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1.1. BEFIDAD ¢; DZIEDA 5

1.1 BEHES%HD ¢ ODZIELHE

=0, >0 ,¢=19%. 1EIOMIATTIRE | PR ¢ THROLNDRNEE X
3. q0=1(q,...,q) EREASTHLIFRI LIZTE. TOEORRKTE n FEFEVELEE
IR BEU B E k & ES (k ZERERTH D). TOL SRE i BWEULEEG
ki/n (CHERBRDBLEMEIILIZTD) D n — 00 TEDEIITIRDES NEFIRNLD.

I, 128 (BATHTEIW) 2 n S22 3D i OB ZEIE DA (#%
BROAE) i n — 0o TEDEDITIRDEED MEFANRDEZ L ZF > TR,

KREDEANZ E 5T n— 00 Thi/n— q £BR2MW, BTHRMAMSHEREEZZ VDT
REMD AP SN2 DDA L UTHDLDNDHERNED LS ITHET 2025
D720, B2 CIESRMAM IHEREE XD Z 12L& > T Boltzmann R+0W G656 2L %
BHT 5.

B2l IS REMN g = (q1, ..., q) ZERICEREL, BERSAG (ki/n,. .. k/n)
DWERDNGEEZ, TD n— oo TOMTFEFARDZLIZRD.

n EOMNGAATTRE @ DS k; B SNDHERIE, Y ki=n D& X

n! k :
m%l g (%)

2R D X F 012485 (ZIHSE).
P20, S p =1 LAUET B, n MOMSLATCIRE i A5 NAEE ki /n HIFIE

1.2 VTP A XEKRELL LEEZDZSIELHDENTES)

n— oo D& IRBAHNIEIE p; ITRDMEENED LS ITIRDEES MEFY 72\, £ 2
Tn—o0DEX k 72BN

k; = np; + O(log n) = np; (1 +0 (log")) (%)

n
22U TCWDEREL, LOWER (x) NEDLDITIRDFEI NEFNED. ZORED
£ & T log(ki/n) = logp; + O((logn)/n) MEEILT D Z L ITERY &3

Stirling DA E >0 ki=n &V
logn! =nlogn —n+ O(logn) = Zkl logn — Zk’ + O(logn),
i=1 i=1

log k;! = k;log k; — k; + O(log k;) = k;log k; — k; + O(logn),
log qf" = k;logq;.

INE % LOREE (+) DXMBUTRATS & b OTIEF ¥ VLTS, X 51T () BA

3Taylor J&RH log(1 4+ ) =2 — 2%/2+ 23/3 — 2% /4 +--- & V.
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THERPELEND:
n!
]og (mqlfl ce qfr) = —nz (log —_ — log QZ) + O(log n)

= —n Zpi(logpi —log g;) + O(log n)

=1

= —anZ- log% + O(logn).
i=1 '

FIRED B Z X RBEEZ O ER L RVOFHETET TR I HTED (55 1.7 ).

1.3 Kullback-Leibler [ k=& HE T hAOE—DES
B2 ORERIX
D(pllg) = pi log -

EHELERDEDIZETEINS:

n!

log @' g ) = —nD(pllg) + O(logn).
kil k!

FEIIERBRA G by /n BIEIE pr (1278 BREROSEZ R L T3 2 & IS & D(llg)

% Kullback-Leibler [§8RE (W) /v 7 - 51 75 —fFi&E) U < id Kullback-Leibler

divergence & IFE.3. Kullback-Leibler [&#fim D —1 %

S(pllg) = ~Dpllg) = — > pilog ™

FENIY MOE—SERZEIZTS. HETY haE—IEZARERIZ n RS REEOD
[BEEMI DD ¢, DL SRERDANIEIE p; EBRDHERONED n 5D 1) TH?.
XE % B D BT DA RIZIRODE Y -

(n [EDOIEILFRIT TRER 34 WNIRIE py 128D HER) = exp(—nD(p||q) + O(logn)).

LLY Dpllg) >0 25K n 25 KESTHE O(logn) DX nD(p|lq) DI L
U THHTEDREIZRDDT, ZOMRIX exp(—nD(pllq)) DEBATIFIFIE>T VD
EEZATEW.

1.4 Kullback-Leibler (§3 k2 DEAME

Kullback-Leibler 1§88 & D(p|lq) = >_i_, pilog(pi/q;) \&BE f(2) = zlogax ZHWT,
D(pllg) = Y-y f(pi/ai)as £RDOINZBDT, D(pllg) D p = (p1,--.,p,) PEEELT
OME%ZFANRD 2OIIFEHE f(z) = zloge OMWEZFRNIT IV, f/(z) = logz + 1,
() =1/x >0 BOTEE f(z) IZFIRENTH S, DRI f(x) 12T DERRDEK



L5, ZIHDAE DA DR 7

BTIPOMIZOND. RIZ fo) 2 f()+fF(D)(z—-1)=2z—1(FFOHLE 2 =1
W EfE). W 2T

D(pllg) = Zf<pl> iEZ(%—l> g =0,

=1 v

EF5ORNE p=q (i=1,...,r) LFME.

IO flz) MRICHEZBENTHDZ LD, Dpllg) & p DEEE UTFITRENTH D
ZEvbhbnd.

Z D & 512 Kullback-Leibler fEHE DX 0 LEIZZARY | F/IME 0 DAEBRT DI & L4
A op; WEEEFIDM ¢ ICFULKRDZEIFAMETHD. W RIZ, 046 p; PWEERSA ¢
WEHELULSRWEE Dpllg) >0 £B82DT, RERSAAPIFIE p; IZBRDHERIEn — 00 T
n A DWW THREERERIIZ 0 IZURT S, L7235 T, n — oo TRERDAE ki /n (ZREER 2
g (SEf <. ZHIEKREDERIDKAN. 2 ERL T3

Kullback-Leibler {&# & IIREM D TE ¢ DE & THAE p; 733‘%2%53\?52: LT ENZITHER
FHZEB U » 2RO U TS, B2 0MMNERT DMERDIIE n — oo T Kullback-
Leibler fE8RED 2D —n EFOFRBEHBD & 5 1IZHRDHES . W 212 Kullback-Leibler 1H# &
MIEADD LU TEE > TONIUE, Kullback-Leibler [EHR &Y & V) K X 72 5 D441 IEAHR Y
WIFEALEEURNE WD ZEDLMNE. WAIZ, HERMERLU THMM p; BWEU D5
N EHER%ZE 2 255020%, R U 72540 % & T Kullback-Leibler 1§ & WS /I &2 2 43
A REER I A 1 (xﬁiﬁ‘*ﬁﬁt@ RT) < 28285 (FREMERBDOER, FEMA
EHBREIR). Z DLl % &/ Kullback-Leibler [E8REDREE L IR, n RIEFIZKE A
& X, HDIRMDE & TREIZET I ND 0T U 725D £ & T Kullback-Leibler
BHREPRNDDAHIZED.

XY B ¥ —I& Kullback-Leibler [§f{& D —1 5725720 T, &5 X THAE p; B
BERIZE U 2R 2 ZEZDGEIZIEHR U LMD L THEZY boE—»2 K KIZA
B IR A DNEN K 2 8il8 b, ZOFEWMAZRARERNIY hOE—DRE LT
N MRKEIREE, HEIFMDOE & TREWNIZEBIND DMEITRLU 25408 & TH
WLy NOE—=NRKIZRD EDBHHETHD.

. DR ZDZDIZEM B DAL L TS & &M A WWFEIZHRIL L TVWD &
WETD. ZDLE, KM ADELTERMHE B WAL T DHER (M- SHER) X, &M B
MEAL T DMERE M A BHERTE S ZEDEERZIND. 2D LD ITHRMA SHERIT
WRDETERIND. ZN0, MERDEN n — o0 TEDLDITIRDEES 2R T
W, M SHERBED LD ITIRDES Wb d. EOFBMRTIEZDEZH&lio/z.

1.5 ZIHDHDIHEDEED

=2, q1=q¢ q@=1—q®D a1 VEIF] (HE UL TTHET) )DGEEEEZL. 20
i%mﬂi& HAMIEZHAMGICRS. ZDOL X pp=p,pp=1—p &5 < &, Kullback-Leibler
HIWEIFIRDO LD ITRDOINSD:

p 1 -
D(pllq) Zploga +(1—p)log 1—

ZHiE p=q THRAME 0 1220, p ¥ g P HEENNITEEN D IF L K I < A5, Kullback-
Leibler [ & I A DR R ECH I Z2RDOTELDT ¢ O p 1T EREERNIZAE
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CH#<ZS. LMY p BRERIIZAEL SHEHIX n — oo Texp(—nD(pllg) + O(logn)) &

k&FES. DRI, HHED p @Ebéﬁﬁ@%khfjé &, D(p|lg) MM RE L p A

U BHEHRITn — oo THORBRTHMINIZ 0 (3 <. A2 #E X 72 ETROMEIZ
DVTHRXELD.

B8 n IZIERICAIWVWEIRET S, n BO A VERITOMEEBILHZEEMN o BLEIZ
Bolzld2d. ZOLIRODEEIXIEDREIZRDZA DN

KEDIFERIE YD, n — co TRDEGIE ¢ 1ML DXIZ0Za<qgDE X, ROEE
NahETHDEND&MIEn — 0o THIZERTZZLIZARS. 205, 05a<qg D
L X, ROEEN a UEDLGEIZHIRL TH, n BRI ITNIEERDEEIXIFZIF ¢ IZFLL
BOTWBEEZLND.

F"ﬁnz_ Fg<al1DEETHE. TDLE n BWRILBNERDI ié: KOEED a LA

WZRDHERIT 0 18N <. EORMEIXRDOEED o LEIZRDIGEIZHIRLZ & S
%QEJAVJS‘ X p TR DHER (M SHER) BED XD ITRDHED b‘tb\;)ﬁnﬁﬁﬁﬂiﬁé.

ZDEEIZIE ETHAE U 72 Kullback-Leibler [HHREMIZND. p=a LWDIFMDE &
TOD D(p||q) @Hi/J\m Ip=a TEHIND. PAIIHKMEMNIREDEHELY  n — o
TRED X p=a EH< q <al1DE&X ROEEMN a LEDGEIZHIRYT 2 &,

n?)fj(ifﬁﬂ’wi‘%%@i’UA %b<7§\’)’Cb‘Z> EEZOLND.
DA EODfE R BU\TU)/A\:—&i)S‘JﬂZﬁ LTWadZeEbhnd:
-D = <af<
lim — log Z < ) (1—q)" —inf D(p||q) = { (gl =0 (0=a=q)
noeen k/n>a pza —D(a||q) (q <a< 1).

W FDRNMNEATIDORARNEZEHEI T L,
}:(ﬁ)ﬁﬂ—@”*zmm(ﬂgngwn+WM)~
k/nza =

FIFRDOENGHN a LLEIZBDHERTHD. n— oo D& THERIZTIE D(pl||lq) E/IMIZ
BRARIZT DR FHN TR S .

1.6 max-plus fXEADIRFR X Laplace D% & DER
FEHEZIE —00 D a,b 1T U THE
(a,b) — max{a, b}, (a,b) = a+b

%% 2725 D (LB (semiring), A (semifield) & FEIEN T2 ) & max-plus 21 & IS,
(max-plus fREULBRERE X tropical mathematics X & IEE M % 1) 5 BER &I&
B2 EER RE THD. RIFIFRIRVPEHHIZTE S “REC D2 L THDA, PR
EMERIZEBICTE 2B BIXHBAICTERD “REC O L THD. 5IHNPHEICT
IHLSTERERDODDHHANF- 2 END.)

KRHEUZIE, max 1& 0 LEDOFEHDO LB U TEY, + IFHBEITHISE L TN T, —o00
ERFEDHEALIE 0 ITHIEL TV, TOMINIE log ZE> TR ZES Z L IZ&>TH X
LN5. TERDLEL, IRDRANKNLL TN D:

lim 1 log(e" + ") = max{a, b}, lim 1 log(e"e™) = a + b.

n—oo M, n—oo 1,



1.7. RARBIEIZEDER LV NIVOEHRET KL EHRE % 19 4% 9

BETHHEHTHS. giEOARIIIKD IS IZUTHEENDOOND. a = b EIRETD L,
b—a<0&R5DT, -0 [FHFIZHRY,

%log(e‘m + ™) = %log (" (1+ e”(b_“))) =a+ % log (1 + e"(b_“)) —a (n— o0)

L85, INTHEDARL RI N
F ) —MUZIRDIEAL L TNV B

n—oo N,

1 T
lim — logZexp(nai + O(logn)) = max{ay,...,a,}.
i=1

ZD & DT exp(na; + Ologn)) D& D IZIRESFEDS BOFDNED 1/n £5TlEn — 0o D
EERRD a; DIFDAMNNTHRD. W2 MHOBZNVFDOAREHFEZI NI L,

Z exp(na; + O(logn)) = exp(nmax{ay,...,a.} +o(n)) (n — o00).

Z IR D56 D Laplace D HIEDHEHLTH D L AZRIND.
B DGEIFIROEY . YR EDE & TIRMWEINLL TN S

B
/ exp (—nf(x) + O(log n)) dx = exp (—n inf;ﬁf(x) + o(n)) (n — 00).
flx) Ma<z=x<p CRBNBR/MEZRED, ["(20) >0 K5I,

27
nf//<x0)

ZD & D BEnHEZEE DFH AR DM /1 Laplace D& L XN TN 5.

(1+0(1)) (n — 00).

B
| e @ty de = i g(ay)

1.7 EOKRBEEICLDIERUANIVOEGFETKLEREZHT A

ZIEDAED n — oo TOWHEEFZ A TDO L DIZU T, KO REEZ o - @t -
IXWHETHRNS L TE 5.
G20, =120, EDEK a,b 1LY bi=a &AHLLTNDEL,

b; Nb;
pi=—=
a

Na
EHL. 2Dk

1 Na)! - i
lim — log << (Na) Nbl---qubT) =Y pilog. (+)
=1

Ne Na Nby)l - (Nb )11 0

INDOABIFMEN T b B E— (Kullback-Leibler [EfrED —1 £%5) THD. §480H

1/(Na
i (Na)! Nby _ Nb, [ —
1m q q, = o
(pl/Q1)

1
N0 <(Nb1)! o (N

T (pr/QT‘)pT ‘




10 1. 2S5 5 Kullback-Leibler [§ =\

KARBIECINETALTHES. AR (x) ZRTIEED. N 5 oo D& ¥

1 (Na)! Nbi  Nb,
N_bg((zvbl) )

(Zlogk iZlogkjLZNbloqu)
i=1 k=1
1 T
:m(;logm—;;logm—l—;]\fbilogqi)
1 Na L r 1 Nb; k r
:N_azlogN_a_ZN—aZIOgN—avLZPilog%
—>/ log:vdx—Z/ logxdm—f—szlquz

—[mlogx—x](l)—Z[xlogac—xpl+ijlogqZ szlog—

i=1

2 DHODOES THEIMDOAMIZ Nalog(Na) — >, Nb;log(Na) =0 #2fi ALz, THIZL-
XORMEEZBEHCTEILRIZERTE /.
LJ\J:O)%‘*%'E IRV T DI 2ERL TS N w00 DEX

Na [E OFIT TR p; = by/a (2B DRER)Y N — -
(Na g + pi = bi/a ) (p1/q))P - (pr /g )Pr
1.8 ZEDHOROBREE & DR
Z DR HILIEREY A — b
https://twitter.com/genkuroki/status/773390919450132481

DHNEZEELOELZEDTHD.
BT DR

n! ky .
kl'k',r'ql ”'qT

7b§, k}, =np;+ i, Pi = G +$i/\/ﬁ, E; = O(\/ﬁ) D& %4, n — oo "Ctojck o) C:il:)l??éﬁ573‘
ZIANRTN, T T TREE nl, k! I Stirling DARX

n! =n"e"V2mn(1+ O(1/n)), kil = EFe~R\/2nk, (1 + O(1/n))
2RATDL

n! 4 g = n"e "2mn(1l+ O(1/n)) .
kyl-o k0 r kllfleflﬂ\/m...k?’n%e*kr,/zﬂ-k?q

I Jes] £ 1/2 (RHZ &5 = O(1)) 1KV 5.


https://twitter.com/genkuroki/status/773390919450132481

1.8. ZIHAE D HULMRER & B & DB R 11

DTD e EFRED e HIE YT ki=nLVFYURIVUTHAS. n" =nfr...nh

kll#!-k:r!qlfl = (%) e (kq/n>_k Vv (27m)T1j(lZ(/1n/)@- Ty

ZDRK (x) 2 & <BkDIUZZL I3 46 D HOB R E BE & Kullback-Leibler 1% & O BI£R A
HNBo.
ZIHD AR DD R EF 2 155 720121

ki = np; + €4, pz’:%"i‘%7 € :0(\/5)

% (*) Ciﬁ)\'é_ﬁ’WiJ:b\b Z;:l k‘l =N C‘f. E::l q; = Z:lei =1 J: U, Z::l g = 0,
S a =0 LAY,

ki x; E;
—=¢ |1+ ——+—) =l +0(1)), ki = ng; i + €,
= < Tna nqi) a(1+0(1)) ng +vVnx;+¢

ki/n\ ™ ;
log (ﬂ> —(ng; +v/nwx; + &) log (1 + \/_q + n€q>

L &; 1 Z; €; 2 1
= g+ Vit ) (m*@*a (m,- * nqi) i (5))

2

€T
= - i~ &t 5 1
nx 6+2Qi+0()

BOT, 30 (Vnxi+e)=0 &Y,

n! P
e = — x (14 0(1)).

W ZIT db; = rde; 7= bEEBLICIRAD &

1 2?2
exp| =)y —
LI S dky - -dk,_1 = <2; %> dzy - -dx,—q x (14 0(1))
kl! . kT!Q1 qT 1 r—1 — \/(27T)T_1q1 o 1 r—1 .
zz k=130 =0 THhdILIIERE L. TORBRIBILHSHN n HARIVE &
y(?(mfb%ﬁﬁ?ﬁfﬁ{uf I L EERL TWD (ZIHDAMDHOBIREHL).

Kullback-Leibler 1§ #t i % 135 7221, (x) OHADXN % H > T,

ki = npi +o(n) = np;(1 + o(1))
ZRAUT o(n) DEHZBEHTNZEN. &k =np; +o(n) =np;(1 +0(1)) D& F
o (2 ) =~ o o (P ) — g 2 oo

SAR () 12 n BRIARL TOZENAOMKTIZHT 2 HRNTIFTRTEENTVB L EZ T,
SFPIZ 1L |ey| < 1/2 1CHUNB .




12 2. ST S KREODOIEAIH S Boltzmann K-\

TH»D logn = o(n) HDT
tog (=gt g5 ) = —n3 " pilog % + o(n) = —nD(pllg) + oln).
kl'kr‘ ! " il q;

Z 2T D(pllq) & Kullback-Leibler [§#ETdH 5.
ELE U270 k= np; & 51X Kullback-Leibler fE# &I (x) DAL DK T

() ()

q1 qr

DD —1/n =BT D. ki = np; + o(n) DHFAEITI, Kullback-Leibler [ & I1% 2
DRT- DD —1/n f5D n — oo TOMRIZ—EHT D. T U TLHA/MDLIRITCIER T

2 & B LD Z DR TFNEELNEZDTH o2, Ui >TEENf%
WAL 2 2R GTIE R A8 DFe R B 5 O D —1 £

1 2?2
220

i Kullback-Leibler &2 58 51213 ThHD. Kullback-Leibler [HHE D(pl|q) I&
pi=¢q DEIR/NME 0 IZRDZDTH 7. TDORTOD nD(pllg) % Taylor B U 725 R
D 2IRDERG? > AR DZIRTTIER 7340 DFEEBER D DD —1 1R ohsd. €D 2
EEMERLUED. ST 2 =0 EHIBREIIZ nD(pllg) 1< pi = ¢+ x:i/v/n ERALUT, a
EHIZDOWTERMT S L

Dipllg) = > nai + Vi) log (1 ; j%q)

Sy~ (2)
_Z( na:l—l——Q—i—O(l))

TS =0 %Sk,

r 2

D(pllg) = 5 302 +of1).

2 .
i=1 1

ZDZEMNSIEMRDAETOELIL p; 72HM ¢ 72H 12N & X112 Kullback-Leibler & &
@ Taylor EEFAD 3R EOIHZ BRI T 2 Z L IZHE T L Z LW Dns.

2  FHEMAETREOZEAD S Boltzmann ®F A

FAEAT S KB DIEA (B Kullback-Leibler [ E O FH, I ARHY T A E—0DJ5
Hl) 725 Boltzmann HF TRl SN DMAHRIEOND Z L 2@l L 2.
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2.1 MBEDETE

REEMAAD ¢ = (q, ..., q) DEZHDHOBHEIIRS.
n BOMTERITIC &5 TEL D i 1ZDWTIREE § A U 72818 b /n DIEIE p 12 L
X RERAAAIFIE p=(p1,...,p) WHFULLKRDEEDZLIZTD. TOMHRIZIONT

(n [EITRERD A DNEIE p 1285 1#EHR) = exp(—nD(pl|q) + O(logn)) (n — o)

WAL L TWBDDTH - /-,
IROREEEZ%: 246 p=(p1,...,p,) T s HDOZM

qu,ipi%(:l/ (V:1727"'7S) (*)
=1

ZRY. 272U, R O ML=H (1,1,...,1),(fu,1,...,fy,r) (V =1,. ) —?ﬁﬁﬂj
ThdERELTEL. BBRAOANZDORMBZW29 040 p i i#bb\ (ZHIPR U
X, @Vﬁfﬁ@ﬁﬁ“f?ﬁj\?ﬁ X n—o0 TEDEDIZIRDED 75>?

e ZIE KRB i DT AXNF = E; ODBEIZ

i Eip; = U
i=1

YOS RME (TADE TRV E—ORBRITHENIEIE U ICE L A>TV 20D &
) REUZE X BRGNS n— 0o TEDES IR S 17
Pl R, A A0REST i OEMMED, et B RV HEHAE L X,

zr: Eip; = U
i=1

EVDEME (TRDB 1D 72D OBRORBEIMENIZIE U R HZFELUL A>T
5L VIEME) BIRLZE T BRERADAEN n— oo TED XD ITHRDFEDS 77
LED2ODHITIE s=1Ths. BEROZHEZHET X s>1 & 4H5.

2.2 Boltzmann FFDEH

Sl (x) DB & TORBD A DG SHRIE n — 0o T, &k Y, pi = 1 254
(*) ®% & T Kullback-Leibler & D(p|lq) = >.7_, pilog(pi/qi) M E/MEIZR D 54
p=(p1,...,p,) EFTLILIIHD.

T DA E E/MERTE % #f < 72012 Lagrange O REFBILE M5 5. (Kullback-
Leibler f#IAS p 120V T FICRFENARMCTH /22 L 2 HVHE D) ZDLDI

L=> p IOg% +(A—1) (Zpi - 1> +> B (Z foipi — @)
i=1 ’ i=1 v=1 i=1
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EBEL. ZITA-1, B WRERKRTHD. REFEYL p, T L 2O LRI T
RTOIWEHRD WD HRER

r

_:Zpi—l, (1>

3@, ;fuzpz_ v (V:L"'as)a (2)
oL .
0=, =ls +A+Zﬁyfm (i=1,....7) (3)

ERFIEEC. (3) &V,
—exp< A — Zﬂufuz) qi
IhE (1) ITRATD L,

1 .
= Z Zy 16Ufu1 P = Ee Zyzl 6Vfu,1qi (4)

EBRBIENONSE. D Z ZUJ\EE BEIREND., ZDES1p & Z =6 1F
B, ZHODHEIZZ>T WD, B, 2HIE (4) % (2) ITRATEZLICE>THREIND.
exp (= >.°_, Bf,:) % Boltzmann ﬁ_?r?_’.ﬂj}«sm. (29 %. Boltzmann K713 BEEEM 737

ST E ORI pr MENLZTRZDEZNZFTLARL TS, ZOEDIZLTRDS
NG p, B Hh ) ZHADFREIRERZ LIZT 5.

FM (%) DR U TW B G EITHIR U 72358 ORI 61X, n — oo TUALETKRD 7243
fp=(p1,...,p) \EN S (REAESKEDOER L D). n BDERZSITRBRDAITA
ZANVDAADRE LTS L LTEW,

eZEs=1, fii=E,c=U,3=80D,&

1 , . _ alogz
— _6Ez —_ _/BE’L — _BE —_
pi = 26 i, Z = Z e 4i, =7 E Eie =
IN6DARNIE ¢ 72HWEHNTTRTELUWNGEIZIEHE 1F12 851 % Boltzmann [A 1

ZRHWERDMADFBRIZ L TWD

A0 =V T SN T Y= S(pllg) = —D(plle) = — 32, pilog(pi/a)
ODEU@%/‘R%*&)J: 5: log(pz/%) = - E,szl Bufu,i - log Za Z::1 i = 17 2221 fl/,ipi =G
BDT

S(pllg) = Z By, +log Z.

f:tilis:l, fl,i:Ei7 Cle, Blzﬁwt%
S(pllq) = BU +log Z.
BHIRINF—F % F=-3llogZ LEHETD L&,

S(pllg) = B(U = F)



2.3. RGN D56 0 O R R DR B ARV E O D Z & 15

Z DAL, Boltzmann EEMNE ENTWARWRZRITIE, HEH1FEEZR > TWD AGE
EOTHHRADRRLES ST

2.3 BoHGHNEREDOFZENSEKREDOIEHRESGEHENEOSNDZ &

REM DA PEREEH (r) THEZAONTWD5GE %%KJ: 5. ZDEBEIZIE n [
DI RIT DFERAG 5 N D RER D AR DR E LB ENIFIE p(z) TR DTHERDNBD 1/n
f5ld n— 00 T

S(pllq) = —D(plla) = - / () 1og 22 4y
q(z)
IER S Y BRLNG. A p(a) 12BN FOZA % HT

/fu(x)p(x)dx:cy (rv=1,...,8).

HiT 2 REIZ LT, ZO%MDE 2T D(pllg) % BN 2 HERBERI p(x) & RS
EIRDEDIZBRDZENONE:

1

p(x) = ?e

Z = /6_2151—1 BVfV(I)q(x) dm’

_Qlogz 1 s B (@) _
a5, /fy q(x)dr = c,.
Z D& DB DA R G D % Eim B DB Dk L IFSS. OB DL EIZ
FBERE DERE D TR L IFIEND.

728 ZIEN R ORI HIE TN THBESAHEICEENT VD

- =1 6ufu(:v)q(x)

Y

“HA: 0<0<1D&E —f=logh—log(l—0) &< &, k=0,1,...,nZDVT

n e PEqp n\ 1 1
= 0% (1 — )" F = = — [ = ———.

Z DEE & R E REDOIEADOBERIZOWTIIN 4.3 £ 2T &

%Iﬁﬁﬁz 91 2 O, «9r > 0, 2;191- =1 T%é el L/, _62 :10g91 _10g9r é:j:_;< C\_'_,
itk =n DEX

— r=1 3.1
_ _”' grr ... gk = e~ st Bikigy
pkl ----- kr — k’ k? ' ro Z )
n' 1 1
ks = P 2T g

"Boltzmann EA 1 IR DB RERATHILETES.
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IFFR 5 7:
—(z—p)? /(202 —(1/(202))x%+(n/0?)x
p(z) = e—(@—p)?/(20%) _e (1/(20%) (n/o?) | 7 on?/(20%), o5
V2T Z

p=0,0=1DHEHEIIODVTIEE 24 HiE S U TARL . IERD A OMEREEHB p(v)
(ZF p &R 0® ZIREL /2L S, $48DS [ p(r)de =1,

/a:p(:v)dx:,u, /xzp(x)dx:(72—|—u2
R R

EWHERMEDE LT, T b —

PERKICE S plz) & UTRENIT b,

Gamma9f: =z >01Z8WT

fx/rxafl 671/7+(o¢71)logx

p(z) = T(a) = 7 , Z =1°T(a).

Gamma £ 75 DRERBE LB p(x) B [, p(z) dz = 1,
fﬂﬂ@mzq, Aﬂmmm@mz@
LWHRMEDE LTIy bR —
S(p(o) = = | pla)logp(o) do
MERKRIZED p(r) LUTHREM T ONG. LFEFRIRTH 5.

B Betaffh: z>0I1ZBVT
1 o1 e(afl)long(a+ﬁ) log(1+x)

B(a, B) (1 + z)ot? 7 ’

p(z) = = B(w, ).

BHE n Dt D% 1/y/n TRT—ILLEELD: HHEE n Ot DAADOHERELZIX
1 2\ —(n+1)/2 T 9
p(t)dt = — (1 + %) dt, cn =vVnB(1/2,n/2) = \/(7(7/7%-(?)//2))
ThHo/. plr)de =p(y/nzx)d(/nz), f=Mn+1)/2 £ &
1 1 e—ﬂlog(l-l—mQ)

p<x):§(1+$2)(”+1)/2 = 7 , Z =DB(1/2,n/2).

F—FfEBetaDf: 0<zx<1IiZDOWVWT

—1(1 o x),B—l e(a—l)log:c—l—(ﬁ—l)log(l—x)

pla) = g — = p . 7=Bl.f),




2.4, FEHETER 3 A1 D E 17

Poisson 970
e~ \k B 67(10g)\)qu e
k! A ’

Pk =

2.4 RBREERDHDOIHAG

Bl UTs=1, filz) =a% c; =1, qa) = L DHFAICES BEMEHELTHE S
DA EOREIIZ, n FOMT AT ORIE SN o ORI (22 +- - +22)/n
IZDWNWT

EVDGMEERBRLUZEE, n— oo Ta ORBRKSHANE D BLEMNERDD I LIZFELW.
EORKXZ[FS &

dlogZ 1
g 28

WAIZ B=1/2, Z =\2x, p(x) = e 2\ 2r £ 8%, THbDE n— 0o THRLND N
IEEER MRS,

ZORERIE R NDOPERED2FMN n O ZEFLETSD n— 1 IRFCERH EDO—H&D A
D 1 IRICERT ZEENDHPFEIN n — oo THHEEMAMAIIPNR T L2 EERL TS, T
BHOHBIRDARDENLL TV

1.

R

e—x2/2

li n(dz) = dzx.
i [ ) = [ 0 e
ZIT VS RERZHLETEHE n D n— 1 IRTTEKIE

{(:Ub)a:n)ERn‘[L’%—‘—_{_ 2 n}

n —

EFEDOU, gy BTOLO—RERERDHETH Y, f(x1) O 21 1FERE LD (21,...,2,) O
e Thd. ZOMPROANITEEDLEHOWMES DG A CHEBEIZHRTE 5.

BA B & RAVUE, S IR T B MORER DA D & > B lb 2 U7
LEIZEHRICHDNS D EHRT X5 L E S

3 ZIEDHDIBE D Sanov DEE

2 A5 45 D6 D Sanov DEHLD 5k % PHHEI A R TEEEIZFEEIH L TE S 2 81295,
Stirling DARY 2 HHDARVG UWEEHE RN T 5. ZOHOFHIX 7O V5% (1) T
MINTWDIHERBHRIZECEDTHS. TDOTOTIINIBEIZRLBHRNP- I A
Hb5.

8qg(xz) = 1 RO TIDHEIT q(z) IFHERBERBUCR S22V, UL, UROFEOFEGRIZIE L.
IRDMEZ 72 ) — b D Maxwell-Boltzmann JIDHEIIZ T DEHERZFEIENTH D,
http://www.math.tohoku.ac. jp/ kuroki/LaTeX/20160501StirlingFormula.pdf


http://www.math.tohoku.ac.jp/~kuroki/LaTeX/20160501StirlingFormula.pdf

18 3. ZIEASAE DA D Sanov D&M

3.1 Sanov DEEDFIE
HBUES (1,2,....r} EORESSEOEAE P LEL:

P:{p:(plu-.-7pr)€Rr|p17_..,pTZO7 p1—|—-..+p7.:1}.

Plxr—1RTOFBMAKTHD. 22 Er=3 DL E P REZMBIIRD.

R q = (q1,...,q) € P ZERICH>THEET D, HREH X\, Xy, ... 3EA
{1,2,...,r} I Z R OMERERFITH Y, L THIE ¢ = (q1, ..., q) U T
2METD. q=(q1,....q) 2 BEEADTHE LI

G AITHLUTTORDMEEE #A LES &M AWHZINDHELE P(A) £ES
ZelZT5. (BTEM ADE L TO B OFMN EHERE P(B|A) &< )

BEADi=1,....riZHLUTX,, ..., X, \IZ&END i OB E; (#1752 HERIE

n!

P(#{k’:1727---771’XkZi}:kiforeachizl,...,r) :qul...qfr
Lk

FUENT RN, ZDEDR (k... k) WSNT D (ky/n, ... k. /n) BIEOESEE P, CP
EELZLIZTS:

k k.
Pn:{ (—1,...,—)’@:0,1,...,71, kl—i—-u—i—kr:n}.

n n

DL X P, ODOMEBIE (n+ 1) UAFIZRD. (#P, < (n+ 1) 2B THHEICHAT
%) Xi,..., X, \IZHIRTD P, DIt P, = (ki/n,--- k. /n) ZREBEDMHELILR. RERS A
P, &P, IZfHZRDMEREBTH .

RO (p, q) € P? DB D(pl|lq) ZIRD LD IZED B:

r

D(pllg) =) _ i log%-

i=1 v

pi X g W0 IZRDEGAITIE 0logd =0, —log0 =00 EWIKHRDE &L TEEZEDHTE
<. D(pllg) % Kullback-Leibler f&#RE % U < I& Kullback-Leibler ¥ 1 /X\—2 T~ R
IS

EH 3.1 (Sanov). LA EDOFEDE & TUTFAEILL THE Y
(1) AW P OREDEELS X

1
liminf —log P(P, € A) =2 — in£D(p[|q).
pe

n—oo N
(2) A B P OWHESEDIE

1
limsup —log P(P, € A) < — in£D(p||q).
pe

n—oo 1

Olim inf, limsup (ZDWTE 9 fillCfli R fH 2 HFWTH W .
U2 D> TWBIEHITIE A IMEEOBLESTH > TEREZ . UL, ERXTOEAIZIE A
BRI EE L CARET D I EAEEIZRD 5 L.



3.2.  Sanov D€ D kA D HEfi 19
(3) P DHERES A DFKOHAAN A 250K 51F

1
lim —log P(P, € A) = — inf D(pl|q).
peEA

n—oo M

ZDEDITRRD D n — co TOMREZEE)IX Kullback-Leibler ¥ & D(p|lg) D inf T
ALk I NG, B

Bl3.2(ZHEAHDBE).r=2¢L,qa=q @=1—q¢p=p,p=1—-p HL&,

p
D@WDZpbga+ﬂ—mﬂ%l

N p=q D& THRAKME 0 122D, p DS g NHEEND & ZNOEIZEAT 5.
0Sa<b<1THBEL, A= (a,b) = (a 1D b LTORKME) L5<. DL

Pren= 3 ([)ea-or

a<k/n<b
BT
—D(bllq) (b<q),
lim ~1og S (")¢ (01— q)"* = — inf D(plla) = { —Dlgllg) =0 (4 <q<b)
n—oo N By k a<p<b a1q) = =4="9),
s —D(allq) (¢ <a)
2%, ZH Sanov DEBOIEHHZIGCHDORE BB RGETH 5. N
3.2 Sanov DOEIEDEBAD#EH
IR DFHEAE T Stirling D ARDRD Y IZflibHN .
fERE 3.3, BB k11U T
{! Ik
il >k
FEEH. [ kD& X
|
%—wk+n%+aynzzyk
ISkDe ¥
l_! — 1 z 1 — kfl_k.
K+ 1) +2)--k = Kk
INTRIREZEIRIN. ]

IRDOFEDZEI T E AUE Sanov OFEHDFEIIZS U\, IXOFHEDGEFIZ X Stirling D
NV T LAY
B34 FED peP, IZHLT

1

e—nD(PHq) < P(P. = < e—nD(PHQ)
= n — = .
(n + 1)7" - ( p> o



20 3. ZIHSAADEE D Sanov D EHL
FEER. p= (p1,...,pr) = (ki/n, ... k./n) € P, DL X

—aD(p||g) = zyn%m+§:kau

ki I
—nD(pllq) _ @ "'qr ) n: k1 K
e N pp =)= gk gk
pir ke Bo=p) = gt

W22, Z OHE DR IZIR L FETH -

1 n!
< k1 1.
RS L A=

ESDOFHED S (HRIOAER) IFZLHAAOHH L) BHHTH S, (ZHAMGIZEITS
MWLM 1R THD I L E2EHRLUTWVDITEE R ) BURT 2o O (A DA%
X)) ZFEHL &S,

L=0,1,....n, l1+ -+l =n &IRETD. TD&E p=k/nRDT

nl n!
B
S %—kL”

el (¥
bfﬁjzjbﬂ\é X TH5. BERLIEZENAIIP O THERNERIZR D DI/
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q,q- >0 THRERETD. ZOLE ZOREMANME B, 2B dd 0/ =)
5346 p(B) BRERMAMGEHE UKD ) = HNHAHEITES:

pi(B) = M Z0Z(B) = ZoieBEiq, — ie(ﬁow)mqo 4

' ZyZ(B) — = 4
A O BB A IS ENT VB DO TH A3 D& 5 BRI LA T ZDT
HB. MMOBMBIHDGIHIZE ENDMERDAIOVTERKD Z EAHALT S, N

5 {I%%: Kullback-Leibler [EHREICEAT 2 1ER

Cover-Thomas [3] IXEHRIEMICEH T2 EHGCERETH L. FHREL TV bOY——
BT B FE L WS Z G AT O ANZTOARE SRS UT L. IR TR EICZOHRE
=2 U BN 5, Kullback-Leibler [ &DY THEEf] LS BMEEZFF> TV I L2 K
kg5 AEXEZRD.

5.1 %{&: Jensen DAER
B f(X) 28 E[f(X)] B2 WEE B[ - ] B FOZ&ME2H~Z LTS LR
EYD:
(1) R B f(X), 9(X) 8 a, B 1T LT,
Elaf(X) + 89(X)] = aE[f(X)] + BE[g(X)].
(2) KEFME: £(X) = g(X) PHICHEL L TWB AR BIE E[f(X)] = E[g(X)].
(3) HitgfbZett: E[1] = 1.

BURRALSE L TFIME L D, B o IS LT Ela] =a £ B2 22b2%. COES % B -]
EIARFEN B E LR, 728 2 p 20, pi=1 D& E Ef(X)]=>_, f(z:)p; &
WIRENESTH D, M p(z) 20, [Pp(z)de =1 DL X, E[f(X)] = [’ f(2)p(z)dx
BIIRHENHETH B,

ZDEEUTDOAREADNKLL TS (Jensen DAER):

69 M 1/2 MOEEND &, n DREIBRELZITDED RV ANPELNDHERIXIZIZ 0 IZRDN, TDLD
BRERRWUPMELCTUESAZBEIIOVWTEEZ TS,
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o f(X) MEISMALIE Bf(X)] < F(B[X]).
o f(X) NFITMASIE Bf(X)] = f(BX]).
DR CHZFDAZFAU & 5. BFIE —f(X) CHFZEHTNMEELNS.

BIE DR, B f(X) Z RN THE EREL, p= EX] &BL<. 2D E EIINA
B f(X) DX =p TD B % a(X —p) + flp) &ES L,

fX) = a(X —p) + f(p)
Y 2230T,
Elf(X)] = Ela(X — p) + f(p)] = a(E[X] = p) + f(p) = f(E[X]).

2 D HODOE S CHRMENEBDIEHNEZ M\, 2 DHDE S TZE DB & gt %
o717 0

EES.1. EOFHNS, f(X) 2 ECHENERDIE, X OQMEH p = B[f(X)] IZ&EH L
TWARWERY (IFXAEHEEIZ f(X) =p PEZUTOARVEY), 524 2 0ER0OA
LERXDVHLLTND I b nd. []

5.2 NWHHMAZFARE ZTDNHA
IRDOARFENILZ & 2K [3], p.31, Theorem 2.7.1 (Log sum inequality) (ZEHWTdH 5.

WEMAERX 0 UED a;, b 1ITHFUT,

Zallogb—>Alogg A= Zaz, z": .
i=1

=1 =1

3

HEZDWANLE a;/b; PEHVZTRTEHELULWIZ LIZFAMTHD. WOEDKSIZ 0log0 =0,
alog(a/0) = oo EMHLTH <

SERA. a; > 0, b; > 0 DHFAEDAZHHTNEFDTHD. (—BROGEIXEDHE DM
fRE UTREIAINDG.) f(r) = xlogx £BL &, f(x) = logx + 1, f”( ) =1/ DT

flx) F 2z >0 THRIIRFBMNTHS. T Jensen DAEFEXRZEHAL K5, TDDIZ
G —bi/B LB ZOL X

Zallogb Zb—&l Zqz ( )
a; - biai A A A
= f (;%b—) =f (25%}7) :f(§> :EIOgE‘

1=

flz) OFEFZMEL Y FEBEDBHITDI L L a;/by PEWVIZTRTEHELNZ EAHEETH
52LHEDND. 0

YEf(X)] = Y i, f(zi)pi DHBED Jensen DAERIE r (ZBIT 2 B AWML TIEHT 2 2L £ TE
2%, WIFHEINEE D ABL /2 1) % > TEET S 2 A AFERXD AL T DB HAB DN D P TV e S,
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ZORERZMAITRI p, ¢ PWIEATENTNORKMN 1 DL X

D(pllq) = szlogq— > 110g— =0

=1
M35 1% (Kullback-Leibler (B3 REDIEM). I 512, £E {1,2,...,r} ODE
{1,2,...,r} =AU UA,

IZHUT, {A... A} LOWRNGE P = (P,...,P), Q= (Q1,...,Qs) %

szzpia Qj:ZQi

’iEAj ’iEAj

CEDD L, NERMAEFEXLY

D(pllq) = ZZpllog >ZP10gQ D(P||Q).
J

j=1i€A;

52, MEDIER%E TN B & Kullback-Leibler [FHR=E XN I <A 5.

5.3 Kullback-Leibler (53R T L' E%= LSBT XA bNhI &
£46 {1,2,...,r} LOWEEEDIG p= (p1,...,pr), ¢= (q1,---,q) DDHWEZD L' FRHE

lp—all % )

lp — ql| s :2|pz‘_%‘|
LREDD. MRS p (BT OMEEE :

=> p (Ac{12....1})

ica
L,
lp—dall =2(p(A) —q(4)), A={ie{l,2,....r}|piZa}. (#)
AN AN >4
lp —allr = Z(pz' — )+ Zc(qz' —pi) = p(A) — q(A) + q(A%) — p(A°)
= 1196(?4) —q(4) ij— q(4)) = (1 = p(A)) = 2(p(A) — q(A4)).

UEDFRFZUTNIZENTTDEEFHND.
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KLIE3HRET L' Effz LA oBIZL6NB T &:
> 1 2
D(pllg) 2 5llp = allz:- (%)

ZDOAREXZGEH L 720,

r=2 DFED (x) DEEAR. 0<a<1,0<b<1 DEE

a
> 2(a —b)?
T—p =20

ERZDIEERBIEEL. TOEOIZEANSHEREG VKR E f(b) £FL:

alog% + (1 —a)log

1—a

1-0

f(b) :alog%+(1—a)log —2(a —b)%

a 1—a

fo) =g+~ 4o =0-a (b(ll—b) _4>'

b(1—a)<1/4 &Y, 1/(b(1-0b)—420,7%5. DRIT f(b) DFHIE b—a OFFFITE
L. T8D55 f(b) 1Eb<a THHFFHAL, b>a THREEMTSD. L 5T f(p) =0

BOT f(b)20 &322 LBbN5. N
—MRDBAED (x) DFEBA. A A 1T (#) OBYTHD LU, A {1,2,...,r) OHE
{A A} EOWERDMA P = (a,1 —a), Q = (b,1 —b) & a = p(A), b = q(A) &&

5. ZODL THIEOEHR % 5 d & Kullback-Leibler IEHEAVNI <725 Z & (5 5.2 fi)

)
Dplla) = DIPIQ) 2 2a — ) = 2p(A) — a(B) = 5l — all3.

ZIT2OHDOAES T ETIHHLZ r =2 OBEOREREZ MV, |RFBIZ (#) 2io72. [

5.4 Pithagorian theorem

P:{p:(pl,...,pr)ER;O lpr+-+p =1} BE P EES {1,2,...,r} LOf#
RNEEIRDEEGEART. Pldr—1IRTCHAETHD.
IROARLERIL [3], p.367, Theorem 11.6.1 IZH 5.

Pythagorian theorem F (& P OMEAHSIEETHDL L, e PNE THDLT5.
p = (p},...,p5) € EZ D(pllg) # E LTHR/IMET D p THD LT 5!

D(p"llg) = min D(pllg).

ZDLx
D(pllg) = D(pllp*) + D(p*llg)  (p € E).

Z OARFEAR & Kullback-Leibler fEDIEEAMEL Y, D(pllq) — Dp*|lq) BHIE p — p*
BB IENEMIND.
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Pythegorian theorem DEEEA. p* & p % i@ 5 EAR LD Kullback-Leibler & & DAED
p* IZB I BRI E RNIEZ ORERDGHINS.
teRIZHLT

p(t) = (p1(t),..,pe() =tp+ (1 —1)p*,  pilt) =tpi + (1 = t)p;,

ﬂwzmmmm=§]m+u_oﬁﬂgm+tfﬂﬁ

=1

LB, ZDeE

) =3 (= pitog PECZIE 4 )

qi

r

o i (1 =)
:Z(pi—pi)log pit( )P )
i=1 4
2DOHDEFEST Y  pi=> . pi=1,R2I%&Mo/.
p(0)=p € E,p(1)=p€e ETHY, EIFMNE2DTpt)e E (0t =1). p* &k
D(pllq) %2 E ETH/MET S p Zo7/0DT, f/(0) 20 &85, DRI

r

B R Pivi\ N~ ey P
0= f(0) =) (pi—p)log= =) p;log (——) —) pilog™t
i=1 i i=1 4i Pi i1 4q;
- Pi Pi ™oy D} . \
=Y n log* — > b log - - > log = = D(plla) = Dpllp") = Dr"lla).
i=1 b= @ i=1 ¢

INTRUEZOAFEADRI N ]

6 fI£%: Cramér O EIE

SCRE PRI B R G % 5 D VTR WD TR L FERHIZ RN H 5 AIFIEE L
TAU ., HEIZHE 122D formulation & OXF % BARIZ RS & 5 R AKX A )L T Cramér
DEHDFEHDOBNE % T2 Z & ThH D.

6.1 Cramér DTEEDRTE & TR
H X V%2 R OMREHTHD L U, TDOEEE

EELH DOFE—A Y SREEECS:

Z(B) = Ele™"].

SRR BRI, B8, WRER H 0T —A > MNIBEE M(t) = Be'¥] LE#T 355, 2 2Tl
A L ORI E RSB TH2DI t = —f LB, SRS 5 NREKE AUAS 2(5) & T—
A I R D > 7.
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FIEDIE RO K ECHROME > L KET 5. U) 2RO ESIIEDS:

E[He PH] B _i 5
20 851 g Z(B).

Hy, Hy W7 5K ZSBGET H LI UAIZ Lm0 5 51, Z(8) AVEIRIZ A 2 BIK
2BV,

U(p) =

DN ez — - i - Z1BIZ(B) — Z'(B)’
(55) roe2(6) =~ 5500 D
2"(B)2(8) ~ Z'(B)” = SEI(H, — Hy)’e 0 +1] 2 0

LB2DDT, log Z(B) W& MITMBREBUZZR Y, U(B) IFHFMAKBIZ RS, FIZ, U(0) =
Uy=FEH 2D, 3200 ZUB)SU RV, BS0DEIUPB)ZU, RD.
log Z(3) @ Legendre 24 S(u) £ ZD —1£% D(u) ZIRD XD IZEDD:
S(u) :égﬂg(ﬁu+10g Z(B)),

D(w) = ~S(u) = sup(~Bu~log Z(8)  (u € R).

S(u) 1w 1ZBEY 2 —IREE (RIS T ISR EE) OROA R I & D TFRTESR I /2B
DT, S(u) 1& EIZMAEREIZR S, Ou—log Z(0) =0 RDT
S(u) =0, D(u) 20 (u € R)

L 5%, X512 Z(8) BERABKIIZBNT,
%wumg 2(8)) = u — U ()
BOT,UPB)=u &2 B=p(u) WEFHLETDZ5IZ,

S(u) = Blu)u+log Z(B(u), — S(U(B)) = BU(B) +log Z(5)

5. HEDZDIDEDR B = Fu) WEIZEHND LIKETD. ZN6DARLY
S(u) 1&H/ ZALBHEOE[ITY hOE—IZHIEL, D(u) = —S(u) &7/ ZALSHD
Kullback-Leibler [BREIZMIGT D Z &b d. Kl

S(W(0) =0, DUO) =0

ERBDT, S(u) & uw=U(0) = E[H] TRKRMHE 0IZ48Y, D(u) XA TRME 0 12
%%, Su) (B ULIE D) & u > U(0) = E[H] THEFABMA (B U <IZHEFR) U,
w < U(0) = E[H] THEEM (L U IZHRFRD) T5.

U(B) IXHFHEADHRERDT, u SU(0) = E[H & E Bu) 20 &8, u=U0) =
EH D&% Bu) S0 &85, WRITIRMKILL TN D:

S = {infﬁzo(ﬁu‘l'logz(ﬁ)) (w = U(

u = U(0) = E[H]), #)
infg<o(Bu+1log Z(B)) (uzU(0) = E[H]).

D(u) IZDWTEFABRDOERRVPEFEHET D, u 25 H OFEME U(0) = E[H] L EE LI FDE
BTERE U IETRZEDHEM § O#HFEZLIICHIBTES.
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I 6.1 (Cramér OFEIR). LA EDOBREDE & T, Hy, Hy, ... \FISLF DA 73RS
ThY, HERUAMILEND EIRETSD. ZOLILURPLL TWD:

(1) F 2SR OHHAEAR DI

1 1
. - - < -
lim sup " log P (n g Hy e F) < sup S(u) irelgD(u)

n—o0 1 uel
(2) G 2R OBEAELE DL

1 1
lim inf — log P (E ;Hk € G) = sup S(u) = —lltIElgD(U)

n—oo M uel

(3) AN R OWHEETHY, A ORI G DG F N A 28 A, supyee S(u) =
sup,ep S(u) B L TSR 51X

n—oo N u€A

1 1 <
lim — log P (E ;Hk € A> = sup S(u) = — inf D(u).

ZD& DI ARV (Hy+- -+ Hy,) /n PEA A IZEENDIMERD n — oo TOWHLE
A Z ANV AOMN Ty hBE—IZxEd S8 S(u) (b USIET =V Ahd
Kullback-Leibler [ & (Mg 2 & D(u)) D A ZH 1T LR (E U SIEFR) TRk X

o, [

6.2 Cramér OEEDELHA
78 6.2 (Cramér DEEDABMERD). 2B 6.1 HIDOREDD & TR L TV D.

(1) u ¥ H OF¥E U(0) = E[H] AEE U FDBEITE T, ThEh
1 1 &
nlogP(ﬂ ;21 Hk:u> < S(uw) (u 2 U(0) = E[H]),

%long Hkgu>gs<u> (0 £ U(0) = B[,
k=1

ZOFEREEHAT L XIT, 02 U0) = E[H] T S(u) IZHEFABAL, w S U0) =
E[H] T S(u) XHFAMNT 2 Z L ICHEEY &,

(2) fERED 6 > 0 IR LT

] 1O
lim inf — log P (ﬁZHk € (u—(5,u+5)> = S(u).

n—oo M =

(1) D _E2 S OFEIIFERL T A 7 7K ZICEGIEEHI NG (2) D TS Ol “h
J =AY B RE DL 2> TIEH I N5, O
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SEBE. (1) D BRSO L &>, 9, S U(0) = E[H] $IRETS. Hi + -+
H,<nuD&ZF1TMDEE 0IZBRDIEBE 1y rim,<nn CELE, Z20DEE

( ZHk— ) 1H1+ +Hn<nu]

[1H1+ +H,<nu€
[ B(H1++ +Hn—nu)j|

E 5(H1+~~-+Hn—nu)j|
E

A A

— enﬁuz<5)n — n(Butlog Z(B))

DRI u < U0) = B[H], 320 D& X

logP< ZHk ) < Bu+log Z(B).

UZD>TH 61 ED (#) &V

Liog P ( > < ) < inf (Bu -+ log Z(3)) = S(u).

k=1

I, u=2U0) = E[H| &IRELT, LEFRKOHEMRZITED. Hi+- -+ H, Znu D&
X1 THOLE 0 IZRDEEE Ly, oyg,on EELSEL, BS0DEE

( ZHk = ) 1H1+ +Hp >nu]

[1H1+ +Hp>nu€
[ B(H1+-- +Hn—nu)}

E 5(H1+~~~+Hn—nu)}
FE

IVANIVAN

_ g (B)r = n(Butlos Z(5)

%logP (%ZHJC 2 U) < Bu +log Z(B).

U THEGLHID (#) &V
1 1 .
ElogP (ﬁ E Hy 2 u) < érg(ﬂujtlogZ(B)) = S(u).

AT (1) D LS OFHiANFER X 47z

(2) D RO DOFEMiZFERAL & 5. (2) 1& “I ) = VA ICET 2 KO TIER 25
b, WREH H OWESGIEZ R EOMEREE 1 BWEDDHERIHEIZLZ0>T
Wb L9 5. MERHIE us %
e 7" pu(dx)

pp(dz) = Z(8)
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LED, ZOMRHEDEDDMRNAGEN ) ZALDHEERILIZTD. ) =Hh
DT D HRME L HERE TNT N By ], Po( ) L EL. HEREH H OH ) =745
N AR R I S 8

E[He PH)
———=U
7(9) (8)
285 AR TR u=U(),0 >0 &RETD. ZDEE S(u) DEFRLY,
S(u) = Pu+log Z(B).
SUTDERED e >0 25, 7/ ZHNVAAMIZET D KBOGFHEN XY
nh—>nolopﬁ (%ZH}C S (u—a,u—i—a)) =1.

k=1

Eg[H] =

TUT, 1) =R A TOMER & BEFID A TOMEDDH NI TOBEREH 5

e B(H - Ha)]

1 - E 1 nu—ne,nNuU+ne
Py (;Zer (u—s,u+e)> ittt 0 :
k=1

Z(ﬁ)7nE[1H1+'--+Hn6(nu—n6,nu+n6)

1 n
— o~ (Butlog Z(B)=1B15) p [ — H. e (u—e¢ c
e (n E k€ (u U+ €)

k=1

A

efn6u+n|/3\e]

1 n
< o Butlog Z(B)=1610) p [ — H.€(u—24 N1
<e (n E k€ (u—0,u+9)

k=1

DEDfEREGDOED &

1 n
P (ﬁ ZHk €(u—9d,u+ 5)) > en(Butlos ZB)=1B1E) (1 4 o(1)) (n — 00).

k=1

WD ZAZTHLDRELD 1/n 5D n — co TOMEZD Z &IZ&>TIR%EE5:

liminfllogP (%ZH’“ € (u— (5,u+5)) 2 Pu+log Z(B) — |Ble = S(u) — |Ble.

n—oo M 1

>0 FWNWSHTENILSTELDT,

ol 1«
lim inf — log P (ﬁZHk € (u—5,u—|—(5)) = S(u).

n—soo Mn
k=1
INT (2 bRINT 0
EIE 6.1 DFEAR. (1) D ENSDOFHi%2FEHL &S5, F X R OFHEAHEATHD L L,
Fy={ueFluzU(0)=E[H]}, F. ={ueF|[usU(0)=E[H]}

LB INHE R OHHRESRDT, F. ORKEu_ & F, OF/IME u, HBEE
5. S(u) X uz2U(0)=E[H] CHHFHEAL, « SU(0) = E[H] CTHHFEMTLDT

sup S(u) = S(uy), sup S(u) = S(u-), supS(u)=max{S(us),S(u_)}.

uekFy uelk_ uelF
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WRIZHIEG.2 (1) &V,

1 1 & 1 1 &
EIOgP<EZH’f€F+) §510gP<EZHk§U+> < S(uy),

k=1 k=1
Liogp liﬂkeﬁ < Ligp linSu < S(u)
n n i ~n n & = = ’

P (l Z Hy € F) < enSlut) 4 onSlu-) < gensupuer S(u)
- < =
k=1

U7 oT

1 1 <
limsup—logP(— E Hk€F> < sup S(u).
n
k=1

n—oo T ueFl

INT (1) BRI N
(2) DTFPODOFHHEIZFHL LS. G IR O EAETHD LIRETD. FREIZe >0
zloE, HDHueG T
S(v) 2 sup S(u) —e

ueG
27T EONFET D, G IZFRAESRDT, 5 >0 T (v—6,v+6) C G %
ETEDERND. ZOLE MiEH62 (2) &Y

1 1 & 1 1 &
lim inf — log P (E;Hk € G) 2 lim inf —log P <ﬁ ;Hk € (v—10dv+ 5))

= S(v) 2 SlelgS(u) — €.

L7zR->T
o1 1 ¢
lim inf — log P (ﬁ E H,, EG) = sup S(u).

n—oo N 1 weG

INT (2B RINE.
BBIZ(B)ZRTH. AXR OWMA/EEATHDLL, ADEE G LEX, G OHE
P LES ACF EIRETD. TOLEGCACF BOT

1 1< 1 1<
sup S(u) < liminf — log P (ﬁZH’“ € G> < liminf — log P <EZH’“ EA)
k=1

ueG n—oo 1 1 n—oo 1,

1 1< 1 1<
< lim sup — log P (ﬁZH’“ EA) < limsup — log P (EX:H;g EF) < sup S(u),

n—oo N 1 n—oo TN 1 uelF

sup S(u) < sup S(u) = sup S(u).
ucG u€A ueF

»

W AT sup,eq S(u) = sup,cp S(u) 251X

1 1
lim —logP | — Hy,eA| = S(u).
Jim 2 log (nZ e € ) sup S(u)

k=1

INTRIREZENITARTORINSE. [
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6.3 A/ ZAHAILDHOMNIY NOE—EDRER
q=(q,...,q) IXERES {1,...,r} LOWRK/HTHD LT 5:

%20, @+ +g=1

MeRZSH H $ Db ERES {1, .., r) LOBK Hi) = E cR 2%25%. Z0OL %

r

Z(8) = BleM] =) ey,

i=1

710 =FIVIrAE p(B) = (pi(B), .- -, pr(B)) &

pi(B) = ezi];)q i
EEHEIN,
U(8) = EBylH] = ;Emz(ﬁ) A Fie?Pq,
W2z
SW(B) = BU(B) + log 2(8) = ~(~BU(S) — log Z(5))
f; logZ(B))Z—ilpi(ﬁ)longg) Bl

THRDOH log Z(B) D Legendre f%fﬁ%i‘?’bﬂ S(u) IZu=U(B) ZRAUFERIZH
JZANVAAOHEFN T bR —=IZ—HT 3.

6.4 HY<RHDIHEDH
ERE H W a >0, AT7—IV1>0DHYIDHIZIULEND LiX
1 oo
o —z/7,.a—1
ﬂmm_ﬁaﬁéj@y 2V di

MENLTDIETHD. ZDEE > —1/7 561K

1 *° 1
7 — F —BH — / —(14+78)x/T afld —
(8) L ()T Jo ‘ v v (14 76)

_ (1 + T@)a /00 T (1 + T@)a F(Oz + I)Ta—i-l _ T > 0.
L) L)t (14 7p)ot! 1+708

ZIZTHLHEONDROAAZ [Hi> 7219
/ e il dr = L(s) (s,c>0).
0

CS

95 ARIEH Y VEREDEED & BRI IZE>TERIIRING. U(B) KHTZARIE UB) =
—(0/0B)log Z(B) &M AIZE D HNILBELND.
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Wz I

SU(B)) = pU(B) +1og Z(B) =

=a— 14_@75 — alog(l + 75).

ZHZUPB)=u>0¢&
L+r8="12, p=2_1
2RATD L,
aw:a—g—amggza—amW—<§—m%§)

S(u) & u=U(0)=71a THRAE 0 IZKRD.

Hy, Hy, ... WHSIFE DA BHERLEBIITEAN H ERUBR o, A7 —Iv 1 DAV~
DU ZRD S, AU AOFEMEI DY Hy +- -+ H, I$BR na, A7—IV 7 D
BB LRSS DT,

L) e

WZIZ0Za<bDE X

nb na b/T
< = H, <b —y/7, na—1 dy = n / —nz na—1 dr.
(a Z ‘ ) <na>fm / YT T Ly, 0T

2DOHDEST y=nrr LB/, Cramér OFH LY |

N (N oty
Tim Eognna)/ahe x T —as<111£b (u) =40 (a/T £ a < b/T),
S(a) (a<a/T).

0, 4+ H, DE—AY MEEEIZIE H OE—AY MEEHEOD n F Z(8)" = (1+78)"" 2% L
W ZAUITEIR na, AT =V T OHUSIPHDE—A Y MRERBIZ TS, 2025 Hi+---+ H,
DR na, A7 =)V 7 DAVIBAIZUEZND e Wbnd. BENLHBEIZESTEZTDOILE2RED.
H, K I[3MNRHERERTHY, TNTNWER o, B, AT =N 7 DHUIDHEIZLEND R HIE

w0~ | /f<> ) i

::fiaﬁfYBS¥Eiﬁ;K; f(ﬂet”’<J€ x“(t—-x)ﬁldx> dy
_ . /0 T fe ( /0 1ta1ua1tﬁ1(1_u)ﬁ1tdu) "

1 oo
= tye /TP gy
Fw+ﬁﬁMﬂA e

2OHDES T y=t—2 BT y 5 t ITHDEBEZEBRL, 4 ODHOESTo=tu BTz 5
u TR ERE LW L. Zn&Y) H+ K DIk a+ 8, Ar—Ib 1 OHYIBHEIZLENRD 2 Ehibhn
5. HYIHGEFRICOWTEHANEZFEOE S5,

L(g)ret
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42

Stirling DAX KLY —log'(na)
=a/T, B="5b/T):

AREAMBTHS (A=

—nalogn + n(a — aloga) + o(n) 2D T, ZAUXIRD

1 e mat
lim — log e " dr
n—oo N A
alogB—B (B < a),
= sup (alogr—z)=1<aloga—a (A<a<B),
a/T<x<b/T
alogA—A (a<A).

DY/ WS
—nxxna—l _
IZ Laplace D fiiEEHHT S Z L IZE > TERIIRINS.
6.5 Sanov DEEMNLERI N/ Cramér DEEBDEFHIZGETHD I &

BB TIERW.
HERR X 77 Cramér DEBLIZ DWW T ARMEEIZHIL &5
== (/617"'7ﬂ7‘) S

PAR AL
9, EEOMIRE 2 KD XN
R ORBEREE (L) LELS X I3 R AR OHRERTHS L U, § =
R" (2B % 23 EC B & Massieu P& %
Z(8) = Ble "], w(B) =log Z(p)
EEDD. U(B)IF BeR ICBHT D MITMARKEICRD. E a = (a1,...,a,) € R" (TH
LTO=>_,a0/08;, X, =(a,X) B &
E[X2e8X)] Ele~#X)] — B[ X, e (#X))? _ E[(X, - Y, )2eBX4Y)] >0
Z(p)? 22(B)? -

0, (B) =
CITY IF X EHNT X LHEUAHIIUAENOIHERERTHS. (B LE X, DEH
FEEE L) pe R OEE S(p) 2IRDEDIZED

BRBBLIE PUP) =0 LBBIL

% (U(B) D Legendre Z#4):
S(p) = mf (B, p) + V(D).
(B,p) +W(B) % B; TRMALERE 0 2B L
9] o) E[X;e~BX)]
p a5z, (8) 85, 8 (B) 720 pi(B)
ZITX; 13 X OB i A Thd (MERELIHD i HEDOHREHTIERWI &
HEL). INT pB) = (0u(B),....p(B)) DEE o7/, ZO&MEWLT 8 % B(p) =
(Bi(p), ..., Br(p)) EFEL. (ZDIEANE Y FEIFOHRICAR>T WD, ERRIZIEEhAY
THIMNNERENBEIIRD) DL E
S(p) = (B(p),p) + V(B(p)).

Sp(B)) = (B, p(B)) + ¥ (B),



6.5. Sanov OEFMILIRE X /2 Cramér DE DK RGETHD Z & 43

X X@ FWSIFES D R EREBSITHD L U, X LRI UHRSMFIZUZDD
CIRELU, ACR £33, ZD& Z#YLREMEDE LT

1
lim —log P XHF e g = S
i 7 log ( > ) 2 5
WAL B (HRERE T 7172 Cramér DEH).
Sanov D EHIHLIR X 72 Cramér DEHDORH RIGETHD Z e 2L LS.
GRES {1,2,...,r} LOWEDHEEDOESEZ P CR & EL:

P={p=0,....0r) R |p1,....0, 20, p1+---+p. =1}

NI RN e e RT %25 i ROZITIN 1 THW 0 THdeEDD. ZDEX e, e P TH
5. q= (ql,...,qr) ER ZERICEEL, X IIHER ¢ Tl ¢; ICRDMEREHTHD L
9 5. ZOGEIZ ETHAL ZHEE I 72 Cramér DEH % #EH A3 5 & Sanov D EFMNTE
bND. TDEHITIEZDGEIC

Zp@ IOg— = S(pllg)

LRB e RERELN. ZOHAITE
Z(p) = Z e~ ey = Z e Pig, U(B) =log Z(B).
i=1 i=1

ZD U(B) D Legendre ZHMWHN TV I E— S(p|lq) 124 d Z &2 mU 7. L THIHA
Lk DI
0 0 e Pig

b = pi(B) = _@@\D(ﬁ) =35 log Z(B) = 70)

BT, WHEND Z LIZ&>T

U(5) =log Z(5 sz log Z(B

- Z pz 51 + log q; — log pz Z Di IOg -

=1
DAIT, EOHTHIIUE S(p) (T 5 AREHS &
S(p) = (8,p) meg— = S(pllg)-

Z D& DIZ Cramér DEH DRI ZERNAME % K OMER BN DILERDOFER 2356 U T
Sanov DEHNESND.
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6.6 V(3)=logd> | e Piq DLegendre B#IIMHEF T hOE—
ABIREAS {1,2,...,r} LOWESMREOESEE PCR £EL:
P:{p:<pla~-'7pr)€RT ’plv"'aprgoa p1++pr:1}

D7D, MERDM q=(q1,...,q¢) EPWE g >0(i=1,...,r) iU TVD LIKE
T5. (ATDEREIE qeP THHoTE, ¢; ZODPIANTIEDOEHLSLIEKILLTND.)
LD EKEL Z(8) & Massieu BREL U(6) LR34 p(8) = (m(B),-..,p(8)) € P
EIRDEIDIZEDS:
. . 0 e*ﬁiq
Z(B) =) e g, WP =logZ(B), piB)=—5-V(B)=——=
(8) Z q (8)=1og2(8),  pi(B) = ~55Y8) = 73
ZITB=(B1,...,B.) ER"THD. INODHEAMEELFLHDTEID.
U(B) FEIEi T OB HH L TB W& S I P ARRTH 5.
e=(1,...,1)eR" &BL. ZDL X

Z(B+Xe)=eZ(B), U(B+A)=U(B) =N plB+Ae)=pB).

FHIZHER DG p(B) 1& B D e FEDEAT—ETHS.
EEOWEEMMG p=(p1,...,p,) EPIIHULT, BeR %

pi=e P (N e RIMEEER)
WWEoTEDD L, BITREZZ L&Y p=p(B) &4 5:

r

—Biy — oA, — —Bi, — Ay, — oA . _6_6iqi_.
€ qz_eph Z(ﬁ)_ze QZ_Z;epz_e7 pz(ﬁ)_ Z(ﬂ) _pl'
W2 p(B) DEFIE P 2KIZ—T 5.
p=(p1,...,pr) ERTIZHLT g eR" O f(B) &
f(B) = (B,p) +¥(B)

LEDD. [(B) B TICMBEERDOT, B LY f(B) WR/MEZFEDRLIE, T ORI
T f(B) DIRMAREIZTRT 01245, f(B) DImEEEIE
9
Bi

LBBDT, f(B) WR/MEZFEDZODOMEFRFMHEE peP LRE2ZILTHD. TH
PO Y F F(B) I3EMER R 728 infgepe f(B) = —00 L85,
U72m 5T, ¥(B) D Legendre £ S(p) %

S(p) = inf ((8.7) + W(3))

LD L S(p) OERBIE P 1T BF B (EERONTOMIE —00 1285 L EZS).
peP DX p=pBp) 2T B(p) € R" ZAEREIZHND & (B(p) DHLYD FHilid e i
FMOSEATHENIBT 2 ARAEMNDH D),

S(p) = (B(p),p) +¥(B(p))-

f(B) =

0 — 0
95, ;@pi + %‘I’(ﬂ) =pi — pi(B)

)
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B=78(p) EEDEIITp=ePi7rqg DEDITHID &
Bi=—logZ—x  zZ@) =&, W(E) =\
INOXG

r

S(p) = Z ( logq— —A) pit A= Zpllogq— = S(pllg)-

=1 v

ZDE DT U(B) D Legendre ZHUIMIT T Y b Y — S(p|lg) IT—3HT 5. S(p) & LI
ML EANEEE Qg
HZ S(p) D Legendre 2= #

F(B) = sup(—(B,p) + S(p))

peEP

P U(B) 1o BT B2 L B EHEOFEI &> THALTE S (T ki wEs o\
THBIZZS82). B g(p) %

g(p) = —(B,p) + S(p)

EEDD. g(p) 1& p IZEALTRIZ ﬂl%\ B THD. g(p) D P ETORKEREEE Z 7=
. Lagrange @%Eﬁ*ﬂ({féﬁj 72D p & NDEE L %

ng(p)—(k—1)<2pi—1>=— p) + S(p) (sz—1>

[5) -
—a_zpi I
i=1
oL i i
=—0i—log——1—(A—1)=—-8;—log— — A
apz qi ( ) 7

INED, S pi=1 WA EHEDE LT g(p) BEKAICRDDIE

=) elig=2(8), p=e Fig= ‘ iQia log Z (B Z/\:—ﬁz‘—log]ﬁ
ZZ_; (6) Z(B) ) 4;

DEXTHBILNbNd. ZDLE

)l

s T

V(B) =log Z(B) =A=> pr=> pi ( B — 1og%) = —(8,p) + S(p) = F(B).

=1 1=1

THRDHL S(p) D Legendre Z# F(B) 1 W(5) IZ—ET 5.
BLEDFBIZRD LS It DHEND.

W 6.3. ¢ = (q1,...,¢) DERDPFTRTIEDOEHRTHDLTDH. RT EDOFITHHARKEK
V() &P LD EIZMBEE S(p) ZIROELDIZEDD:

= log Z e Pig, Z pilog .
i=1 4
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INHIFHWIMFD Legendre ZH#IZZ > TV, 4805
S(p) = inf ((8,p) +¥(8)),  ¥(B) =sup(—(B,p) + S(»)).

BER peP
MWHAZLL TS, ]
AR 6.4 LOMEDOEIHZ. P LOEK D(p) %

. Di
D(p)=> pi 10?;5
i=1 ¢

YiEDD L, D(p) b U(F) & AR TICMAREIC AR Y,
D(p) = sup(—(B8,p) = ¥(B)),  ¥(B) =sup(—(B,p) — D(p))

BERT pEP

DAL LTV 5, N

7 &k METHFEE DER?

ZOHITIIBEENIH B LG E 3228 D IXAW. +oICHELTWwWsd 2 2ELD
HEVERN. 2D — MNORNEE FEHER R R HFOBRIZOWT, EEWHEZED
B21-DIZEBENEZT TRATYFELANIZEESRL THEL.

2016 £ 7 A 13 H: £79, Cramér OEHDO—MALIZEET 25 7.1 fiiz F /2.

2016 47 H 14 H: HEFHZOBRIZB IS TDH ) Z WV AOEHEDOH &2 /HA L7
HI2fieE N

2016 427 H 21 H: #Et HZOBRIZBIZE D0 ) Z WV DAOEHEOFIHEZ ) ET
72D 7.3 HieEN /2

7.1 NRNSA=Y—|IETIZOERBOIOER ZRE LLIBE

TR B DI [F 048 DARGE % HER D B INT A — 2 — 2T e %
IREIZE SR 5 Z 212X > T, Cramér DEFIZEET 25 6 i & IFIXA Uidinz i) K
Z5.

Hy lF3NT A= — \ Z2ROMRLHTHD L U, Hy OMERDAMIE R _EORERHAE 1,
TR INTnWbdEd5:

ﬂﬂmﬂzéﬂ@mw@

INTA=BR—=NFROY A X (BIZIFHRE V) 2RO, Hy IZFROELETRIVFTF—%2KDL
TWHEEZD.
DHEERE Z(B,\) & T DX U(B,\) (Massieu BE) ZIRD K D IZEHKRT D!

Z(B,A) = E[e"™], W(B,)) =1log Z(8,)).
I HIZ R EOMERHE (71 =V 5340)

e B T
ppa(dr) = #ﬁj)
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DIED B MR L W E TNTN Py( ), ( s = Es] | £8<
U(B,\) =log Z(B,\) Ix A = 00 T

U(B,A) = AW(B) +m(B),  m(B) =o(1), n\(B)=o(1), nx(B)=o(1)
VIRBIES LIRET S, Tk %

e—BHA
<mm:5%%342—%wum:—xwm+dm

DT

SR
H
() =uo)+o>u®) 00
B
X5, MERRE pp (ZBI9 D Hy DOEE, Z =Z(B.N) £EL &,

0 (U~ (H)a)") = (s — ()7 = 2222120
o\ "
(wJ W(5,A) = AW (8) + o(1)

LWV, (ZOAREY V(BN B OBBELTTRICMAZEEbNS. URTHE
Y(B) BTICNTH D LETD.) YA

(% D pga b Eﬁﬂ_éﬁj\ﬁﬁ() = ”)(\5) + 0 <§> =0 (%) -0 (A= 00).

PAER EFeDD L, HERRE sy (777 ZHIVAAE) DE & TD Hy /N WS “KREDIER] % i
ZUTWB Ze0nd. §805, MERIE pg, DB ETD Hy/A DRAIZ N — 00 T
u(B) = =" (B) WWHEH U, A BREFVEL E ZOHE (DO ETDOKRIID2FE) IX "(B)/A
FEEIZRS.

U(B,\) 1 B DK &tLTT WRDT, (Hy)g = —Vs(8,\) 1% B 12D\ T HHRBEA B
BTH5. »(B) B FITMIIRD 2 iE L =0T, ulf ) —/ () %%ﬁm“d\mﬁz B,
Lﬂ@i’%ﬁ%@f:@ B20 XEL, u=u(B) = (8) Sul0) LB X,

s(u) = Bu +1(B)
LEDD. U=U(B,N) = (Hy)s
S(U,N) = BU + U(B, \)
LBELE, Ao 00 KBWT U = Mu+o(1)), U(B,\) = M(8) + o(1)) BDT,

S(U,\) = MBu+Y(B) +0(1) = As(u) + o(A) (A — o).

L
\yv
~

pa(dz) = g(x) dz
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DL,
e Py ()
P )
rull,

—Bz
pp(de) = €Z(ﬁ—q,\)(\ﬂ)!3) dr = pg () dx

BOT, S(UN) KD &> 12 EBING:

SW(B.A),N) = / (Ba + log Z(8, \))psalx) da

N

TROL S(UN) &K ZHVAHEOMHTY haE—TH Y, s(u) iEHY 1 A\ = oo (2
BIDH ) ZANRHEOHENT Y hAY—58E (1 14 XH-Y Oy haE—) T

H5.
FT PH /NS U DN — 00 2B ENLDFliZRTS.

H
P (T/\ g U) - E[lH/\é)\u] § FE [1HA§/\ue*5(H>\f)\u)]
§ E[efﬂ(HA*)\u)] = e)\ﬁuz(ﬁ’ )\) _ 6A5U+\I/(,3,)\).

CIZTlpaon E HyS A OEEF 1IZRY, MMDeE 0 IZRDHHERDLTVS. 1
DHDOAESTIE 1y, <au S lgyanue P (820 V) 200, 2 DHORES Tl
Ly saue PN < BN Fffio 720 ZUT W(B,N) = A(W(B) +o(1) &V

log P (% < u) = MBu+P(B) +0o(1)) = As(u) + o(1)).

Mz N\ TE>T N> o0 &TDL

1 H
lim sup —P A <y) < s(u).
A—00 A A

RIZFOSDFHEIZRTD. 0<e <6 LARETD. MERME g, (ZBITD Hy/N D5
fild A — oo Tu=u(f) IZEFTLDT (“REDIEA),

H
Pg(T’\E(u—s,u—i-e)):eo(l)—)l (A = 00).

IHI, /20 &0,

H) E [, e0mue putre) €70
PB(TG(U—S,U+€)): e 763 ]

< Z(B,A) ' E [Liyepu—repusre) € 7T

H
= e MuTAE—TY(BN p (T’\ €(u—eu+ 5))

H
— 67A6U+A1857)\(w(/3)+0(1))P (TA c (u —cu —+ E))

A

e~ As(w)=fe+o(l) p (% € (u—d,u-+ 5)) :



7.2. METNFOERFIIS T DN ZANSHOEL (1) 49
U >T A= oo IZBWT
Hy As(u)— 1))+o(1 As(u)— A
P 2 e (w— 8,u+8) | = eMe@=Beto)+o(l) — Als(w=Be)+o(n)
MDD KD 1/A 5D N — oo TOMPRERD Z L2k >T

L1 H,y
— . — > —
ll)I\Illnf /\P( 3 € (u 5,u—|—5)) = s(u) — fe.

e>0 NS H5TENISTEDDT,

1 H,y
. . - A _ >
higgf /\P( ;) € (u 5,u—|—5)) 2 s(u).

M EIZ&>T, 6 HiTHEAA U 72 Cramér DEED ARERER IS T 2 R ERXIE SN
2. EoT, FofiLAMOEMRZED RT I EIZE>T, MDA LTWDE Z b nd:

.1 H)
- — < =
tim 37 (5 u) =t

ZOEDIZZRINF—EE Hy /X2 u=uB) LROHERD N\ — oo TOWHEZEENL, 7
) ZHNBEOMMTY Na Y —%E s(u) Tk Ind.

UL, INETELHED DR ZRAICBNE N, BRI D2 ICENTHD
I ZIIVAADOEB EDRERIZE D BoTWEDEAS DM

7.2 HEHNZOBHECSIE N/ S HLSEOES (1)

PAUF OiamI I AR HIG [9], pp. 105-106 LRI UMD DH YV THD. 72720, Fxld
MEMERDFH ) (FHEREOFH) 2METTICHmEZEDOTWDOT, NREK &
| WIEIWMATERAS. TOMRLY b OE—TIEA2<, Y hOE—2F 25 2
LB 5. (FHERDFEDFEDE & TIRIREHTHERZ R E S, TV M E— IR
DX THY, Ty hOE—IFERONHTH S .)

Hyy 3V ERF OB N ITKEFET2RORI AN F—2 BT SHERLHMTH
5895 (ZAUSMELD ) — F TR, BEED ) — M B OTHEMROFEL 2 E L ARW).

Uy(N,V) = E[Hyy] £BL. n=N/V B—EDEHEDELLTV - 00 £TDEL X,
Uo(N,V) = Vug(n) + o(V) BEILL TV ERETSD. (Ug(N,V) = o0, ug(n) = oo T
HOTEEW) V = oo TREBDIEA P(|Hyy/V —up(n)] S e) = 1 (e > 0) BEALL
TW3 2L, Hyy/V DRIE ug(n) IZEHT L. ULABoT U B Ug(N,V) 5 (B
U<iE u A¥ up(n) 6) BENIUZEEN D 1F EHERIVNS S BRBMAIZARYD , H/NI R U
Eu \ZDWTHERIZHBFHINBEBUZ 2 5. (YELE 2 SRR 2RI T IRRREEL (L 72285
THER) I T3 F—DHFBE B2 )

XTIy hOE— S(UN,V) Z2Z3I)VFX— Hyy DU BANIZRDHERONBEEDS:

S(U7 N, V) = logP(HN,V é U) (U é UO(N> V))

S(U,N,V) & U 119 2 MERAEEIC 52 5. &< 2 RITIRT 2V E—2 U LI
BAHMWRIEV BAERLE P(Hyy SU) TEEBINS (0], p. 105 O 1§ 20495
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il & IHICID/ - OB/ LEAMOFERE KL TAL). T2V F—%
 u LAEEEE n 2RO LD IZEDD:

U N

Vv n = v

MY Ty hRE—=EAF 22U T0d ERETD. ([9], p. 76 D (3.2.29) XE R &)
RE7.1. =Y hBE— S(U,N, V) IZ U IZBUT EICNREETH D LIRET D, I
512 S(U,N,V) 1& V — co TEATNDMNEZEE) % FFD:

u =

S(U,N,V):VS(’LL,TZ>+7](U,TL,V), u:%, n =
& nlu,n,V) ZEDD &,
n(u,n,V)=o(V),  nu(u,n,V)=0o(V) (V= o0).

RFC
1 1
3 _ — T - < —
lim VS(U,N, V) = Vlgn VlogP(HN,V <U) = s(u,n)

V—oc0o

WAL TEY, U =Vu, d/0U =V19/0u &V,

SuU, N, V) = 5 (Val )+, V) = sufum) + o1) )
X 51T s,(u,n) O u 2T 2EBEEREL THL. s(u,n) & (REMEXOMKEEIZH

TR)ENIY hOE—BE LSRN s(u,n) & u iZDWT RISMZR BT MKBIZ RS &
RET D, HIREEKE Su,n) 20 %

B(u,n) = s,(u,n) = Sy(U, N, V) + o(1)
CEDD. BTIHOBRIIBEEINLZ A=V OT7—ATULDRED (IFIF) KILL T
WBEIRBEESZATWEEEZLNS. B
IR [0], pp. 105-106 Digam i< L UK, 7 = WV AREIEAREIZ

< _
lim P(Hyy =U - E) _ BB (%)

ERTIEICEoTEHBEINDSG., ZHIEFREFEETH S

P(Hyy =U - E)
P(Hyyv S U)

ZHFRDEDITRINDG. FHEOEHEI Y 0<0 <1 229 HD 0 WFEELT,

P(Hyy SU—-E)
P(Hyy £ U)

log

= —f(u,n)E + o(1) (V — 00).

lOg :S(U—E,N,V)—S(U,N,V)

— —ESy(U—0E,N,V)

ST Y O oy

= —FEs,(u,n) +o(1)
= —f(u,n)E + o(1). (V= 00).
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2 DOHDESTEHEOEEE AV, 3DHDES T (1) 2, 4 DHDE ST s,(u,n) B
HEETH D L WIIREZH S 77

(%) DR TEE X N7 [Boltzmann HT-] 1EAFD & 5 IR 5.

BInEEHT2RZMNEMMLU TS LB R%EERD. HHTL2RDY A RE—ETH
22U, BIROY A AR KIZRDMREZE 2 5. BanDOMITEH U TKERRZ A
T5. U FREROTAINF—ThHY, EFFEHTIRDIRNE—ZLTDL U-F
WERDZRINX—IZ8 D, BIROZRINX =2 U — F BEIZRDERIL V KK
BeE PHyy SU—-E) TEBIND. HEHTZROZAINF—=2 F IZRDHERIL
P(Hyy SU—E) ZHHITE7255. UEA>T () &Y, FHTZE2ROTRIVF—NE
THDHHERIZV NAXL L XIELIZ Boltzmann KT e P@nE ([ Z 4 5 .

UL, 2ZNTE EFEZDOLN S KT BNZN,

PLEDRIRD &) EHERERMIZE D BTN DEZA D N?

TRRHEMRIET D -DIE BB 28D~ 2RORETEHTLIHOR] LWVWOHRES
EEEHRS BRERH D TS 7.

H2AFNIZH T DEEREIE A OB RIIARE IR J1212 85 1) D Maxwell-Boltzmann
DADOEHIZELU V. TOHEMIZBIT D [TRIEROR] 1FERE 0 O n— 1 IRouEKHEH LD —
RO (BT AN F——E L WD ZMETEHRIND ERoeERE O o) THY, TE
HI 282 %]1 1XTDODED L IRTCERDEEIANDHETH Y, TR 13D OHEET
Hd. FLUTRIEDRDY A X% KIS T MR n — oo DMERIZHIET D, ZDFRRE
=AU R HET 2.

7.3 HEHNZOBMECSFB N ZHLAEOEE (2)

HIE DR 2 2 Y ET.

IR, H, Hy, H', H** R EF TN THERZRTHD LT 5.

A (thermal reservoir, heat bath) IZE:U TWAEH T R2EF R 5. BunDRFE % &K
DINTGA=L—=% V LE RFHEN BFEABLTESZLIZTS.

FEHTLROIANF—% H LEE, BAOI XN F—% Hi L ES L, HEHT LR
CBBREGDEAEEERORDOI XN T —IX H = H+ HI® L RDOIND LRETD.

BB HH TR EZEDEAZ2EDRITE VT,

P(H=F;and H <U)= P(H = E;)) P(H* £ U — E;) (1)

DAL L T2 EIRET 5.
Bun & MBRICIEH T2 RIIMER ¢ TREIZ2D R DZXIVF—IL E THD
95, HIIHER g, T B, IR 2MERERTH 5.

P(H = E) = q. 2)

LEEOFM (FHERDOFEM) 2 K€ LU GE I TN TORE | WEMRTEIHIND
EFEZBH, b= YERN ARG T IRE U2 K ROV D THEEEDF I 2 ]UE L 7AWV
(AT D& AR & 5 (2 Boltzmann [N ¥ DEHIZEEHRODFEHIIEIFR L &)
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V ou V
50, V)~ EL () 1 (1)
= ) 5y (W toll).
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IHI
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&, Sanov DEHE U <1 Cramér DEHIZE > T, PAEDEmDOHRELZT/Z LTS, Z
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XENE SHLRE Z(B;p,q) MODIREYTH D . (]

2EHF1F 2016 4 6 H 22 HOBEBETZOMBARMEE £ 72 <HETE TV,
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Ts(pllg) =




96 8. bk fhoFEMHEOTY O —I2DWT

SEE (185 Tsallis T bOE— &R Rényi T bOE—ORMR). X Tsallis = b
B — Ty(p|lg) LA Rényi TV hEE— Sy(pllg) 1HEB B

Zs(pllq) = prqi ’

B (pllg) (rllg)

Zs(pllq) — 1 _log Zs(pllq

T’ Ss(pllg) = 5-1

2:%730*2@6 B>1 (LK B<1)DHEHIFESLLE Zs(p|lg) DHEFFA L (B U
< I FBMELK) 5D T, %Mbéwﬁmﬁé YiE Zs(pllg) & BME (B U< 13K
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Ts(pllq) = —
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MWHEHZHFOF IR Z & &Y,
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S(plle) = sz log—
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EREDD &, FHM Tsallis =¥ b E—{X

Di
p||q szgﬂ 1 (_)

Z
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NIy hOE— f(z)=xlogr B L, fl(z) =logz+ 1, f"(x) =1/ &V f(z) &
TICMBEETHY, f(1) =0, ff(1)=1 &Y, flx)Z2ax—-1,%K%5. PRI

S(pllg) = Zf(pz) Z(——l) g; = 0.

Mt Tsallis T bAOE—  g(z) = 2lg_y(x) EBLE, ¢(x) =
B2 L B>1 &Y, gla) IEFITHRKEETHY, g(1) =0, ¢(1
BB, WRIT

II/\

Ty (pllg) = Zg(“) -<—i(&—1)qi= | 81)

iz i

X Rényi TV hOE— B>1 WS REIY, Ss(pllg) £ 0 2R 2D

2: 8 1-8 (&)BA>
D5 4 Z g 21
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%/?Jd‘liib‘ h(z) =2 LB &, b (x) =Bz, W' (z) =
h(z) & NITHRRETHYD, (1) =1, (1) =6 &Y h(z) 2

;(yqi) qi_lzr;(uﬁ(;—l))qi:l

INTRIRIZEVITRTRERINSZ. BLEDOERIZE T Jensen DAER 2 f 2 1X
FADADUZITEETES. B

BB—-1zP2 & B>1 &Y,
1+8(x—1) %25, YRIZ

8.4 MEM (REM)ICOWVWT

FEER8S5(MWEMICOWT). v =12 ITNTEIERES R, = {1,2,...,r,} LOWMERSH
P = (Dot Do)y Pv = (Puts -+ s Do) W UT, MY bR E— &M Rényi =
cOE—Iixk

Tv

puz
Swulla) == pslos?

Qv
=1 )

log Zs(pv|lav)
Ss(pvllay) = f_—ﬁ Zg(pvllay) = meq

%%, BMEE Rix Ry = {(i,)) | i € Ry, j € Ry} LOMERDAMN (i, 5) = pripay,
(1,§) = qrige; &> TEZEING. ZOBERES LOWENFOMIIN T BT b
HBE— X Rényl TV POE—DERZEI NTLIRDLDIIBD:

S<p17p2||QIaq2 Zpl ZPQJIngllPZJ

i q1,i92,5

IOgZ,B(p1,p2||Q1,C]2)
1-p ’

Zg(pr, p2llar, a2) = Z(P1,ip2,j)B(QLiQ2,j)1_B

i3

SB(P17P2||Q17C]2) =
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S(p1,p2lla1, a2) = S(p1llg2) + S(p2llg2), Sa(p1, p2llq1, a2) = Sp(p1llg2) + Sp(p2]lge).

BRI
Zs(p1spallar, @2) = Zs(prllar) Zp(pellaz)

CFAMETHS. AEIHIZLAT D@ Y -

p 7.
S(p1, pollar, ¢2) = Zpl iD2,j Zpl,z’plj 1ng
ij J
7 p 7‘
= - Zpu log 72 Zm,j log 222 = S(pulr) + S(palae),
i a1, . q2,;
0 = S0 o)~ = Sl 1

—Zplzqif Zpgquj Z/s (p1lla1) Zs(pallao).

X Tsallis =Y hO ¥ —

Zs(p1,p2llq1, q2) — 1
1-p

Zg(pullg) — 1
1-5
EHEME % 2 U TR,

Ts(polla) = Ts(p1, p2llqr, 2) =

Ts(p1, p2llar, @2) = Ta(prllar) + Ta(p2llaz) + (1 = B)Ts(p1llqr) Ts(p2llge)
72U C\WA. GERHIXIRODE Y
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_ Zpnllar) Zs(pallae) — 1 = (Zs(pallar) — 1) — (Zs(pallg2) — 1)

1-p
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(T +y)g= () + () + (¢ — 1) (2)g (¥)q
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W [7] 22RE L. TITIE n— co DMREZEH)IZ Tsallis TV hBEY =2 bhd %
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UTFTIENRTA—=Z— h T A= — 3 OHVZIZIE

h=B-1, h+1=8
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en(z) = (1+hx)'" >0 z>=7 ) Up(z) = > (x >0)

CEDD MR Tsallis TY b E¥—(%

1= plg ™ 1 - pi
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X5 by =np; +0(1) EAKEL DT,
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VIO RERADNHL LTV Z e Z2RUZ. ZORERIIMEOBERE NS EIFREIL
NI RBIEEZEKRL TS, f-divergence IZDWTEH [ARRDAE X

Dy (plla) 2 Dy(pllq)
MIEALLU TS Z &2 NI f(x) (IZBd % Jensen DAFERZ > TRES:

D;(pllg) = ZZf(pZ)qz z@jzf(pl) :

Jj=1i€A; = I€A;

>§;ij( “’) Zf( )Q]—DAPH@)

iI€A; £ Q]
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Rl s=1,4,={1,2,....r} DEEEEZRDL P=0Q, =1, f(1) =0 &Y Dy(P||Q) =
0&R5DT

Dy (pllq) 2 0.
112 £ Kullback-Leibler G & & FkkDZ% < DMEE % f-divergence M7z LT\ Z &
ZRtED.

9 {I&k: EMBRE THBRICEE T % & af#sn
MR limsup & FHBER lim inf IJPEREE U T oo ZFFRIXEICPERT 2D T, IR
TRMED WO LBNERI| O EH 2 AN L I TEEMNTHD.
BEEROZAETH UL EMR L FHREIZCOWTEH#R B TH T TEILA>TWVE A
DM, MEROHEEHEIZFH U S B2 8B 200nE UNARW. 226, 2O T Efi
R & FMERIZ DWW TRRICMHL THE < 2 &Il U7,

9.1 LiBRE THRROER
ay,as, ... ‘i%ﬁz]ﬂf%é K'é‘%)

Upy U1, Ao, - - D EBR supy>, ap %

supar = (§NXTD ay,, Gpy1, Apya,s .- LED o OFTR/INDE D).

kzn

U al3FERERF 0o THD LT B

supay = min{ o € RU{oo} |ar £ a (k 2 n) }.

k>n
—fRIZE VNI BEHOEED LRIZNI <ZDDT n 1IZBT 285 sups, ap 135
BABINZB8D. U3>T, B supys, ap 1& n — oo TEREE /I3 doo ITPHKT S,
T DOPERYE % EEF a,, O MR (limit superior) &I, IRD & 512K DT:

limsupa, = lim sup ay.
n—oo n—=00 p>n

[FIBRIZ FRRRR (limit inferior) ZIRD & S IZEHT -

ligfak:max{aeRU{—oo}|ak§a(k§n)},

liminf a,, = lim inf a.
n—00 n—o00 k>n

ERR sup (&R inf PLEZOT EMER & FREIZIROAEFEX 2L TWD:

lim inf a,, < limsup a,,.
n—oo T n—oo

28 LR OOFIEIREBOEGM I o TRIEXIND. EEWEICEAET S 2L 2 ZROEREEZOEDE &
BoTE L.
PINKT B Z & ERDEGMEIC L > TIRIEI NS
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FEEF a, BPERT 2725 1X, SUPgsy Gk & infy>, ap DAL 0 IZIHEKT HDT,

liminf a,, = limsupa, = lim a,
n—oo n—oo n—oo

MERAL G D . W limsup,, . a, & liminf, o a, 2= 2 & SIXEHS] a, 1FTN5
ERICMEIZIRT S Z L Ebnd.

$19.1 (LABIR & FAIBROBI). BLFAK T LT3 2 & 2 EHICHESOTHAL Th &

limsup(—1)" =1, liminf(—1)" = —1,

n—00 n—oo

limsup ((—1)"n) = oo, liminf ((—1)"n) = —oo,
n—oo n—oo

limsup ((=1)" (1+27")) =1, lirr_1>inf (D" (1+27)) =1L
INH D MR & R % X 2 fio TRESE 3 AUE BRBIR & T RRBR OO RS & EL (B
T2 LES. [

9.2 LiBR & FHBEDFEWNS

EARIR & FHRER 0O B 2N FIZ DWW TEIAL & 5. B a, D n — oo TORET%
MO L&D, B a, D n— oo CTIWKTDE B, C, 1IZ2&>T

Bn é anp, é Cn
CFHliINAZL T D (IFIADIB!). ZDEE n— oo TIRMWKILT B!

lim B,, < liminfa, < limsupa, < hm C,.
n—o0 n—o0 n—oo

Z DFHEFELES] a, BDPERLU TR TEBLTD. £ LE B, & C, ME UAEIZIPER
T286IE, TORERNEY a, BENSERIUMEICIRT D Z &b nd.

M EDEEGRRD /N — 2 & > TOIUE, a, BIURT 2 LIEBR S RV HWEMEDE L TE
fRIR & TR ICE T2 A2 RUTHEWT, BIMORWEAEDE £ T a, BINKET L Z
EEREDEDIZHS. Sanov DEHDE AL LI T 25 3 HiDEMmIFE I ITTD
I BEA T OHEEROMIIFZ > T NS,
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