=(E,...,BE)eR THd&L,
Ei=--=F,<B, < <E_,<E_y1=--=E,
PO qg > 0 THELFEELTHL (L THREBOMBUNMER X % RT3 72

OOWE). E 725 %RE i OTRILF—LIERL 5 e RITHUTHM p(B) =
(p1(B),.--,p(B) €P LB Z(B) %

e PEig,

Z(B) Z(B) = ; e g,

By an0dHD & DI T Z L ATEP RN ZAL T 2 B8 % HERA B E LS. RO P, O n
E DM RITEZ RV ET I EIHRAIZZELTEDT, P, ITHERERSZ AR IND.
UXe VTP X R NET RN E— %YL 20Ti OHIPEAL JIIZELRB3EEFLE->T I,

pi(B) =
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ZEoTEDD. X BIZEK UB) = (B)s %

= (E)g = ZEzpz(ﬁ) = _%Ing(ﬁ)

LEDD. B ERYRE LY, e PP % Boltzmann EF L, p(B) % H/ ZHILDFH
Y, BB Z(B) & DEEE L MO, B U(B) & TRILF—DHIRFE & IS
log Z(B) 1% B 1292 FICBMBREBTHD. BERLIE

DN e 708) = Z1OZ(8) — 2'(B)?
(a5) s = =257

ThY,a,=ePPig; 20 B, BHDHTDIRENS a,a, >0 D B, < E, RDT

Z”(/B)Z<5) — Z/(B)2 = ZE?CLI'(IJ' - Z EiCLZ'EjCLj

= —Z E2+E2 ala] — —ZQEE a;a; = L Z(EZ — Ej)2(liaj >0

1,J i,J

ERY, PRI

5 \2
<%) log Z(8) > 0
EREMNHTHD. ULR->T, T2 NF—DHRHA

U(g) = _%bg 2(5)

I3 B ORBERFRDHELTH 5.
RIZ U(B) DMEDORETZANE S, £ p(0)=q &V

= Z Eiq;.
i=1

RIZ B —00 D& X

Z e=BEiq e—6E1 S e BE~E) g, ~BE zz L
BRRIZ B— —oco D& X
U(/B) _ Zz Ez‘eiﬁEiQi o eiﬁET Zz EiGB(EriEi)qi N _/BET Zz =r—b+1 E; idi .y
Y. e PEig e=PE 57, eflEr—Filg e PE Y, b+1 i "

MEIZE>T, E,2UZ2E & —0<S S0 ldU=Up) IC&>T—R—IZmL
TWbZEWhbhd.
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4.2 FHNHEHEELSHOH ./ ZAILDHEADINE

BB p = (p1,...,pr) EPIZDWT, &M ST Epi = U(B) DEELT, n— 00 D
L XM ERERDAGDNT ) =1V A p(B) IR T D Z & &R UV,

BAF G, BUPIII B R ELD P00 5 720012, Sl S Eips ~ U(B) ORD Y IZ,
FEIZa>0ZH>TUATDELDIZEKME2HT:

¢ BZ0DLE RMUPB)—al) EpSUP) 2ikd.

=1

¢ BZ0DLE RMUPB) LY Ep SUPB)+a kT

=1

T a>0 DY HIFFEROAEIZEBERTH D Zebnd. ZOFRMFEDE L TORMA
(EMEREEZEZD-ODIZ{1,2,... 1} LOMRIGEEOES P OMHLES A %

),

A:{wep|mm—agzuE@§an (
)

Bz
{peP|UPB) =X EpisUPB)+a} (B

LREDD. M P, c ADE L TOERMN EHER

0
0

P(P, € ANB)
P(P, € A)

M n— o0 THZAViAG p(B) ([ZHEHT ST &% Sanov DEM (EH 3.1) %> TFE
HHU 720, 207200 ERIZ e >0 2> T, P OHBES B 2iIROLDIZEDS:

P(P, € B|P, € A) =

(BCP)

B={peP]|llp—p@B) <c}

ZZT ||| & Euclid / VA THD. Bl p(3) D e FEFETHD. LEDOFREDE & T,
n — oo CHRMAS SHERDAEN A ) = HVidE p(B) \CEH TR 2EKRT S

P(P,€B|P,€c A)—1 (n— o) (*)

ERTIEVUTORETHS.
Kullback-Leibler 1§#i& D(p|lq) DEFEZ P OMHESE C 12

D(Cllq) = inf D(pllq)
PR L TH L. Sanov DEH LY, P OHSES C OFKOMAUN C 2&L L &
P(P, € C) = exp(—nD(C||q) + o(n)).

ETEDZ P OHSEAR A B, ANB OREOMAEETNEN A, B, ANB 280, X
512 B D ATOHES B=A~B EtHKETHD. PRI

P(P, € B')
P(P, € A)

ZHD 00 TOIRTZ 2L LHEETH S (+) ZRABETH 5.

P(F, € B'|P, € A) = = exp(—n(D(B'[lq) — D(Allq)) + o(n)).
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BLLBERME pe ADE LT p=pB) » Dp|lg) BH—DB/NEIZRZRSIE, B =
AN B OBEIZ p(B) BEENBZNZ L &Y, D(B'|lq) > D(Allq) = D(p(B)||lq) &%=V,
n—o0o CP(P, e B|P, € A) =0 LRI ENDOND.

D(p|lq) & p DEE L UTTFIIEZNTHY, A X P OMTRESBZDT, ZffEpe A
DELTD D(pllg) 7 p=p(B) TRNIEDEHIX, p=pB) IFMHE—DB/NRIZZRSD. WD

IZ&MEpe ADEET D(pllg) D8 p=p(B) TRNIEHD Z L ZREIE (x) DIEHIHHE
T35 UFRTEDODZ 2L LS.

) =RV p(B) &

ZEipi(ﬁ) =
i=1
Zhi/zUTCWSDT, p(f)e A THd. IHITP
e BE:
Alla) = sz sz log 70
= Zpi(ﬁ)(_ﬁEi —log Z(3)) = —pU(B) — log Z(p3). (%)
i=1

INDEMEpe ADEELTD D(pllg) PBRAMETH D Z L Z2mULZW. §4Db pe A
DY E D(pllg) = DpB)|lq) £B2I&ERLI.

pEAYLINETD. ZOLE ADEHRLD, 200X YT Ep SUPB) &2,
BEODEEST Ep2U(B) £B5DT, B O/EICELTIC

s Z Epi < BU(B). (#)

WRSIL TS, HATHORELY, >0 & UB) < X, Big ERAMETHY, B <0
Y UB) >N Eg FAETHZ. £ A ZEZTL LIV a> 0 BZATOH
TIFBEER L 2.

Kullback-Leibler 1§# & D(pllg) IEZEATD XS IZEEI NS

D(pllq) = szlog Z lg( pi_pil ) Zp% Pz +Zpilogp’(/3)
=1

pi(B

—BE;
= D(pllp(8 +§:nbgzw) D(pllp(5 +§:@ —BE; —log Z(8))

D(pllp(8 ﬁ}jEm log Z(83).

=1

W2, AER (#) & HJ =)V 4D Kullback-Leibler 1&¥& D(p(B8)||q) DFE= (%) &
Kullback-Leibler IE¥EmMNHIZ 0 LETHD Z L L V),

D(pllg) =2 D(pllp(B)) — BU(B) —log Z(B) = D(pllp(B)) + D(p(B)llg) = D(p(B)llg)

INTEMEpe ADE LT D(pllg) 1 p=p(B) TRNIERS Z L Wb 7z. BEEOD (x)
ASEERA X A7

BRI T Y I Y= S(p|lg) = —D(pllq) ZAVTARZBEIET L S(pllq) = AUB) +log Z(B) 1255
ZOFOARITEINEE R >TOD AT EBEIRADEDES .




34 4. Sanov DEHEF o7/~ ) = IV EDEH
FR 41 (FFER (#) IK2WT0). L EOFRIEAERIIAER (#) ORELZ TFIZHE DL,
M ITFDOSKHRTIE B IZHMEEE D Boltzmann G D % Hkd 5. TDHEIT
135>0 LRBDTRER (#) &
(ZARNVF—DFMH) = > Ep; < U(B)
i=1

RRET S, ZOBDEMETH ) =V AREA T 56 2 LI DWW TIXHIE [10] D

55 9-2-1 fii (p.319) L2WE &.
710 Z NG DPRRINC BRI/ OND Z L 2RI 20121F, Y Ep~UpB) &
WOV ZINE T 2 BEIIR L, REX (#) 2IKETDZITTE. ZORIZDONT

E5DLFEELLaAY MLTEL.

BALHITEHELU @Y, U0) EXREERSATOZ RN F—DOHRHE Y| Eiq (24
5. LT A>02KREIL<T2LUP) IBRNTRIVF—HER min{E,, ..., E.} 1TEAE,
B<0ZNEILTDEUP) FERZRIVF—HEEN max{F,..., B} [ZEML. =00
THREBIZ RN T 2V F —RAE (FEERRE) [TIF) D<K &S ITARY | 8 = —c0 TREEIZKA
ITRIIVFIREIIED DK K DITRD.

A FIZE T BIFMRE DY TH Y, B = oo IFHMTFEEITTINL, B =0 (34
SHEE MR KIZHIGE LTS, L2 DBFE-TWDIGEITIE B IRAIZERY 25, TOGE
IR B HOHRE L B DMHEIZAR S, HRED S I 2 HiRE 8 OEITHIS Z &2
AU, BOMNIERE ZHGTREHRER LV D EETH D L ARIND.

BADPFE S TODDIFIRDE D BRINTH D LEZOLND.

r FEEOEN SN —Ly hEFEIUT, i OENZ080% B, XV L5557 — L%
HEZ25B. (B <0DHBEITE |E| RV ALIS LT NEF YV 7R85 i DENH
PHERIE ¢ THDIETD. OISR =L 1D OELOMEE Uy = X, B
285, KBDEMED ZDOE DB — L% 72 XA REIX 1B 2D OELD WY
filil% Uy 123ER<.

FTU > Uy THIEWMETS. =LA SAMBMYBELT (HEIZ n BHET3).
T—=AL1EH7ZY) OEROEIMEN U R THRO- 72251, RHE2ESRUTHET
En BT —LERVEEDLRETD. TDOEIIICLTT—AL1HHZY DESED
SEYGRE T — L EAROIAFETH D Uy ORIV U LLEICR -2 6KH%E &SR T O
1kDZ. 20X n @O =Lt i OEBPHZEG p & (n DAIBRLI)EDLD
BRABIZ R DA REME DS \NZ A D h?

T—=AL10H 72D DBEEOFIED Uy »5HENNITEEN S IZE T D XD R AET
SHERIETMNEDT, 7—AL1HH-Y DBEEOFEEIRIFIE U (T48DH U LDIFAD
AU KEBZBUE) 122 >TUE D AREENENZAS.

ZTDLED i DEPH-EE p, 23tH T2, U DEDD IZHIETD N =5
i pi(B) WEL BB ATREED W E WD DR Z OB W TEEFEMIZE B A LI L2 2
EThD.

ZOBEIZIEU>U) BOT <0 LBD. §ROLBERLRLIFFMEZEIRT L
WZ&oT, 7= LHKRODESMAEI D EEWEEZ RO D &, MIET 2 iREIZAD
EIZZ>TUED LRI ND.

MR IEDEDRME ED HTIZIX, U < Uy TH D EAREL, BER S IZHFHE %
BERUT, F—A1ED ) OBEOFEMEN U UTFIZZD LD IZTnEE N, Tk



43. FEOEHEMMEE ) ZANDHEOHNIZZ>TWS I & 35

=LA 1EH7Z) DESOEEED Uy 2 SHNNITHNDIZE T D & S R E
UCRTERIZTNEDT, F—A1[EH7-Y) DESOEYAEIXIFIE U 1285 Al GEMENE <,
i DEPHEZEEGIE U WIS D7) =7V pi(B) 1IZEL R D AREME A E. Z 0
BlZIF U< Uy BDT B>0 &R0, MIEEIZEDHEIZRD.

DFY, KHHZEIRLT, F—A2HKOHFHE LY EEMVERE/D L5127 5 Lif
SHEEIZEDEIZ R L XNEDTHS.

DA EDFH % GEDIEN ) = AN D AEDOB R THE > 2 AEX (#) OREINED LD ICH
RTHLNDOND LS. LOEHREE 15HORBOFOMBOEE L L THhL.
HISHEHITIR TTHET] Or—22FE->T0dEeEZLNS. N

4.3 FEDHEZBEDHIL D/  ZALDHEDHICKR->TWSD I &
PLEDEEEIFIRD LS I HEND.

I 4.2 (R KBOTER, SO SBRERE). EMAS T = (¢1,...,¢) EP T
H2LTD. X, Xy, . WFHLTHEDM ¢ (ZUEDD {1,2,...,r} IfHZREDOMERELRS]
ThHdLd5d. X1, Xy,..., X, OFIZEEND i OEEE k L EE P, = (ki/n,... k. /n)
EBEL. P, BDHOES P2 R OMREBIZES. B, e R IFHLLHO@E) £ 95,
Ei<U<E,. Thd2L,BcR, pB) = (pi(B),....p(B) €P, Z(B) ZAFDOLKRMTE
Hb:

e PEig, 4 0

(B =gy 2B) =2 e 5518 Z(8) =) Epi(B)=U.

p(B) BH ) ZAMBHEEESR. 0<a<oo LU, HHOES Ay C P %

A — {peP|U—-as) i EpsU} (820),
U UpeP|USYL EpSU+a} (BZ0)

YEDE. ZOEE Y Ep(f) =U BOT p(f) € Ay THB. {LFHIT ¢ > 0 ZILY
p(B) D Ay (2B B ¢ BIEEE B.(p(f) LEL. ZOLF 000 T

P(P, € B:(p(B)))
P(P, € Ayp)

TROHRERDA P, 1&n — oo TH =V p(B) 12 (HER) PERT 5. 0

Bl 4.3. HER 0 1TINT 2 — O _HA AR 1/2 O_H A2 BEMI G LT 256
DH ) ZHNHEE UTHRIZEODND Z 23U LS. ZOHIIRERD AL S
HTRWGED R ) =7\ OFFEIRFNZ R > T\ 5.

BRRES {0,1,...,r} ITMEZFFOMERZ X TR 1/2 ITHIGT D06 FRR ZIHS I
U7nd L IRET 5!

P(P, € B.(p(3))|P. € Au) = 1

mx—@—(g%; (i=0,1,...,7).

X1, Xo, .. \3MSET X LRIUAHZRDWRERDITHELTD. X, Xy, ..., X, D
WZEEND i O % ky &EX, P, = (ko/n,ki/n,... k. /n) &< &, P& {0,1,...,r}



36 4. Sanov DEMZ o727 ) = IV FDEH

LRI E FFOMEREBICR D, REOEE Y, ME&ME2M1TTI2n = o
92 L, P, 1R ZIHHAITEN <.

E, =i DBEIIH ) ZNVBHEMNIELENEFELTALDS. TOL &, SEIEREU
CIHER LY

-5 2 ()(5) 0 -

=0

L BDHDT, ) =AM

pi(B) = 6;(’;;1 _ (Z)% _ (:) (e_z—il)i (6_51+1)r—i

Y TIENICRD. DY,

T\ i r—i e’
wo) = ())oa-or= o=
ZDkx,
—B(,—B r—1
_71(p) = re P (e 2T—I— 1)
BOT, “TRIVF—DOHARHME" 1%
0 - =Z'(B) re? B

EHER 0 1TSS 2 ZHAMEICH TS i ODMFHEIZZRS.
fER 1/2 1Z3HET 2 MFRR ZHHMMEIZ DOV TIE a1 VERITORRZ UG T2 & a0
DNEAD . AL VBT EIRIZBDMERN 1/2 THIRNEEZEZD. TDLS740
A V% r AT CTEROEZEE 0 RPN EE i)r 2EBETDTAZ o BIEDIRL
L&D 22U n BIEFIIRIVET D, EEITIZRDOWE 2RI ¢ &R EE i/r
NENTN n flTORBHEINT VDS, TOREE R D LIRMBKNL LT\ d 510
(ROUHE i/r DI =3 Lpi~ 0. (%)
=0
ZDEE p=k/n 2blFEDXD BIEIZE > TODHREMEDEGNZ A D N?
BRI p = (Do, p1s - - -, pr) WHHER 0 ITKIET D ZHHAMAITIFIFFEL S B2 TV D
AREMED ] EWVD D, B A2 29 < EOREIEMA L 2 & SORGEICRD.
ETEE LA =RV p(B) (MR 6 (TIE 2 ) 1%, A2 & V),

(FA I | OIIREE) = > ip; =) Eipi = U(B) = r0
i=0 1=0
BT D = (o1, pr) IHIRL IR E ORI P, 7 n — oo TIER < Sl

BoTD, ZORMEED (+) LAMETH 2. ROHBEEH 012755 L1 &l Tl
% A NIEHER 0 SRS 2 A AEBAT L LT ERICHDNS.

6RBD (59) FTEHIE YD, 0 25 1/2 DOENTOWDHERIE n — oo T O LEMNL. 22 TEHEDOL D B
B — AWMU GEEREL TV,
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fEam. ROHMDMEERD 1/2 ORFR A V% r [T TROEZBEEHZD I L%
TS EIAMEVRL, r MR RO ZEBMNKREIZEBRINZ) AN 2Eo28dd. TD
EEXELEETDRKITHNT v BIFRDOHZEEDEIEN 0 1I22->TWVWER5XT, £
DV ANIEH7Z0E [ROHDHERN 0 O _HHAHEDELEEDNFEZ->TND] "D LD I
HBATULES Z&IZRD. N

EE 44043 DFmE AT LIFFHPIZLTOL I BRI B LTWE Z &
DD, BENDE ¢ ZRONS B (BT 0 ) 2 AVDHDEE LT3 EIRE
CRAE

—BoEi . r
- € QO,z o —BoE;
q; = —Zo ) Zy = ; 1 € qi,0-

ZZT qo,i Z 0, Z:Zl%,z' - 1, El,...,ET e R @E%j(ﬁﬁ E1 tﬁ-ij({lﬁ ET Ciﬁ‘ﬁz),
q,q- >0 THRERETD. ZOLE ZOREMANME B, 2B dd 0/ =)
5346 p(B) BRERMAMGEHE UKD ) = HNHAHEITES:

pi(B) = M Z0Z(B) = ZoieBEiq, — ie(ﬁow)mqo 4

' ZyZ(B) — = 4
A O BB A IS ENT VB DO TH A3 D& 5 BRI LA T ZDT
HB. MMOBMBIHDGIHIZE ENDMERDAIOVTERKD Z EAHALT S, N

5 {I%%: Kullback-Leibler [EHREICEAT 2 1ER

Cover-Thomas [3] IXEHRIEMICEH T2 EHGCERETH L. FHREL TV bOY——
BT B FE L WS Z G AT O ANZTOARE SRS UT L. IR TR EICZOHRE
=2 U BN 5, Kullback-Leibler [ &DY THEEf] LS BMEEZFF> TV I L2 K
kg5 AEXEZRD.

5.1 %{&: Jensen DAER
B f(X) 28 E[f(X)] B2 WEE B[ - ] B FOZ&ME2H~Z LTS LR
EYD:
(1) R B f(X), 9(X) 8 a, B 1T LT,
Elaf(X) + 89(X)] = aE[f(X)] + BE[g(X)].
(2) KEFME: £(X) = g(X) PHICHEL L TWB AR BIE E[f(X)] = E[g(X)].
(3) HitgfbZett: E[1] = 1.

BURRALSE L TFIME L D, B o IS LT Ela] =a £ B2 22b2%. COES % B -]
EIARFEN B E LR, 728 2 p 20, pi=1 D& E Ef(X)]=>_, f(z:)p; &
WIRENESTH D, M p(z) 20, [Pp(z)de =1 DL X, E[f(X)] = [’ f(2)p(z)dx
BIIRHENHETH B,

ZDEEUTDOAREADNKLL TS (Jensen DAER):

79 23 1/2 MOEEND &, n BRI REZIZDEI RN A RIELNDHERIZIFZIZ 0 IZRDH, TD LD
BRERRWUPMELCTUESAZBEIIOVWTEEZ TS,



38 5. ff$%: Kullback-Leibler & &2 % A A

o f(X) MEISMALIE Bf(X)] < F(B[X]).
o f(X) NFITMASIE Bf(X)] = f(BX]).
DR CHZFDAZFAU & 5. BFIE —f(X) CHFZEHTNMEELNS.

BIE DR, B f(X) Z RN THE EREL, p= EX] &BL<. 2D E EIINA
B f(X) DX =p TD B % a(X —p) + flp) &ES L,

fX) = a(X —p) + f(p)
Y 2230T,
Elf(X)] = Ela(X — p) + f(p)] = a(E[X] = p) + f(p) = f(E[X]).

2 D HODOE S CHRMENEBDIEHNEZ M\, 2 DHDE S TZE DB & gt %
o 715, 0

EES.1. EOFHNS, f(X) 2 ECHENERDIE, X OQMEH p = B[f(X)] IZ&EH L
TWARWERY (IFXAEHEEIZ f(X) =p PEZUTOARVEY), 524 2 0ER0OA
LERXDVHLLTND I b nd. []

5.2 NWHHMAZFARE ZTDNHA
IRDOARFENILZ & 2K [3], p.31, Theorem 2.7.1 (Log sum inequality) (ZEHWTdH 5.

WEMAERX 0 UED a;, b 1ITHFUT,

Zallogb—>Alogg A= Zaz, z": .
i=1

=1 =1

3

HEZDWANLE a;/b; PEHVZTRTEHELULWIZ LIZFAMTHD. WOEDKSIZ 0log0 =0,
alog(a/0) = oo EMHLTH <

SERA. a; > 0, b; > 0 DHFAEDAZHHTNEFDTHD. (—BROGEIXEDHE DM
fRE UTREIAINDG.) f(r) = xlogx £BL &, f(x) = logx + 1, f”( ) =1/ DT

flx) F 2z >0 THRIIRFBMNTHS. T Jensen DAEFEXRZEHAL K5, TDDIZ
G —bi/B LB ZOL X

Zallogb Zb—&l Zqz ( )
a; - biai A A A
= f (;%b—) =f (25%}7) :f(§> :EIOgE‘

1=

flz) OFEFZMEL Y FEBEDBHITDI L L a;/by PEWVIZTRTEHELNZ EAHEETH
52LHEDND. 0

BEf(X)] =Y, f(xi)p; DHBED Jensen DAREFERIE r (ZB9 2 BFAMRMNIETIEAT S 2B TE
2%, WIFHEINEE D ABL /2 1) % > TEET S 2 A AFERXD AL T DB HAB DN D P TV e S,



5.3. Kullback-Leibler [§¥R& T L! fiffiz Lo B X 26Nl &
ZDARENZMZIXREZ p;, ¢; DIEATENZTNORID 1 D& F

D(pllq) = szlogq— > 110g— =0

=1

M35 1% (Kullback-Leibler (B3 REDIEM). I 512, £E {1,2,...,r} ODE
{1,2,...,r} =AU UA,

IZHUT, {A... A} LOWRNGE P = (P,...,P), Q= (Q1,...,Qs) %

szzpia Qj:ZQi

’iEAj ’iEAj
EREDD L, HEMAZFERLY
D(pllq) = ZZpllog >ZPlog D(P||Q).
j=1i€A;

52, MEDIER%E TN B & Kullback-Leibler [FHR=E XN I <A 5.

5.3 Kullback-Leibler [ RE&T L' A LS B I Z 6N &

39

£46 {1,2,...,r} LOWEEEDIG p= (p1,...,pr), ¢= (q1,---,q) DDHWEZD L' FRHE

||p—QHL1 Z

T

lp—dllo = Ipi — ail

i=1
CREDD. WMERERDM p BT OMHRE
:Zpi (Ac{L,2,....r})

iea
LELL,
lp—dllp =2(p(4) —q(4)),  A={ie{l2...r}|p2a}
BERLIE
P —dllr = Z(pz' —¢)+ Zc(qz’ —pi) = p(A) = q(A) + ¢(A%) — p(A°)
= ;684) —q(4) ij— q(A)) — (1 = p(A)) = 2(p(A) = ¢(A)).

UEDFRFZUTNIZENTTDEEFHND.

(#)



40 5. {18k Kullback-Leibler [ & 2T 5 A% A
KLIBHRET L' FfAx EASEIZALND T &
1 2
D(pllg) 2 5llp = allz:- (*)

ZDOAREXZGEH L 720,

r=2 DFED (x) DEEAR. 0<a<1,0<b<1 DEE

a
> 2(a —b)?
T—p =20

ERZDIEERBIEEL. TOEOIZEANSHEREG VKR E f(b) £FL:

alog% + (1 —a)log

1—a

1-0

f(b) :alog%+(1—a)log —2(a —b)%

a 1—a

fo) =g+~ 4o =0-a (b(ll—b) _4>'

b(1—a)<1/4 &Y, 1/(b(1-0b)—420,7%5. DRIT f(b) DFHIE b—a OFFFITE
L. T8D55 f(b) 1Eb<a THHFFHAL, b>a THREEMTSD. L 5T f(p) =0

BOT f(b)20 &322 LBbN5. N
—MRDBAED (x) DFEBA. A A 1T (#) OBYTHD LU, A {1,2,...,r) OHE
{A A} EOWERDMA P = (a,1 —a), Q = (b,1 —b) & a = p(A), b = q(A) &&

5. ZODL THIEOEHR % 5 d & Kullback-Leibler IEHEAVNI <725 Z & (5 5.2 fi)

)
Dplla) = DIPIQ) 2 2a — ) = 2p(A) — a(B) = 5l — all3.

ZIT2OHDOAES T ETIHHLZ r =2 OBEOREREZ MV, |RFBIZ (#) 2io72. [

5.4 Pithagorian theorem

P:{p:(pl,...,pr)ER;O lpr+-+p =1} BE P EES {1,2,...,r} LOf#
RNEEIRDEEGEART. Pldr—1IRTCHAETHD.
IROARLERIL [3], p.367, Theorem 11.6.1 IZH 5.

Pythagorian theorem F (& P OMEAHSIEETHDL L, e PNE THDLT5.
p = (p},...,p5) € EZ D(pllg) # E LTHR/IMET D p THD LT 5!

D(p"llg) = min D(pllg).

ZDLx
D(pllg) = D(pllp*) + D(p*llg)  (p € E).

Z OARFEAR & Kullback-Leibler fEDIEEAMEL Y, D(pllq) — Dp*|lq) BHIE p — p*
BB IENEMIND.
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Pythegorian theorem DEEEA. p* & p % i@ 5 EAR LD Kullback-Leibler & & DAED
p* IZB I BRI E RNIEZ ORERDGHINS.
teRIZHLT

p(t) = (p1(t),..,pe() =tp+ (1 —1)p*,  pilt) =tpi + (1 = t)p;,

ﬂwzmmmm=§]m+u_oﬁﬂgm+tfﬂﬁ

=1

LB, ZDeE

) =3 (= pitog PECZIE 4 )

qi

r

o i (1 =)
:Z(pi—pi)log pit( )P )
i=1 4
2DOHDEFEST Y  pi=> . pi=1,R2I%&Mo/.
p(0)=p € E,p(1)=p€e ETHY, EIFMNE2DTpt)e E (0t =1). p* &k
D(pllq) %2 E ETH/MET S p Zo7/0DT, f/(0) 20 &85, DRI

r

B R Pivi\ N~ ey P
0= f(0) =) (pi—p)log= =) p;log (——) —) pilog™t
i=1 i i=1 4i Pi i1 4q;
- Pi Pi ™oy D} . \
=Y n log* — > b log - - > log = = D(plla) = Dpllp") = Dr"lla).
i=1 b= @ i=1 ¢

INTRUEZOAFEADRI N ]

6 fI£%: Cramér O EIE

SCRE PRI B R G % 5 D VTR WD TR L FERHIZ RN H 5 AIFIEE L
TAU ., HEIZHE 122D formulation & OXF % BARIZ RS & 5 R AKX A )L T Cramér
DEHDFEHDOBNE % T2 Z & ThH D.

6.1 Cramér DTEEDRTE & TR
H X V%2 R OMREHTHD L U, TDOEEE

CELH DOEFE—A Y SREBE:

Z(B) = Ele™"].

ORI BRI, B8, WRER H 0T —A > MNIBEE M(t) = Be'”] LE#T 355, 2 2Tl
A L ORI E RSB TH2DI t = —f LB, SRS 5 NREKE AUAS 2(5) & T—
A I R D > 7.



42 6. ft&%: Cramér DEH

FIEDIE RO K ECHROME > L KET 5. U) 2RO ESIIEDS:

E[He PH] 0 5
T e

Hy, Hy W7 5K ZSBGET H LI UAIZ Lm0 5 51, Z(8) AVEIRIZ A 2 BIK
2BV,

U(B) =

DN ez — - i - Z1BIZ(B) — Z'(B)’
(55) roe2(6) =~ 5500 D
2"(B)2(8) ~ Z'(B)” = SEI(H, — Hy)’e 0 +1] 2 0

LB2DDT, log Z(B) W& MITMBREBUZZR Y, U(B) IFHFMAKBIZ RS, FIZ, U(0) =
Uy=FEH 2D, 3200 ZUB)SU RV, BS0DEIUPB)ZU, RD.
log Z(8) @ Legendre Z#1 S(u) £ ZD —1£% D(u) ZIRDEDIZEDD:
S(u) zélellf&(ﬁujtlogZ(ﬁ)),

D(w) = ~S(u) = sup(~Bu~log Z(8)  (u € R).

S(u) 1w 1ZBEY 2 —IREE (RIS T ISR EE) OROA R I & D TFRTESR I /2B
DT, S(u) 1& EIZMAEREIZR S, Ou—log Z(0) =0 RDT

S(u) =0, D(u) 20 (u € R)

L 5%, X512 Z(8) BERABKIIZBNT,
%wumg 2(8)) = u — U ()
BOT,UPB)=u &2 B=70u) WEET DRI,

S(u) = Blu)u+log Z(B(u), — S(U(B)) = BU(B) +log Z(5)

5. HEDZDIDEDR B = Fu) WEIZEHND LIKETD. ZN6DARLY
S(u) 1&H/ ZALBHEOE[ITY hOE—IZHIEL, D(u) = —S(u) &7/ ZALSHD
Kullback-Leibler [BREIZMIGT D Z &b d. Kl

S(W(0) =0, DU©0) =0

ERBDT, S(u) & uw=U(0) = E[H] TRKRMHE 0IZ48Y, D(u) XA TRME 0 12
%%, Su) (B ULIE D) & u > U(0) = E[H] THEFABMA (B U <IZHEFR) U,
w < U(0) = E[H] THEEM (L U IZHRFRD) T5.

U(B) IXHFHEADHRERDT, u SU(0) = E[H & E Bu) 20 &8, u=U0) =
EH D&% Bu) S0 &85, WRITIRMKILL TN D:

S = {infﬁzo(ﬁu +1log Z(8)) (

U(0) = E[H])
U(0)

E )
E[H]). (#)

us
infsco(Bu + log Z(8))  (u 2

D(u) IZDWTEFABRDOERRVPEFEHET D, u 25 H OFEME U(0) = E[H] L EE LI FDE
BTERE U IETRZEDHEM § O#HFEZLIICHIBTES.
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I 6.1 (Cramér OFEIR). LA EDOBREDE & T, Hy, Hy, ... \FISLF DA 73RS
ThY, HERUAMILEND EIRETSD. ZOLILURPLL TWD:

(1) F 2SR OHHAEAR DI

1 1
. - - < -
lim sup " log P (n g Hy e F) < sup S(u) irelgD(u)

n—o0 1 uel
(2) G 2R OBEAELE DL

1 1
lim inf — log P (E ;Hk € G) = sup S(u) = —lltIElgD(U)

n—oo M uel

(3) AN R OWHEETHY, A ORI G DG F N A 28 A, supyee S(u) =
sup,ep S(u) B L TSR 51X

n—oo N u€A

1 1 <
lim — log P (E ;Hk € A> = sup S(u) = — inf D(u).

ZD& DI ARV (Hy+- -+ Hy,) /n PEA A IZEENDIMERD n — oo TOWHLE
A Z ANV AOMN Ty hBE—IZxEd S8 S(u) (b USIET =V Ahd
Kullback-Leibler [ & (Mg 2 & D(u)) D A ZH 1T LR (E U SIEFR) TRk X

o, [

6.2 Cramér OEEDELHA
78 6.2 (Cramér DEEDABMERD). 2B 6.1 HIDOREDD & TR L TV D.

(1) u ¥ H OF¥E U(0) = E[H] AEE U FDBEITE T, ThEh
1 1 &
nlogP(ﬂ ;21 Hk:u> < S(uw) (u 2 U(0) = E[H]),

%long Hkgu>gs<u> (0 £ U(0) = B[,
k=1

ZOFEREEHAT L XIT, 02 U0) = E[H] T S(u) IZHEFABAL, w S U0) =
E[H] T S(u) XHFAMNT 2 Z L ICHEEY &,

(2) fERED 6 > 0 IR LT

] 1O
lim inf — log P (ﬁZHk € (u—(5,u+5)> = S(u).

n—oo M =

(1) D _E2 S OFEIIFERL T A 7 7K ZICEGIEEHI NG (2) D TS Ol “h
J =AY B RE DL 2> TIEH I N5, O
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SEBE. (1) D BRSO L &>, 9, S U(0) = E[H] $IRETS. Hi + -+
H,<nuD&ZF1TMDEE 0IZBRDIEBE 1y rim,<nn CELE, Z20DEE

( ZHk— ) 1H1+ +Hn<nu]

[1H1+ +H,<nu€
[ B(H1++ +Hn—nu)j|

E 5(H1+~~-+Hn—nu)j|
E

A A

— enﬁuz<5)n — n(Butlog Z(B))

DRI u < U0) = B[H], 320 D& X

logP< ZHk ) < Bu+log Z(B).

UZD>TH 61 ED (#) &V

Liog P ( > < ) < inf (Bu -+ log Z(3)) = S(u).

k=1

I, u=2U0) = E[H| &IRELT, LEFRKOHEMRZITED. Hi+- -+ H, Znu D&
X1 THOLE 0 IZRDEEE Ly, oyg,on EELSEL, BS0DEE

( ZHk = ) 1H1+ +Hp >nu]

[1H1+ +Hp>nu€
[ B(H1+-- +Hn—nu)}

E 5(H1+~~~+Hn—nu)}
FE

IVANIVAN

_ g (B)r = n(Butlos Z(5)

%logP (%ZHJC 2 U) < Bu +log Z(B).

U THEGLHID (#) &V
1 1 .
ElogP (ﬁ E Hy 2 u) < érg(ﬂujtlogZ(B)) = S(u).

AT (1) D LS OFHiANFER X 47z

(2) D RO DOFEMiZFERAL & 5. (2) 1& “I ) = VA ICET 2 KO TIER 25
b, WREH H OWESGIEZ R EOMEREE 1 BWEDDHERIHEIZLZ0>T
Wb L9 5. MERHIE us %
e 7" pu(dx)

pp(dz) = Z(8)
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LED, ZOMRHEDEDDMRNAGEN ) ZALDHEERILIZTD. ) =Hh
DT D HRME L HERE TNT N By ], Po( ) L EL. HEREH H OH ) =745
N AR R I S 8

E[He PH)
———=U
7(9) (8)
285 AR TR u=U(),0 >0 &RETD. ZDEE S(u) DEFRLY,
S(u) = Pu+log Z(B).
SUTDERED e >0 25, 7/ ZHNVAAMIZET D KBOGFHEN XY
nh—>nolopﬁ (%ZH}C S (u—a,u—i—a)) =1.

k=1

Eg[H] =

TUT, 1) =R A TOMER & BEFID A TOMEDDH NI TOBEREH 5

e B(H - Ha)]

1 - E 1 nu—ne,nNuU+ne
Py (;Zer (u—s,u+e)> ittt 0 :
k=1

Z(ﬁ)7nE[1H1+'--+Hn6(nu—n6,nu+n6)

1 n
— o~ (Butlog Z(B)=1B15) p [ — H. e (u—e¢ c
e (n E k€ (u U+ €)

k=1

A

efn6u+n|/3\e]

1 n
< o Butlog Z(B)=1610) p [ — H.€(u—24 N1
<e (n E k€ (u—0,u+9)

k=1

DEDfEREGDOED &

1 n
P (ﬁ ZHk €(u—9d,u+ 5)) > en(Butlos ZB)=1B1E) (1 4 o(1)) (n — 00).

k=1

WD ZAZTHLDRELD 1/n 5D n — co TOMEZD Z &IZ&>TIR%EE5:

liminfllogP (%ZH’“ € (u— (5,u+5)) 2 Pu+log Z(B) — |Ble = S(u) — |Ble.

n—oo M 1

>0 FWNWSHTENILSTELDT,

ol 1«
lim inf — log P (ﬁZHk € (u—5,u—|—(5)) = S(u).

n—soo Mn
k=1
INT (2 bRINT 0
EIE 6.1 DFEAR. (1) D ENSDOFHi%2FEHL &S5, F X R OFHEAHEATHD L L,
Fy={ueFluzU(0)=E[H]}, F. ={ueF|[usU(0)=E[H]}

LB INHE R OHHRESRDT, F. ORKEu_ & F, OF/IME u, HBEE
5. S(u) X uz2U(0)=E[H] CHHFHEAL, « SU(0) = E[H] CTHHFEMTLDT

sup S(u) = S(uy), sup S(u) = S(u-), supS(u)=max{S(us),S(u_)}.

uekFy uelk_ uelF
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WRIZHIEG.2 (1) &V,

llogP lzn:erF <llogP lXn:H = uy | £ S(uy)

n n + :n n k= U4+ = +/

Liogp liﬂkeﬁ < Ligp linSu < S(u)

n n ~n n = = ’

P (l Z Hy € F) < enSlut) 4 onSlu-) < gensupuer S(u)
- < =
k=1

U7 oT

1 1 <
limsup—logP(— E Hk€F> < sup S(u).
n
k=1

n—oo T ueFl

INT (1) BRI N
(2) DTFPODOFHHEIZFHL LS. G IR O EAETHD LIRETD. FREIZe >0
zloE, HDHueG T
S(v) 2 sup S(u) —e

ueG
27T EONFET D, G IZFRAESRDT, 5 >0 T (v—6,v+6) C G %
ETEDERND. ZOLE MiEH62 (2) &Y

1 1 & 1 1 &
lim inf — log P (E;Hk € G) 2 lim inf —log P <ﬁ ;Hk € (v—10dv+ 5))

= S(v) 2 SlelgS(u) — €.

L7zR->T
o1 1 ¢
lim inf — log P (ﬁ E H,, EG) = sup S(u).

n—oo M 1 weG
INT (2B RINE.
BBIZ(B)ZRTH. AXR OWMA/EEATHDLL, ADEE G LEX, G OHE
FEEC ACF EIRETSE. ZOLITGCACFE RDT

1 1< 1 1<
sup S(u) < liminf — log P (ﬁZH’“ € G> < liminf — log P <EZH’“ EA)
k=1

ueG n—oo 1 1 n—oo 1,

1 1< 1 1<
< lim sup — log P (ﬁZH’“ EA) < limsup — log P (EX:H;g EF) < sup S(u),

n—oo N 1 n—oo TN 1 uelF

sup S(u) < sup S(u) = sup S(u).
ucG u€A ueF

»

W AT sup,eq S(u) = sup,cp S(u) 251X

1 1
lim —logP | — Hy,eA| = S(u).
Jim 2 log (nZ e € ) sup S(u)

k=1

INTRIREZENITARTORINSE. [
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6.3 A/ ZAHAILDHOMNIY NOE—EDRER
q=(q,...,q) IXERES {1,...,r} LOWRK/HTHD LT 5:

%20, @+ +g=1

MeRZSH H $ Db ERES {1, .., r) LOBK Hi) = E cR 2%25%. Z0OL %

r

Z(8) = BleM] =) ey,

i=1

710 =FIVIrAE p(B) = (pi(B), .- -, pr(B)) &

MW%J?ﬁf
EEHEIN,
U(8) = EBylH] = ;Emz(ﬁ) A Fie?Pq,
W2z
SW(B) = BU(B) + log 2(8) = ~(~BU(S) — log Z(5))
f; logZ(B))Z—ilpi(ﬁ)longg) Bl

THRDOH log Z(B) D Legendre f%fﬁ%i‘?’bﬂ S(u) IZu=U(B) ZRAUFERIZH
JZANVAAOHEFN T bR —=IZ—HT 3.

6.4 HY<RHDIHEDH
ERE H W a >0, AT7—IV1>0DHYIDHIZIULEND LiX
1 oo
o —z/7,.a—1
ﬂmm_ﬁaﬁéj@y 2V di

MENLTDIETHD. ZDEE > —1/7 561K

1 *° 1
7 — F —BH — / —(14+78)x/T afld —
(8) L ()T Jo ‘ v v (14 76)

_ (1 + T@)a /00 T (1 + T@)a F(Oz + I)Ta—i-l _ T > 0.
L) L)t (14 7p)ot! 1+708

ZIZTHLHEONDIROAAZ H > 7220
/ e il dr = L(s) (s,c>0).
0

CS

0ffi5 2 ARIF AV YEBOEHD S BERFINICE>TARITRING. UB) KET2AR UB) =
—(0/0B)log Z(B) &M AIZE D HNILBELND.
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SWU(E) = BU) +log 2(8) = {10

=a— 14_@75 — alog(l + 75).

—alog(1+ 75)

ZHZUPB)=u>0¢&
L+r8="12, p=2_1
2RATD L,
aw:a—g—amggza—amW—<§—m%§)

S(u) & u=U(0)=71a THRAE 0 IZKRD.

Hy, Hy, ... WHSIFE DA BHERLEBIITEAN H ERUBR o, A7 —Iv 1 DAV~
DU ZRD S, AU AOFEMEL Y H +- -+ H, 138K na, A7—IV 7 D
BB LRSS DT,

L) e

WZIZ0Za<bDE X

nb na b/T
< = H, <b —y/7, na—1 dy = n / —nz na—1 dr.
(a Z ‘ ) <na>fm / YT T Ly, 0T

2DOHDEST y=nrr LB/, Cramér OFH LY |

N (N oty
Tim Eognna)/ahe x T —as<111£b (u) =40 (a/T £ a < b/T),
S(a) (a<a/T).

AH 4+ H, DF—AY MEEHIZIE H OE—AY MEEHEOD n F Z(8)" = (1+78)"" 125 L
W ZAUITEIR na, AT =V T OHUSIPHDE—A Y MRERBIZ TS, 2025 Hi+---+ H,
DR na, A7 =)V 7 DAVIBAIZUEZND e Wbnd. BENLHBEIZESTEZTDOILE2RED.
H, K I[3MNRHERERTHY, TNTNWER o, B, AT =N 7 DHUIDHEIZLEND R HIE

w0~ | /f<> ) i

::fiaﬁfYBS¥Eiﬁ;K; f(ﬂet”’<J€ x“(t—-x)ﬁldx> dy
_ . /0 T fe ( /0 1ta1ua1tﬁ1(1_u)ﬁ1tdu) "

1 oo
= tye /TP gy
Fw+ﬁﬁMﬂA e

2OHDES T y=t—2 BT y 5 t ITHDEBEZEBRL, 4 ODHOESTo=tu BTz 5
u TR ERE LW L. Zn&Y) H+ K DIk a+ 8, Ar—Ib 1 OHYIBHEIZLENRD 2 Ehibhn
5. HYIHGEFRICOWTEHANEZFEOE S5,

L(g)ret
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6.5. Sanov OEHAHLIE X N7 Cramér DEHDFRIZGETHDH I &
Stirling DA E ) —log'(na) = —nalogn + n(a — aloga) + o(n) ZDT, TAUTIRD
ANALFETH D (A=a/T, B=">b/T):

1 e mat
lim — log e " dr
n—oo N A
alogB—B (B < a),
= sup (alogr—z)=1<aloga—a (A<a<B),
a/T<x<b/T
alogA—A (a<A).

DY/ WS
—nxxna—l _
IZ Laplace D fiiEEHHT S Z L IZE > TERIIRINS.
6.5 Sanov DEEMNLERI N/ Cramér DEEBDEFHIZGETHD I &

BB TIERW.
HERR X 77 Cramér DEBLIZ DWW T ARMEEIZHIL &5
== (/617"'7ﬂ7‘) S

PAR AL
9, EEOMIRE 2 KD XN
R ORBEREE (L) LELS X I3 R AR OHRERTHS L U, § =
R" (2B % 23 EC B & Massieu P& %
Z(8) = Ble "], w(B) =log Z(p)
EEDD. U(B)IF BeR ICBHT D MITMARKEICRD. E a = (a1,...,a,) € R" (TH
LTO=>_,a0/08;, X, =(a,X) B &
E[X2e8X)] Ele~#X)] — B[ X, e (#X))? _ E[(X, - Y, )2eBX4Y)] >0
Z(p)? 22(B)? -

0, (B) =
CITY IF X EHNT X LHEUAHIIUAENOIHERERTHS. (B LE X, DEH
FEEE L) pe R OEE S(p) 2IRDEDIZED

BRBBLIE PUP) =0 LBBIL

% (U(B) D Legendre Z#4):
S(p) = mf (B, p) + V(D).
(B,p) +W(B) % B; TRMALERE 0 2B L
9] o) E[X;e~BX)]
p a5z, (8) 85, 8 (B) 720 pi(B)
ZITX; 13 X OB i A Thd (MERELIHD i HEDOHREHTIERWI &
HEL). INT pB) = (0u(B),....p(B)) DEE o7/, ZO&MEWLT 8 % B(p) =
(Bi(p), ..., Br(p)) EFEL. (ZDIEANE Y FEIFOHRICAR>T WD, ERRIZIEEhAY
THIMNNERENBEIIRD) DL E
S(p) = (B(p),p) + V(B(p)).

Sp(B)) = (B, p(B)) + ¥ (B),
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X X@ FWSIFES D R EREBSITHD L U, X LRI UHRSMFIZUZDD
CIRELU, ACR £33, ZD& Z#YLREMEDE LT

1
lim —log P XHF e g = S
i 7 log ( > ) 2 5
WAL B (HRERE T 7172 Cramér DEH).
Sanov D EHIHLIR X 72 Cramér DEHDORH RIGETHD Z e 2L LS.
GRES {1,2,...,r} LOWEDHEEDOESEZ P CR & EL:

P={p=0,....0r) R |p1,....0, 20, p1+---+p. =1}

NI RN e e RT %25 i ROZITIN 1 THW 0 THdeEDD. ZDEX e, e P TH
5. q= (ql,...,qr) ER ZERICEEL, X IIHER ¢ Tl ¢; ICRDMEREHTHD L
9 5. ZOGEIZ ETHAL ZHEE I 72 Cramér DEH % #EH A3 5 & Sanov D EFMNTE
bND. TDEHITIEZDGEIC

Zp@ IOg— = S(pllg)

LRB e RERELN. ZOHAITE
Z(p) = Z e~ ey = Z e Pig, U(B) =log Z(B).
i=1 i=1

ZD U(B) D Legendre ZHMWHN TV I E— S(p|lq) 124 d Z &2 mU 7. L THIHA
Lk DI
0 0 e Pig

b = pi(B) = _@@\D(ﬁ) =35 log Z(B) = 70)

BT, WHEND Z LIZ&>T

U(5) =log Z(5 sz log Z(B

- Z pz 51 + log q; — log pz Z Di IOg -

=1
DAIT, EOHTHIIUE S(p) (T 5 AREHS &
S(p) = (8,p) meg— = S(pllg)-

Z D& DIZ Cramér DEH DRI ZERNAME % K OMER BN DILERDOFER 2356 U T
Sanov DEHNESND.



6.6. U(B)=logd ., e Piq; D Legendre Z#IMHFTY Y — 51

6.6 V(3)=logd> | e Piq DLegendre B#IIMHEF T hOE—
ABIREAS {1,2,...,r} LOWESMREOESEE PCR £EL:
P:{p:<pla~-'7pr)€RT ’plv"'aprgoa p1++pr:1}

D7D, MERDM q=(q1,...,q¢) EPWE g >0(i=1,...,r) iU TVD LIKE
T5. (ATDEREIE qeP THHoTE, ¢; ZODPIANTIEDOEHLSLIEKILLTND.)
LD EKEL Z(8) & Massieu BREL U(6) LR34 p(8) = (m(B),-..,p(8)) € P
EIRDEIDIZEDS:
. . 0 e*ﬁiq
Z(B) =) e g, WP =logZ(B), piB)=—5-V(B)=——=
(8) Z q (8)=1og2(8),  pi(B) = ~55Y8) = 73
ZITB=(B1,...,B.) ER"THD. INODHEAMEELFLHDTEID.
U(B) FEIEi T OB HH L TB W& S I P ARRTH 5.
e=(1,...,1)eR" &BL. ZDL X

Z(B+Xe)=eZ(B), U(B+A)=U(B) =N plB+Ae)=pB).

FHIZHER DG p(B) 1& B D e FEDEAT—ETHS.
EEOWEEMMG p=(p1,...,p,) EPIIHULT, BeR %

pi=e P (N e RIMEEER)
WWEoTEDD L, BITREZZ L&Y p=p(B) &4 5:

r

—Biy — oA, — —Bi, — Ay, — oA . _6_6iqi_.
€ qz_eph Z(ﬁ)_ze QZ_Z;epz_e7 pz(ﬁ)_ Z(ﬂ) _pl'
W2 p(B) DEFIE P 2KIZ—T 5.
p=(p1,...,pr) ERTIZHLT g eR" O f(B) &
f(B) = (B,p) +¥(B)

LEDD. [(B) B TICMBEERDOT, B LY f(B) WR/MEZFEDRLIE, T ORI
T f(B) DIRMAREIZTRT 01245, f(B) DImEEEIE
9
Bi

LBBDT, f(B) WR/MEZFEDZODOMEFRFMHEE peP LRE2ZILTHD. TH
PO Y F F(B) I3EMER R 728 infgepe f(B) = —00 L85,
U72m 5T, ¥(B) D Legendre £ S(p) %

S(p) = inf ((8.7) + W(3))

LD L S(p) OERBIE P 1T BF B (EERONTOMIE —00 1285 L EZS).
peP DX p=pBp) 2T B(p) € R" ZAEREIZHND & (B(p) DHLYD FHilid e i
FMOSEATHENIBT 2 ARAEMNDH D),

S(p) = (B(p),p) +¥(B(p))-

f(B) =

0 — 0
95, ;@pi + %‘I’(ﬂ) =pi — pi(B)

)
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B=78(p) EEDEIITp=ePi7rqg DEDITHID &
Bi=—log™ -\ zZ(B)=¢,  ¥(E) =)
BDT

r

S(p) = Z ( logq— —A) pit A= Zpllogq— = S(pllg)-

=1 v

ZDE DT U(B) D Legendre ZHUIMIT T Y b Y — S(p|lg) IT—3HT 5. S(p) & LI
ML EANEEE Qg
HZ S(p) D Legendre 2= #

F(B) = sup(—(B,p) + S(p))

peEP

P U(B) 1o BT B2 L B EHEOFEI &> THALTE S (T ki wEs o\
THBIZZS82). B g(p) %

g(p) = —(B,p) + S(p)

EEDD. g(p) 1& p IZEALTRIZ ﬂl%\ B THD. g(p) D P ETORKEREEE Z 7=
. Lagrange @%Eﬁ*ﬂ({féﬁj 72D p & NDEE L %

ng(p)—(k—1)<2pi—1>=— p) + S(p) (sz—1>

oL
—a_zpi I
i=1
oL i i
=—0i—log——1—(A—1)=—-8;—log— — A
apz qi ( ) 7

INED, S pi=1 WA EHEDE LT g(p) BEKAICRDDIE

A =SeFig = Z2(8), p=ePg= L 1ogZ(8) = A= B —log
ZZ_; (6) Z(B) ) 4;

DEXTHBILNbNd. ZDLE

)l

s T

V(B) =log Z(B) =A=> pr=> pi ( B — 1og%) = —(8,p) + S(p) = F(B).

=1 1=1

THRDHL S(p) D Legendre Z# F(B) 1 W(5) IZ—ET 5.
BLEDFBIZRD LS It DHEND.

W 6.3. ¢ = (q1,...,¢) DERDPFTRTIEDOEHRTHDLTDH. RT EDOFITHHARKEK
V() &P LD EIZMBEE S(p) ZIROELDIZEDD:

= log Z e Pig, Z pilog .
i=1 4
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INHIFHWIMFD Legendre ZH#IZZ > TV, 4805
S(p) = inf ((8,p) +¥(8)),  ¥(B) =sup(—(B,p) + S(»)).

BER peP
MWHAZLL TS, ]
AR 6.4 LOMEDOEIHZ. P LOEK D(p) %

. Di
D(p)=> pi 10?;5
i=1 ¢

YiEDD L, D(p) b U(F) & AR TICMAREIC AR Y,
D(p) = sup(—(B8,p) = ¥(B)),  ¥(B) =sup(—(B,p) — D(p))

BERT pEP

DAL LTV 5, N

7 &k METHFEE DER?

ZOHITIIBEENIH B LG E 3228 D IXAW. +oICHELTWwWsd 2 2ELD
HEVERN. 2D — MNORNEE FEHER R R HFOBRIZOWT, EEWHEZED
B21-DIZEBENEZT TRATYFELANIZEESRL THEL.

2016 £ 7 A 13 H: £79, Cramér OEHDO—MALIZEET 25 7.1 fiiz F /2.

2016 47 H 14 H: HEFHZOBRIZB IS TDH ) Z WV AOEHEDOH &2 /HA L7
HI2fieE N

2016 427 H 21 H: #Et HZOBRIZBIZE D0 ) Z WV DAOEHEOFIHEZ ) ET
72D 7.3 HieEN /2

71 NS A—5—ICET B HEEBOIHEREE A RE L I8E
TR DI [F DA DIRE # HERE D H B I35 A—2 — T B HpE e ET %
IREIZE SR 5 Z 212X > T, Cramér DEFIZEET 25 6 i & IFIXA Uidinz i) K
Z5.
Hy lF3NT A= — \ Z2ROMRLHTHD L U, Hy OMERDAMIE R _EORERHAE 1,
TR INTnWbdEd5:
ﬂﬂmﬂzéﬂ@mw@

INTA=BR—=NFROY A X (BIZIFHRE V) 2RO, Hy IZFROELETRIVFTF—%2KDL
TWHEEZD.
DHEERE Z(B,\) & T DX U(B,\) (Massieu BE) ZIRD K D IZEHKRT D!

Z(B,A) = E[e"™], W(B,)) =1log Z(8,)).
I HIZ R EOMERHE (71 =V 5340)

e B T
ppa(dr) = #ﬁj)
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DIED B MR L R TNTN Py( ), ( Vg = Es[ | LH8<.
U(B,\) =log Z(B,\) Ix A = 00 T

(B, =A(B)+m(B),  m(B)=o(1), m(B)=o0(1), ny(B)=o(1)
CIRDEED LETDH. ZDLE

e—BHA
<mm:5%%342—%wum:—xwm+dm

DT

SR
H
() =uo)+o>u®) 00
B
X5, MERRE pp (ZBI9 D Hy DOEE, Z =Z(B.N) £EL &,

0 (U~ (H)a)") = (s — ()7 = 2222120
o\ "
(wJ W(5,A) = AW (8) + o(1)

LWV, (ZOAREY V(BN B OBBELTTRICMAZEEbNS. URTHE
Y(B) BTICNTH D LETD.) YA

(% D pga b Eﬁﬂ_éﬁj\ﬁﬁ() = ”)(\5) + 0 <§> =0 (%) -0 (A= 00).

PAER EFeDD L, HERRE sy (777 ZHIVAAE) DE & TD Hy /N WS “KREDIER] % i
ZUTWB Ze0nd. §805, MERIE pg, DB ETD Hy/A DRAIZ N — 00 T
u(B) = =" (B) WWHEH U, A BREFVEL E ZOHE (DO ETDOKRIID2FE) IX "(B)/A
FEEIZRS.
U(B,\) 1 B DK zﬁzt UCTIZMARDT, (Hy)g = —Ts(8,\) & B 12DV T HFRIEA
BTH5. »(B) B FITMIIRD 2 iE L =0T, ulf ) —/ () %%ﬁm“d\mﬁz B,
Lﬂ@i’%ﬁ%@f:@ B20 XEL, u=u(B) = (8) Sul0) LB X,

s(u) = Bu +1(B)
LEDD. U=U(B,N) = (Hy)s
S(U,N) = BU + U(B, \)
LBELE, Ao 00 KBWT U = Mu+o(1)), U(B,\) = M(8) + o(1)) BDT,

S(U,\) = MBu+Y(B) +0(1) = As(u) + o(A) (A — o).

L
\yv
~

pa(de) = qr(x) dw
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DL,
e Prgy\(x)
P )

rull,

—Bz
pp(de) = €Z(ﬁ—q,\)(\ﬂ)!3) dr = pg () dx

BOT, S(UN) KD &> 12 EBING:

SW(B.A),N) = / (Ba + log Z(8, \))psalx) da

N

TROL S(UN) &K ZHVAHEOMHTY haE—TH Y, s(u) iEHY 1 A\ = oo (2
BIDH ) ZANRHEOHENT Y hAY—58E (1 14 XH-Y Oy haE—) T

H5.
FT PH /NS U DN — 00 2B ENLDFliZRTS.

H
P (T/\ g U) - E[lH/\é)\u] § FE [1HA§/\ue*5(H>\f)\u)]
§ E[efﬂ(HA*)\u)] = e)\ﬁuz(ﬁ’ )\) _ 6A5U+\I/(,3,)\).

CIZTlpaon E HyS A OEEF 1IZRY, MMDeE 0 IZRDHHERDLTVS. 1
DHDOAESTIE 1y, <au S lgyanue P (820 V) 200, 2 DHORES Tl
Ly saue PN < BN Fffio 720 ZUT W(B,N) = A(W(B) +o(1) &V

log P (% < u) = MBu+P(B) +0o(1)) = As(u) + o(1)).

Mz N\ TE>T N> o0 &TDL

1 H
lim sup —P A <y) < s(u).
A—00 A A

RIZFOSDFHEIZRTD. 0<e <6 LARETD. MERME g, (ZBITD Hy/N D5
fild A — oo Tu=u(f) IZEFTLDT (“REDIEA),

H
Pg(T’\E(u—s,u—i-e)):eo(l)—)l (A = 00).

IHI, /20 &0,

H) E [, e0mue putre) €70
PB(TG(U—S,U+€)): e 763 ]

< Z(B,A) ' E [Liyepu—repusre) € 7T

H
= e MuTAE—TY(BN p (T’\ €(u—eu+ 5))

H
— 67A6U+A1857)\(w(/3)+0(1))P (TA c (u —cu —+ E))

A

e~ As(w)=fe+o(l) p (% € (u—d,u-+ 5)) :
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U oT A= oo iZBNT
H, A(s(w)— 1))+o(1 A(s(u)— A
p 2 e (= 6,1+ 8) | = Me@BeroD)+ol) — Als(w=Be)+o()
MDD KD 1/A 5D N — oo TOMPRERD Z L2k >T

L1 H,y
— . — > —
ll)I\Illnf /\P( 3 € (u 5,u—|—5)) = s(u) — fe.

e>0 NS H5TENISTEDDT,

1 H,y
. . - A _ >
higgf /\P( ;) € (u 5,u—|—5)) 2 s(u).

M EIZ&>T, 6 HiTHEAA U 72 Cramér DEED ARERER IS T 2 R ERXIE SN
2. EoT, FofiLAMOEMRZED RT I EIZE>T, MDA LTWDE Z b nd:

.1 H)
- — < =
tim 37 (5 u) =t

ZOEDIZZRINF—EE Hy /X2 u=uB) LROHERD N\ — oo TOWHEZEENL, 7
) ZHNBEOMMTY Na Y —%E s(u) Tk Ind.

UL, INETELHED DR ZRAICBNE N, BRI D2 ICENTHD
I ZIIVAADOEB EDRERIZE D BoTWEDEAS DM

7.2 HEHNZOBHECSIE N/ S HLSEOES (1)

DA Ol EARERIZ HIE [10], pp. 105-106 £ UiEiid2E N THD. 2720, Fx
& SRR DI (SHEEOFM) 28T TICHREEOTVDOT, DRESY % (T
] WEIMATERADS. TOFRZY PO E-—TRAELS  HYZY PO —2&E X5 2
LIZB5. (FHROFHEDOMEDD & TIRREBIETHERNRE S, TV b —I3RAEEL
DR THY, Ty hOE— 3RO TH B )

Hyy (3R V RO N IKGFET 2 ROLITXN T — 2 HIKT S HERLHTH
2292 (ZHRWELD ) — FTIER L, BFED ) — N RO TERHERDFILZ ]E L2,

Uy(N,V) = E[Hyy] £BL. n=N/V B—EDEEDELLETV - 00 £TDE X,
Uo(N,V) = Vug(n) + o(V) BEILL TWD ERETSD. (Ug(N,V) = o0, ug(n) = oo T
HOTEEW) V = oo TREBDEA P(|Hyy/V —up(n)] S e) = 1 (e > 0) BEALL
TWBARLIE, Hyy/V OHFE ug(n) 1EFTZ. LEDBST U B Uy(N,V) 5 (B
U <& u b ug(n) 25) BENIUTEEND 1Z ERERIVNI K BRDMEMIZARY , +3/NI 2 U
& u \ZDOWTHERIZHEFAIGIBE BI85, (WL BURLK 2RI TIRIREEL (L 722% >
THER) XT3 F—DHFBE B2 )

M@y hOE— S({UN,V) Z2Z3I)VF¥— Hyy DU BTNIZBRDHERONBEEDS:

S(U7 N, V) = logP(HN,V é U) (U é UO(N> V))

S(U,N,V) & U IZB¥ % MERAEEEIC 2 5. &< HORITIRT 3L F—2 U R
BBWERIE V BKERLE P(Hyy S U) TEEBINZ ((10], p. 105 ® (5 %343
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B RRE XBICI0) — bOS2E LA MOERELBELTHL). THLF—
I u LABRUEIE 0 RO £ 5 1TEDS:

MY Ty hAE—EA R 202U T0d ERET D, ([10], p. 76 D (3.2.29) K& A L)
RE 7.1. X TY hEE— S(UN, V) IZ U IZBEUT EICMARERETH D LIRET D, X
512 S(U,N,V) 1& V — co TEATNDMNEZEE) % FFD:

S(UN,V) = Vswn) +g(u,n V),  u— % n—
Y n(u,n, V) ZEDD L,

n(u,n, V) =o(V), Nu(u,n, V) = o(V) (V — ).

RFC
1 1
3 _ — T - < —
lim VS(U,N, V) = Vlgn VlogP(HN,V <U) = s(u,n)

V—oc0o

WAL TEY, U =Vu, d/0U =V19/0u &V,

SuU, N, V) = 5 (Val )+, V) = sufum) + o1) )
X 51T s,(u,n) O u 2T 2EBEEREL THL. s(u,n) & (REMEXOMKEEIZH

TR)ENIY hOE—BE LSRN s(u,n) & u iZDWT RISMZR BT MKBIZ RS &
RET S, WIREEE fu,n) 20 %
B(U,TL) = Su(ua n) = SU(U7 Nv V) + 0(1)
CEDD. BTIHOBERIBEEINL A=V OF—XATULDRED (IFIF) KIZL T
WBEIRBEEFSATWEREEZOLNS. B
IR [10], pp. 105-106 D& < L AE, B = V3R IFARE I

< _
lim P(Hyy =U - E) _ BB (%)

ERTIEICEoTEHBEINDSG., ZHIEFREFEETH S

P(Hyy =U - E)
P(Hyyv S U)

ZHFRDEDITRINDG. FHEOEHEI Y 0<0 <1 229 HD 0 WFEELT,

P(Hyy SU—-E)
P(Hyy £ U)

log

= —f(u,n)E + o(1) (V — 00).

lOg :S(U—E,N,V)—S(U,N,V)

— —ESy(U—0E,N,V)

ST Y O oy

= —FEs,(u,n) +o(1)
= —f(u,n)E + o(1). (V= 00).
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2 DOHDESTEHEOEEE AV, 3DHDES T (1) 2, 4 DHDE ST s,(u,n) B
HEETH D L WIIREZH S 77

(%) DR TEE X N7 [Boltzmann HT-] 1EAFD & 5 IR 5.

BInEEHT2RZMNEMMLU TS LB R%EERD. HHTL2RDY A RE—ETH
22U, BIROY A AR KIZRDMREZE 2 5. BanDOMITEH U TKERRZ A
T5. U FREROTAINF—ThHY, EFFEHTIRDIRNE—ZLTDL U-F
WERDZRINX—IZ8 D, BIROZRINX =2 U — F BEIZRDERIL V KK
BeE PHyy SU—-E) TEBIND. HEHTZROZAINF—=2 F IZRDHERIL
P(Hyy SU—E) ZHHITE7255. UEA>T () &Y, FHTZE2ROTRIVF—NE
THDHHERIZV NAXL L XIELIZ Boltzmann KT e P@nE ([ Z 4 5 .

UL, 2ZNTE EFEZDOLN S KT BNZN,

PLEDRIRD &) EHERERMIZE D BTN DEZA D N?

TRRHEMRIET D -DIE BB 28D~ 2RORETEHTLIHOR] LWVWOHRES
EEEHRS BRERH D TS 7.

H2AFNIZH T DEEREIE A OB RIIARE IR J1212 85 1) D Maxwell-Boltzmann
DADOEHIZELU V. TOHEMIZBIT D [TRIEROR] 1FERE 0 O n— 1 IRouEKHEH LD —
RO (BT AN F——E L WD ZMETEHRIND ERoeERE O o) THY, TE
HI 282 %]1 1XTDODED L IRTCERDEEIANDHETH Y, TR 13D OHEET
Hd. FLUTRIEDRDY A X% KIS T MR n — oo DMERIZHIET D, ZDFRRE
=AU R HET 2.

7.3 HEHNZOBMECSFB N ZHLAEOEE (2)

HIE DR 2 2 Y ET.

IR, H, Hy, H', H** R EF TN THERZRTHD LT 5.

A (thermal reservoir, heat bath) IZE:U TWAEH T R2EF R 5. BunDRFE % &K
DINTGA=L—=% V LE RFHEN BFEABLTESZLIZTS.

FEHTLROIANF—% H LEE, BAOI XN F—% Hi L ES L, HEHT LR
CBBREGDEAEEERORDOI XN T —IX H = H+ HI® L RDOIND LRETD.

BB HH TR EZEDEAZ2EDRITE VT,

P(H=F;and H <U)= P(H = E;)) P(H* £ U — E;) (1)

DAL L T2 EIRET 5.
Bun & MBRICIEH T2 RIIMER ¢ TREIZ2D R DZXIVF—IL E THD
95, HIIHER g, T B, IR 2MERERTH 5.

P(H = E) = q. 2)

LEEOFM (FHERDOFEM) 2 K€ LU GE I TN TORE | WEMRTEIHIND
EFEZBH, b= YERN ARG T IRE U2 K ROV D THEEEDF I 2 ]UE L 7AWV
(AT D& AR & 5 (2 Boltzmann [N ¥ DEHIZEEHRODFEHIIEIFR L &)

BIRIE V — oo TIROWHEFF 21/~ L T\ d LIRET -

U
S*(U, V) :==log P(Hy® S U) =Vs™(u) + o(V), U=
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Ses(U V) #BIROTY hO¥—2 P, u=U/V & TRIVXF—5E L IE, 575 (u) % E
BOTY hOE—EELIER (C FEARE). o(V) DESD u IZ & 2EEEGES o(V) T
HBDEMETD. ZOLEX U=Vu &V 9/0U = (1/V)0/0u RDT, FHMEDEIEL Y |
BEIZLIZHD0TO<O0<]1 22T EDIFLELT,

log P(HI® < U — E) = §*(U = E,V) = S™(U, V') — EaaSU (U — 0B, V)

= (U, V) — pLl? <v5fes (u - 0—E> + o(V))

V ou V
50, V)~ EL () 1 (1)
= ) 5y (W toll).
TROLL, BROWERE B(u) &
6SI‘QS
s = 27 )

LEDD L,
P(H!® SU - E) = P(H* S U) e PWE+D) (7 - o0).
DL EDRGE L &%, (1),(2) 2fH>TELdd L,
P(H = E; and HY* S U) = P(HI® £ U) ge PWEitel),
IHI
PH SU)=> P(H=E;and HY' SU) = P(H{" S U) Y ge PWFto),
UZdto T, it SR %

P(H=E; and H¥* < U)
P(H* < 1)

P(H=E; |H*<U) =

LELL,
qie_ﬁ(u)Ei"_o(l) qze_ﬁ(u)Ez

S gge PEe) S g e B,
TROLL, BIKOZXIVF—N U LR THEL VI EMDE LT, HTIZRODIT RV
F—0 E; TH DM SHERDBGA DIRREER K TOMPBIZRD & 51255

i PH—E B <U qiefﬁ(U)Ei

VE};O ( — L | = ) - Zj qje—ﬁ(u)Ej :
ZOEDIZUTHRLNIFEHT D RICET MRS MG EWEE B(u) DA/ ZHLDHL
LS. BURDEHEEFEH 55855 R T e #WE % Boltzmann B F & I3,

Bl7.2. Hy, Hy, ... [ 3MSIR DA BHELRLBCRYLFMZ2H2TEDOTHDHEL, V =
n=1,23,... 8% H*=H +Hy+---+H, H=H,, H}* = Hy+---+ H, £5<
&, Sanov DEHE U <1 Cramér DEHIZE > T, PAEDEmDOHRELZT/Z LTS, Z
DIE DBGRIIINL [ 3 A 7B AT OV KU Z LRI NS,

DT DOFEFRIFISLFE A ORIT OV IR U L ABE D &S BRFERBATHRITE,
BB DRTEIEIR K TOWHREE N T 2 — R ETHED 5 Boltzmann K+ e #WE CEl
WWINDF ) =TIV AAREREAIEOND 2L E2RLUT NS, []

P(H=FE; |H»<U) = (V — ).
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8 fitk: thOFBEEOIY hOEE—IZDWT

8.1 HHI R F¥—* Massieu K & DR

AR8L(E— XV MNEEHEEF1LT Y NEEE). MERSM ¢ O & THREH X -
i X, DE—RAY M:I&Mx()ci

.
= E eXig,
i=1

CEBEIND. CNE X =FE, t=—-8 DL IHEHK

B) = Z e PFig;
i—1

TR, HRROBRZBIZETH DT — AV B (R 1R e
AEMIZEUEDZ BTV, HERHBOARIEIZINIEET— AV MEFEREDO L

Kx(t) = log Mx(t)

WFHERZE X OF 2 LT v MR (camulant generating function) & IFFIENT W5 . H
HTALF—DES

Fw>=—%bgzw>

IAREMIZF AT Y MEERHEDOERIZ L TWS, LV IEMIITYRE 8 TEHLFTD
F(B) =log Z(B) (& V) IEHEIZIZA T D Boltzmann &££5%)

DFMF LTy MEEEOBEEONIGYIZRS. 2660 F(B) I& Massieu B &
ENTW5. []

8.2 MWRényiTv hOE—

FE8.2(AN Rényi T bOE—). 2 DDMERDM p=(p1,...,pr), ¢= (q1,...,q) I
XU, 8% Rényi T bAOE— Ss(p|lg) A1

Ss(pllg) = logZ(pl) G =— 1log;pfqzl ’
CEBEIND. IND B-115% 3 THWHTDE
9 Sy pai log(pi/ai)
—=((B = 1)Ss(pllg)) = —===7
o8 ’ Sipig "
BOT, XBIZ f=1LFBL,
)
= ((B=1)55(pll9)) E:mb&—z (pll)

98,
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NI hOE=DHTRS. DRI
S1(pllg) = lim Ss(pllg) = S(plla).

FI Rényi T2 O E—ZMHG T hOE—DT UV INT — A =R —ZFIZR>T D LE
ZA6Nd. ¢ =1DEED Rényi TV bOE—DEFE % K> CTOIUIAHM Rényi T b1
F—DEHRITHTEARGIZENMIK LB bhd.

FI Rényi T3 | 1 ¥ — 0 213 4 il B2

r

B r
Z Di _BE: Di
! i=1 ¢

i=1

AT HHT RNV F— F(8:p,q) & Massieu BiE F(3;p,q) DE

F(B;p,q) = =B~ log Z(B;p.q),
F(B;p,q) =log Z(8;p,q) (Boltzmann %€ U 13 1)

EAREBHIZEUTHS:
(B —=1)Ss(pllg) = BF(B;p,q) = —=F(B;p,q) = —log Z(B;p, q)-

Rényi divergence (X} Rényi T> v —0D —1 £%) DFEAMEED L L OM [11] IZHD.
(8= 1)Ss(plla) = —log Z(B;p, q) 1% B DEEBE LT LIZNTHSD:

0\? ) . Zz (B — Ej)?e SEED giq
(FFFHE p=q (i=1,...,r) L[EMHE).

TUT, (B-1)Ss(pllg) = —log Z(B; p,q) D B =1 TDMEN* —log Z(1;p,q) = —log 1 =0
ThdIZ e, (B—1)Sspllg) = —log Z(B;p,q) ® B =1 TCOWRBPHNTY hOE—
S(pllq) Ci%bb\c‘:b\ﬁj:@?f%ﬁ%%i )

(B=1)8s3(pllg) = (B—=1)S(pllq).
B SENDERDORTH 2. i

8.3 ¥ TsallisT> hOE—

FE8.3(MHN Tsallis T hAE—). XD p= (p1,...,0),¢ = (1, .,q) ZXHL
T, Z(B;p,q) ZIRDELDIZEDD:

s s

N r .
ZWWWZXE%MZEX%>%=XM%ﬁ, E:A%%

i=1 i=1 ¢ i=1 v
B E Z2O0DMENE p & g D& i TEDEVERDLTWS. K ZHIVAOH
p(B) = (p1(B), ..., pr(B)) %

_ . 1
e Plig plg"

Z(Bip.q)  Z(Bip,q)

pi(B) =
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LEDD L, WIRE B 1F ¢ =pi(0) & pi=pi(1) ZHMTE/NTA—=Z =T8> TN3S.
ZD& X MM Rényi TV bR E— S(pllq) 1&

log Z 1 .
Sp(pla) = <270 RO

YEDIN, HETY hOE— Spllg) &

0 0
S(p||61)=—% 10gZ(/3;p,q)=—% Z(B;p;q) szlog—
B=1 B=1

ERDOIND. 2DOHDHFEST Z(1;p,q) =1 2o/,
ROEEZ ¢ (BT D ¢ ZNMERE LTSN

f(x) = flqz)
(I—q)z

q— 17T q7#5 Dy of(x) 1353 0f (x)/0x IZIRT B,

EOMFTY N —DAD log Z(8;p,q) Tld&< Z(B;p,q) ZHWERRIZETS
BT 2% g ZNTEIMHZ D ZLI2L->T?, ¥ Tsallis T hOE—DRD
EOIWEHRIND? (¢ Z7D q ZIROXTIE a &EL):

Z2(ip,q) = Z(espya) _ 1= pia "

T, =—Dgsals Z(Bip,q) = — =
(pllg) B, ’5,1 (Bip,q) 1—a 1—a

Dy o f(x) =

a— 1T a AP0 T 20T, #Hx Tsallis T b ¥—3tEx Ty b
— KT D, 2D & iE

Z (pi/qi)l_ e/ 6) qi, lim T2 % = xlogw.
—«

To(pllg) = —
(plla) a1l 1 — Oala=1

=1
EFEIZBHENPOSNS. M Tsallis T hOE—I3HETY hOE—DERIZH T
% zloge & (x—2%)/(1—a) CEIMAZEDELEZAS. N Tsallis = hOo¥—%
X Rényi T hOE—TIRD L HIZRDT L ETED:

Z(Bip,q) =1 _ exp((1— B)Ss(pllg)) -
1-5 1-5
WA Rényl T b B E—ZH% Tsallis T hBE—IZ& 2T
_log Z(B;p,q) _ log(1+ (1 —B)T5(pll9))

Ss(pllg) = 5 -
EROTIEETES. A Tsallis T O E—2 % Rényi T A E—DE WL 2 —1
Elogz=log(l+ (x—1)) DENTHEELEADILETED.

EDESI1Z, My b ¥ —, Mx Rényi T b ¥ —, #xf Tsallis T h O E—
XENE SHLRE Z(B;p,q) MODIREYTH D . (]

25413 2016 £ 6 H 22 HOBEBETZOMBARMEE £ 72 <HAET I TV,

23%% (Fx) Tsallis T O E—DEHZRDO LA L £ o772 <EEL THARWV. (M)Rényi = b1

—IAREMNZ DB DN E (HHT 3L ¥ —, Massieu BHE) RO TED LI BREDEEZEZD Z L DR
‘fi’ier:E'f’C 50, (FHA)Tsallis T b E— DT & < DDA,

Ts(pllg) =
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SEE (185 Tsallis T bOE— &R Rényi T bOE—ORMR). X Tsallis = b
B — Ty(p|lg) LA Rényi TV hEE— Sy(pllg) 1HEB B

Zs(pllq) = prqi ’

B (pllg) (rllg)

Zs(pllq) — 1 _log Zs(pllq

T’ Ss(pllg) = 5-1

2:%730*2@6 B>1 (LK B<1)DHEHIFESLLE Zs(p|lg) DHEFFA L (B U
< I FBMELK) 5D T, %Mbéwﬁmﬁé YiE Zs(pllg) & BME (B U< 13K

) T2 LAMICRS. X5

Ts(pllq) = —

|
sal) = (14 (3= D)0, ) =T

WHWZHFOFFBIZ RS Z 8 &Y,

/(B=1)

Zs(pllq)* = es-1(=T5(pllq)) = exp(—Ss(pllqg))-

Z DR THN Tsallis T B E— MM Rényi T hBE—DEWNEH £ 5 & egq(2)
& exp(z) DENMIBZES>TWDS. Eb5A, ZORERIEMINDS

Ts(plla) = —Ca-1 (Zs(ll)VP"V) . Sa(pllg) = —log (Zs(pllg)/"~V)
L ENT BT EEIARDTH S M 0

SEE 8.4 (BEM). e 20, p=" = =1ThodLL,3>0ThdLHEE

T5. MY hoE— M Rényi =¥ b E—, X Tsallis TV b E¥—ikznth

S(plle) = sz log—

Ss(pllg) = 1ogzp% g
Z: 1pfqzl B -1
Ts(pllq) = 51
LREINEDTH o Ly (0)
|
lg-1(z) = 5-1

EREDD &, FHM Tsallis =¥ b E—{X

Di
p||q szgﬂ 1 (_)

Z

YEDING. SOllg), Sslla), Tspllg) BTRT 0 UFTHB I LERTD.
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NIy hOE— f(z)=xlogr B L, fl(z) =logz+ 1, f"(x) =1/ &V f(z) &
TICMBEETHY, f(1) =0, ff(1)=1 &Y, flx)Z2ax—-1,%K%5. PRI

S(pllg) = Zf(pz) Z(——l) g; = 0.

Mt Tsallis T bAOE—  g(z) = 2lg_y(x) EBLE, ¢(x) =
B2 L B>1 &Y, gla) IEFITHRKEETHY, g(1) =0, ¢(1
BB, WRIT

II/\

Ty (pllg) = Zg(“) -<—i(&—1)qi= | 81)

iz i

X Rényi TV hOE— B>1 WS REIY, Ss(pllg) £ 0 2R 2D

1 Di g
S st = (4) w2
%/?Jd‘liib‘ h(z) =2 LB &, b(x) = 2L, W' (z)

—B(B-Daf2 ¥k B>1 &0,
h(z) EFICMARERRTH Y, h(1) =1, K1) =8 &V h(z) 2 1

Y Br—1) BB, DRIT

;(yqi) qi_lzr;(uﬁ(;—l))qi:l

INTRIRIZEVITRTRERINSZ. BLEDOERIZE T Jensen DAER 2 f 2 1X
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