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n—oo M, n—oo N

BEIZEHHETHD. HIEOARIFKDOEIDIZUTHEENDOLND. a 2 b EINETD L,
b—a<0 LRZDT, -0 FHEFIZARY,

1 1 1
—log(e™ + ™) = =log (e" (1 + ")) =a+ —log (1 + ") - a (n— )
n n n
L85, INTHHEDRXNERI NI,
F O —ITIRDENL L TV B

1 T
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20,30 =1L, FADEK a,b, 1T > bi=a&2ALTNDEL,

._bi_Nbi
pi = a Na
EBEL. Ik E
. 1 (Na)! Nb Nb - Di
| — 1 Loooglt?n ) = — log —.
Neo Na Og((Nbl)!---(Nbr)!ql r 2 4 *)

=1
INOFEBIFME LY b B Y — (Kullback-Leibler [§#ED —1 £%) TH2. §4bbH
| 1/(Na)

lim < (Na)! q{Vln e qubr) _ 1 )

N=oo \ (Nby)!--- (ND,)! (pr/q)P -+ (pr/qr)Pr
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i=1 k=1 i=1

1 Na k r Nb; k r
:N—a(ZlogN—a—ZZIOgN—a—l—ZNbilogqi)
k=1 i=1 k=1 i=1
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2 OHODOEHESTHIMDOAMIZ Nalog(Na)—>;_, Nbjlog(Na) =0 2 AU . THUldL >
TRAKRMEZEHTEDRICERTE .
PALEOFERIFIRD LN T B Z L2 BKRLTWD: N 00 D& X

Na [EORFTCTREAD D p; = b;Ja (275 B HER)Y (Na)
( - b / ) (pr/q)Pr - (pr /g )Pr

1.8 ZESHDOHOBRERE & DR
Z O HilFERY 1 — b
https://twitter.com/genkuroki/status/773390919450132481
DNEZZLDHELZEDTHD.

%ﬁ‘:@éﬁi@ﬁﬂj qi,Di > 0, Z::l q; — Z:Zl Pi = 1, k?z CiIE@?E%ﬁVC Zgzl kz =n
ThHhdL95. ZHDMHIIE T MR

qul qk”'
fal ook,

P ki =npi+ e, pi =@ + 1/, & =o0(y/n) DEZEL n— 00 TEDXDITHRDEED »
NN F TR n!, k! 12 Stirling DA

n! =n"e "V2rn(l + O(1/n)), kil = kFeki\/2rk,(1 + O(1/n))
zRATD L

n! J g = n"e~"/2mn(1+ O(1/n)) .
kleoo k0t T kMekonE, - - kkre—ke\/27E,

DTD e EFRD e HIE YT ki=nLVFYURIVULTHAS. n" =nf...nh

- () () T ©

n)--
ZORRDPLLRDEMROEARIZZR L. ZOARK (x) & & <BRDIUEZ T/ A D HUL B R E
L Kullback-Leibler 18 # &= D RN DD 57,

ZEAHOFOBREE ZHDMDOLZIGTIEMR DM IC L DEM2ED DI

ki = np; + €4, pz’:%"i‘%7 € :0(\/5)

AEPITIY o] < 1/2 (BIC & = 0(1)) ICHUNB .
SAﬁ()1n#ﬁ%&t*@%ﬁﬁﬁ@%%u%ﬁé%ﬁﬁﬁﬁt&fﬁiﬂfméa%zf;m


https://twitter.com/genkuroki/status/773390919450132481

1.8. ZIHAE D HULMRER & B & DB R 11

B () ICRATHIEENS, ST ki=n & S =" p=1&Y, 5 &=0,
S w=0 &Y,

k; X £;
L= [ 14+ —— + ) =q¢(1+0(1)), k; = ng; + i 1 Eis
n 1 ( Vng; nqi) a(1+o(1)) ngi+ Ve

log (kl/n> = —(ng + Vnx; + &) log (1—|— T G )

4 vVng o ng

__(nA+\/ﬁm+8) L+i+1 Li +€i 2+O l
b U\ ng o 2 \Vng o ng n

2

T:
= — i —Eit oo 1
nx 5+2qi+0()

fd:@/C, Z:Zl(\/ﬁl’z +€Z‘) =0 J: U,

1 2?2
ke =1 x (14 o(1)).

n! ko
ql e qr
! V(2mn) g - g,

kol k

1 2?2
odk, = =
V) g g

S k=150 5,=0T»2 I IERTL. ZOMBREZEDAEN n PRIV EE
ZERTCIERID A TIEBTED Z L 2EHR L TV D (ZHDE DO HOGIRE ).

n! .
-kl 1

gt dky - dry - -dr,_1 X (14 0o(1)).

KL BH®REDEY Kullback-Leibler [HE % 152 /2 OIZIX, (x) OHHEDOXNE % > T,
ki = np; + o(n) = np;(1 + o(1))

ZRAUT o(n) DHZEHTIUXE . &y = np; +o(n) =np;(1+0(1)) D& X
log (kzqﬂ) = —(np; + o(n)) log (pz(l—g—o(l))) = —np; log& + o(n)

THhD logn =o(n) DT
lo kg = —ni 1o &—l—o(n) = —nD(p||q) + o(n)
S\l — bi ng- Pl '

Z 2T D(pllq) & Kullback-Leibler [§HR&Tdh 5.

CEPITI |e;] < 1/2 ICHUNA.



12 1. 2S5 5 Kullback-Leibler [§ =\

KLBREEZEDHOFRMBEREERDOER HULET>72Y k =np; 72513 Kullback-
Leibler & & & (x) DAL D R T
o <M) "
dr

()
0

DOXED —1/n 52— B. k; = np; + o(n) DHAHITIE, Kullback-Leibler [ i%k 2
DEFDNED —1/n 5D n — oo TOMPRIZ Kﬁ(’é‘é T UCZHEDDZIRTTIER 17

I & 2L DB E ZORFNEB/BLNEZDTH o2, UL >TEHENf%
WAL 2 ZIRGTIERL 0 A6 D FRER B - DD —1 %

1 « :Ef

2 ZZI qi
I Kullback-Leibler [ &2 513518133 ThH 5. Kullback-Leibler [T D(pl|q) &
g%:%®83§$@OK@6@T%Ot.%@ﬁ?nD@M)%EMm@%bt%%@
2 IRDIERGY I & % T3 A % AT B 2 YR ITIE R 43 76 O Tl 3 %5 5 B AR D 5 BB B 73 D W 4%
D -1 FEPFONE. TOILEERLED. 9 Y 2 =0 LHIBRETIT nD(p|lq)
Wpi=q +xi/y/n ERALUT, 2; ZHIZDWTHEMET S &

Dlplla) = Y00+ Vi tog (1+ )

i=1

=St v (- gz v (7))
—Z( n$z+—2+0(1)>

IITY =025k,

r 2

1 i
AMM®=§§:;+NU-
i=1 **
DI EMLZHEMMDLIRTTCIER DAL DELIL p; 2D ¢ 72HITENE I
Kullback-Leibler 1&# & Taylor BEEAD 3 IR EDIEZ HAHT 2 Z L 1IN T2 0D
ND.

Pearson Dh 4 2T HREHAE L DOER ZHEHDMHIZHITD

i ((i DIEBOBLHME) — (i OIEBOMIFE))? Z (ki — ng;)”
(i DIRB D) a ng;

=1

=1

% Pearson DA A 2 F/MREFTELIESR. T k; = ng; + /nx; + o(y/n) ZRA LU THEM
95L&,

3 (ki —ng:)* _ Zg +o(1).

n .
i=1 i im0
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WZIZ n BRI NE X, Pearson DA 2 FTARGHRIFZIHD A % 5T D 2R EHR DA
U 2 2HIBT 2 Y a2 /q TEEIS NS . SIEN % 5T 5 ZIRGTIER
A1 DR FE I DI B BGR 1S exp (—(1/2) D01 27 /qi) DIEZ L TWBDTH o7
ZDIZENS, n BRI WVE X, Pearson D1 2 TG RIT I 2 FOAAITIEMLIZU 72
MWD ZEMWOND. LIS (r HAAR) %2 BLT 2 IRt IERL AR O MR RIS
Y xi =0 TEREING r— 1 IRTDOEEZFHDODT, TDHAA 2HEIMGDOEBELIE r — 1
B35,

FE (DM 2E&DHBER). 20, ..., Z, \FEEEH DAL 203D WL RERERTHD L
5. F4D Z; \ZDWT f(Z;) OMAFHEIZ

=% /2
E[f(Z;)] :/Rf(zi)ﬁdzi

YEDIND. TOLIHREIY =S5 22 BUEMNS RS % HHE s DhA =

=11

F'DMENTN. A ZR/AMIZB T DFHEIZIRD L D IZTRDIND:

e—y/2ys/2—1

E[f(Y)] = /000 f(y)W dy.

eSS

s

E[f(Y)] = Const./ f < ZZQ) e X A2y dy,
Re i=1

= const. / f(r2)efr2/274371 dr = const. / f(y)e*y/QyS/Qfl dy
0 0

2OHDEFEZST 2= 22 LBE, Bk r LIRE EOFRMICHESE R /2. Bk O mifg
FERED s — 1 FIZHHBITDDT ro~t ORTFAHD. B3Rl EOBES 25470, HTRAE
% const. IZHEDIAATZ. 3DHDHFEST y=1r? LBV, EBLG const. X BMHERDIA
FIW 1LIZRDEND NS HERNIZRED.

A = [ay] BEEENTRTIED s IWERNFATHTH S & U, TD#ATH% A" = [b;]
LELZLIZTD. (X, .., X,) E (s RITDE R FFD) MEREEHE

exp (-% > i bz‘sz‘%‘>
det(21A)

DB BUGEERM IS HRERTH D L TH. 0L ¥, MRS O
B 5 DI —2 FEZIHIET B 28

Y =) bXiX;
ij=1
EHHE s O ZF/R/MHIZUEZND . §806, GORTH s DERITIERD DR
BERBOEBHHLE D ONED -2 FICHET 2EXEHIEBRE s Oh1 ZFo2H
ICLEBS. 2O ENEHT 2 T’OMIE DS IGTERDEINBET B (b ) HAW
BHERDATHDEHZERDIENTED.
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FOY WHHE s OB A “RHOMBIZU DD BAIILAITO@E Y . ARE I EAE S5
MTFIOMEARETH D, FHHITH A EHDERTH U = [u;] &XATH D =
diag(o,...,a,) &> T A=UDU ' =UDUT £E£EbLIND. A DEAME a; 1ETRT
ERDTVD = diag(\/ay,...,/a;), C =UVD &8k, A=CCT L85, TDL X
Al =(CHTC BoT

Y= bXiX; = XTATX = (7' X)T(CT'X).
ij=1
ZIT X BHERLH X, 25 i AL TDIHRT MV THD. §8DL, HERLBDHIN
IRV Z=Z] % Z=C"1X LEDDE,
Y=2"2=) 7. (1.1)
=1

Z; 72BN TR A BSEHE T IZ U2 2 e 2B Y WHEEE s D1 2
TN U 2D T ENDOND. TDDITIE Z; 725 DRI BT HI DS BAL T I 23
523X HATHD. Z, OIS EATHIORERIE E[ZZT] THY, X, I=H
DRI EITFNIE E[XXT] = A= CCT 2DT

E(ZzZ") = E[(C'X)(C' X)) = crE[xXXT)(CH)t =cteot () = B,

INTRIREIZENITARTORINS. 0

2 FHMZTREOZEADIS Boltzmann BAFA

SAAT E KB DER] (B Kullback-Leibler & O FHE, H ATy hOo¥—0DF
) 75 Boltzmann K F TRl SN DHEAHRIIHEONG Z L 2 G L 2.

2.1 [EIREDERTE

MEMDPEN ¢ = (q1,...,q) DZHSHEDHEIRS.
n BIOMNFAITIZE D TELD i [IZDWTREE @ VU 72EE ki /n PRI p ITELW
&E REBOMMNIFEp = (p1,...,p) WEHEULSRDELEED I LIZTD. TOMERIZDWNWT

(n FEITRERD A DNEIE p I8 BHER) = exp(—nD(p|lg) + O(logn))  (n — o0)
ML T NS DTH 7=
ROMEEZE A5 346 p=(p1,...,pr) I s [HDZAM
wa-pi R Cy (v=1,2,...,5s) (%)
i=1

BT U, R ORT VAL (1,1, 00,0), (fors s for) (W =1,...,5) I&—IHME
THHDERELTEL. BREAMNZOFRMZ R 54 p \TIFIFFELWEEITHIBRU
72l E RO DOHERDMIE n— oo TEDX D ITIRDEED »?
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T2 ZIAE IRBE ¢ DT XINVF = E; DHEIZ

zr: Eip; = U
=1

EWVD LM (TRDH TR F —DORERIIEENIZIE U IZF LR >TWVWd eI %
) U8 X, BED AN n— oo TEDEDITHRDFED »?
EZE, T aaeikoTi OEMHAS, HE&% B, RV ABLHADLE,

i Eipi = U
i=1

LS %dE (T a0 1 ED D OESORBRITTSMANEIE U <Y IZHL < 2> TH
BEVSRM) REUAY X BTN 1 - co TEDE SIS S h?
BED2DDOBITHE s — 1 Thd. BEOKMEREIE s> 1 L53.

2.2 Boltzmann FFDEH

FAF (x) DE L TORBAMDOZMA SHERIE n — 0o T, &l Y pi = 1 L&A
(x) DB & T Kullback-Leibler 1§ & D(pllq) = >i_, pilog(pi/q;) M EB/IMEIZR D
p=(p1,...,p,) (CHEFTZILIIHD.

SeEAT %EE?'L/J\ﬁF"ﬁ%_’E% < 7281Z Lagrange D R EFTHIEZHH 5. (Kullback-
Leibler f§8RED p ICDOWVWT FIZRBMBEBTH oI 2BNHE D) TDDIC

L= sz log— - 1) (Zpi - 1) +> B (Z fuipi — cy>
i=1 v=1 =1

EBEL. ZITA-1, B, WRERKRTHD. REFE p, T L 2RO LIRSS
NT0IZRD WS HER

r

_:Zpi_L (1)

- —1,... p
8ﬁy ;fl/lpl V (V ) ’8)7 ( )
oL ; 2 :

O:ap:kg§+A+§:&ﬁﬂ i=1,...,r) (3)
7 1 =1

ERITIEED. (3) &V,
—eXp< A — Zﬁufuz) qi

ZRE (1) IRATS L,

.
S 1 S
Z == Z e 2v=1Pefuig, Di = 26_ 2v=1 Pofrig, (4)
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ERBIENOND. 0D Z FPEEBLITIEIND. ZDEDIT p & Z = X
B, ZHDEBIZZE>TWS. B, 2Bk (4) 2 2 IKRATEZLICEoTHREIND.
exp (= >0, Bofi) % Boltzmann AF &R 2129 5. Boltzmann K1 I& R 14345
g LHRMN S ORBD M p DENZITRRDEZNETRLTNE. ZOXSIZLTRDS
NN Hip, " H ) ZALDTREIERZ LIZT 5.

ZM (%) DAL U TW B G EITHIBR U 256 ORERAIE, n — oo T ETRDZ4
fip=(p,...,p) \SIEAF (GRS REBOFERIE Y ). n BNEXRRSIZREBRAS AL/
ZHNBGEDKE L TNDE LTI,

eZEs=1, fii=FE,c=U=80kZ

1 . 6 1og A
. — ,—BE; . _ § —-BE; . _ § —5E _
pz - Ze QM Z - - € QZ7 - E -

I

INHDRANIF ¢ ZHEDPEWITTARNTE UGS IZIEHET1F12B 1) % Boltzmann K1
2 W ERE DM ORI —H L T D
7 ZIOVRANHT SR T b EE— S(pllg) = —D(pllg) = — X1, pilog(pi/a:)

DHDFRERD KD log(pi/ai) = =D 0 1 Bufoi—1ogZ, > pi=1,30 | fuibi = ¢
NONE

S(pllq) = Zﬁyc,,—i-logZ

ez s=1,fiui=FE,a=U B =0DL%
S(pllg) = BU + log Z.

HBHIRXRNFX—F % F=-3llogZ LEHETD L,
S(pllg) = BU = F)

Z DAL, Boltzmann B E EFNTOAWVEZRITIE, Mt HFE2H>T\Wd AEIC
EOTBHIRADRARLZS ST,

2.3 BOWIEREDOGZEDOERBEOEHEITHENMELONDE L

RHEEMID A HERE LI g(2) THAON TS 5G &%z&o ZOBEITIE 0 b
DMALEALT DFERTF S 1 2 REER D A DWERE L BN FIE p(z) ([ZRDHERONERD 1/n
f&lE n— o0 T

p) ,

S(pllg) = —D(pllg) = — / () log 2 d
IER < EEZBNB. A pla) 1A FORM % HT

/fl,(:r)p(a:) dr = ¢, (r=1,...,s).

"Boltzmann EA 1 IR DB RERATHILETES.
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A & FRRICU T, 2ORMEDE T D(p|lq) 2B/NITHMEREEKE p(r) Z2KDD
ERDEDIZRD N DOMND:

1 _ S T
p(x) = Ee > =1 Bufu( )q(x),
Z:/e Yo Bele (@) (1) da,
Olog Z
SRZ L[S ) =

2D & DI RIL DA B R A D Jfk % B DI B DT ik & IS BRI DG A
FBERELDER B D FIR L ITIEND.
T2 & ZAFLL T OMER AT T N THREESARICEEN TV S,

“HA: 0<0<1D&E, —f=logh—log(l—0) &B< & k=0,1,...,nZDVT

—pk 1 1
T\ ok n—k _ € Gk n
= 1— = = — J=———.
ZDEE &G ERBOTEDBERIZDONTIEIN 4.3 L S &

%Iﬁiﬂfﬁz 91 ZO, 9T>0, 222191:1 T%étb, —ﬁzzlog@—log& tj:3‘< t,
ki +- - +k=nD&E

— 3] Bik
Pky,... ke = Lekl e efr — € 2z qk,..., k:T’
o kyl-- k) 7
n! 1 1
_ 1 7
Btk kil klen? o
ERRDm:
—(x—u)2/ (202 —(1 20’2)502+ o2\
p@) = ( \/N) AL Rukaistind i : 7 — oH2/20%) for 3
2m 7
p=0,0=105EIIDNTIEE 2.4 HiH U THRU . ERD A ORERE LK p(r)

(FF p &R o® ZIEREL 2L ST, $48DS [ p(r)de =1,

‘/wM@dx=u, /ﬁgm@d$=0”+ﬁ
R R
WO T, Ty b —

PMEKIZED plr) & UTHER T B2



18 2. FfT T REDER]ID S Boltzmann K+

Gamma9fi: =z >01Z8WT

—z /7T .a—1 —z/7+(a—1)logx
€ T (&

= = Z =r°T
p(x) TQF(OC) Z ? T (Oé)

Gamma 7045 DMERE B p(x) & [pp(x) de =1,

fﬂﬂ@m—q, Aﬂmmm@m—@
EWHLEEDE T Y —
S(p(o) = - | pla)logp(o) do
PEBKIZES plr) & UTHRENT 5NG. SRS ABTHS.

B Betadfi: 2>0IIHNT
1 ro—1 e(a—l)logx—(a+ﬁ) log(1+x)

B(o, B) (1 +2)™+7 Z |

ple) = Z = B(a, B).

BHE n Ot 8% 1/y/n TRAT—=ILLEED: HHE n Ot DADOHEREEIX

1 $2 (/2 Vnw(n/2)
p(t)dt = P (1 + E) dt, = vnB(1/2,n/2) = (T 1)/2)
Tho7. plr)de =p(y/nzx)d(/nz), f=Mn+1)/2 £ &
1 1 e~ Blog(1+z?)
p<x):§(1+x2)(”+1)/2 = 7 , Z =B(1/2,n/2).

F—fEBetaDf: 0<zx<1iZDOVWT

ZEa_l(l _ LL‘)B_I e(a—l)loga:—i-(ﬂ—l)log(l—m)

p(z) = BB ~ . Z=DB(a,p).

Poisson 27:

-\ k —(log M)k
e A e qk e A1
_ _ _ 7 — AL
Pr = o 7 k=

2.4 EEREFHRDHDOEHH

FleUTs=1, filz) =2 a1 =1, g(x) = 1 DHRIZED ROV EFHAELTAL DS
BT EOFERUZ, n [ OFSTIRTORERE SN2 2 ORBRIVIHE (224 +22)/n
IZDWT

8q(z) =1 BDTZDHEIT q(z) IFTHERBEERBUZZ S0, UL, BUFOFHREORERIZEL .
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YOWOEMEEBMUAZE X 0= 0o Ta ORBRIDHENE S R M ERDD I LIZHELW.
EORKZMD &
p(x):le*ﬁﬁ’ Z:/QWQ dv = /712 alogZ 1
R

op 2B

WAIZ B=1/2, Z =2r, p(x) = e 2/\2r £ 8%, THBDE n— 0o THELND DA
SEE R ARICR S,

ZOFERIE R NOEZED2FD n DFEMAEFLET D n— 1 RGTERTE ED—RRD 4
D 1 IRICERFZEENDH I n — oo THHEELEHAMIIPNR T L2 EHREL TS, §
BOBIRDARDEILL TN D:

—x2/2
lim 1) n(dz :/ z dz.
s [ s = [ )"
22T St BERE RO LTS /o D on— 1 IRGCERT

{(z1,.. . 20) €R" |2+ +ap =n}

EROU, p, FTDOEO—RRMEEDIMLTHY, f(r1) O oy EBRE LD (24,...,2,) D
WETHE. ZOMRDOARITER DL EHOMED DGR CHEEICHATI Y.
A EDGFH B Z B, SRS GEICE T 2MOMRSENED &S B %2H L -
WCHRIZHODNG NEHTID LS.

3 ZIEDHDIBE D Sanov DEE

ZIHD AT D5 D Sanov DEELD E 5k 2 I IR N THEE ISEHL THES 2 L1295,
Stirling DAX I ZHEHRNG UWGEHZ #7925, ZORMOIEIIE 71 J5H [11] T
MINTVWEIEHE AERIZFH L EDTHS. TOTUTIUISEHZ IR DFHN < T A
H5.

3.1 Sanov DEXED IR
BIREA {1,2,...,r} LOMRSH2EOELGEZ P LEHL:

P={p=@@.-...p) ER [p,....pr 20, p1+---+p- =1}

PlEr—1RTOHABKRTHS. 722X r=3 DL X PIRIE=ZAKIZLEDS.

L0 ¢ = (qu,...,q) € P ZERIZH->TCREET . HREH X, Xy, ... 1ZES
{1,2,...,r} TMEZFOWRLEFITH Y, MSLTRBH ¢ = (q1,...,q) (CUER>THD
LEIRETD. ¢=(q1,...,q,) 2BERD T LTS

%/\ AR UTEDILOMEEZE #A LEX M A BFEZINDHRE P(A) £#S<

295, (BTEHME ADE L TD B OFMEEERE P(B|A) £EL)

IRDMEZ 72 ) — b D Maxwell-Boltzmann HIDHEIIZ T DEHERZFENENTH D,
http://www.math.tohoku.ac. jp/ kuroki/LaTeX/20160501StirlingFormula.pdf


http://www.math.tohoku.ac.jp/~kuroki/LaTeX/20160501StirlingFormula.pdf

20 3. ZIEASAE DA D Sanov D&M

BaDi=1,....r IZHFUTXy,..., X, \Z&END i DIHED k; (81275 2RI

n!

P(#{k’zl,z,...,n’Xk:i}:k'iforeachi:17.._’r) :mqlfl%lfr
ek

5. WEER (ky,... k) OMAERIEE =0,1,...,n, ki + -+ k. =n &H/2L TV
FRURNT B, ZDED B (ky, ... k) WXNT D (ky/n, ... k/n) BEOEEE P, CP
EELILIZT S

k k,
Rf:{<iww—>‘m:0J,“m,h+~-+&:n}.

n n

ZOeE P, OOMEBUE (n+ 1) UTIZRD. (#P, < (n+ 1) 2B THHBICHMAT
%) Xi,.., X, \IZHIRTD P, DIt P, = (ki/n,-- k. /n) ZREBEDMH LILR. RERD A
P, \& P, IHEFDHERLEHTH D,

TR DM (p,q) € P* DB D(pllg) ZIRDE S ITED -

. Di
D(pllg) = > pilog o
i=1 ¢

pi X g D0 IR DEGEITIE 0log) =0, —log) =00 EWHKHKDE L TEHEZEDTEH
<. D(pllg) % Kullback-Leibler fE#E % U < |& Kullback-Leibler ¥ 1 /X\—2 T~ R
&S,

EIE 3.1 (Sanov). L EDFEDE & TLURAEILL TV S :
(1) AW P ORBIEEZLIE

1
liminf —log P(P, € A) =2 — ingD(qu).
pe

n—,oo M
(2) AN P OWHEEE LI

1
limsup —log P(P, € A) < — in£D(p||q).
pe

n—oo T
(3) P OIS A ORKOMAAN A 250551

1
lim —log P(P, € A) = — inf D(p||q).
peEA

n—oo 1

ZDEDITRBRDMD n — oo TOWHEZEH) L Kullback-Leibler [H#& D(pl|lq) @ inf T
sk I D, ]

B3.2(ZIHEAHDBZA).r=2¢ L, qi=q, og=1—q¢,pr=p,pp=1—p &HEL &,

1—q

p
D(pllq) = ploga + (1 —p)log

Olim inf, limsup (ZDWTE 9 fillCfli R fH 2 HFWTH W .
U2 D> TWBIEHITIE A IMEEOBLESTH > TEREZ . UL, ERXTOEAIZIE A
BRI EE L CARET D I EAEEIZRD 5 L.
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Zhidp=q DL IHRKME 0128, p d¥ g HOEND L ZNOMHIZHAST 2.
0Sa<bS1THBEL, A= (a,0) = (a 2D b TTORKMH) &< ZDEF

Pren= % (3)da-aor

a<k/n<b
BDT
X . —D(bl|q) (b < q),
tm g 3 (1)ef1- 0yt = < inf Dlplla) = { Dl =0 (@< g =)
ki<t —D(allg)  (g<a)
2%, ZAH Sanov DFEHOIEAPRICHDRE B RIGETHS. H

3.2 Sanov DEIEDEERAD#E(F
IR DS T Stirling DARDMRD D IS .

ERE3.3. FEEDOEE kI LUT

BERR. [ 2k D& &

l!
E:4k+n@+ay~zgy*.
ISk X
l_!: 1 > 1 :klfk'
Ko (+10)(1+2)-k = kbt
INTRIREIZENRINE. ]
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(R 72 18158 & DIIFFE) = Zzp, Z Ep; ~U(B) =10

=0

257293045 p= (po, p1, - - -, pr) \WHIBRU 72356 OREERI A P, 73 n — oo THAF < I
BoTND., ZOFMIEED (x) LAMETHZ. ROHEDEIEDN 0 127825 LD ZMTHl
PR % AT VEHESR 0 1R d D ZIHAAARER A & U THRICE DN S.

fEam. ROHMDMEERD 1/2 ORYRIA V% r [ARITTROLZMEEZHZD L%
T2 S AREDR U, r BIFRO M 2RI KEICFHEINZY AN EES/2ETH. TD
EEXELETDRBKICHENT r [BIFROHEZEEDEIIEDN 0 122 >TVWBRHIXC £
DY ANMIIEHZNE [ROHDHERD 0 O _IESMHDLEHIEZ > TWD] DX I
RAZTULESZ&IZRD. []

BREOD (59) THIE YD, 0 25 1/2 DOHNTODHERIE n — oo T O WLEML. ZITEHZEDL S B
BT —ANEU 582 EL TV,

169 73 1/2 M HHEEND & nmk%&t%%@ioauzhﬁ%%ﬂé%%@ﬁ&oK@ébi%@&ﬁ
BEERAPECTUE GOV TEEZI TS,
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ER 4.4 043 DiEiRE —BRILT 2 L IFIEFEBIZLTFDELSD BRI ENHILLTVWDE I &
RO, BEMDM ¢ \TEVINS B BT = AV fmdIE%E LT\ 5 & RGE
9 5:

—BoFE; r
€ q0,i _B0E;
S , Z e e BO Qi 0.
qi 2 0 ;_1 qi,0

ZIToaq,; 20,50 1q:=1 E,....,BE € R O&KE B, L&KME E, IR,
0,¢ >0 THIDEIRETD. 20X, ZORERDHEL B 72bIZxindd 0/ =7
A p(B) B RERMDHE LR UKD N ) = AN HEITERS:

—(Bo+B)E;i . r
€ q0,i _BE; _ )
p (6) ZOZ(B) ) 0 (6) 0 ;_1 € q ;:1 € qo,i

CHEA AL OB A HEICE ENT WD THI 43D LS BRI EWNKLTHDT
HD. MOFEEUDMIEIE ENDMERDMIZDOVTHFRRD Z EDLALT B, [

5 {I8%: Kullback-Leibler [ REICEAT 2 F7FR

Cover-Thomas [3] 3R ICEHTOALLERETHS. HHREL TV bR ——
FRIZBET 23 LW 2 5t A O AN T DA Z ST NIE SV, LR TR EICZOBRE
=2 MU BN 5, Kullback-Leibler [ &DY [HEf] LS BMEEZFF> TV I L2 K
kg o AEREZHD.

5.1 %{&: Jensen DAER

BRI f(X) 28 E[f(X)] ICHIGIEDMNEE B[ - ] IEATORMAZHZ L TWD LR
T 5:

(1) 8BME: BSL F(X), g(X) E8 o, B 1T LT,
Elaf(X) + Bg(X)] = aE[f(X)] + BE[g(X)].

(2) FEFAME: f(X) = g(X) PEIZHINL LU TWE R 51E E[f(X)] 2 E[g(X)).
(3) Fikgfbsett: E[1] = 1.

B ALSAE L EIMEEL D B o IS UT Ela] =a L R2ZEDDDE. ZOESR B[ -]
FHHENRBRE PR, 2 2E p, 20,30  pi=1 08X Blf(X)] =30, flz)p 1&
HIRHEPBECH . M p(x) 20, [P p(x)de =1 D& X, B[f(X)] = [7 f(z)p(x) dx
EHFHEPNHETH B .

DL ELLTFORERNELLL TS (Jensen DRFL):

o [(X) MEIZMABIE E[f(X)] < fIE[X]).
o [(X) BTFIMABIE E[f(X)] = fE[X]).
AR CRIEDAZTAIL & 5. B&IE —f(X) CHE2EHTSELNG.
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B DR, B f(X) R ECMTHEEIEL, p= B[X] £BL. Z0L X EIgmA
BB F(X) D X =5 CO B % a(X — ) + f(p) &=L &,

(X)) = alX —p) + ()

LB%DT,

E[f(X)] = Ela(X — p) + f(p)] = a(B[X] — p) + f(p) = f(E[X]).

2 H 0% B CHIFHE RO BN % [\, 2 5 HO% 5 T2 OGN L BRI
o717 0

FRS5.1. EOFEANS, f(X) A EICHEZMNRSIE, X OFH u= E[f(X)] IZH8EHL
TWARWRY (IFE A ETEFEIZ f(X) =p PEZUTORWRY), F5 %28 B8 VEROA
HEXDBEIZLLTVD Z Db, ]

5.2 MEMAFNE TOMKH
IRDOARFERILZ & 21K [3], p.31, Theorem 2.7.1 (Log sum inequality) (ZZEWTdH 5.

WEMAERX 0 UED a;, b 1ITHFULT,

) -t > - — . — .
izlazlog b, :AlogB, A izlaz, B izlbz.
HEBOWANLE a;/b; PEVZTRTEHELWZ LIZFAMETHD. WOEDESIZ 0log0 =0,
alog(a/0) = oo ERIHRL TH <

SRR, a; > 0, b; > 0 DEEDOARZFEHTIVETDTHS. (—MOEGHEIZT DG D
[RE UTCREIHING.) f(z) = zlogr &B< &, f'(x) = logx + 1, f”( )=1/x BDT
fl) iF 2z >0 TRIIRFBMNTHS. T Jensen DAEFXRZEHL KD, TDAEDHIZ
¢ =b/B B ZDLE

é;aﬂogz—zzzb—ﬁl Z% ( )
a; u biCLi A A A
= f (Z% > (2 EE) =/ (E) = ElOgE‘

i=

Flz) OWEMMEE Y, BENETTE L L a/b BENITRTELNZ EAEETH
Bt hBD. 0

ZORFERZE 2T pi, ¢ DWIEATENTNOMRMN 1 DL X

1
D z1._>11 1y
(plla) = E pilog 08 1

=1

TEF(X)] = S, f(@i)p; DBED Jensen DG RIS » 12T 2 BOHIRIE CHT 5 2 L 6T
%%, WIS B2 1 % > TS 3 A AR RASRALT 2 BLEEA D) P\ & S



34 5. ff$%: Kullback-Leibler & &2 % A A

M5 515 (Kullback-Leibler [BRREDIEAM). I 612, £E {1,2,...,r} D E
(L2, 1} =AU U A,

c:jj.b—t, {A17-~-;As} L@ﬁ%zz‘zﬁj\%ﬁpz<Pl,,Ps), Qj:(Q17"'7QS) %

Pi=>"p, Q=) a

i€A; i€A;

CEDD L, WNEHAEFEALY

D(pllq) = Zszlog—>ZPlogQ = D(P||Q).

j=14i€A;

F9 517, MEDIEHR%Z SN % & Kullback-Leibler [§REIX/NI < 725,

5.3 Kullback-Leibler [§38R£2 T L' FpEtA EhSBIxHNhI &
£4 {1,2,...,r} LOWERLIG p=(p1,....,p.), ¢ = (q1,--,q) DHWZD L' fF
lp —qlle: % )
P — |z :Z|pi_Qi|
i—1
EREDD. MRS p (T DHERE

=>p (Ac{12...1})

LEL L,
lp—allor =2(p(A) —q(4)), A={ie{l,2,....;r}|piZa} (#)
BRERLIE
Ip = gl = ;(pi —q)+ ;(qz- — i) = p(A) = q(A) + q(A9) = p(A%)

=p(A) —q(A) + (1 —¢(4)) = (1 = p(A)) = 2(p(A) — ¢(A)).

EDOHEZLTIZBWTCEDOEEHNS
KLIBHRET L' [FEAx EAhSHBIZIbNB I &
D(pllq) 2 —Hp ql[7:- (*)

ZDOAREXZFEH L 720,
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r=2DHEED (x) DFEA. 0<a<,0<b<1DEE

alog%+(1—a)log1 ZEQ(a—b)Q

YRBILEFRFIBEN. ZTOROIIUN LRV ARRE f(b) LB

1—a

1-0

f(b) :alog%+(1—a)log —2(a —b)%

a 1l—a

fO)=—3+ 15~ 4-a)=0b-a) (6(1—1—19)_4)

b(1—a)<1/4 &Y, 1/(b(1—0b)—4202725. WRIZ f(b) DFFEIE b—a OFFHITE
LW, 9205 f(b) Ik b<a THFEBAU, b>a THEFAEMT S, LZB>T f(p)=0

BROT f(B) =20 &R2IENDND. 0
—MRDIZBED () DI, A A X (#) WY THD LU, £E {1,2,...,r} Ol
{A, A} EOWERDMA P = (a,1 —a), Q@ = (b,1 —b) & a = p(A), b = q(A) EED
5. ZDL IHIEBOIER % D & Kullback-Leibler [EHEAVNY <725 Z & (55 5.2 fiff)

i)
Dplla) = DIPIQ) 2 2a — ) = 2p(A) — a(B) = 5l — all3.

ZIT2OHDAESTETIHHLZ r =2 OBEDOREREZ WV, RBIZ (#) 2o/, [

5.4 Pithagorian theorem

P={p=(p,....p) ERL | p1+ - +p =1} LB, P EA{1,2,...,r} EOT
RBOMEIRDEGLART. PlEr—1IRTHIKTHS.
IRDOAZENL [3], p.367, Theorem 11.6.1 IZdH D.

Pythagorian theorem F (& P O EAETHEE L, e PNE THD LTS,
p*=(pi,...,p) e EWX D(pllq) 2 E ETHR/MET D p THDH LT

D(p*||q) = min D(p||q).
(r"llg) = min D(pflq)

DL E

D(pllg) =z D(pllp*) + D(p*llg)  (» € E).
ZDOAEX & Kullback-Leibler fE#HEDIEENMEL Y, D(pllg) — D(p*llg) B5&E p — p*
ERBIENENND.

Pythegorian theorem DZEER. p* & p % D EAR LD Kullback-Leibler 1§ & DfED
p* BT BRI E RNIXZDOAREFERDGEHI NS,
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teRIZXNLT

p(t) = pi@),....p(1) =tp+ (1 —=0)p",  pi(t) =tpi+ (1 —1)p;,
£(6) = D(p(t)lla) = 3_(tp + (1 — 1)) log P %— i

=1

LB ZDeE

r

=y ((pz —p})log Y (1._ 2L (pi — pi‘))

i=1 i

- . tp; + (1 —t)p;
= (pi—p})log U= O
i=1 4

2OHDEFEST Y pi=> pi=1R3IL%zflio/.
p0)=p* € E,p(1)=pe ETHY, EIXMNZ27DTpit)e E(0St<1). pr i
D(pllq) # E ETH/MET S p Zo7/2DT, f/(0) 20 &85, DRI

r

S PiPL\ N e
0700 = Xt - pidtog ™S = 3 prtog (2] = 3 priog
i=1 !

i=1 ‘ i Pi i=1

- Di - Di . * p;k * *
= n log = = > b log = - > log - = D(pllq) = D(pllp") — D(p"llq).
i=1 b=l i =1 g

INTRUEZDAFERDRI N [

6 fI£%: Cramér O EIE

SCEE TR BB R RS 95D DX WD TEGE S EEIIZ BE 2 5 ANFIEE L
TARL W, HEZARE 15O formulation & DXt % HHEIZ 85 £ D 78 A X A1 )V T Cramér
DEBDEFHDOHME % AT THS.

6.1 Cramér DEEDRTE & Fik
H X VAME % FFDMEREHTHD L U, TOVE%E

LELH DE— AV MBS
Z(B) = Ble™"1].
FIEDIEZ R OX[E L THROMEZ KD LRET D, U(B) Z2IROEDIZEDD:

E[He PH] 0
UpB)= ———=—=—1log Z(B).
(8) Z(9) 95 (8)

SRR OARIE T, EH, HEREHR H OE—AY MEEEE M(t) = BEletf] LEHETDH, 22Tl
Mt hF e DR E ARG T220I0t = -3 LB, Mt HFACB T2 00 B E R UGS Z2(8) #E—
AV S EERBUZENY R 7=
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Hy, Hy W7 R ZSBGET H L U L7205 5 51, Z(8) AVEIRIZ A 2 BIK
2BV,

ON g8 — i ZBZ(8) — Z(p)?
(55) roe2(6) =~ 5500 s
Z'(B)2(5) — 2'(B)” = SEI(H: — Hy)e 0 +#1] 2 0

LBBDT, log Z(B) ENITHBEKEIZAZY, U(B) IXHRFARPADHBIZ 2D, B2, U(0) =
Ug=E[H) £5BY, 200X UB)SUy RY, 300X UPB) 2TV, LB
log Z(8) @ Legendre Z#1 S(u) £ ZD —1£5 D(u) ZIRD XD IZEDD:

5(u) = inf (Bu +log Z(5)),
D(u) = =S(u) = 21615(—671 —logZ(8))  (u€eR).

S(u) 13w (2B 2 — IR (FHIZ PSR DIEOE R I E D FRTER I N2
ROT, S(u) & EIZMAEREIZARS. Ou—log Z(0) =0 RDT

S(u) £0, D(u) 20 (u € R)

YBB. X512 Z(8) AERARKEIZ BT,

0
%(ﬁu +log Z(B)) = u—U(P)

BOT, UB)=u &b B=0u) PMEETIHLIE,
S(u) = fwu+log Z(B(u),  S(U(B)) = BU(B) +log Z(8)

BB, HEDEDIDEDR B = Fu) WEIZIHND LIRKETD. ZNo6DANEKY
S(u) XA/ ZALBFHEOEFTY FOE—IHIEL, D) = —S(u) 135/ ZAILDHED
Kullback-Leibler [E8E 2059 25 Z &b 5. Kz

LR2ZNDT, S(u) & uw=U(0) = EH|] TRARE0IZ4Y, D(u) IXFAMNTHRIME 0 12
%%, Su) (B ULIE D) & u = U(0) = E[H] THEFRAD (B U < IZHEFR) U,
uw S U(0) = E[H) THEM (£ U < ZHHFHRED) §5.
U(B) IXHFHEADHREADT, u SU(0) = E[H & X Bu) 20 &Y, u=U0) =
EH) D % Bu) S0 L85, WXL TN S:
Sw:?mﬁm+Mﬂm ( ”

infs<o(Bu +1log Z(B)) (

D(u) IZDWTEFBRDOERRVPEFET D, u 25 H OFHEME U(0) = E[H] A EE LD
BTLERE U I TRZESHEM § O ZLIICHIBTES.

EI 6.1 (Cramér OFEIR). LA EDOBEDE & T, Hy, Hy, ... \FIUSTE A SR
THY, HERUDMZUEND EIRETD. ZOE EIARVELL TND:

U
U

TAVARIVAN

u
u
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(1) F 7R OFSBHEERBIE

1 1
li —log P | — Hye F) = S(u) = — inf D(u).
imsup — log (n Z k > < sup S(u) inf D(u)

n—oo T 1 uel uel

(2) G 7R ORFEATESZ LI

n—oo M M=te. ueG

1 1
lim inf — log P (— E Hy € G) 2 sup S(u) = — inf D(u).
n
k=1

(3) AR OHBESTHY, A DB G DA F 2 A 2ER, sup,eqS(u) =
sup,ep S(u) PEILL TWD 251X

1 1 O
lim —logP | —» H,e€A|= S(u) = — inf D(u).
g, 7 log (Z & ) sup S() = = juf, D(

ZDEDIT, BANYY) (Hy+---+ H,)/n WEE A IZEENDMHEERD n — oo TOMHEZE
I ) =NV AHEOHENTY hEBE =TI d o8 S(u) (B ULSIERD ) =753 HED
Kullback-Leibler [EH & ICM T 28 D(u)) D A IZEHIFS ER (£ UIETR) Tililk X

na. [

6.2 Cramér OEEDILHA
78 6.2 (Cramér DEEDAFBEMERD). 26 6.1 HIDBKEDD & TRV L TV D.

(1) u 2 H OFHIE U(0) = E[H] B EE B FOBEICBNT, ThEh
1 1 &
EIOgP<ﬁ;H1€§U> =S (wzU(0) = E[H]),

Liogp (% Hy < ) <S(w)  (u<U(0) = E[H).

COFEREMHT L XIT, 0= U0) = E[H] T S(u) IFHFABAL, uw S U0) =
E[H] T S(u) XHFAMNT 2 Z L ICHERYE .

(2) FEFED 6> 0123 LT

] RN
lim inf — log P (ﬁsz € (u—5,u+5)) = S(u).

n—oo n
k=1

(1) D L B OFHMIZIF I 2 T 1 77 ICEBITHI I NS, (2) O F 5O
) RN B KB SRR % 5 THH I 5. 0
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SEBE. (1) D BRSO L &>, 9, S U(0) = E[H] $IRETS. Hi + -+
H,<nuD&ZF1TMDEE 0IZBRDIEBE 1y rim,<nn CELE, Z20DEE

( ZHk— ) 1H1+ +Hn<nu]

[1H1+ +H,<nu€
[ B(H1++ +Hn—nu)j|

E 5(H1+~~-+Hn—nu)j|
E

A A

— enﬁuz<5)n — n(Butlog Z(B))

DRI u < U0) = B[H], 320 D& X

logP< ZHk ) < Bu+log Z(B).

UZD>TH 61 ED (#) &V

Liog P ( > < ) < inf (Bu -+ log Z(3)) = S(u).

k=1

I, u=2U0) = E[H| &IRELT, LEFRKOHEMRZITED. Hi+- -+ H, Znu D&
X1 THOLE 0 IZRDEEE Ly, oyg,on EELSEL, BS0DEE

( ZHk = ) 1H1+ +Hp >nu]

[1H1+ +Hp>nu€
[ B(H1+-- +Hn—nu)}

E 5(H1+~~~+Hn—nu)}
FE

IVANIVAN

_ g (B)r = n(Butlos Z(5)

%logP (%ZHJC 2 U) < Bu +log Z(B).

U THEGLHID (#) &V
1 1 .
ElogP (ﬁ E Hy 2 u) < érg(ﬂujtlogZ(B)) = S(u).

AT (1) D LS OFHiANFER X 47z

(2) D RO DOFEMiZFERAL & 5. (2) 1& “I ) = VA ICET 2 KO TIER 25
b, WREH H OWESGIEZ R EOMEREE 1 BWEDDHERIHEIZLZ0>T
Wb L9 5. MERHIE us %
e 7" pu(dx)

pp(dz) = Z(8)
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LED, ZOMRHEDTOLIMRNMGEN ) ZAINDRMENERILIZTD. ) =)
DT D HRME L HERE TNT N By ], Po( ) L EL. HEREH H OH ) =745

N AR R I S 8 S—
ElHe™
“zm TV

2B MTFClRu=U(B),6>0 LT3 20X X Su) DEHLY,

S(u) = Pu+log Z(B).
SUTDERED e >0 25, 7/ ZHNVAAMIZET D KBOGFHEN XY

. RS
T}LrgoPﬁ (EZH’CE (u—s,u—i—a)) =1

k=1

Eg[H] =

TUT, 1) =R A TOMER & BEFID A TOMEDDH NI TOBEREH 5

1 - E 1 nu—ne,nNuU+ne
Py (;Zer (u—s,u+e)> ittt 0 :
k=1

Z(ﬁ)7nE[1H1+'--+Hn6(nu—n6,nu+n6)

1 n
— o~ (Butlog Z(B)=1B15) p [ — H. e (u—e¢ c
e (n E k€ (u U+ €)

k=1

e B(H - Ha)]

A

efn6u+n|/3\e]

1 n
< o Butlog Z(B)=1610) p [ — H.€(u—24 N1
<e (n E k€ (u—0,u+9)

k=1

DEDfEREGDOED &

1 n
P (ﬁ ZHk €(u—9d,u+ 5)) > en(Butlos ZB)=1B1E) (1 4 o(1)) (n — 00).
k=1

WD ZAZTHLDRELD 1/n 5D n — co TOMEZD Z &IZ&>TIR%EE5:

liminfllogP (%ZH’“ € (u— (5,u+5)) 2 Pu+log Z(B) — |Ble = S(u) — |Ble.

n—oo M 1

>0 FWNWSHTENILSTELDT,

ol 1«
lim inf — log P (ﬁZHk € (u—5,u—|—(5)) = S(u).

n—soo Mn
k=1
INT (2 bRINT 0
EIE 6.1 DFEAR. (1) D ENSDOFHi%2FEHL &S5, F X R OFHEAHEATHD L L,
Fy={ueFluzU(0)=E[H]}, F. ={ueF|[usU(0)=E[H]}

LB INHE R OHHRESRDT, F. ORKEu_ & F, OF/IME u, HBEE
5. S(u) X uz2U(0)=E[H] CHHFHEAL, « SU(0) = E[H] CTHHFEMTLDT

sup S(u) = S(uy), sup S(u) = S(u-), supS(u)=max{S(us),S(u_)}.

uekFy uelk_ uelF
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WRIZHIEG.2 (1) &V,

1 1 & 1 1 &
EIOgP<EZH’f€F+) §510gP<EZHk§U+> < S(uy),

k=1 k=1
Liogp liﬂkeﬁ < Ligp linSu < S(u)
n n i ~n n & = = ’

P (l Z Hy € F) < enSlut) 4 onSlu-) < gensupuer S(u)
- < =
k=1

U7 oT

1 1 <
limsup—logP(— E Hk€F> < sup S(u).
n
k=1

n—oo T ueFl

INT (1) BRI N
(2) DTFPODOFHHEIZFHL LS. G IR O EAETHD LIRETD. FREIZe >0
zloE, HDHueG T
S(v) 2 sup S(u) —e

ueG
27T EONFET D, G IZFRAESRDT, 5 >0 T (v—6,v+6) C G %
ETEDERND. ZOLE MiEH62 (2) &Y

1 1 & 1 1 &
lim inf — log P (E;Hk € G) 2 lim inf —log P <ﬁ ;Hk € (v—10dv+ 5))

= S(v) 2 SlelgS(u) — €.

L7zR->T
o1 1 ¢
lim inf — log P (ﬁ E H,, EG) = sup S(u).

n—oo N 1 weG

INT (2B RINE.
BBIZ(B)ZRTH. AXR OWMA/EEATHDLL, ADEE G LEX, G OHE
P LES ACF EIRETD. TOLEGCACF BOT

1 1< 1 1<
sup S(u) < liminf — log P (ﬁZH’“ € G> < liminf — log P <EZH’“ EA)
k=1

ueG n—oo 1 1 n—oo 1,

1 1< 1 1<
< lim sup — log P (ﬁZH’“ EA) < limsup — log P (EX:H;g EF) < sup S(u),

n—oo N 1 n—oo TN 1 uelF

sup S(u) < sup S(u) = sup S(u).
ucG u€A ueF

»

W AT sup,eq S(u) = sup,cp S(u) 251X

1 1
lim —logP | — Hy,eA| = S(u).
Jim 2 log (nZ e € ) sup S(u)

k=1

INTRIREZENITARTORINSE. [
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6.3 A/ ZAHAILDHOMNIY NOE—EDRER
q=(q,...,q) IXERES {1,...,r} LOWRK/HTHD LT 5:

%20, @+ +g=1

MeRZSH H $ Db ERES {1, .., r) LOBK Hi) = E cR 2%25%. Z0OL %

r

Z(8) = BleM] =) ey,

i=1

710 =FIVIrAE p(B) = (pi(B), .- -, pr(B)) &

pi(B) = ezi];)q i
EEHEIN,
U(8) = EBylH] = ;Emz(ﬁ) A Fie?Pq,
W2z
SW(B) = BU(B) + log 2(8) = ~(~BU(S) — log Z(5))
f; logZ(B))Z—ilpi(ﬁ)longg) Bl

THRDOH log Z(B) D Legendre f%fﬁ%i‘?’bﬂ S(u) IZu=U(B) ZRAUFERIZH
JZANVAAOHEFN T bR —=IZ—HT 3.

6.4 HY<RHDIHEDH
ERE H W a >0, AT7—IV1>0DHYIDHIZIULEND LiX
1 oo
o —z/7,.a—1
ﬂmm_ﬁaﬁéj@y 2V di

MENLTDIETHD. ZDEE > —1/7 561K

1 *° 1
7 — F —BH — / —(14+78)x/T afld —
(8) L ()T Jo ‘ v v (14 76)

_ (1 + T@)a /00 T (1 + T@)a F(Oz + I)Ta—i-l _ T > 0.
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—nalogn + n(a — aloga) + o(n) 2D T, ZAUXIRD

1 e mat
lim — log e " dr
n—oo N A
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a/T<x<b/T
alogA—A (a<A).
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6.5 Sanov DEEMNLERI N/ Cramér DEEBDEFHIZGETHD I &

BB TIERW.
HERR X 77 Cramér DEBLIZ DWW T ARMEEIZHIL &5
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BRBBLIE PUP) =0 LBBIL

% (U(B) D Legendre Z#4):
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S(p) = (B(p),p) + V(B(p)).
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1
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LRB e RERELN. ZOHAITE
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Lk DI
0 0 e Pig
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6.6 V(3)=logd> | e Piq DLegendre B#IIMHEF T hOE—
ABIREAS {1,2,...,r} LOWESMREOESEE PCR £EL:
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e=(1,...,1)eR" &BL. ZDL X

Z(B+Xe)=eZ(B), U(B+A)=U(B) =N plB+Ae)=pB).
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B=78(p) EEDEIITp=ePi7rqg DEDITHID &
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INOXG

r
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ZDE DT U(B) D Legendre ZHUIMIT T Y b Y — S(p|lg) IT—3HT 5. S(p) & LI
ML EANEEE Qg
HZ S(p) D Legendre 2= #

F(B) = sup(—(B,p) + S(p))
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P U(B) 1o BT B2 L B EHEOFEI &> THALTE S (T ki wEs o\
THBIZZS82). B g(p) %

g(p) = —(B,p) + S(p)

EEDD. g(p) 1& p IZEALTRIZ ﬂl%\ B THD. g(p) D P ETORKEREEE Z 7=
. Lagrange @%Eﬁ*ﬂ({féﬁj 72D p & NDEE L %
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INED, S pi=1 WA EHEDE LT g(p) BEKAICRDDIE
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BLEDFBIZRD LS It DHEND.
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INHIFHWIMFD Legendre ZH#IZZ > TV, 4805
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BER peP
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2016 427 H 21 H: #Et HZOBRIZBIZE D0 ) Z WV DAOEHEOFIHEZ ) ET
72D 7.3 HieEN /2
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IREIZE SR 5 Z 212X > T, Cramér DEFIZEET 25 6 i & IFIXA Uidinz i) K
Z5.

Hy lF3NT A= — \ Z2ROMRLHTHD L U, Hy OMERDAMIE R _EORERHAE 1,
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U(B,\) =log Z(B,\) Ix A = 00 T
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0 (U~ (H)a)") = (s — ()7 = 2222120
o\ "
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s(u) = Bu +1(B)
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TW3 2L, Hyy/V DRIE ug(n) IZEHT L. ULABoT U B Ug(N,V) 5 (B
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il & IHICID/ - OB/ LEAMOFERE KL TAL). T2V F—%
 u LAEEEE n 2RO LD IZEDD:
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DADOEHIZELU V. TOHEMIZBIT D [TRIEROR] 1FERE 0 O n— 1 IRouEKHEH LD —
RO (BT AN F——E L WD ZMETEHRIND ERoeERE O o) THY, TE
HI 282 %]1 1XTDODED L IRTCERDEEIANDHETH Y, TR 13D OHEET
Hd. FLUTRIEDRDY A X% KIS T MR n — oo DMERIZHIET D, ZDFRRE
=AU R HET 2.

7.3 HEHNZOBMECSFB N ZHLAEOEE (2)

HIE DR 2 2 Y ET.

IR, H, Hy, H', H** R EF TN THERZRTHD LT 5.

A (thermal reservoir, heat bath) IZE:U TWAEH T R2EF R 5. BunDRFE % &K
DINTGA=L—=% V LE RFHEN BFEABLTESZLIZTS.

FEHTLROIANF—% H LEE, BAOI XN F—% Hi L ES L, HEHT LR
CBBREGDEAEEERORDOI XN T —IX H = H+ HI® L RDOIND LRETD.

BB HH TR EZEDEAZ2EDRITE VT,

P(H=F;and H <U)= P(H = E;)) P(H* £ U — E;) (1)

DAL L T2 EIRET 5.
Bun & MBRICIEH T2 RIIMER ¢ TREIZ2D R DZXIVF—IL E THD
95, HIIHER g, T B, IR 2MERERTH 5.

P(H = E) = q. 2)

LEEOFM (FHERDOFEM) 2 K€ LU GE I TN TORE | WEMRTEIHIND
EFEZBH, b= YERN ARG T IRE U2 K ROV D THEEEDF I 2 ]UE L 7AWV
(AT D& AR & 5 (2 Boltzmann [N ¥ DEHIZEEHRODFEHIIEIFR L &)

BIRIE V — oo TIROWHEFF 21/~ L T\ d LIRET -

U
S*(U, V) :==log P(Hy® S U) =Vs™(u) + o(V), U=
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Ses(U V) #BIROTY hO¥—2 P, u=U/V & TRIVXF—5E L IE, 575 (u) % E
BOTY hOE—EELIER (C FEARE). o(V) DESD u IZ & 2EEEGES o(V) T
HBDEMETD. ZOLEX U=Vu &V 9/0U = (1/V)0/0u RDT, FHMEDEIEL Y |
BEIZLIZHD0TO<O0<]1 22T EDIFLELT,

log P(HI® < U — E) = §*(U = E,V) = S™(U, V') — EaaSU (U — 0B, V)

= (U, V) — pLl? <v5fes (u - 0—E> + o(V))

V ou V
50, V)~ EL () 1 (1)
= ) 5y (W toll).
TROLL, BROWERE B(u) &
6SI‘QS
s = 27 )

LEDD L,
P(H!® SU - E) = P(H* S U) e PWE+D) (7 - o0).
DL EDRGE L &%, (1),(2) 2fH>TELdd L,
P(H = E; and HY* S U) = P(HI® £ U) ge PWEitel),
IHI
PH SU)=> P(H=E;and HY' SU) = P(H{" S U) Y ge PWFto),
UZdto T, it SR %

P(H=E; and H¥* < U)
P(H* < 1)

P(H=E; |H*<U) =

LFELL,
qie_ﬁ(u)Ei"_o(l) _ qze_ﬁ(u)Ez

Z] qje_/B(u)Ej+o(1) Z] qje_ﬁ(u)Ej
TRDLL, BIKOZANF—N U UFTHD2LWHEXMEDE LT, EHTDIRDI RV
F—MN E, Th DM EHEROEBIRDORTERER K TOMRIZIRD & D125 5:

. PH—E B <U qiefﬁ(U)Ei

VE};O ( — L | = ) - Zj qje—ﬁ(u)Ej :
ZOESITUTELNGEHT S RICHET 2 MR % BRI f(u) DA = AL L
I3, BURDEHERE N 5158 5 N D KT e PWE: % Boltzmann &F & FE3N.

Bl7.2. Hy, Hy, ... [ 3MSIR DA BHELRLBCRYLFMZ2H2TEDOTHDHEL, V =
n=1,23,... 8% H*=H +Hy+---+H, H=H,, H}* = Hy+---+ H, £5<
&, Sanov DEHE U <1 Cramér DEHIZE > T, PAEDEmDOHRELZT/Z LTS, Z
DIE DBGRIIINL [ 3 A 7B AT OV KU Z LRI NS,

DT DOFEFRIFISLFE A ORIT OV IR U L ABE D &S BRFERBATHRITE,
BB DRTEIEIR K TOWHREE N T 2 — R ETHED 5 Boltzmann K+ e #WE CEl
WWINDF ) =TIV AAREREAIEOND 2L E2RLUT NS, []

P(H=FE; |H»<U) = (V — ).
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8 fitk: thOFBEEOIY hOEE—IZDWT

8.1 HHI R F¥—* Massieu K & DR

AR8L(E— XV MNEEHEEF1LT Y NEEE). MERSM ¢ O & THREH X -
i X, DE—RAY M:I&Mx()ci

.
= E eXig,
i=1

CEBEIND. CNE X =FE, t=—-8 DL IHEHK

B) = Z e PFig;
i—1

TR, HRROBRZBIZETH DT — AV B (R 1R e
AEMIZEUEDZ BTV, HERHBOARIEIZINIEET— AV MEFEREDO L

Kx(t) = log Mx(t)

FHERZ X DF 25T v MEEEKEL (cumulant generating function) & IFFIEN TV, H
HIZANF—DFEH

Fw>=—%bgzw>

IAREMIZF AT Y MEERHEDOERIZ L TWS, LV IEMIITYRE 8 TEHLFTD
F(B) =log Z(B) (& V) IEHEIZIZA T D Boltzmann &££5%)

DFMF LTy MEEEOBEEONIGYIZRS. 2660 F(B) I& Massieu B &
ENTW5. []

8.2 MWRényiTv hOE—

FE8.2(AN Rényi T bOE—). 2 DDMERDM p=(p1,...,pr), ¢= (q1,...,q) I
XU, 8% Rényi T bAOE— Ss(p|lg) A1

logZ(pl) 4= —
CEBEIND. IND B-115% 3 THWHTDE

0 S pla " log(pi/a)
a5 (8 = D3 (llg) = - IEZ P

BOT, X512 =12F2L,

B8 1-p
Ss(pllg) = - logzpz q;

0

95, (B =1)Ss(pllg)) sz IOg— = S(pllq)
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NI hOE=DHTRS. DRI
S1(pllg) = lim Ss(pllg) = S(plla).

FES Rényl T hAE—IZHNTY hBE—DT VRS = A =4 —BRIZB>TVD5 2 #E
ZAbNE. ¢ =1DEBED Rényi T h O —DEH % K> TOAIZHN Rényi T b1
F—DEHRITHTEARGIZENMIK LB bhd.

FERF Rényi T b 0¥ —DE #1340 B Bk

r

B r
Z Di _BE: Di
! i=1 ¢

i=1

AT HHT RNV F— F(8:p,q) & Massieu BiE F(3;p,q) DE

F(B;p,q) = =B~ log Z(B;p.q),
F(B;p,q) =log Z(8;p,q) (Boltzmann %€ U 13 1)

EAREBHIZEUTHS:
(B —=1)Ss(pllg) = BF(B;p,q) = —=F(B;p,q) = —log Z(B;p, q)-

Rényi divergence (FHXf Rényi T> v —0D —1 £%) DFEAMEED E L OM [10] IZHD.
(8= 1)Ss(plla) = —log Z(B;p, q) 1% B DEEBE LT LIZNTHSD:

9 ’ . _ Zzy 1(E E) (E+E)qlq] <

(FFFHE p=q (i=1,...,r) L[EMHE).

TUT, (B-1)Ss(pllg) = —log Z(B; p,q) D B =1 TDMEN* —log Z(1;p,q) = —log 1 =0
ThdIZ e, (B—1)Sspllg) = —log Z(B;p,q) ® B =1 TCOWRBPHNTY hOE—
S(pllq) Ci%bb\c‘:b\ﬁj:@?f%ﬁ%%i )

(B—=1)Ss(pllg) = (B—1)S(pllqg).

EEFENDERORTH S 0

8.3 ¥ TsallisT> hOE—

FE8.3(MHN Tsallis T hAE—). XD p= (p1,...,0),¢ = (1, .,q) ZXHL
T, Z(B;p,q) ZIRDELDIZEDD:

s s

N r .
ZWWWZXE%MZEX%>%=XM%ﬁ, E:A%%

i=1 i=1 ¢ i=1 v
B E Z2O0DMENE p & g D& i TEDEVERDLTWS. K ZHIVAOH
p(B) = (p1(B), ..., pr(B)) %

_ . 1
e Plig plg"

Z(Bip.q)  Z(Bip,q)

pi(B) =



8.3. HMX Tsallis =¥ bt — o7

LEDD L, WIRE B 1F ¢ =pi(0) & pi=pi(1) ZHMTE/NTA—=Z =T8> TN3S.
ZD& X MM Rényi TV bR E— S(pllq) 1&

log Z 1 .
Sp(pla) = <270 RO

YEDIN, HETY hOE— Spllg) &

0 0
S(p||61)=—% 10gZ(/3;p,q)=—% Z(B;p;q) szlog—
B=1 B=1

ERDOIND. 2DOHDHFEST Z(1;p,q) =1 2o/,
ROEEZ ¢ (BT D ¢ ZNMERE LTSN

f(x) = flqz)
(I—q)z

q— 17T q7#5 Dy of(x) 1353 0f (x)/0x IZIRT B,

EOMFTY N —DAD log Z(8;p,q) Tld&< Z(B;p,q) ZHWERRIZETS
BIZEHT 2% g ZNTEIMHZDZLI2L->T?, ¥ Tsallis T hOE—DRD
EOIWEHRIND? (¢ Z7D q ZIROXTIE a &EL):

Z2(ip,q) = Z(espya) _ 1= pia "

T, =—Dgsals Z(Bip,q) = — =
(pllg) B, ’5,1 (Bip,q) 1—a 1—a

Dy o f(x) =

a— 1T a AP0 T 20T, #Hx Tsallis T b ¥—3tEx Ty b
— KT D, 2D & iE

Z (pi/qi)l_ e/ 6) qi, lim T2 % = xlogw.
—«

To(pllg) = —
(plla) a1l 1 — Oala=1

=1
EFEIZBHENPOSNS. M Tsallis T hOE—I3HETY hOE—DERIZH T
% zloge & (x—2%)/(1—a) CEIMAZEDELEZAS. N Tsallis = hOo¥—%
X Rényi T hOE—TIRD L HIZRDT L ETED:

Z(Bip,q) =1 _ exp((1— B)Ss(pllg)) -
1-5 1-5
WA Rényl T b B E—ZH% Tsallis T hBE—IZ& 2T
_log Z(B;p,q) _ log(1+ (1 —B)T5(pll9))

Ss(pllg) = 5 -
EROTIEETES. A Tsallis T O E—2 % Rényi T A E—DE WL 2 —1
Elogz=log(l+ (x—1)) DENTHEELEADILETED.

EDESI1Z, My b ¥ —, Mx Rényi T b ¥ —, #xf Tsallis T h O E—
XENE SHLRE Z(B;p,q) MODIREYTH D . (]

2EHF1F 2016 4 6 H 22 HOBEBETZOMBARMEE £ 72 <HETE TV,

22%% (Fx) Tsallis T O E—DEHZRDO LA L £ o772 <EEL THARWV. (M)Rényi = b1

—IAREMNZ DB DN E (HHT 3L ¥ —, Massieu BHE) RO TED LI BREDEEZEZD Z L DR
‘fi’ier:E'f’C 50, (FHA)Tsallis T b E— DT & < DDA,

Ts(pllg) =
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SEE (185 Tsallis T bOE— &R Rényi T bOE—ORMR). X Tsallis = b
B — Ty(p|lg) LA Rényi TV hEE— Sy(pllg) 1HEB B

Zs(pllq) = prqi ’

B (pllg) (rllg)

Zs(pllq) — 1 _log Zs(pllq

T’ Ss(pllg) = 5-1

2:%730*2@6 B>1 (LK B<1)DHEHIFESLLE Zs(p|lg) DHEFFA L (B U
< I FBMELK) 5D T, %Mbéwﬁmﬁé YiE Zs(pllg) & BME (B U< 13K

) T2 LAMICRS. X5

Ts(pllq) = —

|
csale) = (14 (3 =DV, Gy =T
MWHEHZHFOF IR Z & &Y,
Zs(pllg)"" ™V = e 1 (—=Ts(pllg)) = exp(—Ss(pllq)).

Z DR THN Tsallis T B E— MM Rényi T hBE—DEWNEH £ 5 & egq(2)
& exp(z) DENMIBZES>TWDS. Eb5A, ZORERIEMINDS

Ts(plla) = —Ca-1 (Zs(ll)VP"V) . Sa(pllg) = —log (Zs(pllg)/"~V)
L ENT BT EEIARDTH S M 0

FRB84A(BEM). e 20, _ =Y, ,=¢=1ThdE0L,3>0ThdLKE
T5. MY hoE— M Rényi =¥ b E—, X Tsallis TV b E¥—ikznth

S(plle) = sz log—

Ss(pllg) = 1ogzp% g
Z: 1pfqzl B -1
Ts(pllq) = 51
LREINEDTH o Ly (0)
|
lg-1(z) = 5-1

EREDD &, FHM Tsallis =¥ b E—{X

Di
p||q szgﬂ 1 (_)

Z

YEDING. SOllg), Sslla), Tspllg) BTRT 0 UFTHB I LERTD.
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NIy hOE— f(z)=xlogr B L, fl(z) =logz+ 1, f"(x) =1/ &V f(z) &
TICMBEETHY, f(1) =0, ff(1)=1 &Y, flx)Z2ax—-1,%K%5. PRI

S(pllg) = Zf(pz) Z(——l) g; = 0.

Mt Tsallis T bAOE—  g(z) = 2lg_y(x) EBLE, ¢(x) =
B2 L B>1 &Y, gla) IEFITHRKEETHY, g(1) =0, ¢(1
BB, WRIT

II/\

Ty (pllg) = Zg(“) -<—i(&j—1)qi= | 81)

i—1 \4i

X Rényi TV hOE— B>1 WS REIY, Ss(pllg) £ 0 2R 2D

2: 8 1-8 (&)BA>
D5 4 Z g 21

4;

%/?Jd‘liib‘ h(z) =2 LB &, b (x) =Bz, W' (z) =
h(z) & NITHRRETHYD, (1) =1, (1) =6 &Y h(z) 2

;(yqi) qi_lzr;(uﬁ(;—l))qi:l

INTRIRIZEVITRTRERINSZ. BLEDOERIZE T Jensen DAER 2 f 2 1X
FADADUZITEETES. B

BB—-1zP2 & B>1 &Y,
1+8(x—1) %25, YRIZ

8.4 MEM (REM)ICOWVWT

FEER8S5(MWEMICOWT). v =12 ITNTEIERES R, = {1,2,...,r,} LOWMERSH
P = (Dot Do)y Pv = (Puts -+ s Do) W UT, MY bR E— &M Rényi =
cOE—Iixk

Ty

puz
Swulla) == pslos?

Qv
=1 )

log Zs(pv||qv
Ss(pulla) = 2L 7)1 - prq
L%, EREAS Rix Ry ={(i,j) | i € R, j € Ry} LOWERDAED (i,5) — pripay,
OV — A Rényi TV OV —DEHREHEIFTT LMD LS IR S:

S(p1, p2llar, @2) = Zpl znglogp“ph

i q1,i92,5

IOgZ,B(p1,p2||Q1,C]2)
1-p

; Zs(p1, p2llar, g2) = Z(p1,ip2,j)B(CI1,iQQ,j)l_B

i3

SB(P17P2||Q17C]2) =



60 8. Ik fBoofEEOTY hO ¥ —IZ22oWT
ZDE ZROMEMEDFEANL L TV 5!

S(p1,p2lla1, a2) = S(p1llg2) + S(p2llg2), Sa(p1, p2llq1, a2) = Sp(p1llg2) + Sp(p2]lge).

BRI
Zs(p1spallar, @2) = Zs(prllar) Zp(pellaz)

CFAMETHS. AEIHIZLAT D@ Y -

p 7.
S(p1, pollar, ¢2) = Zpl iD2,j Zpl,z’plj 1ng
ij J
7 p 7‘
= - Zpu log 72 Zm,j log 222 = S(pulr) + S(palae),
i a1, . q2,;
0 = S0 o)~ = Sl 1

—Zplzqif Zpgquj Z/s (p1lla1) Zs(pallao).

X Tsallis =Y hO ¥ —

Zs(p1,p2llq1, q2) — 1
1-p

Zg(pullg) — 1
1-5
EHEME % 2 U TR,

Ts(polla) = Ts(p1, p2llqr, 2) =

Ts(p1, p2llar, @2) = Ta(prllar) + Ta(p2llaz) + (1 = B)Ts(p1llqr) Ts(p2llge)
72U C\WA. GERHIXIRODE Y

Tﬁ(p1,p2||Q1, Q2) - Tﬂ(p1||Q1] - Tﬂ(pQHQQ)
_ Zpnllar) Zs(pallae) — 1 = (Zs(pallar) — 1) — (Zs(pallg2) — 1)

1-p
_ Zs(pillar) Zs(pallaz) — Zs(prllar) — Zs(pallge) + 1
1-p
_ (Zs(pillar) = 1)(Zs(pallg2) — 1)

1—-p
= (1= 5)Ts(pllgr) Ts(p2llg2).

N ¢ () =(01—-4q")/(1—q) A3 IS R/NEY
(T +y)g= () + () + (¢ — 1) (2)g (¥)q

WZEIT WS, Tsallis T b E—23 (TR U 72 8UFIMEE IZBE T S idimd L OCERICD
W [7] 22RE L. TITIE n— co DMREZEH)IZ Tsallis TV hBEY =2 bhd %
THRE OB D Db NT NS, []

2345t Tsallis TV POE—DEHFT ¢, =1 £ D& Tsallis TV A —DEBENELND.



8.5. MHXI Tsallis T b 1 ¥ — 2 linr 25812 & L% HD AR DR (1) 61

8.5 #Hx Tsallis TV bOE—%Z#NAEERICESOZIES DL (1)

Suyari [7] I&Z B D H B ILERD n — oo DWHEZEF) A Tsallis T T E—Tild X
NdZ 2Rl ARNTIRTOMR2ZZIHDH LM Tsallis T2 hBY =D& Ik
iR 52 LR TIEMIND 2 & 2 [0 TIC KRR R 21745

UTFTIENRTA—=Z— h T A= — 3 OHVZIZIE

h=B-1, h+1=8

VS BIRAD 2 LARET B, 8T A—R— h = f— 117 & BB e (x) LA
BERE IR (4(x) %

xh—1
h

CEDD. TNHIFHWHFOHKEIZZ>TEY, h — 0 (8 — 1) TEFE DR
B RBEEBUCINR T 5. ZORBERZMES &, S 3HiTEHA L /ZMN Tsallis = k1O
Y'— Ts(pllg) ZIRD XD IZRKDE D!

Ts(pllg) = Zpl 0 (p2>

en(z) = (14 ha )", Up(z) =

A AT e

T r h r
—Zpifh (q_> =3 (P (q) —pz') = Tho1 Z(pqu i)
i=1 v i= v i

=1
DY et TR D DY ¥
51 = 51 Ts(pllq).
ZNDENEEENCHDOND £ D BRLES A DR Z ST ZENU FOHETH 5.
BEDOZENGEIIB T D HERIL

n! )
klqul qT

ThHY, ZNONBUIIRD LS IZERDOING:

log a(n; k) = Zlogl/—ZZIOg(yz>

i=1 v;=1

a<n7k): (k:(klaykr)7 klzoa kl_’_—'—k’l‘:n)

INZHIRU TIROEMEIZE ST lh(an(n; k) ZEHKRT D

r k;
ahnk Zﬁh Zzgh <%)

i=1 v;=1

2 EPIRHIET LR,

25 - NE AN Tsallis TV RO —DEHZ L ESTH LWV, ZOBAROEHTIE, HIK Tsallis ©> ko
E— Ty(pll) AT RO — S(pllg) = — Y1, pylog(pi/ai) D/SF A—%— h= f—1 12 X BHARI
BTS2 LD B,



62 8. bk fhoFEMHEOTY O —I2DWT

ZOXE LD b (z) = 2" /h— 1/h DHD —1/h OHEHEF ¥ VRV LUTHAZDT,

n r k;
v; 1 e
Ch(an(n; k)) <ZV —Zlyzl( ) >:E<;l/h—2qih’/zﬂ%~h>.

h>0(8>1) EIKEL, n — oo T k;i/n \FIEIE—E k; = np; + O(1) = n(p; + O(1/n))
EVDEMEIRETD. n— o0 DEE U(ap(n k) DEDXDITIRSGFED MR 720,
h>0IRELZDT,

Z h— ;:+ -+ 0(n") = ”Tf +OMm* Y (n— ).
X510 by =np; +0(1) EAREL7ZDT,
>t = L 00t = T+ 00
W Z Iz
(s ) = " EEES BT 00ty - il £ 0@ (0 o0)

INMWEBE LTWERRTH D2, Z 0k RISLIEHD A DML E)
|
log a(n; k) = log (ﬁq{“ E fd”) = nS(pllg) + O(logn)

DILEEIZ R > T\ 5.

8.6 MEX Tsallis T bOE—%ZENAEENIC ST LIRS M DL (2)

Suyari-Scarfone [3] (255 8.6 ffi & I1XHA 2 LN DILEDHE S WNFENTH > /2DTLL
TTHRNTDHILIZTS. BROHD ay(n; k) ADELSZH SHES. ST [3] D g &2
S6HIDh=B-11Fh=1-q¢h+1=8=2—qIZ&>THIGLTV5.

BRI ep(2) & T DU ZE (,(x) %2

n 1 ah—1 1
en(z) = (1+hx)'" >0 z>=7 ) Up(z) = > (x >0)

EREDHD L FN Tsallis TV b —I%
I R | : ;
Ts(pllq) = Zﬁz_ﬂflqz E( th“ )z—Zm&(?)
i=1 ¢

EELELIDTHo/z.

267 OFER (B U <IXZTOILR) % 6 2 IZMR Tsallis T2 b0 E—DEIZB 9 % Sanov DEHLOHLE %
AT EZ72255. LU, 2016 4E 6 A 23 HORE M THEZII/INT A—F— h=3—1 12X 2 ZEN DL
iR an(n; k) PAHTHR D BRI % BT ETHR,



8.6. AHXf Tsallis T b B Y —2 il 28812 & &% I3 DHLEE (2) 63

LI E T D ERIT

!
a@%»=kffkﬁ«~¢r (k= (ky,.... k), k20, b+ +k =n)

ThHY, ZNONBUIIRD LS IZERKDOING:

k;
loga(n; k) = Zlogy—Z(Zlogyi—l—kilogqf).

i=1 vi=1

ZOFITIERINZIFELUT fy(an(ni k) ZIRO KD ITEHRT 27"

ah n; k‘ th Z <Z gh I/, h+1 ( fl)) .

1=1 v;

RO XD ICEXBEIND:

Cnlan(n; k)) (2)/—§i<§: h+1 —10).

1=

h>0(8>1) EIREL, n — oo T ki/n IXEIFE—E k; = np; + O(1) = n(p; + O(1/n))
EVDEBEINETSD. n— oo DEZE l(an(n; k) MED XD ITHRDEED N2 72\,
h>0 &K@l 7znT,

+1

Zh ;H om") =" +0m)  (n— ).

X5 by =np; +0(1) EAKEL DT,

npz h+l n,é’

k;
Z T +O<n">:gpz+0< ),
k,h—&-l ; h+1 ﬁ

FLTCq"=¢ P ThHB DRIT, n— 0 BT,

B B
lr(a(n; k) ( E:%ﬁdﬁ> W“UZ%ﬂHW@+OWWW
INVWEHEBE LTWRRTHD. ZOMBRITZIES M DHEHEZEE)
ol

h%amﬂﬁ=k%<arﬁzjﬁ“'ﬂ?>ZHS@M%+0&%M

DIEERIZZZ > TV 5.

2792016 £ 7 H 6 ABRAE, ZDEHED LA 2 EL IFHM TS THARY,
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8.7 Csiszar @ f-divergence

Iz E 72 S S AXERM D B D728, Csiszér [2] IZFELWSE SN D 5 .

flx) X0 <2 < oo TRIZMZRIFAMEETHY, f(1) =0 (B/MHE) TH D EIKET
5. ARES {1,2,....r} LOWMRSHE p=(p1,....pr), ¢= (q1,...,q) TXHFLT, g &
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