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1.1 BEHES%HD ¢ ODZIELHE

=0, >0 ,¢=19%. 1EIOMIATTIRE | PR ¢ THROLNDRNEE X
3. q0=1(q,...,q) EREASTHLIFRI LIZTE. TOEORRKTE n FEFEVELEE
IR BEU B E k & ES (k ZERERTH D). TOL SRE i BWEULEEG
ki/n (CHERBRDBLEMEIILIZTD) D n — 00 TEDEIITIRDES NEFIRNLD.

I, 128 (BATHTEIW) 2 n S22 3D i OB ZEIE DA (#%
BROAE) i n — 0o TEDEDITIRDEED MEFANRDEZ L ZF > TR,

KREDEANZ E 5T n— 00 Thi/n— q £BR2MW, BTHRMAMSHEREEZZ VDT
REMD AP SN2 DDA L UTHDLDNDHERNED LS ITHET 2025
D720, B2 CIESRMAM IHEREE XD Z 12L& > T Boltzmann R+0W G656 2L %
BHT 5.

B2l IS REMN g = (q1, ..., q) ZERICEREL, BERSAG (ki/n,. .. k/n)
DWERDNGEEZ, TD n— oo TOMTFEFARDZLIZRD.

n EOMNGAATTRE @ DS k; B SNDHERIE, Y ki=n D& X

n! k :
m%l g (%)

2R D X F 012485 (ZIHSE).
P20, S p =1 LAUET B, n MOMSLATCIRE i A5 NAEE ki /n HIFIE

1.2 VTP A XEKRELL LEEZDZSIELHDENTES)

n— oo D& IRBAHNIEIE p; ITRDMEENED LS ITIRDEES MEFY 72\, £ 2
Tn—o0DEX k 72BN

k; = np; + O(log n) = np; (1 +0 (log")) (%)

n
22U TCWDEREL, LOWER (x) NEDLDITIRDFEI NEFNED. ZORED
£ & T log(ki/n) = logp; + O((logn)/n) MEEILT D Z L ITERY &3

Stirling DA E >0 ki=n &V
logn! =nlogn —n+ O(logn) = Zkl logn — Zk’ + O(logn),
i=1 i=1

log k;! = k;log k; — k; + O(log k;) = k;log k; — k; + O(logn),
log qf" = k;logq;.

INE % LOREE (+) DXMBUTRATS & b OTIEF ¥ VLTS, X 51T () BA

3Taylor J&RH log(1 4+ ) =2 — 2%/2+ 23/3 — 2% /4 +--- & V.
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THERPELEND:
n!
]og (mqlfl ce qfr) = —nz (log —_ — log QZ) + O(log n)

= —n Zpi(logpi —log g;) + O(log n)

=1

= —anZ- log% + O(logn).
i=1 '

FIRED B Z X RBEEZ O ER L RVOFHETET TR I HTED (55 1.7 ).

1.3 Kullback-Leibler [ k=& HE T hAOE—DES
B2 ORERIX
D(pllg) = pi log -

EHELERDEDIZETEINS:

n!

log @' g ) = —nD(pllg) + O(logn).
kil k!

FEIIERBRA G by /n BIEIE pr (1278 BREROSEZ R L T3 2 & IS & D(llg)

% Kullback-Leibler [§8RE (W) /v 7 - 51 75 —fFi&E) U < id Kullback-Leibler

divergence & IFE.3. Kullback-Leibler [&#fim D —1 %

S(pllg) = ~Dpllg) = — > pilog ™

FENIY MOE—SERZEIZTS. HETY haE—IEZARERIZ n RS REEOD
[BEEMI DD ¢, DL SRERDANIEIE p; EBRDHERONED n 5D 1) TH?.
XE % B D BT DA RIZIRODE Y -

(n [EDOIEILFRIT TRER 34 WNIRIE py 128D HER) = exp(—nD(p||q) + O(logn)).

LLY Dpllg) >0 25K n 25 KESTHE O(logn) DX nD(p|lq) DI L
U THHTEDREIZRDDT, ZOMRIX exp(—nD(pllq)) DEBATIFIFIE>T VD
EEZATEW.

1.4 Kullback-Leibler (§3 k2 DEAME

Kullback-Leibler 1§88 & D(p|lq) = >_i_, pilog(pi/q;) \&BE f(2) = zlogax ZHWT,
D(pllg) = Y-y f(pi/ai)as £RDOINZBDT, D(pllg) D p = (p1,--.,p,) PEEELT
OME%ZFANRD 2OIIFEHE f(z) = zloge OMWEZFRNIT IV, f/(z) = logz + 1,
() =1/x >0 BOTEE f(z) IZFIRENTH S, DRI f(x) 12T DERRDEK



L5, ZIHDAE DA DR 7

BTIPOMIZOND. RIZ fo) 2 f()+fF(D)(z—-1)=2z—1(FFOHLE 2 =1
W EfE). W 2T

D(pllg) = Zf<pl> iEZ(%—l> g =0,

=1 v

EF5ORNE p=q (i=1,...,r) LFME.

IO flz) MRICHEZBENTHDZ LD, Dpllg) & p DEEE UTFITRENTH D
ZEvbhbnd.

Z D & 512 Kullback-Leibler fEHE DX 0 LEIZZARY | F/IME 0 DAEBRT DI & L4
A op; WEEEFIDM ¢ ICFULKRDZEIFAMETHD. W RIZ, 046 p; PWEERSA ¢
WEHELULSRWEE Dpllg) >0 £B82DT, RERSAAPIFIE p; IZBRDHERIEn — 00 T
n A DWW THREERERIIZ 0 IZURT S, L7235 T, n — oo TRERDAE ki /n (ZREER 2
g (SEf <. ZHIEKREDERIDKAN. 2 ERL T3

Kullback-Leibler {&# & IIREM D TE ¢ DE & THAE p; 733‘%2%53\?52: LT ENZITHER
FHZEB U » 2RO U TS, B2 0MMNERT DMERDIIE n — oo T Kullback-
Leibler fE8RED 2D —n EFOFRBEHBD & 5 1IZHRDHES . W 212 Kullback-Leibler 1H# &
MIEADD LU TEE > TONIUE, Kullback-Leibler [EHR &Y & V) K X 72 5 D441 IEAHR Y
WIFEALEEURNE WD ZEDLMNE. WAIZ, HERMERLU THMM p; BWEU D5
N EHER%ZE 2 255020%, R U 72540 % & T Kullback-Leibler 1§ & WS /I &2 2 43
A REER I A 1 (xﬁiﬁ‘*ﬁﬁt@ RT) < 28285 (FREMERBDOER, FEMA
EHBREIR). Z DLl % &/ Kullback-Leibler [E8REDREE L IR, n RIEFIZKE A
& X, HDIRMDE & TREIZET I ND 0T U 725D £ & T Kullback-Leibler
BHREPRNDDAHIZED.

XY B ¥ —I& Kullback-Leibler [§f{& D —1 5725720 T, &5 X THAE p; B
BERIZE U 2R 2 ZEZDGEIZIEHR U LMD L THEZY boE—»2 K KIZA
B IR A DNEN K 2 8il8 b, ZOFEWMAZRARERNIY hOE—DRE LT
N MRKEIREE, HEIFMDOE & TREWNIZEBIND DMEITRLU 25408 & TH
WLy NOE—=NRKIZRD EDBHHETHD.

. DR ZDZDIZEM B DAL L TS & &M A WWFEIZHRIL L TVWD &
WETD. ZDLE, KM ADELTERMHE B WAL T DHER (M- SHER) X, &M B
MEAL T DMERE M A BHERTE S ZEDEERZIND. 2D LD ITHRMA SHERIT
WRDETERIND. ZN0, MERDEN n — o0 TEDLDITIRDEES 2R T
W, M SHERBED LD ITIRDES Wb d. EOFBMRTIEZDEZH&lio/z.

1.5 ZIHDHDIHEDEED

=2, q1=q¢ q@=1—q®D a1 VEIF] (HE UL TTHET) )DGEEEEZL. 20
i%mﬂi& HAMIEZHAMGICRS. ZDOL X pp=p,pp=1—p &5 < &, Kullback-Leibler
HIWEIFIRDO LD ITRDOINSD:

p 1 -
D(pllq) Zploga +(1—p)log 1—

ZHiE p=q THRAME 0 1220, p ¥ g P HEENNITEEN D IF L K I < A5, Kullback-
Leibler [ & I A DR R ECH I Z2RDOTELDT ¢ O p 1T EREERNIZAE
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CH#<ZS. LMY p BRERIIZAEL SHEHIX n — oo Texp(—nD(pllg) + O(logn)) &

k&FES. DRI, HHED p @Ebéﬁﬁ@%khfjé &, D(p|lg) MM RE L p A

U BHEHRITn — oo THORBRTHMINIZ 0 (3 <. A2 #E X 72 ETROMEIZ
DVTHRXELD.

B8 n IZIERICAIWVWEIRET S, n BO A VERITOMEEBILHZEEMN o BLEIZ
Bolzld2d. ZOLIRODEEIXIEDREIZRDZA DN

KEDIFERIE YD, n — co TRDEGIE ¢ 1ML DXIZ0Za<qgDE X, ROEE
NahETHDEND&MIEn — 0o THIZERTZZLIZARS. 205, 05a<qg D
L X, ROEEN a UEDLGEIZHIRL TH, n BRI ITNIEERDEEIXIFZIF ¢ IZFLL
BOTWBEEZLND.

F"ﬁnz_ Fg<al1DEETHE. TDLE n BWRILBNERDI ié: KOEED a LA

WZRDHERIT 0 18N <. EORMEIXRDOEED o LEIZRDIGEIZHIRLZ & S
%QEJAVJS‘ X p TR DHER (M SHER) BED XD ITRDHED b‘tb\;)ﬁnﬁﬁﬁﬂiﬁé.

ZDEEIZIE ETHAE U 72 Kullback-Leibler [HHREMIZND. p=a LWDIFMDE &
TOD D(p||q) @Hi/J\m Ip=a TEHIND. PAIIHKMEMNIREDEHELY  n — o
TRED X p=a EH< q <al1DE&X ROEEMN a LEDGEIZHIRYT 2 &,

n?)fj(ifﬁﬂ’wi‘%%@i’UA %b<7§\’)’Cb‘Z> EEZOLND.
DA EODfE R BU\TU)/A\:—&i)S‘JﬂZﬁ LTWadZeEbhnd:
-D = <af<
lim — log Z < ) (1—q)" —inf D(p||q) = { (gl =0 (0=a=q)
noeen k/n>a pza —D(a||q) (q <a< 1).

W FDRNMNEATIDORARNEZEHEI T L,
}:(ﬁ)ﬁﬂ—@”*zmm(ﬂgngwn+WM)~
k/nza =

FIFRDOENGHN a LLEIZBDHERTHD. n— oo D& THERIZTIE D(pl||lq) E/IMIZ
BRARIZT DR FHN TR S .

1.6 max-plus fXEADIRFR X Laplace D% & DER
FEHEZIE —00 D a,b 1T U THE
(a,b) — max{a, b}, (a,b) = a+b

%% 2725 D (LB (semiring), A (semifield) & FEIEN T2 ) & max-plus 21 & IS,
(max-plus fREULBRERE X tropical mathematics X & IEE M % 1) 5 BER &I&
B2 EER RE THD. RIFIFRIRVPEHHIZTE S “REC D2 L THDA, PR
EMERIZEBICTE 2B BIXHBAICTERD “REC O L THD. 5IHNPHEICT
IHLSTERERDODDHHANF- 2 END.)

KRHEUZIE, max 1& 0 LEDOFEHDO LB U TEY, + IFHBEITHISE L TN T, —o00
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i=1
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KARBIECINETALTHES. AR (x) ZRTIEED. N 5 oo D& ¥

1 (Na)! Nb Nb
—1 Lo gVor
Na 0% ((Nbl)! N

T

Na Nb; r
= Nia (Zlogk—ZZlogk+ZNbilogQi>
k=1 i=1

i=1 k=1

1 Na k r Nb; k r
= Na (;bgm —;;logm —i-;]\fbilogqi)

1 Na L r 1 Nb; L T
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=1

1 T Di T
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0 i=1 70 i=1

= [elog —aly = 3 [wlogw —afff + 3 piloga=—3_pilog -
i=1 i=1 i=1 ‘
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T KRBEEZEHATEDRICERTE 2.
A EDOFEFIFIRDN T e 2R LT WD N w00 DL X
1
(pr/q )P -+ (pr/gr )P

(Na [ DRAT TRERD AT p; = by/a (273 5 k)N

1.8 ZIELHOHMEREE & DORER
Z D HTEEREY 1 — B
https://twitter.com/genkuroki/status/773390919450132481
ODHEZFLOELEZLDTHS.
ERICHRZARNDOEBH ¢,pi >0, Y ai=>0 pi=1 k FEDOREKT > k=n
Thdrdd ZHMHEIIBIT DR

n! Ky %,
k,’l!“'kr!ql Q'I‘

M, ki =np; + i, pi = ¢ + 1/, g = o(y/n) DEZL 0 — 00 TEDLDITHRDEEDS 0
N0, T 2 TR n!, k! 12 Stirling DA
n! =n"e"V2mn(1+ O(1/n)), kil = EFe R\ /2nk, (1 + O(1/n))

1

AT DL

n! g = n"e~"/2mn(1+ O(1/n))
kal-oo kT ke 2k - ket 20R,

AP || £1/2 (B2 g, = O(1)) (BN S.


https://twitter.com/genkuroki/status/773390919450132481
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DTD e EFRED e HIE YT ki=nLVFYURIVUTHAS. n" =nfr...nh

ﬁﬁl = (%)46 (kq/n>_k \/(27m)3—1’_(/(:1(/1n/)n-)- DL

ZORAMLNNOHEGRDEARIZZ S, ZORK (x) % & <BRDIIXZ THIAE O DR E
B & Kullback-Leibler 1% ¥ & DR A D52 57,

ZEDHDOFROMEREE ZIHESADLIRTCIER DAL DL E21E2 72D121F
Z; .
ki = np; + €, pz‘:CJri‘%? ;i = o(v/n)

% (*) C:ﬁ)\'é'ﬁ’biickb\ﬁ Z:zl k’z =N C\: Z:Zl q; = Z:lei =1 c]: U, Z::l g = 0,
Z:lei:O (‘:_7:;:‘),

k; Z; €
n <1+ " ) =q¢(1+0(1),  k=ng+Vnz+e,

Vg ng
k;l/n ki ZT; E;
log | —— = —(ng; +vVnx;+e)log | 1+ +

qi Vg o ng

2
_ x; E; 1 T; E; 1
(g Vi) (ﬁQi+nqi 2 (\/ﬁqz nqi) O(n)>

2

€T
= - i~ &+ 5 1
n 8—1—2%—1-0()

72}:@‘(, 22:1(\/5% +52) =0 J: U,

1 < 2?2
| exp (5 g _q~>
n! ks k i=1
_ ceeg) = X (14 o0(1)).
kl!"'kr!Q1 q \/(27Tn)r_1q1---q,’, ( ( ))

1 2?2
0 (33:7)
ko = L gy da % (14 0(1)).
V2T g g,

ST k=13 2, =0 THBILIHEEE L. JOBREEENED 0 AAFNE X

=1

WCEOCIER M TIEUTE D 2 & 2K L TV (B AT DO HULREREH).

n! ko
Bl 1

---qfrdkl-

KL BHEOEH  Kullback-Leibler Kt % 2 7201213, (+) DML E B> T,

ki = npi + o(n) = npi(1 + o(1))

SAR (%) 12 n BRI R L XOZEAMOKTIZET 2 HERAEFTRTEENT VOB LEZT I,
CFEPIZIL |g;] £ 1/2 1B,
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ZRAUT o(n) DHZEETIUIE . ky = np; +o(n) = np;(1+0(1)) D& X

Mg<ﬁi@)ki:—@wi+dn»kg(9iliﬁgﬁ)::—m%bg&4(xm

4 4 i
THhD logn =o(n) DT

n! . Di
g (gl ) = =0 S log 2+ otu) = ~aD(pll) + o)
' " i=1 !
Z 2T D(p|lq) & Kullback-Leibler [§#HETH 5.

KL EHREE ZEAHOHRUMBREEDEBR € LBV 2720 k =np; B 513 Kullback-
Leibler 1H# & & (x) DAL D KT

() ()

q1 dr

DXBD —1/n 52— TD. k; = np; + o(n) DHFE I, Kullback-Leibler & & Z
DHRT- DD —1/n fED n — oo TOMRIZ—FHT S, T U TLH/MEDZIRICIER D

HZ & B ELOEEEEDE ZORFNHHELNDEDTHo-. UEN>TLIEN %
LS B IR GTIE R A D FE BB 4 DD —1 £5
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Ly~
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I Kullback-Leibler [§ &M 5155315129 Tdh 2. Kullback-Leibler [E#E D(p|lq) 1
pi=q DEZIHRVME O IZRDZDTH>72. TDORT nD(p||lq) % Taylor JEB U 72 #5H D
2IRDERT? 2> 5 Z I % 3BT B 2R ot IE R A OO T 5 85 2 B A OD FR U BGHR 79 OD 45
D -1 fFEPBRLEND. TDZ L 2MRLUED. iji;fﬁ—@t%@ﬁﬁ nD(pl|q)
WZpi=q+x/yn ZRALT, z; ZHICDOWTRTS &

Dipllg) = 3 ngs + v ) log (1 ; m)

=1

“ o v (= o ()
_Z( nazl—i——2—l—0(1)>

ZITY =0 %>5L,

Diplla) =5 >_ . +ol1)

DI ENLEHMAADLIRGCIER DRI L DELUE p; 2BD ¢ 2HIEVWE ¥
Kullback-Leibler ¥R &M Taylor BHID 3 IR EDIHZ MG 2 Z L ITHY T2 0D
N5,
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Pearson Dh 4 2FTHKEHEE DOER ZHEHDAHIZHITD

i ((i DIEBOBLHME) — (0 OIEBOMIFE))? Z (ki — ng;)”
(i DIRB D) a ng;

=1 =1

% Pearson DN 4 2 F/REFAE LTSN, T & = ng; + Vnx; + o(y/n) ZRAL THEHE
TBHE,

" (k- ng)? |
YO N T o).
i=1 "4 =1 @ W

WA n MREIWVE X, Pearson D A1 2 Fefidt & IF L HD A %2 g % 2RI EM A
UMD o 2B Y a?/q TIRBI NG, LI 250 2Rt IERSY
A DTl 5 L B D PR B BER 01 exp (—(1/2) Y1 22 /q;) DIEZE L TWEDTH /-,
ZDIZENS, n BRI VE X, Pearson DA 2 Tkt R 2 FDAITIEMLIZU 72
MWD ZENDOND. B (r HOA) 238809 2 2 IR0 IERLD AR ORERE LRI S
S w =0 TEREING r—1IRTDBZKRODT, TDHA 2FOMDEBEIX r — 1

W85,

AR (DA 28DEER). Z1,..., Zy BEEER DM U DD M B HERLEHTHD &
TB. H£L4D Z; \TDWT f(Z;) OWRHEIX

=% /2
E[f(Z;)] :/Rf(zi)ﬁdzi

LERDIXND, JOL FHRIY = Y 72 AU ABS MR % EHE s DA A =

=11

DM ENFN, A1 ZR/OMIZE T DFHEIZIRD L D IZRDIND:

e—y/2ys/2—1

E[f(Y)] = /O°° f(y)W dy.

KB,

E[f(Y)] = const./ f ( z?) e~ Ximt 52 4z dz,
Rs T

1=

= const. / f(?"2)eir2/27f'371 dr = const. / f(y)efy/QyS/Qfl dy
0 0

2DOHDEST =" 228X Fo% r LERAE LOMMICESER 2. HREOmH
D s — 1 FIZHHITZHDT ro-t OIS, B EOFES 2 ET L, HTkRAE
% const. IZHEVIAAT. 3DHDEST y=1r2 LB\, EAT const. IZE2MERDKER
FIW 1LIZRDEWNDE&MENSHERNIZRED.

A = [a;;] \FEBEHEDTNTED s IRENMTHITH S & U, TOHITH% A~ = [b;]
LELZLIZTD. (X, .., X,) E (s ITDE R FFD) MEREEHE

exp (—% D=1 bija:ixj>
det(2mA)
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WED B LIRITCIERD AR ELEBMTH DL TDH. ZD& F, MR EHRBOIEEH
BRI DXED —2 FEITH IR D R EL

Y =) b XX
i,j=1

LHHE s DA ZR/OMICUEND. T8, ADRXRTH s DZRTERD HORER
BERBOEHHEER D OO -2 FICHISNY 2BEZRLEHE s DA1(1 RIS/
ISLEDD. 2O NN 2J/AMIE DS UGTIEMNRIAEET 2 (b)) HEAK
RRNHATHDLERDILENTED,

LD Y BHBE s DA A ZRHAEICL 2D BEIZA T O Y . AR IR
PO TH S, FNIMTI A ZHDERITH U = [uy] ENAGH D =
diag(ay, ..., a,) IC&>T A=UDU =UDUT ££bINSG. A DEAME a; IZTART
ERDT VD = diag(yay,...,/a,), C =UVD &5, A=CCT L85, TDL ¥
At = (C O BOT

Y= bXiX; =XTATX = (7' X)T(CT'X).

ij=1

IIT X MR X, B i AL T RN MV THD. TRDL, HERERDFIAN
OV Z=[Z)% Z=C1X LiEDB L,

Y=27"2=> 7. (1.1)
=1

Z; 2B WHNL TR 2 P EEAOMIZU 208D 22 2R3 80E Y PEHBEE s DA 2
THAGIZUZND Ze3bnd. TD-OIZIE Z, 726 DI B TR DS EA AT FNZ 7R
52 xREEFTRTHD. Z; 2bONEIESHITHIOERIE E[ZZT) THY, X, 725
DI EATEIE EIXXT] = A=CCT 2D T

E[22") = E[(CT'X)(C7' X)) = ¢ EXXT)(CT) ™ = 0T et () = B,

INTRIREIZENITARTORIN. ]

2  FHEHMZTREDOZEADIS Boltzmann BHFA

FAFA & REDIERAN (F/)N Kullback-Leibler fH & D JH B, i RMN T > s B E—0DJH
) 25 Boltzmann K+ TRl S NS AN HRICRFEONE Z L 23 L 72w,

2.1 MBEDETE

REEMDHED ¢ = (qu,...,q) OZHEIHOHREIIRD.
n FOMAERITIZE D TEX D i IZDWTRRE ¢ DU ZEIE ki/n IEIE p; (IZF LW
X RBRAAENIEE p=(p1,...,p) CHEUSRDLEFED LTS, TOMEERIZONT

(n EICRBRDADIEIE p I8 D51HHE) = exp(—nD(p|lq) + O(logn)) (n — 00)
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WAL L TWDDTH > 7-.
IROMEEEZ%: 246 p=(p1,...,p,) T s HDOZEM

qu,ipi%(:l/ (V:1727"'7S) (*)
=1

ZRY. U, R ORT RVH (1,1,..0,1), (fors -, for) (W =1,...,8) (&—IKMAE
ThHDERELTHEL. BBROMN I DRME /9040 p ITIEIFFELWGEICHIRU
L E R DOMERNMGIE n — 0o TEDLDITIRDEED 7

e ZIE R i ORIV F =N B, DA

i Eipi = U
i=1

EVDEM (TROHB T AINF —ORBRAEIFENFIE U IZFELLB>TWDH EWNS %K
) ZER U2 &, RO n — 00 TED X DITIRDEED H?
e ZE, Va0 ER-oT i OHPH-L, BE%2 E, RV AEL2DL &,

i Eip; = U
i=1

EWVS M (THRDS 1EH 72 OEGORBAPEEMNZIX U R HIZEL L Z->TWHD
HEWVWHERM) Z UL E BREBDMAN n— 00 TEDXDITIRDEED 7
ED2ODHITIE s=1Ths. HEROZHEZ2HT L s>1 405,

2.2 Boltzmann FFDEH

Sfk (x) DB & TORBD A DG SHRIE n — 0o T, &k Y, pi = 1 254
(*) ®% & T Kullback-Leibler {58 & D(p|lq) = S.7_, pilog(pi/qi) M E/MEIZR D 54
p=(pi,....p,) WHEFTZILIIRD.

T DR S BoMERE & fiff < 7212 Lagrange DAREFRBIEZ i 5. (Kullback-
Leibler f#IEAS p 120V T FICRFENARK CTH /22 L 2 BVHTE D) ZDRDI

L= Zpi log% + <)‘ - 1) (sz - 1) + Zﬁu <Z fu,z’pi - Cu)
i=1 ¢ i=1 v=1 i=1

EBEL.ZITA-1, B WREERTHD. REFERE p, T L 2mMDUIERENT
RTOIIZHRDEWND FHER

T

oL

0—5—;%—1, (1)
oL 4

0= = viDi — Cy v=1,...,s), 2
T = 2 ( ) 2

0

pi - .
= =log—+ A+ Bulvi 1=1,...,r 3
R D SL T ) )
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ERIFIZEC. (3) £V,

= exp ( A— Z@J%) @

IhzE (1) ITRATD L,

7ol Z e SimiBuluig, = %e— 51 Bufuig, (4)
ERBIENRDNLE. D Z iﬁ;\@a WEMEIEND., ZDEDITp & Z = X
B, ZHOHEIZZS>T WD, B, 2Bl (4) % (2) ITRATEZ LI TIREIND.
exp (— > Bufvi) % Boltzmann ?tﬂ?«?\‘l 129 %. Boltzmann K73 KM 74

M X DORERDAG p; MENLZITERBRLEZNEFTRLTWVWDE. ZDEDIZLTRDS
?wi i BRI ZADTHERERNZ LTS,

Sefl (%) BT LT BT IR U 72 3558 DBBRA L, 1 — 0o T E TR H
fip=(p1,...,p) \IEA (GRS REDE-IE D). n BNERZ SITRERD AL/
ZHANGHEDOEEZ LTS E L TEN.

eZEs=1, fii=E,c=U,3=80D% ¥,

pi = —¢

~ “BEig. 7= ie—m% alOgZ — _ZE ~BFig, —

INHDRRNIF ¢ ZHDPEWITTNTE UGS IZIFHET 17125 1) % Boltzmann [A 1
= W 7R DA DFIRIZ =L TN 5.

N =RV T M T b — S(pllg) = —D(pllg) = — 3", pilog(pi/a:)
DOHMDRRZRD & D: log(pi/gi) = =D 0 1 Bufvi—logZ, > pi=1,> 0 fvipi = ¢
BT

1

S(pllq) = Z@,cy—i-logZ

v=1
f:tilis:l, fl,i:Ei7 Cle, Blzﬁwt%
S(pllg) = BU + log Z.
HHIRNFY—F % F=-p3llogZ LEHET DL,

S(pllg) = B(U = F)

DARNIE, Boltzmann EEMRE EFN TRV ZRITIE, e HFEE2 > TW5B ANEIZ
THEHIRADNRANSZADT.

bl
2.3 B9 ERGEOGENSEZERDOIEHREYGTEIEOND &
REEEM D D TERBEHE (v) THEALNTWDHEE %%Kot 5. ZOEBEIZTIE n 1
DIESLRIT DFERAS 5 N D RER D AT DR E L EREMNIFIE p(z) TR DHERDBD 1/n
&l n — 00 T (o)
T
d
q(z)

X

S(pllg) = —=D(pllg) = —/ () log 22

"Boltzmann EA 1 IR DB RERATHILETES.
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IR EE R BND. S plr) 1T RO &M%

/fl,(x)p(a:) dr = ¢, (v=1,...,s).

il & FABRIC LT, ZO%RMEDE LT D(pllg) % BN B HEREEERE p(r) %KD B
LIRDEDIZRB I ENDNS:

1

p(x) = ¢

Z:/G_Z” 1 B fu(2) q(z) dx,

alOgZ— I/BL/fl/ ) I
o5, /f,, q(z)dx = c,.

Z D& SR D i B A D Jfk % B B DIE BB S ik & WS, B I D
FBEREL DIER B D TR L IFIEND.
J2 & AT OMERDHIE TN THRBDAHEIZE ENTND

k

Siea Bele@ g (),

"IHA: 0<0<1D&E —f=logh—log(l—0) &< &, k=0,1,...,nZDVT

—Bk 1 1
B L A S . _ (L _

Z DE & R S RBDEADOBRIZOWTIIN 4.3 £ 28 &

ZEAM: 0,20,0,>0,5"_ 0,=1ThdL, —p =logh —logh, LB &,
ki+- 4k =nbD&Z

r—1 no.1..
6_ Ei:1 ﬁzkz C]k

= —le e Okr — Lyeeeskor
Pky,... ke Tl k] . Z 7
n! 1 1
_ L 7 —
k... ky 2 Tl rng;z
IEF 2.
_(m—u)2/(202) —(1/(202))$2+(u/0'2)x
p(x) = =2 L 2= o,
V2T A

EO N TR 02 %:?aﬁb?iéif% ’é’&?b*o fR d:z:—l

/xp(x)dx:,u, /xzp(x)dx:02—|—u2
R R

VIO T, Ty b —

MWERKIZED p(r) & UTHRERMNT 5ND
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Gamma9fi: =z >01Z8WT

—z /7T .a—1 —z/7+(a—1)logx
€ T (&

= = Z =r°T
p(x) TQF(OC) Z ? T (Oé)

Gamma 7045 DMERE B p(x) & [pp(x) de =1,

fﬂﬂ@m—q, Aﬂmmm@m—@
EWHLEEDE T Y —
S(p(o) = - | pla)logp(o) do
PEBKIZES plr) & UTHRENT 5NG. SRS ABTHS.

B Betadfi: 2>0IIHNT
1 ro—1 e(a—l)logx—(a+ﬁ) log(1+x)

B(o, B) (1 +2)™+7 Z |

ple) = Z = B(a, B).

BHE n Ot 8% 1/y/n TRAT—=ILLEED: HHE n Ot DADOHEREEIX

1 $2 (/2 Vnw(n/2)
p(t)dt = P (1 + E) dt, = vnB(1/2,n/2) = (T 1)/2)
Tho7. plr)de =p(y/nzx)d(/nz), f=Mn+1)/2 £ &
1 1 e~ Blog(1+z?)
p<x):§(1+x2)(”+1)/2 = 7 , Z =B(1/2,n/2).

F—fEBetaDf: 0<zx<1iZDOVWT

ZEa_l(l _ LL‘)B_I e(a—l)loga:—i-(ﬂ—l)log(l—m)

p(z) = BB ~ . Z=DB(a,p).

Poisson 27:

-\ k —(log M)k
e A e qk e A1
_ _ _ 7 — AL
Pr = o 7 k=

2.4 EEREFHRDHDOEHH

FleUTs=1, filz) =2 a1 =1, g(x) = 1 DHRIZED ROV EFHAELTAL DS
BT EOFERUZ, n [ OFSTIRTORERE SN2 2 ORBRIVIHE (224 +22)/n
IZDWT

8q(z) =1 BDTZDHEIT q(z) IFTHERBEERBUZZ S0, UL, BUFOFHREORERIZEL .
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YOWOEMEEBMUAZE X 0= 0o Ta ORBRIDHENE S R M ERDD I LIZHELW.
EORKZMD &
p(x):le*ﬁﬁ’ Z:/QWQ dv = /712 alogZ 1
R

op 2B

WAIZ B=1/2, Z =2r, p(x) = e 2/\2r £ 8%, THBDE n— 0o THELND DA
SEE R ARICR S,

ZOFERIE R NOEZED2FD n DFEMAEFLET D n— 1 RGTERTE ED—RRD 4
D 1 IRICERFZEENDH I n — oo THHEELEHAMIIPNR T L2 EHREL TS, §
BOBIRDARDEILL TN D:

—x2/2
lim 1) n(dz :/ z dz.
s [ s = [ )"
22T St BERE RO LTS /o D on— 1 IRGCERT

{(z1,.. . 20) €R" |2+ +ap =n}

EROU, p, FTDOEO—RRMEEDIMLTHY, f(r1) O oy EBRE LD (24,...,2,) D
WETHE. ZOMRDOARITER DL EHOMED DGR CHEEICHATI Y.
A EDGFH B Z B, SRS GEICE T 2MOMRSENED &S B %2H L -
WCHRIZHODNG NEHTID LS.

3 ZIEDHDIBE D Sanov DEE

ZIHD AT D5 D Sanov DEELD E 5k 2 I IR N THEE ISEHL THES 2 L1295,
Stirling DAX I ZHEHRNG UWGEHZ #7925, ZORMOIEIIE 71 J5H [11] T
MINTVWEIEHE AERIZFH L EDTHS. TOTUTIUISEHZ IR DFHN < T A
H5.

3.1 Sanov DEXED IR
BIREA {1,2,...,r} LOMRSH2EOELGEZ P LEHL:

P={p=@@.-...p) ER [p,....pr 20, p1+---+p- =1}

PlEr—1RTOHABKRTHS. 722X r=3 DL X PIRIE=ZAKIZLEDS.

L0 ¢ = (qu,...,q) € P ZERIZH->TCREET . HREH X, Xy, ... 1ZES
{1,2,...,r} TMEZFOWRLEFITH Y, MSLTRBH ¢ = (q1,...,q) (CUER>THD
LEIRETD. ¢=(q1,...,q,) 2BERD T LTS

%/\ AR UTEDILOMEEZE #A LEX M A BFEZINDHRE P(A) £#S<

295, (BTEHME ADE L TD B OFMEEERE P(B|A) £EL)

IRDMEZ 72 ) — b D Maxwell-Boltzmann HIDHEIIZ T DEHERZFENENTH D,
http://www.math.tohoku.ac. jp/ kuroki/LaTeX/20160501StirlingFormula.pdf


http://www.math.tohoku.ac.jp/~kuroki/LaTeX/20160501StirlingFormula.pdf
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€’BE

n) = Gt 20)= e P ~ 5l Z(9) = Y En(9) = U
i=1 i=1

p(B) BN ZALBTEERR. 0<a<oo &L, NEOHEE Ay C P %

AU:{{pemU—agz:lEipigU} (52 0).
{peP|USY_ EpisU+a} (B20)

LEDD. ZDEE S Ep(f)=U BODT p(f) € Ay THb. FHEIZ >0 2HY,
p(B) D Ay (B ¢ FifE%E B.(p(B)) £&EL. 2DLE n— o0 T

P(P, € B-(p(8)))
P(Pn € AU>

P(P, € B.(p(8))|P, € Au) = Sl

TROLRERDA P, 1& n — oo TH =JIVHA p(B) 12 (TR IURT 5. N

Bl 4.3. HER 0 1TINT 2 —BO_HA PR 1/2 O_HA A2 BENMIH LT 256
DI ZHANHHEE UTHRIZEDND Z 23U & 5. ZOHNTEEMD A —HED
HTRNGED RN ) =N DA OFFERBNZ R > TN D,
ARRES {0,1,...,r} ITMEZFREOMEREE X IFHER 1/2 12609 2 TR ZIHAAE I
LD L IRET 5
. r\ 1 .
P(X:Z):(i)§ (1=0,1,...,r).

X1, Xo, .. AIMSIT X LRIUDHR 2R OMRLEHOITHEH LT, X1, Xy,..., X, D
IZEEND i DR K ¥ EX P, = (ko/n.ki/n, ..k n) £BLE, P {0,1,. .1}
FOMEIMIMEE R OMREBIIA D, KEOEA &Y, ME&4:%2M41TTIC n — oo
45 L, Py lFRFRAR S ARIEA <.

E, =i DGEIH ) ZHNDEMNZ RN EHB LU TALD. TOEE, DK

“IHEH LY
r I -8 % r—i -8 r
2=y =Y () (5) (5) =S5

i=0 =0
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YIRBODT, B =N

pxﬁ):ZG;iZfi::(Z)(gégéig7:: (Z) (e(;f-l)i(eﬁ{kl>T_i

EHEDAEIZR D, DFY

—p
™\ iy ; e
(B) <Jeu e
“orx
Ple P +1
_Z/(ﬁ):,re (2T )
ROT, “T L% —OHFHE 14
o -8
U(s) = —2Lgp =20 _ ey

bR Z(8) e P+l

LTER 0 1THIET S “HAMEIC BT S | ORI RS,
fEsE 1/2 1SS 2 0 SIS DV T DA VAR IT ORI E G B &)
GNESD . A VERT L SRICBDMRD 1/2 THLRNEEAS. TOEH> K1
A V% ¢ BT TROE B & RO ZEIG i/r 28T 217 A% n B EL -
YUED. 722U n BHHIZRENL TS, @FICIEROMF 0 L R EE ifr
MENTN n ORI NTVS. ZOFEE RS LRDELL TV T8
. 7 . [
(%QEK%QUT®$ﬁ@)—Z;ywﬁ. (+)
ZOLE p=ki/n HIFED &S BT TV AT REMEAYE mt%o#?
Fﬁﬁﬁﬁp—ummwwp)i%fecﬁmﬁégﬁﬁﬁ FHEHELL Ao TS
BEMED R WD DR, EHL 4.2 29 < _EDFHRIC ﬁ%bta%wﬁ I278%.
LTJ U 72791 = V0 p(B) (HE 6 | ﬁmﬁégﬁﬁﬁwiﬁﬁ42&w

(R 72 18158 & DIIFFE) = Zzp, Z Ep; ~U(B) =10

=0

257293045 p= (po, p1, - - -, pr) \WHIBRU 72356 OREERI A P, 73 n — oo THAF < I
BoTND., ZOFMIEED (x) LAMETHZ. ROHEDEIEDN 0 127825 LD ZMTHl
PR % AT VEHESR 0 1R d D ZIHAAARER A & U THRICE DN S.

fEam. ROHMDMEERD 1/2 ORYRIA V% r [ARITTROLZMEEZHZD L%
T2 S AREDR U, r BIFRO M 2RI KEICFHEINZY AN EES/2ETH. TD
EEXELETDRBKICHENT r [BIFROHEZEEDEIIEDN 0 122 >TVWBRHIXC £
DY ANMIIEHZNE [ROHDHERD 0 O _IESMHDLEHIEZ > TWD] DX I
RAZTULESZ&IZRD. []

BREOD (59) THIE YD, 0 25 1/2 DOHNTODHERIE n — oo T O WLEML. ZITEHZEDL S B
BT —ANEU 582 EL TV,

169 73 1/2 M HHEEND & nmk%&t%%@ioauzhﬁ%%ﬂé%%@ﬁ&oK@ébi%@&ﬁ
BEERAPECTUE GOV TEEZI TS,
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ER 4.4 043 DiEiRE —BRILT 2 L IFIEFEBIZLTFDELSD BRI ENHILLTVWDE I &
RO, BEMDM ¢ \TEVINS B BT = AV fmdIE%E LT\ 5 & RGE
9 5:

—BoFE; r
€ q0,i _B0E;
S , Z e e BO Qi 0.
qi 2 0 ;_1 qi,0

ZIToaq,; 20,50 1q:=1 E,....,BE € R O&KE B, L&KME E, IR,
0,¢ >0 THIDEIRETD. 20X, ZORERDHEL B 72bIZxindd 0/ =7
A p(B) B RERMDHE LR UKD N ) = AN HEITERS:

—(Bo+B)E;i . r
€ q0,i _BE; _ )
p (6) ZOZ(B) ) 0 (6) 0 ;_1 € q ;:1 € qo,i

CHEA AL OB A HEICE ENT WD THI 43D LS BRI EWNKLTHDT
HD. MOFEEUDMIEIE ENDMERDMIZDOVTHFRRD Z EDLALT B, [

5 {I8%: Kullback-Leibler [ REICEAT 2 F7FR

Cover-Thomas [3] 3R ICEHTOALLERETHS. HHREL TV bR ——
FRIZBET 23 LW 2 5t A O AN T DA Z ST NIE SV, LR TR EICZOBRE
=2 MU BN 5, Kullback-Leibler [ &DY [HEf] LS BMEEZFF> TV I L2 K
kg o AEREZHD.

5.1 %{&: Jensen DAER

BRI f(X) 28 E[f(X)] ICHIGIEDMNEE B[ - ] IEATORMAZHZ L TWD LR
T 5:

(1) 8BME: BSL F(X), g(X) E8 o, B 1T LT,
Elaf(X) + Bg(X)] = aE[f(X)] + BE[g(X)].

(2) FEFAME: f(X) = g(X) PEIZHINL LU TWE R 51E E[f(X)] 2 E[g(X)).
(3) Fikgfbsett: E[1] = 1.

B ALSAE L EIMEEL D B o IS UT Ela] =a L R2ZEDDDE. ZOESR B[ -]
FHHENRBRE PR, 2 2E p, 20,30  pi=1 08X Blf(X)] =30, flz)p 1&
HIRHEPBECH . M p(x) 20, [P p(x)de =1 D& X, B[f(X)] = [7 f(z)p(x) dx
EHFHEPNHETH B .

DL ELLTFORERNELLL TS (Jensen DRFL):

o [(X) MEIZMABIE E[f(X)] < fIE[X]).
o [(X) BTFIMABIE E[f(X)] = fE[X]).
AR CRIEDAZTAIL & 5. B&IE —f(X) CHE2EHTSELNG.
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B DR, B f(X) R ECMTHEEIEL, p= B[X] £BL. Z0L X EIgmA
BB F(X) D X =5 CO B % a(X — ) + f(p) &=L &,

(X)) = alX —p) + ()

LB%DT,

E[f(X)] = Ela(X — p) + f(p)] = a(B[X] — p) + f(p) = f(E[X]).

2 H 0% B CHIFHE RO BN % [\, 2 5 HO% 5 T2 OGN L BRI
o717 0

FRS5.1. EOFEANS, f(X) A EICHEZMNRSIE, X OFH u= E[f(X)] IZH8EHL
TWARWRY (IFE A ETEFEIZ f(X) =p PEZUTORWRY), F5 %28 B8 VEROA
HEXDBEIZLLTVD Z Db, ]

5.2 MEMAFNE TOMKH
IRDOARFERILZ & 21K [3], p.31, Theorem 2.7.1 (Log sum inequality) (ZZEWTdH 5.

WEMAERX 0 UED a;, b 1ITHFULT,

) -t > - — . — .
izlazlog b, :AlogB, A izlaz, B izlbz.
HEBOWANLE a;/b; PEVZTRTEHELWZ LIZFAMETHD. WOEDESIZ 0log0 =0,
alog(a/0) = oo ERIHRL TH <

SRR, a; > 0, b; > 0 DEEDOARZFEHTIVETDTHS. (—MOEGHEIZT DG D
[RE UTCREIHING.) f(z) = zlogr &B< &, f'(x) = logx + 1, f”( )=1/x BDT
fl) iF 2z >0 TRIIRFBMNTHS. T Jensen DAEFXRZEHL KD, TDAEDHIZ
¢ =b/B B ZDLE

é;aﬂogz—zzzb—ﬁl Z% ( )
a; u biCLi A A A
= f (Z% > (2 EE) =/ (E) = ElOgE‘

i=

Flz) OWEMMEE Y, BENETTE L L a/b BENITRTELNZ EAEETH
Bt hBD. 0

ZORFERZE 2T pi, ¢ DWIEATENTNOMRMN 1 DL X

1
D z1._>11 1y
(plla) = E pilog 08 1

=1

TEF(X)] = S, f(@i)p; DBED Jensen DG RIS » 12T 2 BOHIRIE CHT 5 2 L 6T
%%, WIS B2 1 % > TS 3 A AR RASRALT 2 BLEEA D) P\ & S
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M5 515 (Kullback-Leibler [BRREDIEAM). I 612, £E {1,2,...,r} D E
(L2, 1} =AU U A,

c:jj.b—t, {A17-~-;As} L@ﬁ%zz‘zﬁj\%ﬁpz<Pl,,Ps), Qj:(Q17"'7QS) %

Pi=>"p, Q=) a

i€A; i€A;

CEDD L, WNEHAEFEALY

D(pllq) = Zszlog—>ZPlogQ = D(P||Q).

j=14i€A;

F9 517, MEDIEHR%Z SN % & Kullback-Leibler [§REIX/NI < 725,

5.3 Kullback-Leibler [§38R£2 T L' FpEtA EhSBIxHNhI &
£4 {1,2,...,r} LOWERLIG p=(p1,....,p.), ¢ = (q1,--,q) DHWZD L' fF
lp —qlle: % )
P — |z :Z|pi_Qi|
i—1
EREDD. MRS p (T DHERE

=>p (Ac{12...1})

LEL L,
lp—allor =2(p(A) —q(4)), A={ie{l,2,....;r}|piZa} (#)
BRERLIE
Ip = gl = ;(pi —q)+ ;(qz- — i) = p(A) = q(A) + q(A9) = p(A%)

=p(A) —q(A) + (1 —¢(4)) = (1 = p(A)) = 2(p(A) — ¢(A)).

EDOHEZLTIZBWTCEDOEEHNS
KLIBHRET L' [FEAx EAhSHBIZIbNB I &
D(pllq) 2 —Hp ql[7:- (*)

ZDOAREXZFEH L 720,
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r=2DHEED (x) DFEA. 0<a<,0<b<1DEE

alog%+(1—a)log1 ZEQ(a—b)Q

YRBILEFRFIBEN. ZTOROIIUN LRV ARRE f(b) LB

1—a

1-0

f(b) :alog%+(1—a)log —2(a —b)%

a 1l—a

fO)=—3+ 15~ 4-a)=0b-a) (6(1—1—19)_4)

b(1—a)<1/4 &Y, 1/(b(1—0b)—4202725. WRIZ f(b) DFFEIE b—a OFFHITE
LW, 9205 f(b) Ik b<a THFEBAU, b>a THEFAEMT S, LZB>T f(p)=0

BROT f(B) =20 &R2IENDND. 0
—MRDIZBED () DI, A A X (#) WY THD LU, £E {1,2,...,r} Ol
{A, A} EOWERDMA P = (a,1 —a), Q@ = (b,1 —b) & a = p(A), b = q(A) EED
5. ZDL IHIEBOIER % D & Kullback-Leibler [EHEAVNY <725 Z & (55 5.2 fiff)

i)
Dplla) = DIPIQ) 2 2a — ) = 2p(A) — a(B) = 5l — all3.

ZIT2OHDAESTETIHHLZ r =2 OBEDOREREZ WV, RBIZ (#) 2o/, [

5.4 Pithagorian theorem

P={p=(p,....p) ERL | p1+ - +p =1} LB, P EA{1,2,...,r} EOT
RBOMEIRDEGLART. PlEr—1IRTHIKTHS.
IRDOAZENL [3], p.367, Theorem 11.6.1 IZdH D.

Pythagorian theorem F (& P O EAETHEE L, e PNE THD LTS,
p*=(pi,...,p) e EWX D(pllq) 2 E ETHR/MET D p THDH LT

D(p*||q) = min D(p||q).
(r"llg) = min D(pflq)

DL E

D(pllg) =z D(pllp*) + D(p*llg)  (» € E).
ZDOAEX & Kullback-Leibler fE#HEDIEENMEL Y, D(pllg) — D(p*llg) B5&E p — p*
ERBIENENND.

Pythegorian theorem DZEER. p* & p % D EAR LD Kullback-Leibler 1§ & DfED
p* BT BRI E RNIXZDOAREFERDGEHI NS,



36 6. ft&%: Cramér DEH

teRIZXNLT

p(t) = pi@),....p(1) =tp+ (1 —=0)p",  pi(t) =tpi+ (1 —1)p;,
£(6) = D(p(t)lla) = 3_(tp + (1 — 1)) log P %— i

=1

LB ZDeE

r

=y ((pz —p})log Y (1._ 2L (pi — pi‘))

i=1 i

- . tp; + (1 —t)p;
= (pi—p})log U= O
i=1 4

2OHDEFEST Y pi=> pi=1R3IL%zflio/.
p0)=p* € E,p(1)=pe ETHY, EIXMNZ27DTpit)e E(0St<1). pr i
D(pllq) # E ETH/MET S p Zo7/2DT, f/(0) 20 &85, DRI

r

S PiPL\ N e
0700 = Xt - pidtog ™S = 3 prtog (2] = 3 priog
i=1 !

i=1 ‘ i Pi i=1

- Di - Di . * p;k * *
= n log = = > b log = - > log - = D(pllq) = D(pllp") — D(p"llq).
i=1 b=l i =1 g

INTRUEZDAFERDRI N [

6 fI£%: Cramér O EIE

SCEE TR BB R RS 95D DX WD TEGE S EEIIZ BE 2 5 ANFIEE L
TARL W, HEZARE 15O formulation & DXt % HHEIZ 85 £ D 78 A X A1 )V T Cramér
DEBDEFHDOHME % AT THS.

6.1 Cramér DEEDRTE & Fik
H X VAME % FFDMEREHTHD L U, TOVE%E

LELH DE— AV MBS
Z(B) = Ble™"1].
FIEDIEZ R OX[E L THROMEZ KD LRET D, U(B) Z2IROEDIZEDD:

E[He PH] 0
UpB)= ———=—=—1log Z(B).
(8) Z(9) 95 (8)

SRR OARIE T, EH, HEREHR H OE—AY MEEEE M(t) = BEletf] LEHETDH, 22Tl
Mt hF e DR E ARG T220I0t = -3 LB, Mt HFACB T2 00 B E R UGS Z2(8) #E—
AV S EERBUZENY R 7=
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Hy, Hy W7 R ZSBGET H L U L7205 5 51, Z(8) AVEIRIZ A 2 BIK
2BV,

ON g8 — i ZBZ(8) — Z(p)?
(55) roe2(6) =~ 5500 s
Z'(B)2(5) — 2'(B)” = SEI(H: — Hy)e 0 +#1] 2 0

LBBDT, log Z(B) ENITHBEKEIZAZY, U(B) IXHRFARPADHBIZ 2D, B2, U(0) =
Ug=E[H) £5BY, 200X UB)SUy RY, 300X UPB) 2TV, LB
log Z(8) @ Legendre Z#1 S(u) £ ZD —1£5 D(u) ZIRD XD IZEDD:

5(u) = inf (Bu +log Z(5)),
D(u) = =S(u) = 21615(—671 —logZ(8))  (u€eR).

S(u) 13w (2B 2 — IR (FHIZ PSR DIEOE R I E D FRTER I N2
ROT, S(u) & EIZMAEREIZARS. Ou—log Z(0) =0 RDT

S(u) £0, D(u) 20 (u € R)

YBB. X512 Z(8) AERARKEIZ BT,

0
%(ﬁu +log Z(B)) = u—U(P)

BOT, UB)=u &b B=0u) PMEETIHLIE,
S(u) = fwu+log Z(B(u),  S(U(B)) = BU(B) +log Z(8)

BB, HEDEDIDEDR B = Fu) WEIZIHND LIRKETD. ZNo6DANEKY
S(u) XA/ ZALBFHEOEFTY FOE—IHIEL, D) = —S(u) 135/ ZAILDHED
Kullback-Leibler [E8E 2059 25 Z &b 5. Kz

LR2ZNDT, S(u) & uw=U(0) = EH|] TRARE0IZ4Y, D(u) IXFAMNTHRIME 0 12
%%, Su) (B ULIE D) & u = U(0) = E[H] THEFRAD (B U < IZHEFR) U,
uw S U(0) = E[H) THEM (£ U < ZHHFHRED) §5.
U(B) IXHFHEADHREADT, u SU(0) = E[H & X Bu) 20 &Y, u=U0) =
EH) D % Bu) S0 L85, WXL TN S:
Sw:?mﬁm+Mﬂm ( ”

infs<o(Bu +1log Z(B)) (

D(u) IZDWTEFBRDOERRVPEFET D, u 25 H OFHEME U(0) = E[H] A EE LD
BTLERE U I TRZESHEM § O ZLIICHIBTES.

EI 6.1 (Cramér OFEIR). LA EDOBEDE & T, Hy, Hy, ... \FIUSTE A SR
THY, HERUDMZUEND EIRETD. ZOE EIARVELL TND:

U
U

TAVARIVAN

u
u



38 6. ft&%: Cramér DEH

(1) F 7R OFSBHEERBIE

1 1
li —log P | — Hye F) = S(u) = — inf D(u).
imsup — log (n Z k > < sup S(u) inf D(u)

n—oo T 1 uel uel

(2) G 7R ORFEATESZ LI

n—oo M M=te. ueG

1 1
lim inf — log P (— E Hy € G) 2 sup S(u) = — inf D(u).
n
k=1

(3) AR OHBESTHY, A DB G DA F 2 A 2ER, sup,eqS(u) =
sup,ep S(u) PEILL TWD 251X

1 1 O
lim —logP | —» H,e€A|= S(u) = — inf D(u).
g, 7 log (Z & ) sup S() = = juf, D(

ZDEDIT, BANYY) (Hy+---+ H,)/n WEE A IZEENDMHEERD n — oo TOMHEZE
I ) =NV AHEOHENTY hEBE =TI d o8 S(u) (B ULSIERD ) =753 HED
Kullback-Leibler [EH & ICM T 28 D(u)) D A IZEHIFS ER (£ UIETR) Tililk X

na. [

6.2 Cramér OEEDILHA
78 6.2 (Cramér DEEDAFBEMERD). 26 6.1 HIDBKEDD & TRV L TV D.

(1) u 2 H OFHIE U(0) = E[H] B EE B FOBEICBNT, ThEh
1 1 &
EIOgP<ﬁ;H1€§U> =S (wzU(0) = E[H]),

Liogp (% Hy < ) <S(w)  (u<U(0) = E[H).

COFEREMHT L XIT, 0= U0) = E[H] T S(u) IFHFABAL, uw S U0) =
E[H] T S(u) XHFAMNT 2 Z L ICHERYE .

(2) FEFED 6> 0123 LT

] RN
lim inf — log P (ﬁsz € (u—5,u+5)) = S(u).

n—oo n
k=1

(1) D L B OFHMIZIF I 2 T 1 77 ICEBITHI I NS, (2) O F 5O
) RN B KB SRR % 5 THH I 5. 0
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SEBE. (1) D BRSO L &>, 9, S U(0) = E[H] $IRETS. Hi + -+
H,<nuD&ZF1TMDEE 0IZBRDIEBE 1y rim,<nn CELE, Z20DEE

( ZHk— ) 1H1+ +Hn<nu]

[1H1+ +H,<nu€
[ B(H1++ +Hn—nu)j|

E 5(H1+~~-+Hn—nu)j|
E

A A

— enﬁuz<5)n — n(Butlog Z(B))

DRI u < U0) = B[H], 320 D& X

logP< ZHk ) < Bu+log Z(B).

UZD>TH 61 ED (#) &V

Liog P ( > < ) < inf (Bu -+ log Z(3)) = S(u).

k=1

I, u=2U0) = E[H| &IRELT, LEFRKOHEMRZITED. Hi+- -+ H, Znu D&
X1 THOLE 0 IZRDEEE Ly, oyg,on EELSEL, BS0DEE

( ZHk = ) 1H1+ +Hp >nu]

[1H1+ +Hp>nu€
[ B(H1+-- +Hn—nu)}

E 5(H1+~~~+Hn—nu)}
FE

IVANIVAN

_ g (B)r = n(Butlos Z(5)

%logP (%ZHJC 2 U) < Bu +log Z(B).

U THEGLHID (#) &V
1 1 .
ElogP (ﬁ E Hy 2 u) < érg(ﬂujtlogZ(B)) = S(u).

AT (1) D LS OFHiANFER X 47z

(2) D RO DOFEMiZFERAL & 5. (2) 1& “I ) = VA ICET 2 KO TIER 25
b, WREH H OWESGIEZ R EOMEREE 1 BWEDDHERIHEIZLZ0>T
Wb L9 5. MERHIE us %
e 7" pu(dx)

pp(dz) = Z(8)
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LED, ZOMRHEDTOLIMRNMGEN ) ZAINDRMENERILIZTD. ) =)
DT D HRME L HERE TNT N By ], Po( ) L EL. HEREH H OH ) =745

N AR R I S 8 S—
ElHe™
“zm TV

2B MTFClRu=U(B),6>0 LT3 20X X Su) DEHLY,

S(u) = Pu+log Z(B).
SUTDERED e >0 25, 7/ ZHNVAAMIZET D KBOGFHEN XY

. RS
T}LrgoPﬁ (EZH’CE (u—s,u—i—a)) =1

k=1

Eg[H] =

TUT, 1) =R A TOMER & BEFID A TOMEDDH NI TOBEREH 5

1 - E 1 nu—ne,nNuU+ne
Py (;Zer (u—s,u+e)> ittt 0 :
k=1

Z(ﬁ)7nE[1H1+'--+Hn6(nu—n6,nu+n6)

1 n
— o~ (Butlog Z(B)=1B15) p [ — H. e (u—e¢ c
e (n E k€ (u U+ €)

k=1

e B(H - Ha)]

A

efn6u+n|/3\e]

1 n
< o Butlog Z(B)=1610) p [ — H.€(u—24 N1
<e (n E k€ (u—0,u+9)

k=1

DEDfEREGDOED &

1 n
P (ﬁ ZHk €(u—9d,u+ 5)) > en(Butlos ZB)=1B1E) (1 4 o(1)) (n — 00).
k=1

WD ZAZTHLDRELD 1/n 5D n — co TOMEZD Z &IZ&>TIR%EE5:

liminfllogP (%ZH’“ € (u— (5,u+5)) 2 Pu+log Z(B) — |Ble = S(u) — |Ble.

n—oo M 1

>0 FWNWSHTENILSTELDT,

ol 1«
lim inf — log P (ﬁZHk € (u—5,u—|—(5)) = S(u).

n—soo Mn
k=1
INT (2 bRINT 0
EIE 6.1 DFEAR. (1) D ENSDOFHi%2FEHL &S5, F X R OFHEAHEATHD L L,
Fy={ueFluzU(0)=E[H]}, F. ={ueF|[usU(0)=E[H]}

LB INHE R OHHRESRDT, F. ORKEu_ & F, OF/IME u, HBEE
5. S(u) X uz2U(0)=E[H] CHHFHEAL, « SU(0) = E[H] CTHHFEMTLDT

sup S(u) = S(uy), sup S(u) = S(u-), supS(u)=max{S(us),S(u_)}.

uekFy uelk_ uelF
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WRIZHIEG.2 (1) &V,

1 1 & 1 1 &
EIOgP<EZH’f€F+) §510gP<EZHk§U+> < S(uy),

k=1 k=1
Liogp liﬂkeﬁ < Ligp linSu < S(u)
n n i ~n n & = = ’
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RE7.1. =Y hBE— S(U,N, V) IZ U IZBUT EICNREETH D LIRET D, I
512 S(U,N,V) 1& V — co TEATNDMNEZEE) % FFD:

u =

S(U,N,V):VS(’LL,TZ>+7](U,TL,V), u:%, n =
& nlu,n,V) ZEDD &,
n(u,n,V)=o(V),  nu(u,n,V)=0o(V) (V= o0).

RFC
1 1
3 _ — T - < —
lim VS(U,N, V) = Vlgn VlogP(HN,V <U) = s(u,n)

V—oc0o

WAL TEY, U =Vu, d/0U =V19/0u &V,

SuU, N, V) = 5 (Val )+, V) = sufum) + o1) )
X 51T s,(u,n) O u 2T 2EBEEREL THL. s(u,n) & (REMEXOMKEEIZH

TR)ENIY hOE—BE LSRN s(u,n) & u iZDWT RISMZR BT MKBIZ RS &
RET D, HIREEKE Su,n) 20 %

B(u,n) = s,(u,n) = Sy(U, N, V) + o(1)
CEDD. BTIHOBRIIBEEINLZ A=V OT7—ATULDRED (IFIF) KILL T
WBEIRBEESZATWEEEZLNS. B
IR [0], pp. 105-106 Digam i< L UK, 7 = WV AREIEAREIZ

< _
lim P(Hyy =U - E) _ BB (%)

ERTIEICEoTEHBEINDSG., ZHIEFREFEETH S

P(Hyy =U - E)
P(Hyyv S U)

ZHFRDEDITRINDG. FHEOEHEI Y 0<0 <1 229 HD 0 WFEELT,

P(Hyy SU—-E)
P(Hyy £ U)

log

= —f(u,n)E + o(1) (V — 00).

lOg :S(U—E,N,V)—S(U,N,V)

— —ESy(U—0E,N,V)

ST Y O oy

= —FEs,(u,n) +o(1)
= —f(u,n)E + o(1). (V= 00).



7.3. WEIFOBERFIIE TN ) = AV AHOEH (2) 53

2 DOHDESTEHEOEEE AV, 3DHDES T (1) 2, 4 DHDE ST s,(u,n) B
HEETH D L WIIREZH S 77

(%) DR TEE X N7 [Boltzmann HT-] 1EAFD & 5 IR 5.

BInEEHT2RZMNEMMLU TS LB R%EERD. HHTL2RDY A RE—ETH
22U, BIROY A AR KIZRDMREZE 2 5. BanDOMITEH U TKERRZ A
T5. U FREROTAINF—ThHY, EFFEHTIRDIRNE—ZLTDL U-F
WERDZRINX—IZ8 D, BIROZRINX =2 U — F BEIZRDERIL V KK
BeE PHyy SU—-E) TEBIND. HEHTZROZAINF—=2 F IZRDHERIL
P(Hyy SU—E) ZHHITE7255. UEA>T () &Y, FHTZE2ROTRIVF—NE
THDHHERIZV NAXL L XIELIZ Boltzmann KT e P@nE ([ Z 4 5 .

UL, 2ZNTE EFEZDOLN S KT BNZN,

PLEDRIRD &) EHERERMIZE D BTN DEZA D N?

TRRHEMRIET D -DIE BB 28D~ 2RORETEHTLIHOR] LWVWOHRES
EEEHRS BRERH D TS 7.

H2AFNIZH T DEEREIE A OB RIIARE IR J1212 85 1) D Maxwell-Boltzmann
DADOEHIZELU V. TOHEMIZBIT D [TRIEROR] 1FERE 0 O n— 1 IRouEKHEH LD —
RO (BT AN F——E L WD ZMETEHRIND ERoeERE O o) THY, TE
HI 282 %]1 1XTDODED L IRTCERDEEIANDHETH Y, TR 13D OHEET
Hd. FLUTRIEDRDY A X% KIS T MR n — oo DMERIZHIET D, ZDFRRE
=AU R HET 2.

7.3 HEHNZOBMECSFB N ZHLAEOEE (2)

HIE DR 2 2 Y ET.

IR, H, Hy, H', H** R EF TN THERZRTHD LT 5.

A (thermal reservoir, heat bath) IZE:U TWAEH T R2EF R 5. BunDRFE % &K
DINTGA=L—=% V LE RFHEN BFEABLTESZLIZTS.

FEHTLROIANF—% H LEE, BAOI XN F—% Hi L ES L, HEHT LR
CBBREGDEAEEERORDOI XN T —IX H = H+ HI® L RDOIND LRETD.

BB HH TR EZEDEAZ2EDRITE VT,

P(H=F;and H <U)= P(H = E;)) P(H* £ U — E;) (1)

DAL L T2 EIRET 5.
Bun & MBRICIEH T2 RIIMER ¢ TREIZ2D R DZXIVF—IL E THD
95, HIIHER g, T B, IR 2MERERTH 5.

P(H = E) = q. 2)

LEEOFM (FHERDOFEM) 2 K€ LU GE I TN TORE | WEMRTEIHIND
EFEZBH, b= YERN ARG T IRE U2 K ROV D THEEEDF I 2 ]UE L 7AWV
(AT D& AR & 5 (2 Boltzmann [N ¥ DEHIZEEHRODFEHIIEIFR L &)

BIRIE V — oo TIROWHEFF 21/~ L T\ d LIRET -

U
S*(U, V) :==log P(Hy® S U) =Vs™(u) + o(V), U=
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Ses(U V) #BIROTY hO¥—2 P, u=U/V & TRIVXF—5E L IE, 575 (u) % E
BOTY hOE—EELIER (C FEARE). o(V) DESD u IZ & 2EEEGES o(V) T
HBDEMETD. ZOLEX U=Vu &V 9/0U = (1/V)0/0u RDT, FHMEDEIEL Y |
BEIZLIZHD0TO<O0<]1 22T EDIFLELT,

log P(HI® < U — E) = §*(U = E,V) = S™(U, V') — EaaSU (U — 0B, V)

= (U, V) — pLl? <v5fes (u - 0—E> + o(V))

V ou V
50, V)~ EL () 1 (1)
= ) 5y (W toll).
TROLL, BROWERE B(u) &
6SI‘QS
s = 27 )

LEDD L,
P(H!® SU - E) = P(H* S U) e PWE+D) (7 - o0).
DL EDRGE L &%, (1),(2) 2fH>TELdd L,
P(H = E; and HY* S U) = P(HI® £ U) ge PWEitel),
IHI
PH SU)=> P(H=E;and HY' SU) = P(H{" S U) Y ge PWFto),
UZdto T, it SR %

P(H=E; and H¥* < U)
P(H* < 1)

P(H=E; |H*<U) =

LFELL,
qie_ﬁ(u)Ei"_o(l) _ qze_ﬁ(u)Ez

Z] qje_/B(u)Ej+o(1) Z] qje_ﬁ(u)Ej
TRDLL, BIKOZANF—N U UFTHD2LWHEXMEDE LT, EHTDIRDI RV
F—MN E, Th DM EHEROEBIRDORTERER K TOMRIZIRD & D125 5:

. PH—E B <U qiefﬁ(U)Ei

VE};O ( — L | = ) - Zj qje—ﬁ(u)Ej :
ZOESITUTELNGEHT S RICHET 2 MR % BRI f(u) DA = AL L
I3, BURDEHERE N 5158 5 N D KT e PWE: % Boltzmann &F & FE3N.

Bl7.2. Hy, Hy, ... [ 3MSIR DA BHELRLBCRYLFMZ2H2TEDOTHDHEL, V =
n=1,23,... 8% H*=H +Hy+---+H, H=H,, H}* = Hy+---+ H, £5<
&, Sanov DEHE U <1 Cramér DEHIZE > T, PAEDEmDOHRELZT/Z LTS, Z
DIE DBGRIIINL [ 3 A 7B AT OV KU Z LRI NS,

DT DOFEFRIFISLFE A ORIT OV IR U L ABE D &S BRFERBATHRITE,
BB DRTEIEIR K TOWHREE N T 2 — R ETHED 5 Boltzmann K+ e #WE CEl
WWINDF ) =TIV AAREREAIEOND 2L E2RLUT NS, []

P(H=FE; |H»<U) = (V — ).
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8 fitk: thOFBEEOIY hOEE—IZDWT

8.1 HHI R F¥—* Massieu K & DR

AR8L(E— XV MNEEHEEF1LT Y NEEE). MERSM ¢ O & THREH X -
i X, DE—RAY M:I&Mx()ci

.
= E eXig,
i=1

CEBEIND. CNE X =FE, t=—-8 DL IHEHK

B) = Z e PFig;
i—1

TR, HRROBRZBIZETH DT — AV B (R 1R e
AEMIZEUEDZ BTV, HERHBOARIEIZINIEET— AV MEFEREDO L

Kx(t) = log Mx(t)

FHERZ X DF 25T v MEEEKEL (cumulant generating function) & IFFIEN TV, H
HIZANF—DFEH

Fw>=—%bgzw>

IAREMIZF AT Y MEERHEDOERIZ L TWS, LV IEMIITYRE 8 TEHLFTD
F(B) =log Z(B) (& V) IEHEIZIZA T D Boltzmann &££5%)

DFMF LTy MEEEOBEEONIGYIZRS. 2660 F(B) I& Massieu B &
ENTW5. []

8.2 MWRényiTv hOE—

FE8.2(AN Rényi T bOE—). 2 DDMERDM p=(p1,...,pr), ¢= (q1,...,q) I
XU, 8% Rényi T bAOE— Ss(p|lg) A1

logZ(pl) 4= —
CEBEIND. IND B-115% 3 THWHTDE

0 S pla " log(pi/a)
a5 (8 = D3 (llg) = - IEZ P

BOT, X512 =12F2L,

B8 1-p
Ss(pllg) = - logzpz q;

0

95, (B =1)Ss(pllg)) sz IOg— = S(pllq)
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NI hOE=DHTRS. DRI
S1(pllg) = lim Ss(pllg) = S(plla).

FES Rényl T hAE—IZHNTY hBE—DT VRS = A =4 —BRIZB>TVD5 2 #E
ZAbNE. ¢ =1DEBED Rényi T h O —DEH % K> TOAIZHN Rényi T b1
F—DEHRITHTEARGIZENMIK LB bhd.

FERF Rényi T b 0¥ —DE #1340 B Bk

r

B r
Z Di _BE: Di
! i=1 ¢

i=1

AT HHT RNV F— F(8:p,q) & Massieu BiE F(3;p,q) DE

F(B;p,q) = =B~ log Z(B;p.q),
F(B;p,q) =log Z(8;p,q) (Boltzmann %€ U 13 1)

EAREBHIZEUTHS:
(B —=1)Ss(pllg) = BF(B;p,q) = —=F(B;p,q) = —log Z(B;p, q)-

Rényi divergence (FHXf Rényi T> v —0D —1 £%) DFEAMEED E L OM [10] IZHD.
(8= 1)Ss(plla) = —log Z(B;p, q) 1% B DEEBE LT LIZNTHSD:

9 ’ . _ Zzy 1(E E) (E+E)qlq] <

(FFFHE p=q (i=1,...,r) L[EMHE).

TUT, (B-1)Ss(pllg) = —log Z(B; p,q) D B =1 TDMEN* —log Z(1;p,q) = —log 1 =0
ThdIZ e, (B—1)Sspllg) = —log Z(B;p,q) ® B =1 TCOWRBPHNTY hOE—
S(pllq) Ci%bb\c‘:b\ﬁj:@?f%ﬁ%%i )

(B—=1)Ss(pllg) = (B—1)S(pllqg).

EEFENDERORTH S 0

8.3 ¥ TsallisT> hOE—

FE8.3(MHN Tsallis T hAE—). XD p= (p1,...,0),¢ = (1, .,q) ZXHL
T, Z(B;p,q) ZIRDELDIZEDD:

s s

N r .
ZWWWZXE%MZEX%>%=XM%ﬁ, E:A%%

i=1 i=1 ¢ i=1 v
B E Z2O0DMENE p & g D& i TEDEVERDLTWS. K ZHIVAOH
p(B) = (p1(B), ..., pr(B)) %

_ . 1
e Plig plg"

Z(Bip.q)  Z(Bip,q)

pi(B) =



8.3. HMX Tsallis =¥ bt — o7

LEDD L, WIRE B 1F ¢ =pi(0) & pi=pi(1) ZHMTE/NTA—=Z =T8> TN3S.
ZD& X MM Rényi TV bR E— S(pllq) 1&

log Z 1 .
Sp(pla) = <270 RO

YEDIN, HETY hOE— Spllg) &

0 0
S(p||61)=—% 10gZ(/3;p,q)=—% Z(B;p;q) szlog—
B=1 B=1

ERDOIND. 2DOHDHFEST Z(1;p,q) =1 2o/,
ROEEZ ¢ (BT D ¢ ZNMERE LTSN

f(x) = flqz)
(I—q)z

q— 17T q7#5 Dy of(x) 1353 0f (x)/0x IZIRT B,

EOMFTY N —DAD log Z(8;p,q) Tld&< Z(B;p,q) ZHWERRIZETS
BIZEHT 2% g ZNTEIMHZDZLI2L->T?, ¥ Tsallis T hOE—DRD
EOIWEHRIND? (¢ Z7D q ZIROXTIE a &EL):

Z2(ip,q) = Z(espya) _ 1= pia "

T, =—Dgsals Z(Bip,q) = — =
(pllg) B, ’5,1 (Bip,q) 1—a 1—a

Dy o f(x) =

a— 1T a AP0 T 20T, #Hx Tsallis T b ¥—3tEx Ty b
— KT D, 2D & iE

Z (pi/qi)l_ e/ 6) qi, lim T2 % = xlogw.
—«

To(pllg) = —
(plla) a1l 1 — Oala=1

=1
EFEIZBHENPOSNS. M Tsallis T hOE—I3HETY hOE—DERIZH T
% zloge & (x—2%)/(1—a) CEIMAZEDELEZAS. N Tsallis = hOo¥—%
X Rényi T hOE—TIRD L HIZRDT L ETED:

Z(Bip,q) =1 _ exp((1— B)Ss(pllg)) -
1-5 1-5
WA Rényl T b B E—ZH% Tsallis T hBE—IZ& 2T
_log Z(B;p,q) _ log(1+ (1 —B)T5(pll9))

Ss(pllg) = 5 -
EROTIEETES. A Tsallis T O E—2 % Rényi T A E—DE WL 2 —1
Elogz=log(l+ (x—1)) DENTHEELEADILETED.

EDESI1Z, My b ¥ —, Mx Rényi T b ¥ —, #xf Tsallis T h O E—
XENE SHLRE Z(B;p,q) MODIREYTH D . (]

2EHF1F 2016 4 6 H 22 HOBEBETZOMBARMEE £ 72 <HETE TV,

22%% (Fx) Tsallis T O E—DEHZRDO LA L £ o772 <EEL THARWV. (M)Rényi = b1

—IAREMNZ DB DN E (HHT 3L ¥ —, Massieu BHE) RO TED LI BREDEEZEZD Z L DR
‘fi’ier:E'f’C 50, (FHA)Tsallis T b E— DT & < DDA,

Ts(pllg) =
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SEE (185 Tsallis T bOE— &R Rényi T bOE—ORMR). X Tsallis = b
B — Ty(p|lg) LA Rényi TV hEE— Sy(pllg) 1HEB B

Zs(pllq) = prqi ’

B (pllg) (rllg)

Zs(pllq) — 1 _log Zs(pllq

T’ Ss(pllg) = 5-1

2:%730*2@6 B>1 (LK B<1)DHEHIFESLLE Zs(p|lg) DHEFFA L (B U
< I FBMELK) 5D T, %Mbéwﬁmﬁé YiE Zs(pllg) & BME (B U< 13K

) T2 LAMICRS. X5

Ts(pllq) = —

|
csale) = (14 (3 =DV, Gy =T
MWHEHZHFOF IR Z & &Y,
Zs(pllg)"" ™V = e 1 (—=Ts(pllg)) = exp(—Ss(pllq)).

Z DR THN Tsallis T B E— MM Rényi T hBE—DEWNEH £ 5 & egq(2)
& exp(z) DENMIBZES>TWDS. Eb5A, ZORERIEMINDS

Ts(plla) = —Ca-1 (Zs(ll)VP"V) . Sa(pllg) = —log (Zs(pllg)/"~V)
L ENT BT EEIARDTH S M 0

FRB84A(BEM). e 20, _ =Y, ,=¢=1ThdE0L,3>0ThdLKE
T5. MY hoE— M Rényi =¥ b E—, X Tsallis TV b E¥—ikznth

S(plle) = sz log—

Ss(pllg) = 1ogzp% g
Z: 1pfqzl B -1
Ts(pllq) = 51
LREINEDTH o Ly (0)
|
lg-1(z) = 5-1

EREDD &, FHM Tsallis =¥ b E—{X

Di
p||q szgﬂ 1 (_)

Z

YEDING. SOllg), Sslla), Tspllg) BTRT 0 UFTHB I LERTD.
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NIy hOE— f(z)=xlogr B L, fl(z) =logz+ 1, f"(x) =1/ &V f(z) &
TICMBEETHY, f(1) =0, ff(1)=1 &Y, flx)Z2ax—-1,%K%5. PRI

S(pllg) = Zf(pz) Z(——l) g; = 0.

Mt Tsallis T bAOE—  g(z) = 2lg_y(x) EBLE, ¢(x) =
B2 L B>1 &Y, gla) IEFITHRKEETHY, g(1) =0, ¢(1
BB, WRIT

II/\

Ty (pllg) = Zg(“) -<—i(&j—1)qi= | 81)

i—1 \4i

X Rényi TV hOE— B>1 WS REIY, Ss(pllg) £ 0 2R 2D

2: 8 1-8 (&)BA>
D5 4 Z g 21

4;

%/?Jd‘liib‘ h(z) =2 LB &, b (x) =Bz, W' (z) =
h(z) & NITHRRETHYD, (1) =1, (1) =6 &Y h(z) 2

;(yqi) qi_lzr;(uﬁ(;—l))qi:l

INTRIRIZEVITRTRERINSZ. BLEDOERIZE T Jensen DAER 2 f 2 1X
FADADUZITEETES. B

BB—-1zP2 & B>1 &Y,
1+8(x—1) %25, YRIZ

8.4 MEM (REM)ICOWVWT

FEER8S5(MWEMICOWT). v =12 ITNTEIERES R, = {1,2,...,r,} LOWMERSH
P = (Dot Do)y Pv = (Puts -+ s Do) W UT, MY bR E— &M Rényi =
cOE—Iixk

Ty

puz
Swulla) == pslos?

Qv
=1 )

log Zs(pv||qv
Ss(pulla) = 2L 7)1 - prq
L%, EREAS Rix Ry ={(i,j) | i € R, j € Ry} LOWERDAED (i,5) — pripay,
OV — A Rényi TV OV —DEHREHEIFTT LMD LS IR S:

S(p1, p2llar, @2) = Zpl znglogp“ph

i q1,i92,5

IOgZ,B(p1,p2||Q1,C]2)
1-p

; Zs(p1, p2llar, g2) = Z(p1,ip2,j)B(CI1,iQQ,j)l_B

i3

SB(P17P2||Q17C]2) =



60 8. Ik fBoofEEOTY hO ¥ —IZ22oWT
ZDE ZROMEMEDFEANL L TV 5!

S(p1,p2lla1, a2) = S(p1llg2) + S(p2llg2), Sa(p1, p2llq1, a2) = Sp(p1llg2) + Sp(p2]lge).

BRI
Zs(p1spallar, @2) = Zs(prllar) Zp(pellaz)

CFAMETHS. AEIHIZLAT D@ Y -

p 7.
S(p1, pollar, ¢2) = Zpl iD2,j Zpl,z’plj 1ng
ij J
7 p 7‘
= - Zpu log 72 Zm,j log 222 = S(pulr) + S(palae),
i a1, . q2,;
0 = S0 o)~ = Sl 1

—Zplzqif Zpgquj Z/s (p1lla1) Zs(pallao).

X Tsallis =Y hO ¥ —

Zs(p1,p2llq1, q2) — 1
1-p

Zg(pullg) — 1
1-5
EHEME % 2 U TR,

Ts(polla) = Ts(p1, p2llqr, 2) =

Ts(p1, p2llar, @2) = Ta(prllar) + Ta(p2llaz) + (1 = B)Ts(p1llqr) Ts(p2llge)
72U C\WA. GERHIXIRODE Y

Tﬁ(p1,p2||Q1, Q2) - Tﬂ(p1||Q1] - Tﬂ(pQHQQ)
_ Zpnllar) Zs(pallae) — 1 = (Zs(pallar) — 1) — (Zs(pallg2) — 1)

1-p
_ Zs(pillar) Zs(pallaz) — Zs(prllar) — Zs(pallge) + 1
1-p
_ (Zs(pillar) = 1)(Zs(pallg2) — 1)

1—-p
= (1= 5)Ts(pllgr) Ts(p2llg2).

N ¢ () =(01—-4q")/(1—q) A3 IS R/NEY
(T +y)g= () + () + (¢ — 1) (2)g (¥)q

WZEIT WS, Tsallis T b E—23 (TR U 72 8UFIMEE IZBE T S idimd L OCERICD
W [7] 22RE L. TITIE n— co DMREZEH)IZ Tsallis TV hBEY =2 bhd %
THRE OB D Db NT NS, []

2345t Tsallis TV POE—DEHFT ¢, =1 £ D& Tsallis TV A —DEBENELND.



8.5. MHXI Tsallis T b 1 ¥ — 2 linr 25812 & L% HD AR DR (1) 61

8.5 #Hx Tsallis TV bOE—%Z#NAEERICESOZIES DL (1)

Suyari [7] I&Z B D H B ILERD n — oo DWHEZEF) A Tsallis T T E—Tild X
NdZ 2Rl ARNTIRTOMR2ZZIHDH LM Tsallis T2 hBY =D& Ik
iR 52 LR TIEMIND 2 & 2 [0 TIC KRR R 21745

UTFTIENRTA—=Z— h T A= — 3 OHVZIZIE

h=B-1, h+1=8

VS BIRAD 2 LARET B, 8T A—R— h = f— 117 & BB e (x) LA
BERE IR (4(x) %

xh—1
h

CEDD. TNHIFHWHFOHKEIZZ>TEY, h — 0 (8 — 1) TEFE DR
B RBEEBUCINR T 5. ZORBERZMES &, S 3HiTEHA L /ZMN Tsallis = k1O
Y'— Ts(pllg) ZIRD XD IZRKDE D!

Ts(pllg) = Zpl 0 (p2>

en(z) = (14 ha )", Up(z) =

A AT e

T r h r
—Zpifh (q_> =3 (P (q) —pz') = Tho1 Z(pqu i)
i=1 v i= v i

=1
DY et TR D DY ¥
51 = 51 Ts(pllq).
ZNDENEEENCHDOND £ D BRLES A DR Z ST ZENU FOHETH 5.
BEDOZENGEIIB T D HERIL

n! )
klqul qT

ThHY, ZNONBUIIRD LS IZERDOING:

log a(n; k) = Zlogl/—ZZIOg(yz>

i=1 v;=1

a<n7k): (k:(klaykr)7 klzoa kl_’_—'—k’l‘:n)

INZHIRU TIROEMEIZE ST lh(an(n; k) ZEHKRT D

r k;
ahnk Zﬁh Zzgh <%)

i=1 v;=1

2 EPIRHIET LR,

25 - NE AN Tsallis TV RO —DEHZ L ESTH LWV, ZOBAROEHTIE, HIK Tsallis ©> ko
E— Ty(pll) AT RO — S(pllg) = — Y1, pylog(pi/ai) D/SF A—%— h= f—1 12 X BHARI
BTS2 LD B,
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ZOXE LD b (z) = 2" /h— 1/h DHD —1/h OHEHEF ¥ VRV LUTHAZDT,

n r k;
v; 1 e
Ch(an(n; k)) <ZV —Zlyzl( ) >:E<;l/h—2qih’/zﬂ%~h>.

h>0(8>1) EIKEL, n — oo T k;i/n \FIEIE—E k; = np; + O(1) = n(p; + O(1/n))
EVDEMEIRETD. n— o0 DEE U(ap(n k) DEDXDITIRSGFED MR 720,
h>0IRELZDT,

Z h— ;:+ -+ 0(n") = ”Tf +OMm* Y (n— ).
X510 by =np; +0(1) EAREL7ZDT,
>t = L 00t = T+ 00
W Z Iz
(s ) = " EEES BT 00ty - il £ 0@ (0 o0)

INMWEBE LTWERRTH D2, Z 0k RISLIEHD A DML E)
|
log a(n; k) = log (ﬁq{“ E fd”) = nS(pllg) + O(logn)

DILEEIZ R > T\ 5.

8.6 MEX Tsallis T bOE—%ZENAEENIC ST LIRS M DL (2)
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