Kullback-Leibler [§#k= & Sanov O EIE

2016 4 6 H 16 HAER*

http://www.math.tohoku.ac. jp/ “kuroki/LaTeX/20160616KullbackLeibler.pdf

B X

0 FL®IC 3
1 %IES%HH 5 Kullback-Leibler [ERE 4
1.1 RSN ¢ DZIEDME . . . 4
1.2 BTN A X% RES UL EOZHENMAOWHLZESE . . . . ... . ... 5
1.3 Kullback-Leibler [Efm &G T O —DESE . . . . . . . . ... ... 6

*BHIEZ T URL 264 0 —RTE5. X ECTHEMICERETEZIT2 FETHD. 6
A 16 H Ver.0.1(10 B). BRI T 10 EIEEE 072 6 A 17 H Ver.0.2(16 H). K4 RKEEIZ & 2 &k
LAV D BT B 08% 1.7 L S THED A DB E D Sanov OERLDELEIZGEA T 5 72 D 3 fi%E ML
7. T TR U 23ISR IZBE S 2 Stirling DARX 2 bRV D THIFWRGFHTH L. 6 H 18 H
Ver.0.2.1. /NI ZEMEETIE. 6 H 18 H Ver.0.3(22 H). Sanov OEMMN S 71 ) = IV A DEHIZDONT
LS AR EBIUZ 2 IADT T VAI ARFTIELAZ. 6 H 18 H Ver.0.3.1. 55 4.3 HiDiih % 7T
1E. 6 19 H Ver.0.4(23 H). #] 4.3 OFADMA S 2ZLHEL /2. MMIZHMARFTIE. #HX Rényi =¥ b —
DEFZZ N/ FERE 82 2B U2, 6 21 H Ver.0.5(26 H). HE 4112 TREZ2EIRL Ty 7
WEPYETHE] LOBGEERLLUZ. ZOXHFIRER 41 2OHEMMAD D LHAGPE LR, FHR
Tsallis T MO —DEHZIHIMNAER 8.3 ZBMU 7. 6 22 H Ver.0.6(30 H). &1 L% KL
M EOMH] 25 KL EHRE Y Sanov OFEH] ICEFE L2, FE 8.3 B EZJOWMHEIZHEEL, NE
HEP L2 X HITTOMEICHN Tsallis T hOE—DEZEDBARMEEZHMTI T RN L ZIEEID
F M RFEL. ThEE] B3R 85 2L~ 6 A 23 H Ver.0.7(32 H). AT b
Y — WL EN A DHNEFE) %2 50k U TWA DL FE U & DI/ Tsallis T b 0¥ —THlBEFE M5 X1
5% D H D HAROMKIZET 25 85 Hiz B U 2. 6 H 24 H Ver.0.8(36 H). KL I&#aEAY [HHH
DESBHEZR>TVWD I L2 HEKTOIAFERNE W8 5 HizBMU . #f Renyi TV hBRE—&
M Tsallis T b O —BIROFIIAZEE 8 HilC ML /2. 2D/ — MIIFE T Cramér DEHDMRH L E
9% F&E. Cramér OEMHD LS OFMIZEHATH Y, F25EOFHIIE T ) = V53412 % KRED
FHERIMNSEM NS, 7 H 5 H Ver.0.9(39 H). limsup & liminf (2B 2 i B2 f@a (25 9 #i) 238U 7.
7 H 6 H Ver.0.10(40 H). X Tsallis T b T E— D K WEE 8.5 i & X2 5 L HA AR D HLGR (2B
THHESOHIZEBMUZ. THTH (E4)Ver.0.11(41 H). #H3 Rényi T b B E— X Tsallis = b1
E—DOAMEMICBET 2R 8.4 ZBNU 7. KLIBMEDF S % Diplg) 75 & VEEHERNZ D(pl|q) ICHSE
ATz, BEUBNAEZE> TS AlHEMEA @, 7 H 7 H Ver.0.12(48 E). Cramér DEHIZ D\ THE L
6 H ZBMU~. 7 H 10 H Ver.0.13(49 H). Cramér OEFRD > < 534~ O FHFI O ffan (55 6.4 Hi)
ZEVFEULS U fli# 6.2 OFEHDIRY 25TIEL 7. 7 H 14 H Ver.0.14(56 H). Csiszdr @ f-divergence
DFES (35 8.7 i) ZBMU 2. 2D/ — hDFEEERS Dk LRI FOERE IS T2 ) = HIVoH
DEH EDREBRNPE S DINSRNDT, HP B DBELDGGREIRT ZODHE 7 Hi (FINT) 2BMNL .
7 H 14 H Ver.0.15(58 H). Sanov OEHAY Cramér D EFLDRRIEZE M E % Ff DHERZE AN DHLIR DR 5]
BEEIZESTWS Z L &I U 7228 6.5 HiZ 8L 7=


http://www.math.tohoku.ac.jp/~kuroki/LaTeX/20160616KullbackLeibler.pdf

1.4
1.5
1.6
1.7

Kullback-Leibler [ EDFAMEE . . . . . . .. .
TIESEOGEOFER .
max-plus fREAN DM X Laplace D AIEE DK .. . . ... ... ...
KaRBEIEIZEDERVNIVOFHETKLEREZ BT HE ... ... ..

FHEAEKREDERID S Boltzmann K FA

2.1
2.2
2.3
24

RIBEDERIE . .
Boltzmann [NFD&EH . . . . . ...
R A DAL D560 6 B OB AEI SO NS 2L .. .. .
BEMETE R A DB

% TN DIHE D Sanov D EIE

3.1
3.2
3.3

Sanov DEFD TR . . . . . .
Sanov DEFDGERHDMENE . . . . . . . ..
Sanov DEFDEERA . . . . . . .

Sanov DEBAEFo/-h/ Z AL DHDEH

4.1
4.2
4.3

DR E TRV —OIRE . ...
MR EHERDAGD N ) Z VDA ANDOIE o
FLOEHDPGEE N ) ZHANDHEOHFNZZ>TWBIE ..

{14%: Kullback-Leibler 53R =ZICET 2 F7ER

5.1
5.2
5.3
5.4

i Jensen DAENX .o oL
SEAMAGERNETOIRHE ..
Kullback-Leibler fGfr= T L' FEiffxZ EnoHIZA6NIE .. ... .. ..
Pithagorian theorem . . . . . . . . ... .. . L oo

fF$%: Cramér DO EIE

6.1
6.2
6.3
6.4
6.5

Cramér DFEBODREE FIR . . . . .
Cramér OFEMDEEH . . . . . ...
N ZHNAGEOHNTY haOE— D% . ...
HURPEDGEDB]
Sanov D EMMPLIR X 1172 Cramér DEH DR R GETHEHZZ L ... .

{$8%: Mt HFEE DER?

7.1
7.2

Cramér OEBD—MAL . . . . . .
MEHFZOBREBEIZB TN ) =WV A0ESY, . .. .. ...

F4%: thoFEEOTY hOE—IZDWT

8.1
8.2
8.3
8.4
8.5
8.6

HHI A F—X Massien BRECE OBEGR . . . . . . . ... ... .. ...
X Rényi T2 b OV — .o
FEX Tsallis T N — . .
IENE GREME) IZDWT oo
R Tsallis T O — 2 @R8N ELLHEMMAOME (1) .. . . . ..
MR Tsallis T b O — &2 @RI ELLEIMAOMR (2) . .. . . ..

10
10
11
12
14

15
15
17
19

21
21
22
26

28
28
29
30
31

32
32
34
38
38
40

41
42
45



8.7 Csiszar @ f-divergence . . . . . . . . . . . e 56
9 {8k EABPRE TBRICEE 9 2 R a /R 57
9.1 EMPRE FMFROESE . ... . .. 57
9.2 EMIPRE FHRERROMNG ..o 53

0 XL®HIC
20— NERD ) — FOFRITH B

[77 > A OHUMBIREFL L Stirling DAR] 0D XA MVOHEL R ) — b
http://www.math.tohoku.ac. jp/ kuroki/LaTeX/20160501StirlingFormula.pdf

ZD ) — MTHiHAT S Stirling DARIZDWTIEZED ) — 2 RTALW. ZDHL R
J—=hE TZA MDD Y HY | OMEZBNED ) — MIB>TWVD.

Z® /7 — b D HEE Kullback-Leibler [H#&E (N T hOE—n —1 £%) & & U Boltz-
mann K+ exp(— > B, f,(k)) TRod I35 77/ = F3)V 3 A DS SRIIZ HE Tk % B %2 3t
14228 Thd . mHOTTIHREBRNZFIEEG L, BEENIEE RHRIIIT R DA
V.3, AFIIZE WA R R E PN TR IR AR 2 TR D

AROXRR R E2SZHEITU 2.

S 3k

[1] Csiszar, Imre. A simple proof of Sanov’s theorem. Bull Braz Math Soc, New Series
37(4), 453-459, 2006.
http://www.emis.ams.org/journals/em/docs/boletim/vol374/v37-4-a2-2006.pdf

[2] Csiszéar, Imre. Axiomatic characterizations of information measures. Entropy, 2008,
10, 261-273. http://www.mdpi.com/1099-4300/10/3/261/pdf

[3] Cover, M. Thomas and Thomas, Joy A. Elements of Information Theory. Second
Edition, John Wiley & Sons, Inc., 2006, xxiii+748 pages. (Google THiz)

[4] Dembo, Amir and Zeitouni, Ofer. Large Deviations Techniques and Applications.
Stochastic Modelling and Applied Probability (formerly: Applications of Mathemat-
ics), 38, Second Edition, Springer, 1998, 396 pages. (Google THiZR)

v & =2y N ECOHAGEIZ LD MBEFREEBRO 7~ & 2 5, Kullback-Leibler Hit&E (T b
E—D —1 %) IZ2WT 2 DDMERIAD “Bl” 2RDOTE] 2 DOMRIMAEDENERDTE] DLDIZ
FEHLU I TTEE TR EONEHN D, Kullback-Leibler IFHMENHRIZHTHRS ¥ v AV AETZ 50
WAL TWBE D% BT 2B TERN/ZOTIOMH ) — b2 EL Z 212U 7. Kullback-Leibler
FEHRE D RBIRINZ TR B BHIZ L EDAED n — oo THHRLZEENZ Kullback-Leibler 1R & A H R IZH
THREMNLTHD. TOILNH, n— oo D& ZIDRERT A DZEE) % Kullback-Leibler &% & Tatibk Al 88
122 %, ZOREROBEEMIZEIZE L E AL Sanov DEH L IFIENT WD, ZOfEH ./ — b E2EVWAEZE S5 —
DOHHIK, Boltzmann K+, 77/ =V AHNHTERDHEH % LIHSHD n — oo TOMHLEE) (£ U<
I& Sanov DEH) (IZHEDNT oMY G L<FHHL TS HAGEDMGIZ A A2 —3w N EIZRMITS Z L8 T
IRMoIETHD. DM/ — b Tl Boltzmann K+ e PP TR HEEFEL <HHT 5.


http://www.math.tohoku.ac.jp/~kuroki/LaTeX/20160501StirlingFormula.pdf
http://www.emis.ams.org/journals/em/docs/boletim/vol374/v37-4-a2-2006.pdf
http://www.mdpi.com/1099-4300/10/3/261/pdf
https://www.google.co.jp/search?q=Elements+of+information+theory+Cover+Thomas
https://scholar.google.co.jp/scholar?q=%22Large+deviations+techniques+and+applications%22+Dembo+Zeitouni

4 1. ZIEASAAH 5 Kullback-Leibler [ &

[5] Ellis, Richard, S. The theory of large deviations and applications to statistical
mechanics. Lecture notes for Ecole de Physique Les Houches, August 5-8, 2008,
123 pages.

http://people.math.umass.edu/"rsellis/pdf-files/Les-Houches-lectures.pdf

[6] Sanov, I. N. On the probability of large deviations of random variables. English
translation of Matematicheskii Sbornik, 42(84):1, pp. 11-44. Institute of Statistics
Mimeograph Series No. 192, March, 1958.

http://www.stat.ncsu.edu/information/library/mimeo.archive/ISMS_1958_192.pdf

[7] Suyari, Hiroki. Mathematical structure derived from the g-multinomial coefficient in
Tsallis statistics. arXiv:cond-mat/0401546

[8] Suyari, Hiroki and Scarfone, Antonio Maria. a-divergence derived as the generalized
rate function in Tsallis statistics. /% H#k, vol. 114, no. 138, IT2014-16, pp. 25-30,
2014 4£ 7 H. http://www.ieice.org/ken/paper/201407178BPp/

9] FHIRHEHA. #REH 05 1 1L FEEse s ) — X 8588 (2008/12), &af 525 X—.
https://www.amazon.co.jp/dp/4563024376
https://www.amazon.co. jp/dp/4563024384

[10] Tim van Erven and Peter Harremoés. Rényi divergence and Kullback-Leibler diver-
gence. arXiv:1206.2459

[11] Ramon van Handel. Lecture 3: Sanov’s theorem. Stochastic Analytic Seminar
(Princeton University), Blog Article, 10 October 2013.
https://blogs.princeton.edu/sas/2013/10/10/1lecture-3-sanovs-theorem/

[12] Vasicek, Oldrich Alfonso. A conditional law of large numbers. Ann. Probab., Vol-
ume 8, Number 1 (1980), 142-147.
http://projecteuclid.org/euclid.aop/1176994830

1 ZIESHH S Kullback-Leibler [B#=

2 A3 4012 Stirling D AR % BAIZAR AT B 721 THAD DA S 2 Kullback-Leibler 1§
HE (B LIFZD 1 FOMNTY O —) 2 BbNnd Z L &AL V.

1.1 BEESHD ¢ ODZIELH

¢=20,Y0 1 ¢=1&35. 1EIOHMZRITTRE i PR ¢ THLNDRIEE X
5. q=1(q,....q) EREAPTHELIERI LIZTE. TOEO>RRKTE n FYELLE
EOREE P BAEUZEEE b L ELS (k $HERERTHD). TOL R i BWEUZEE
ki/n (CHZEBRPFBEIERZLIZTE) D n— o0 TEDEIIIRDEI NEFHRLS.

ZAiE, B a0 (FEATHTE LW & n B 728 XD i OEPHAZEG DS (1
BROE) DS — 00 TED XD ITHRDEI N EFARDMESL L Z>T L\,


http://people.math.umass.edu/~rsellis/pdf-files/Les-Houches-lectures.pdf
http://www.stat.ncsu.edu/information/library/mimeo.archive/ISMS_1958_192.pdf
http://arxiv.org/abs/cond-mat/0401546
http://www.ieice.org/ken/paper/201407178BPp/
https://www.amazon.co.jp/dp/4563024376
https://www.amazon.co.jp/dp/4563024384
http://arxiv.org/abs/1206.2459
https://blogs.princeton.edu/sas/2013/10/10/lecture-3-sanovs-theorem/
http://projecteuclid.org/euclid.aop/1176994830

1.2. VTN HP A X2 RKREL UL EOLIEN AR O EH 5

KEBOBEANZE ST n— 00 Thi/n—q EBIDM, BTHFMFNSHEREZZ DT
REM DA SBEN - DAV ME UTEHDLNAHERNED LD ITHET 202 Al
D720, BRI CIIERMA SHEREE X5 Z L I12& 5T Boltzmann K+ 8605 2 &%
T 5.

Bx GNP ORENI ¢ = (qu,. .., ¢) IERIZEE L, BRI (ky/n, ... k/n)
DIERDIHEFZ R, TD n— oo TORRTEFAND ZLITKD.

n EOMZEAITTIRE ¢ 2k BRSO MERIT, Y hi=nDL ¥

n!

mqfl g (%)

28N D E F 01225 (ZEDH).
pZ 20, > pi=1 Kf}im"i_é n [EIOSLFRIT TREE « ME O NAEE ki/n IFIX
p IRBE X RERDAIXIFIE p, ILRDEEDZLIZTS.

1.2 YUY AXEKREL LEEXDLIELfHDENTEE)

n— 0o D& IRERDAAIEIE p; ICRDMERNED XD ITHRDES R 720, T2
Tn—oooDEX L 72BN

h:nm+0&gm:m@<l+0<byv) (%)

n

272U TWD EREL, EOMER (x) WED LD ITIRDES M2 fiRES. ZOHRED
£ & T log(k;/n) = logp; + O((logn)/n) MEALT B Z L ITHEEE K2
Stirling DR E Y7 ki=n &V

logn! =nlogn —n+ O(logn) = Zklogn—Zk + O(logn),
log k;! = kilogk; — k; + O(log k;) = k:i log k; — ki + O(logn),
log ¢;" = kilog g;.

ING % LORER (x) OFBICRAT S L k OEFF ¥ UL T 5. X 5IT (k) ZRA
FBLEAEENG:

n!
l%(ﬂrﬁﬁﬁ““#)—nij @%__mwo+ow%m

= —n Z pi(log pi — log ¢;) + O(log n)

=1

= —anZ log q_ + O(logn).

i=1

FIRRDEHH % X KFBEEZ O @RV NV OFRTHEITTEIILHTED (1.7

5
\._/

2Taylor J&RH log(1 4+ x) =2 — 2%/2 + 23/3 —2* /4 +--- & V.



6 1. ZIEASAAH 5 Kullback-Leibler [ &

1.3 Kullback-Leibler [ k& HX T hOE—DES
1.2 fioksERIZ

D(pllq) = E)M%—

EBELSERDEDICEZIEIND:

n! ke &

log @t g ) = —nD(pl|q) + O(logn).
k! k!

FETIIAREER A Ky Jn DNEIE p; (R DERDOWEZERL TV D Z L IZEREY L. D(pllg)

% Kullback-Leibler [&RE (7N 7 - 51 75 —fF#&E) U <& Kullback-Leibler

divergence & .53, Kullback-Leibler f§¥R& D —1 £%

S@M%=—D@M%=—§:mbg%

ZHENIYMAOE—CIERZEIZTS. HNZY POE—IIABEWIZ n WRIZRE XD
[REEEM AN ¢; D& ERERDAWIFIE p; ERDERONED n 3D 1] THS.
K EEARTDARIZIRODEY)

(n IO FRIT TREED AR p; TR DHER) = exp(—nD(p||q) + O(logn)).

ELE Dpllg) >0 261E, n 2+3ICKRELSTHIE Ologn) DIEHIX nD(p|lq) DIHE L
BUTHHTELRICARDDT, ZOMERIX exp(—nD(pllq)) DA TIFRIFRE>TWD
EEZTEW.

1.4 Kullback-Leibler [FHRE=DEXME

Kullback-Leibler 1§ & D(p||lq) = Y.;_, pilog(pi/q;) \FBEE f(z) = xlogax ZHWT,

D(pllq) = ZZJ@MM%KE@*ﬂé@T-MM@GMW—@MHmJ@EﬁKbT

OMWE%ZFANRD ZOIIEEHE f(z) = xlogr OWEZFNIEE V. f/(x) = loga + 1,
f'(x) =1/ >0 BOTHEE f(z) ETITRENTH D, WAL f(r) 1$TDERDOK
BTTALMX 25N, KHZ f(2) 2 f() + f/() (@ —1) —o— 1 (BEOBLE o = 1
I FfE). W2

D(pllq) = E:f(ﬂ) }:(——1>%=Q

-1 ’L

EFOWNE p=q (i=1,...,r) &[FAME.

X 51T f(z) BWRIPEBNTHD L EY, D(pllg) & p DEEE LT FITKEBZNTH D
ZEEbnd.

Z ® & 512 Kullback-Leibler fE#EDMEIX 0 A EIZARY | F/MBE 0 WEHRT D Z & &4
W op WREEMDME ¢ CHELULSRDZLEFAETHD. WA, 54 py PWREEMDAA ¢
WEHELLSROWEE Dpllg) >0 £B82DT, RERSAAPIFIE p; IZRDMHERIE n — o0 T



L5, ZIHDAE DA DR 7

n A DWW THREERERIZ 0 IR S, L7235 T, n — oo TRERDAE ki /n (ZREERS
g \SER <. ZHIEKREBDERIDKAN. 2 ERL T 5.

Kullback-Leibler ¥R & I RHER 546 ¢ DE & THAE p; BWREBROMA L U TENLZITHER
MNZHEBI LN 2 RD LTV D . RADDMDFEE T DMELRDIE n — oo T Kullback-
Leibler [HED 72D —n EDOFREERED L 5 12D 55 . W 212 Kullback-Leibler [&#H &
MIFEADAD LU TEE > TOIUE, Kullback-Leibler [HH &Y & V) K X 725 D43 A7 IEAHR Y
WIEREAEELBNENDS ZeE 00D, WRIZ, HDRMERL THM p; BEL DM
P EMEREZE Z 256121, U240 & T Kullback-Leibler f&#H & A RN R 5 43
ATREER A L (G SHERDEIRT) i < 2 &85 (FHA T RBOER, FHA
EHBREIR). Z DLl % &/ Kullback-Leibler [E3REDREE L IR, n RIEFIZKE A
&, HIRMEDE & TREIZET I NS 2T U 725&MFD £ & T Kullback-Leibler
BREPRND DRI ED.

x> b0 ¥ —{d Kullback-Leibler fE¥&E D —1 572 >72D T, FM S THHA p;
BERIIZEU MR 2 ZEZDGEIITR U LML L THEZY boE—»2 K KIZA
B IR A DNEN K 2828 b, ZOFWHMAZRARERNIY hOE—DRE LT
N MRKERELE, HEIFMDOE & TREWNZEBI I NS DMEITE LU 240 & TH
HLY MAOE—=DPRRKIZEDEDBAMHTHD.

i, SHDOBZID DI B DAL L T0d & &M A WWFEIZHRIZ L TnWD &
WETD. 2D X, FMf ADELTEMHE B WHRALT DR (M SHER) X, &4+ B
MEAL T DMERE M A BHERTEH SZEDEERIND. ZD LD ITHRMA SHERIT
WRDETERIND. Z0N50, ERDEN n — o0 TEDEDITIRDEES 2R TX
WL, RS IHEENE DL D ITHRDEES 230N d. EOHMTIEZDEZ H=fio7.

1.5 ZIEDHDIFEDETEH

r=2,q1=q q@=1—q®D 1AL VHEIT] (EUIE TTHET] )DGHEE2EZS. 20D
G\ HMBIE ZIHAMEIZ RS, ZDE X, pp=p,pp=1—p £EL &, Kullback-Leibler
THHEIFIRD LD IZRDOIND:

D@M%ﬂm%§+ﬂ—mbgl

L p=q THRAME 0 122D, p ¥ g P SEENNITEEN D I L KX <A S, Kullback-
Leibler & 30 DR B ECHI 2 ROTEBLDT g N5 p 1 EREERIIZAE
CH<ZD. LMY p BRERIIZAEL SHERIX n — oo Texp(—nD(pllg) + O(logn)) &
DS, DA, D p DEUBMERZILET D L, D(p|lg) PHHHNIIKRE AL p 2
U BHEHRIZn — co THORBKRTHMNIIZ 0 (ZaM <. L2 E 2 /2 ETIROMEIZ
DNTHEZELD.

B n (ZFEHICKRIVERETSD. n WO I A VEITORRPHZEED o A EIZ
B2/l 9. ZDOLIRDOEGEEDEEIIRDIES DN

KEDIEAIE D, n — 0o TRDENGIE ¢ ITEML. DXIZ0Za<qgDE X, ROEE
MallETHdEWNIEMIENn — co THICEFHTDZZILIZRD. Z056,05a<qg D
X, ROEEN a LEDLGEIZHIRLTH, n BRI ITNIEERDENEIXIFEIF ¢ 1IZFLL
BOTWBHEHEZOLNDS.



] 1. ZIEASAAH 5 Kullback-Leibler [ &

ML g <a <1 DHBETHD. TDOL X, n BRI ZNERD it RKOEIEH a LA
FIZRBMERIE 0 1M <. EOR#E ié‘%@iJ/\iﬁ a DL EIZZRDGEICHIBRU - & ST
%@%ﬂé\fﬁﬂi&“ p R DHMEHR (G SHER) NED X D ITRDEED 7b>tu\ D MEICR S,
Z DBEITIE ETEE U 72 Kullback-Leibler 8 EMNKIZND. p = a LW FMBDE &
TD D(p||q) @Eﬁd%ﬁ W p=a THEEIND. WAZKENSIKBEDOEIMED, n — o0
TR MIE p=a EH< q <al1DeX ROEEGMW a LEDGEIZHIET 5 &,
nﬁfjii’fﬁmti%@ﬂ]/\ %b@&o’cwé EFEZOND.

A EDFES N BL)T@’A?WS‘B‘ZTL LTWwWdZeEbnrd

; lo Y k(1 — o)k — _ip _ —D(qllg) =0 (0=as
JL%nng(k)J(l q) inf D(pllg) {_D<a||q) G<ag)

WEEMLDBNEATIORRNEZEHI I L,

> (Z) ¢"(1—q)" " = exp <—nir>1f D(pllq) + O(H)) :

k/nza p=a
FEBERDOEEDN a PAEIZRDHERTHD. n— oo DL IHERITIE D(p|lg) PE/MIZ%
BT RESZINT RS,

1.6 max-plus fXEA DIRFRE X Laplace D% & DEFR
FERFEZIE —00 D a,b I U THE
(a,b) — max{a, b}, (a,b) —a+b

%Z 27260 (FER (semiring), K (semifield) & FFEN T2 ) % max-plus B & IES.
(max-plus UL BEERE X tropical mathematics X & IEE M %R D BER EI&
B 2EER R THD. RIFTFEIRVPEHIZTEDS “REC DZ L THDD, Pk
WHIERIZEBHICTE 5| BIXEBICTERN “RE D2 L THD. 5IBMPEHHIZT
IR TEERDDDH AN T EZEND.)

RHEFLIZIE, max 1% 0 L EOFEHORFITIN L TH Y, + IFHFEITHIE L TWT, —oo
RBEDHALIE 0 ITHIELTWS. ZDOMSIK log ZH> THRZES Z L IZ&>THX
LEND. TROLL, IRONAPEL LU TN D:

lim ! log(e" + ") = max{a, b}, lim — log( naent) = g + b.

n—oo N n—oo 1}

BEZEHHATH D, AIHEORRFRDOEIDIZUTHENDOND. a 2 b LIRET D &,
b—aZ0,B2DT, et [FHEFIZKRY,

%log(e‘m + ) = %log (e (14 ")) =a+ % log (L+¢e") 5 a (n— o)

L85 INTHEDARL RI N
& O —RITIRDIEANL L TV B

lim — logZexp na; + O(logn)) = max{ay,...,a,}.

n—oo 1N,



1.7. RARBIEIZEDER LV NIVOEHRET KL EHRE % 19 4% 9

ZD & DT exp(na; + Ologn)) D& D IZIRSFES BOFDNED 1/n £5TlEn — 0o D
EERRD a; DEFDAWNNTHRS. WM HOBENVFOAREHFZI NI &,

Z exp(na; + O(logn)) = exp(nmax{ay,...,a,} + o(n)) (n — 00).

ZAUIFET DI E D Laplace D HIEDFELITH D L AR IND.
FE DGEIFIROEY . WY RFREDE & TIRDKANL L T\ 5!

/a,é’ exp (—nf(x) + O(log n)) dr = exp (—n inf f(z)+ O(n)) (n — 00).

asz<p

flx) Wa<zr=xy<p C—EMNRT/MEZFED, f"(x9) >0 R 51,

B
/ e @ g(2) dr = e @) g () (1+0(1)) (n — 00).

27
kau<x0)
ZD & D BREnHEZEE DOFHE DM /X Laplace DAE L EIXN TN 5.

1.7 RaRBEICELZ2ERUANIVOFHETCKLIBEREZHT AE

ZIHAD n — co TOWHEFEH ZLATDO L SIZU T, KORBEZ M 2@y
EWHIETHAND ZLETED.
q; z O, Z::l q; = 1& L/, ;l'ﬁ/é\@%%ﬁ a,b,- Ci Z::l bz =a %‘f&f: LTCTWd ek L/,

b N,
b= T Na
EHL. ZDex
. 1 (Na)' Nb Nb : Di
1 _1 1., T = — 11 —_
Neo Na Og((Nbl)!m(NbT)!% o ;p * .

INOEHBIFHEN T Y b I E— (Kullback-Leibler [§#HED —1 £5) THd. §405

| 1/(Na)
lim < (Na)! g b") = 1 :
N—os \ (Nby)!--- (Nb,.)! (pr/q)P* -+ (pr/ g )Pr
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KARBIECINETALTHES. AR (x) ZRTIEED. N 5 oo D& ¥

1 (Na)! Nb Nb
- l 1, s
Na °® ((Nbl) S(Np

a r Nb;
= Nia (Zlogk ZZlogk+ZNb long>

=1 k=1

(Zl g——i%log——i—ZNb logq2>

i=1 k=1

:mzlogm_zmz:logvaZPﬂOg%
—>/ logmdw—Z/ logxdx—i-Zlequz

~ rtos - Ylotogs o + Yol =~ Yo ls
i—1 =1
2 OHODFHESTHIMDOAMIZ Nalog(Na)—> i, Nbjlog(Na) =0 2 AU, THUlL >
TR KREEZEATEDRIIERTE 2.
PAEDFERIFIRDEALT D Z L 2 RBKL TS N 500 DE X

SR 4T TR ER 4> S = by A &)1/ (Na)
(Na BIDFAT TRERDIAMH p; = b;/a 12782 HEHR) — ) (g
2 FBMAEXREBOERD S Boltzmann EF A

ST E KRB DN (B Kullback-Leibler [H#E O FM, {ZAMHNTY O —0DJF
) 25 Boltzmann KN+ TRl SND AN HRICRFELNE Z L 2@ L 72u.

2.1 [EIREDERTE

REMDPHEN ¢ = (q1,...,q) DZHSHEDHEIRS.
n BIOMNAITIZE D TELZ D i ITDWTREE @ VU 72EE ki /n PRI p ITFELW
EE REBOMMNIFEp = (p1,...,p) WHEULKRDELEEDILIZTD. TOMERIZDWNT

(n EICRERDADIEIE p 128 D1HEH) = exp(—nD(p|lq) + O(logn)) (n — 00)
DAL L TWDBDTH 7~
ROMEEFZEZD: 246 p= (p1,...,p,) & s HDZM
Zfl,ﬂ-pi SK (v=1,2,...,s) (%)
=1

EIRY. U, R ONRT MVES (L1, 0, (fors -y for) (y—l ) — M7
fﬁ)ét{}iibfbK BRI AN DM %729 734 p 12 i#bu\ (IR L
f_t%,F.@ﬁﬁﬁ‘ﬁ@ﬁﬁ$ﬁ¥ﬁin—>oo'Ctd)otok?&éﬁaﬁ?
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T2 ZIAE IRBE ¢ DT XINVF = E; DHEIZ

zr: Eip; = U
=1

EWVD LM (TRDH TR F —DORERIIEENIZIE U IZF LR >TWVWd eI %
) U8 X, BED AN n— oo TEDEDITHRDFED »?
EZE, T aaeikoTi OEMHAS, HE&% B, RV ABLHADLE,

i Eipi = U
i=1

LS %dE (T a0 1 ED D OESORBRITTSMANEIE U <Y IZHL < 2> TH
BEVSRM) REUAY X BTN 1 - co TEDE SIS S h?
BED2DDOBITHE s — 1 Thd. BEOKMEREIE s> 1 L53.

2.2 Boltzmann FFDEH

FAF (x) DE L TORBAMDOZMA SHERIE n — 0o T, &l Y pi = 1 L&A
(x) DB & T Kullback-Leibler 1§ & D(pllq) = >i_, pilog(pi/q;) M EB/IMEIZR D
p=(p1,...,p,) (CHEFTZILIIHD.

SeEAT %EE?'L/J\ﬁF"ﬁ%_’E% < 7281Z Lagrange D R EFTHIEZHH 5. (Kullback-
Leibler f§8RED p ICDOWVWT FIZRBMBEBTH oI 2BNHE D) TDDIC

L= sz log— - 1) (Zpi - 1) +> B (Z fuipi — cy>
i=1 v=1 =1

EBEL. ZITA-1, B, WRERKRTHD. REFE p, T L 2RO LIRSS
NT0IZRD WS HER

r

_:Zpi_L (1)

- —1,... p
8ﬁy ;fl/lpl V (V ) ’8)7 ( )
oL ; 2 :

O:ap:kg§+A+§:&ﬁﬂ i=1,...,r) (3)
7 1 =1

ERITIEED. (3) &V,
—eXp< A — Zﬁufuz) qi

ZRE (1) IRATS L,

.
S 1 S
Z == Z e 2v=1Pefuig, Di = 26_ 2v=1 Pofrig, (4)
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ERBIENOND. 0D Z FPEEBLITIEIND. ZDEDIT p & Z = X
B, ZHDEBIZZE>TWS. B, 2Bk (4) 2 2 IKRATEZLICEoTHREIND.
exp (= >0, Bofi) % Boltzmann AF &R 2129 5. Boltzmann K1 I& R 14345
g LHRMN S ORBD M p DENZITRRDEZNETRLTNE. ZOXSIZLTRDS
NN Hip, " H ) ZALDTREIERZ LIZT 5.

ZM (%) DAL U TW B G EITHIBR U 256 ORERAIE, n — oo T ETRDZ4
fip=(p,...,p) \SIEAF (GRS REBOFERIE Y ). n BNEXRRSIZREBRAS AL/
ZHNBGEDKE L TNDE LTI,

eZEs=1, fii=FE,c=U=80kZ

1 . 6 1og A
. — ,—BE; . _ § —-BE; . _ § —5E _
pz - Ze QM Z - - € QZ7 - E -

I

INHDRANIF ¢ ZHEDPEWITTARNTE UGS IZIEHET1F12B 1) % Boltzmann K1
2 W ERE DM ORI —H L T D
7 ZIOVRANHT SR T b EE— S(pllg) = —D(pllg) = — X1, pilog(pi/a:)

DHDFRERD KD log(pi/ai) = =D 0 1 Bufoi—1ogZ, > pi=1,30 | fuibi = ¢
NONE

S(pllq) = Zﬁyc,,—i-logZ

ez s=1,fiui=FE,a=U B =0DL%
S(pllg) = BU + log Z.

HBHIRXRNFX—F % F=-3llogZ LEHETD L,
S(pllg) = BU = F)

Z DAL, Boltzmann B E EFNTOAWVEZRITIE, Mt HFE2H>T\Wd AEIC
EOTEHIFADRNZA DS,

2.3 BOWIEREDOGZEDOERBEOEHEITHENMELONDE L

RHEEMID A HERE LI g(2) THAON TS 5G &%z&o ZOBEITIE 0 b
DMALEALT DFERTF S 1 2 REER D A DWERE L BN FIE p(z) ([ZRDHERONERD 1/n
f&lE n— o0 T

p) ,

S(pllg) = —D(pllg) = — / () log 2 d
IER < EEZBNB. A pla) 1A FORM % HT

/fl,(:r)p(a:) dr = ¢, (r=1,...,s).

SBoltzmann EA 1 (2R B RERATHILETES.
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A & FRRICU T, 2ORMEDE T D(p|lq) 2B/NITHMEREEKE p(r) Z2KDD
ERDEDIZRD N DOMND:

1 _ S T
p(x) = Ee > =1 Bufu( )q(x),
Z:/e Yo Bele (@) (1) da,
Olog Z
SRZ L[S ) =

2D & DI RIL DA B R A D Jfk % B DI B DT ik & IS BRI DG A
FBERELDER B D FIR L ITIEND.
T2 & ZAFLL T OMER AT T N THREESARICEEN TV S,

“HA: 0<0<1D&E, —f=logh—log(l—0) &B< & k=0,1,...,nZDVT

—pk 1 1
T\ ok n—k _ € Gk n
= 1— = = — J=———.
ZDEE &G ERBOTEDBERIZDONTIEIN 4.3 L S &

%Iﬁiﬂfﬁz 91 ZO, 9T>0, 222191:1 T%étb, —ﬁzzlog@—log& tj:3‘< t,
ki +- - +k=nD&E

— 3] Bik
Pky,... ke = Lekl e efr — € 2z qk,..., k:T’
o kyl-- k) 7
n! 1 1
_ 1 7
Btk kil klen? o
ERRDm:
—(x—u)2/ (202 —(1 20’2)502+ o2\
p@) = ( \/N) AL Rukaistind i : 7 — oH2/20%) for 3
2m 7
p=0,0=105EIIDNTIEE 2.4 HiH U THRU . ERD A ORERE LK p(r)

(FF p &R o® ZIEREL 2L ST, $48DS [ p(r)de =1,

‘/wM@dx=u, /ﬁgm@d$=0”+ﬁ
R R
WO T, Ty b —

PMEKIZED plr) & UTHER T B2
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Gamma9fi: =z >01Z8WT

—z /7T .a—1 —z/7+(a—1)logx
€ T (&

= = Z =r°T
p(x) TQF(OC) Z ? T (Oé)

Gamma 7045 DMERE B p(x) & [pp(x) de =1,

fﬂﬂ@m—q, Aﬂmmm@m—@
EWHLEEDE T Y —
S(p(o) = - | pla)logp(o) do
PEBKIZES plr) & UTHRENT 5NG. SRS ABTHS.

B Betadfi: 2>0IIHNT
1 ro—1 e(a—l)logx—(a+ﬁ) log(1+x)

B(o, B) (1 +2)™+7 Z |

ple) = Z = B(a, B).

BHE n Ot 8% 1/y/n TRAT—=ILLEED: HHE n Ot DADOHEREEIX

1 $2 (/2 Vnw(n/2)
p(t)dt = P (1 + E) dt, = vnB(1/2,n/2) = (T 1)/2)
Tho7. plr)de =p(y/nzx)d(/nz), f=Mn+1)/2 £ &
1 1 e~ Blog(1+z?)
p<x):§(1+x2)(”+1)/2 = 7 , Z =B(1/2,n/2).

F—fEBetaDf: 0<zx<1iZDOVWT

ZEa_l(l _ LL‘)B_I e(a—l)loga:—i-(ﬂ—l)log(l—m)

p(z) = BB ~ . Z=DB(a,p).

Poisson 27:

-\ k —(log M)k
e A e qk e A1
_ _ _ 7 — AL
Pr = o 7 k=

2.4 EEREFHRDHDOEHH

BleLTs =1, fi(z) =a% 1 = 1, q(x) =1 DHEAEICES BEMEFFRLTHE S Z
B EORERIE, n [HOHSLETOREE SN o2 ORBRIIFHE (7 + - +a2)/n
IZ2WT

Yg(z) =1 BOTIDHEIT q(z) FHERFEEHRBIZR SRV, UL, BLTFOFHEOKRIZIE L.
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EWVIERMEER UL E, n— oo Ta ORBRIDMANE D RDMERDD Z LIZHFELW.
EDRAXZMD &

1 2 2 1 z 1
plx)= e Z= / e gy = yrpie, 018
R

op 2B

WAIZ B=1/2, Z =2r, p(x) = e 2/\2r £ 8%, THBDE n— 0o THELND DA
SEE R ARICR S,

ZOFERIE R NOEZED2FD n DFEMAEFLET D n— 1 RGTERTE ED—RRD 4
D 1 IRICERFZEENDH I n — oo THHEELEHAMIIPNR T L2 EHREL TS, §
BOBIRDARDEILL TN D:

I dz) = ",
s [ i) = [ f0 e

22T St BERE RO LTS /o D on— 1 IRGCERT
{(21,...,2,) ER" |22+ -+ 22 =n}

EROU, p, FTDOEO—RRMEEDIMLTHY, f(r1) O oy EBRE LD (24,...,2,) D
WETHE. ZOMRDOARITER DL EHOMED DGR CHEEICHRATI S,
A EDGFH B Z B, SRS GEICE T 2MOMRSENED &S B %2H L -
WCHRIZHODNG NEHTID LS.

3 ZIEDHDIBE D Sanov DEE

ZIHD AT D5 D Sanov DEELD E 5k 2 I IR N THEE ISEHL THES 2 L1295,
Stirling DAX I ZHEHRNG UWGEHZ #7925, ZORMOIEIIE 71 J5H [11] T
MINTVWEIEHE AERIZFH L EDTHS. TOTUTIUISEHZ IR DFHN < T A
H5.

3.1 Sanov DEXED IR
BIREA {1,2,...,r} LOMRSH2EOELGEZ P LEHL:

P={p=@@.-...p) ER [p,....pr 20, p1+---+p- =1}

PlEr—1RTOHABKRTHS. 722X r=3 DL X PIRIE=ZAKIZLEDS.

L0 ¢ = (qu,...,q) € P ZERIZH->TCREET . HREH X, Xy, ... 1ZES
{1,2,...,r} TMEZFOWRLEFITH Y, MSLTRBH ¢ = (q1,...,q) (CUER>THD
LEIRETD. ¢=(q1,...,q,) 2BERD T LTS

%/\ AR UTEDILOMEEZE #A LEX M A BFEZINDHRE P(A) £#S<

295, (BTEHME ADE L TD B OFMEEERE P(B|A) £EL)

SIRDMEZ 72 ) — b D Maxwell-Boltzmann HIDHiIZ T DEHERZFHENENTH D,
http://www.math.tohoku.ac. jp/ kuroki/LaTeX/20160501StirlingFormula.pdf
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BaDi=1,....r IZHFUTXy,..., X, \Z&END i DIHED k; (81275 2RI

n!

P(#{k’zl,z,...,n’Xk:i}:k'iforeachi:17.._’r) :mqlfl%lfr
ek

5. WEER (ky,... k) OMAERIEE =0,1,...,n, ki + -+ k. =n &H/2L TV
FRURNT B, ZDED B (ky, ... k) WXNT D (ky/n, ... k/n) BEOEEE P, CP
EELILIZT S

k k,
Rf:{<iww—>‘m:0J,“m,h+~-+&:n}.

n n

ZOeE P, OOMEBUE (n+ 1) UTIZRD. (#P, < (n+ 1) 2B THHBICHMAT
%) Xi,.., X, \IZHIRTD P, DIt P, = (ki/n,-- k. /n) ZREBEDMH LILR. RERD A
P, \& P, IHEFDHERLEHTH D,

TR DM (p,q) € P* DB D(pllg) ZIRDE S ITED -

. Di
D(pllg) = > pilog o
i=1 ¢

pi X g D0 IR DEGEITIE 0log) =0, —log) =00 EWHKHKDE L TEHEZEDTEH
<. D(pllg) % Kullback-Leibler fE#E % U < |& Kullback-Leibler ¥ 1 /X\—2 T~ R
&S,

EI 3.1 (Sanov). L EDFEDE & TUF AL L T30

(1) A2 P OBBHEEE SIS

1
liminf —log P(P, € A) =2 — ingD(qu).
pe

n—,oo M
(2) AN P OWHEES LT

1
limsup —log P(P, € A) < — in£D(p||q).
pe

n—oo T
(3) P OIS A ORKOMAAN A 250551

1
lim —log P(P, € A) = — inf D(p||q).
peEA

n—oo 1

ZDESITREBRDMGD n — oo TOWHAZEE)IF Kullback-Leibler 1§ & D(p||lq) @ inf T
ik I NG . ]
Bl 3.2 (ZHAMDHEE). r=2¢UL, q1=¢ o=1—q¢,pr=p,pp=1—p &B &,

1—q

p
D(pllq) = ploga + (1 —p)log

liminf, limsup (ZDWTH 9 Ml RAMH 2 FH N TH W/,
TBA2DPFELOTVBIEEIZIE A FMEEDOUHOEETH> THMERY. LI L, EBRX TOEEIZIE A
BRI EE L CARET D I EAEEIZRD 5 L.
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Zhidp=q DL IHRKME 0128, p d¥ g HOEND L ZNOMHIZHAST 2.
0Sa<bS1THBEL, A= (a,0) = (a 2D b TTORKMH) &< ZDEF

P(Poed)y= 3 (Z) (1 — gy

a<k/n<b
BRODT
o N . | —D(bllq) (b <q),
ggﬁﬂ%mginJQG—Q) Z—QQQD@WDZ —D(qllg) =0 (a=q=b),
—D(allq) (¢ <a)
&%, 2N Sanov DEHOIEHPRISHOREGRLLETHS. B

3.2 Sanov DEIEDEEBAD A
RO M T Stirling DARDRD D IZfEDND .
fHRE 3.3. EADEK K, 1 IZx LT

BIEA. [ >k DL &
—=k+1)(k+2)---1Z K"

k!
ISkDEx
L L > 1 = kI7F,
o ((+1D)(1+2)-k = kbt
INTRIRIZENRIN. (]

IRDOFEDZEI T F 10X Sanov OFEHDIEIIZS U\, IXOFHEDFEFIZ X Stirling D
NSV FOL AN
HE 34. FED peP, ITHLT

1
(n+1)r

fEER. p= (p1,...,pr) = (k1/n, ... k. /n) € P, DEZ,

e "Pwlle) < P(P,=p) < e~ nDllg)

—nD(pllg) = - Z ki log p; + Z kilog g;,
=1 =1

k1 kr |
—nD(pllg) _ N S L L B
e =0, P(P,=p)=———q¢" q".
plfl...pgf'r ('fl ) kl!"’k'l

W2, ZOMEDFEEWIZIREFMETH -

1 n! ke
= b1

A

RS



18 3. ZHDMDEH D Sanov D EH
NS DOFMD S (HMDOAER) IFLHESHEORFHL Y HHTH D, (ZHAMIIHITD
LN 1 U T THD I 2BHRUTHDITETR.) AR T2 5 ORI (£ M D ARE

®) ZHHIL &>

n! !

ll'lTlpll pr = k'l kr|plf1 pfr (*)
ﬁ&jbfwéiff%é BRERSIFLHDHIZE W THERIRKRIZR D OIS
(S OBEW [ /n) PEEFIAT (SOBER p; = kifn) KEULRDEXENLTHS.

;%%ﬁﬁasiw

(gj‘g—; - % e % N N gk c b gl fkr=tr = 1.
pras 1 e

) DI N, DRI, SIEERL Y

nc

(y

n! l Iy n! k k,
1: Z l[ l|p11”'pr é(n—i_l)rl{:' k|p11"‘pr
li++l=n 1o« lpe 1o oo Nope

W% (n+ 1) THALF?» 5 OFEAE SN 0
o

AR 3.5, SLEDRRDO DA T D LS ITHIRI NS
f(n) & f(0) =0 2729 IEEDEL n OBRFBEMEKBTHD & U,

f)lr=f)f2)---f(n),  fO)!=1
EEDD. TNk fFEELIERILIZTE. 20L& I FEDOBB k1 IZHUT,

EER I Z2EDE X

YR, IS kDL
L 1 o 1
RO+ f0) TR

f(n)! I f(”)! k1

BERHIE
i) _ S S g et gyt
)~ f e T )
z f(kl)h—lﬂ L. f(k?r)lr_kT . f(k’1)k1_l1 . f(kr)kr_lr — 1.

f(n) PWRNARGE I ZOHELUE ISHILAZEZeNTE L EAbNb.
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3.3 Sanov OEIEDIERA

EIE 3.1 DB, T2 5 DM (1) 25R% 5. A FAERES {1,2,...,r} EOMHER 42
ROEM P (UL r— 1 RILHRRIZ R D) OFIAEATHD L TD. 2, P, =PNQ"
iP@¢fﬁ&f@éd4iP@%%A%AQ@fﬁﬁﬂnﬁJDmAf

Tim D(pnllg) = ;Ielf‘ D(pllq)
BAZTEDEENS. L EDIRHT

P(P,eA)= > P(Py=p) Z P(P,=p,) 2 — e "P®ll0),

pPEPRNA

BAAD RS G 3A DT 5D fi>72. k)
1
ﬁmgpggeA)g—D@Amy-%mgn+n
ERDBIEDPDMNDE. ULEWR>T,n—00 &32528I2L5T,

1
o L >
hrrlggjlf " log P(P, € A) 2 ;I€1£D<p||q).
INT (1) MEEHI N7z,

ES OFHE (2) 2 RT D, AIXERES {1,2,...,r} LOMERSHERIKDZER P O
EEOMNEATHELTE. ZOLE

P(P, e A)= Y PP < 3 POl < (4 1yreninfrea DGl

pEPLNA pEPnﬂA

BUDAESTHE 34D ENSDFHEiZf>72. Zhdkb)

1 T

_ < 3 _

L log P(F, € A) = — inf D(pllg) + - log(n +1)
ERDIEDDMND. ULENR>T,n—00 &32528I2L5T,

1
hlglﬂsogp —log P(P, € A) = —;ggD(pHQ)-
INT (2) REHH I N7,

(3)&2RZTD. ADRIN%E B LEE BOMAE%2 C LEX ACC LNETS.
BCcAcCC &Y —infyep D(pllg) £ —infyea D(pllg) £ —infyec D(pllq). C »* B O
THdIZ L D(pllg) »' p DEREHBMTH D Z & &V, —inf,cc D(p|lg) = —infpen D(pl|q).
W ZIZ —inf,ep D(pllg) = —infpea D(pllq) = —infyec D(pllg). U5 T (1),(2) 25
(3) BEMNND.

INTEH 3.1 A EEHI N7z, 0

SEXE 3.6. DA EDFEIHTIXBERIZEI T 5 Stirling DL AIARZ f> TRV, FEHTARE
FNZf > 22 FIRIFIRD Z D2 TH 5.
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(1) £ 5 DR 72 DI RO P % > /-
piZ0,p4-+p=10%
n!

mpllﬁp,]frél (kiGZzo, k1++kr:n>
CRESTA BT (HERIE LD FThE 2 L) KL TV S, ThE Ik
FERERIE, A0E b b EBNLTREL L ASENSIERE) 11243
Zr

n!
S e =) =1
keytotke=n L T

Mo, EEBIELND.

(2) RS DFHIEID 7z DITIRDFEFE % fF > 72
kiEZE[), k;l—l——l—k:T:n,pZ:kZ/n DR

I

n! n!

" phph < T R ke ) =
ll'lrlpl pr = kllkrlpl pr (lleZZ()? l1+ _'_lT_n)

ZHFZHEDHIZBENT THELRPRKRIZR D DI HEDPRERAIHIZE L RD L
ITHdI L] Z2ERULTVD. TOARFERITIRDZ UDAER (K, 1 ORNELRIZ
EOFTITHILLTND) Mo 22bIlBoN5:

— 2K (k1€ Zx).

N k -
gfiggzZZZZEE...EZLEli...kij ;;k?—kl...kkfkr.kfr41...kfr4r:: 1.

(FEl) kR EY

PLED 2 DOFERIFZIENFIZ DO THI > TOAURLRA > TV B IETOHWTH D, /2o
T2 E NI DEED S LZIHNAERD Sanov DEMISFEHINDDTH 5.

i 3.4 DFFAH % W12 /- £ > T Kullback-Leibler IHRENHTH D & 2 A ETHHA %
M RE S .

ki € Zzo, kv 4+ ke =n,p; = ki/n LIRETD. ED(2) & [, HIZDWTRU LIS
ZlizkoT

n! %

n! ! r k
1= j{: Zﬁfffszf"'pﬁ = (n+1) ——ﬁﬁf;szf"'pr~

L+-+l=n

INOWA%E (n+1)" TH>THLNEALERE LD (1) 2&5bED L

k!

1 < n! pkl__' krgl
(n+1)r = k! -kt r=

#13%. ¢ €20, n+ -+ ¢ =1 THdEL, ZORER2MAKE it phr THEH-T
gt BB

?

k k
1 qll...qf'r< n! N k,,,<q11.“q7]?r

k1
= q : T = M
(n—i—l)rplfl---p];r kil k! ! plfl...p/;:r




21
ki =np; &Y, ZOKET Y TIZ Kullback-Leibler 1/ i &

- yZi
D(pllg) =) pilog .
i=1 v

MR ZTWS:

k1 k p1 Dr\ T

q Q" q1 qr

log—rzlog<<—) (—) ) = —nD(pl|q).

Pyt phr pr Pr (plla)
L7 oT

L el < ™ m ke < —nDGll)

(n+1)T€ = kl!"'kr!Q1 QT =€ .
COREARAWHE3ADFERTH o/~ TUTIDOARERZHWTLZHELAD n — oo T
DT 2 FNNIEZ 2B I Sanov DEE (EH 3.1) BWME5NEDTH o /-, ]

4 SanovDEBEE>/-H ./ ZAILDHDODEH

BIMOELTELTDEEL S, L AE P IAERES {1,2,...,r} ORI
p=(p1,--..p;) BRDEETHL LU, BEND ¢ = (q1,...,q,) € P ZERICH-T
FEET 2. n BOMSEATTORER, KRB RWEUZEEE b ES &, REE i DU - E]
HlE ki/n THD. BRERDM P, = (ki/n, ... k. /n) & P IEZFEOMERERITLR DS,

4.1 PEHEEHEIRILXF—OHFE
E=(E,...,BE)eR THd&L,

El:...:Ea<Ea+1§...§

r—b < Er—b+1 == Er

MO qr,q >0 THdERELTEHL (HE THEBRBDONEBUELR L& RFET 2 720 DK
E). B b ERE T DRI F—LIER. B e RIZHUTHAM p(B) = (11(8),...,p-(B)) €
P LE Z(B) %

e PE:

pi(B) = E 2(8) =3 e,
=1

U8) = (E)s = 3 En() = —55 log 2(9)

LEDD. B ERYRE LY, e PP % Boltzmann FF LW, p(B) % H/ ZHILDFH
LY, BB Z(B) & DEEEB L MO, B U(B) 2 TRILF—DHIRFE & IES.

S aBDHD & D IRIT I L IED RN T 2B e HERER LR, BEOAA P, OfEIE n
E DM RITEZ RV ET I EIHRAIZZELTEDT, P, ITHERERSZ AR IND.
XY Y TNEEIRARITANF =% I0T i OERHEAL ZIZELRZEEFLE-STEW.
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log Z(B8) 1% B 1B 3 FICHE M ARKTH D, BERDIE

0\’ Z"(B)Z(B) — Z'(B)?
(%) g 2(8) = =713y

ThHY,a=ePligg 20 BL, BHDHFDIRENS ar,a, >0 "D B < E, 72D T

2'(8)Z(8) — Z'(5)* = Z Efaja; - Z EwaiEja;

:—Z E2+E2 aa]——ZQEEazaj— 1Z(E,~—Ej)2aiaj>0

,J 4,J

LRY, PRI

a 2
(%) log Z(3) > 0
EREZMLTHD. ULEWoT, TRIVXF—D A

U(g) = —%bg 2(p)

13 B ORFBHREFRDHBTH B .
RIZ U(B) DIEDORTZFTARES. £9 p(0) =q £V

= Z Eiq;.
i=1

If—o00DEZE

U(ﬁ) B ZZ Eie_ﬁEiqi B e~ PE Zl Eie_B(Ei_El)ql' . e PEL Z? . E'Qi 5
o ZZ e*ﬁEiqi - e*ﬁEl Zz e*ﬁ(Ei*El)qi e BE1 Zz 1 qz - 1
BRRIZ B— —oco D& X
U(ﬂ) B ZZ EiefﬁEiqi B e BEr Zz Eieﬁ(Er—Ei)qi . e~ BEr Zz i1 Eq; .
Zi e~ P 4q; e~ PEr Zi eﬁ(Er_Ei)Qi e PEr ZZ r—b+1 qi "

BEICE>T, B, 2U2E & —c0< B <00l U=U(B) IL&ko>T 11255 L
TVWB I ENbnD.

4.2 FHENMZERDPTHEDOH/ ZAILDHEANDIER

%X%ﬁﬁ?ﬁp = (P1,..,pr) EPIDWVT, &MY  Ep~U(B) DEET, n— 00D
AT SHERDZAEN T ) =T340 p(B) IZINRT B Z L 2R L7z,
U\TT , BUFHZ BB BRI D N G D 700D, ok Y Eip =~ U(B) DD DI
EEIZa>0 ZW>TUTD LD IZEM%HT:

¢ BZ0DLE RMUPB)—al) EpSUP) 2ikd

i=1
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¢ BZ0DLE RMUPB) LY Ep SUPB)+a kikd.

i=1
T a>0 O HIFFROAEIEBERTH D Z e BONS. ZDXRAEDE & TOSRLME
NEWREERDDIZ{1,2,... r} LOWRDMEEDES P OHIEEG A %
a {{p €PIUB) —a ST Ep SUP)} (820),
{peP|UPB) =Y Epi2UB) +a} (B20)
LREDD. R P, e ADE L TORMN SR

P(P, € ANB)
P(P, € A)

M n— o0 TH/ =V p(B) (ICEHT S &% Sanov DEM (EH 3.1) %2 {#> TFE
HHU 72\ ZD72DI, (FEIZ e >0 Mo T, P DWNES B 2RO LD IZEDS:

B={peP|lp—pBI <e}.

ZZT || & Euclid / VATHD. Bl p(B) D e fiEFETHL. LEDOZREDE LT,
n — oo CTHRMATEMERDAEN A ) = HVinHi p(B) \CHEFT DI L2 EKRT D

P(P,e B|P, € A) = (BCP)

PP, e B|[P,cA) -1 (n— ) ()

ZRTIEMNUTFOHETHD.
Kullback-Leibler [E¥#i& D(p|lq) DEFHEZE P DEHES C (12

D(Cllg) = inf D(pllq)
IR L TH L. Sanov DEME Y, P OFSHESE C OFBOBAN C 2502 X
P(P, € C) =exp(—nD(C||q) + o(n)).

LETEDZ P OHSES A B, ANB OREOMAIZETNETN A B, ANB 288, X
512 B D A TORIES B=A~B HHAKTHD. PRI

P(P, € B
P(P, € A)

IR n =00 TOWIKRTZZ L LHETHS (x) XAMETH S

ELEEMEp e ADE LT p=p(B) M Dpllq) VWHE—DERNFIZRZBEIE B =
AN B OFEIZ p(B) MEENRNZ & &Y, D(B|lq) > D(Allg) = D(p(B)|lq) &%V,
n—o00 CPP, e B'|P,cA) =0 &R2ILPbmrd

D(pllq) \& p ODEEE UTRITRFZNTHY, AlE P OINEREERDT, &fhpe A
DEETOD D(pllg) M p=p(B) TRNIBZDEZELHIX, p=p(B) FMHE—DHR/NRIZED. D
ZIZ&Mpe ADEH LT D(pllg) B p=p(B) THRNIERD Z L ZREIE (x) DIEIHH
T35 UFRTEDODZ 2L LS.

71 = JIVArAE p(B) IX

P(P, € BP, € A) = — exp(—n(D(B'||q) — D(Allq)) + o(n)).

> E(8) = U9
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B UTWBDT, pf) € A THB. X510

e BE:
B)lla) = sz ) log "2 sz )log © 70
= Zm(ﬁ)(—m —log Z(B)) = —BU(B) — log Z(B). (%)

N pe ADEELTD D(pllg) PDBRAMETH D Z L ZmULZWV. §4DHL pe A
DL E D(pllg) = D(p(B)|lq) %82 &ERUI.

pEALETS. ZOLE ADERLY, L2000 Y Ep, SUP) LAY,
BSODEEYT Ep,2U(B) L8DDT, OFFICELTIC

BZ Eipi < BU(B). (#)
=1
MENLLU TS, BBATHOFHE LY, B3>0 & UB) <> Eig WXEETHY, 3 <0
LUPB) > Eq 3RAMETHD. FEEH A ZERTDIEIITHVZ o> 0 1XBATNOR
Al IEBEER U AR,
Kullback-Leibler 1&#t& D(p||q) 1A TD K S IZER I NS:

D) = Y052 - zwg( L e
=1

4;

= D(plp(B +szlog

D(pllp(s +sz —BE; —log Z(B))

D(pl[p(8)) — B Z E;p; —log Z(B).

=1

W2, REEX (#) & A =)V 5340 Kullback-Leibler fE#&E D (p(8)|lq) DFEmx (%) &
Kullback Leibler [EHMENHIZ 0 AETHD Z & &V,

D(pllg) =2 D(pllp(B)) — BU(B) —log Z(B) = D(pllp(B)) + D(p(B)llg) = D(p(B)llg)

INTEREp e ADE LT D(pllg) 1 p=p(B) TRUNIARZZ Lhbho7. EED (x)
ASEEHIX 7.

TR 4.1 (RER (#) 1200 T). M EOHMRIABIAER (#) ORES T ’ﬁo‘(

MET HZFDOXRTIL B IFHMEIRE D Boltzmann UG D W %2 BKT 5. TD
X B>0LBRDDTAENX (#) &

(ZRNVF—OTVHE) = > Ep S U(B)

EREET D, ZOBDEMLETH ) = AND AR 5hd 2 L IZDOWTIKHIE [9] D
55 9-2-1 ffi (p.319) LY &.

WA T hEY— S(pllq) = —D(pllg) ZAVTAREEXET L S(pllg) = BUB) +log Z(B) 1275
ZOFOARITEINEE R >TOD AT EBEIRADEDES .
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70 ZHIVHAERRBINC BRI/ OND 2L 2R3 72011, S Ep =~ U(B) &
WO RWREZIET 2 BEIFR L, AER (#) Z2INETDZITTEN. ZORITDONT
E5DLEHELLTAYMLTEKL.

BALEITERELUZ@Y, U0) BIRBEFMDMATOZRIF—DOHIFHE > B IZ7&
5. TULTB>0%2KRELTDHLUP) FBNTRIVF—HER min{E,,..., E.} \JEE,
B<0ZNILTDLUQP) ERRTIINVF—HER max{F,,..., B} (TEML<. =00
TIREBIIBUNT 3OV F —RFE (FEEREE) 12X D & D ITAR Y, B = —oo TIREBIXERK
TRIVFREBIZIEY DK &K DITR 5.

%Jﬁ%»%wfﬁi%ﬂmﬁwﬁﬁT@UJ3Cmiﬁﬂ%WVﬂmbﬁ—Oiﬁ
ﬂhﬁﬁ@kwﬂmbfmé BADBES>TOBHEEITIE BIRAIZERY 25, TOHE

ZIEAR T 2 RE S ADEIZR S, %ﬁmﬁwm %Lmﬁﬁmﬁ*TMé e
37w;ﬁ@%ﬁmﬁi%ﬂmﬁﬁ@ﬁ&UBEmf%ét&a*ma

BADES>TODDIFRD LD RIRILTH D2 L EZEND.

r EOHPHEZ)L—Ly h&2ELUT, i ODHPHEZOEESE B, RVAELRDT—L%
ZA%. (B <0DEEITE |E| RV KD 2L IZTNEXFY Y TN R5.) i ODEMH
BHERIL ¢ THDETD. TOEOIBRT—L1EDLY OESOMFEIL Uy =, B

285, REOBEAEDZDOE 5B —L272< SARYEBEEZ1EHD D DOE é@%ﬁ
milkkﬁﬁ<.

FTU > Uy THRIEWMETD. =22 SABMYBELT (HEIZ n HET3).
F—A1EdH7ZY DESDOEIMEN U K TRO- 722 561F, RilZ2 B R LU TMET
EnESDT—LA%RVEEZLINETD. TOLIICLTT—A1HEHZY DEED
$ﬁ@ﬁf~b§%®%ﬁ@ﬁ%éCkiUk%mLH%t’EOKQ%ﬁ%%%E?Q
21bDd. Z0L X n EOT =A% i OEHPHZEE p ik (n PREIRLEX)EDELD
IRABIZ R 2 A REMEDN G N A D IN?

i — A1E@tU@Eé@$Wﬁﬁb@#6%%%iﬁhé&8%@;5@%%ﬁib
LHERIEITNEDT, F—AL 102D DBEOFEEITIFIE U (THhDL U LDIFAD
DUKEREME) 128 TUE D WREMEDENES S

ZTDOLEXD i OEPHZEE p; %3HE T2, U DEDD BITHIRTDIH ) = HNV7
i pi(B) 1TEL B2 AN E N E WS DR DOHINZE W THFAMZEI B A LA L2 2
t?%é

ZOHGEITIE U >Uy ZBDOT <0 BD. THEOLLBELRLGIIRMHZEIRT L
biof,7 LEHEKROESMFHE LY EEVEEERDD &, WIGT D HHEEIXED
fEIZZ>TUED LRI NDS.

MoHEE DS IEDMEDRIM 2 ED 3121, U < Uy THD LARE L, BER S IXRR- %
%*Eb’c F—=A1EHZD DELEOEEEN U LRIZARS L5 L. Tk
=AY DE é@$ﬁﬁ@c@#6%ﬂﬂi%h%it%@&o&hﬁ@
béﬁﬁf WERREDT, 7 —A1EH 7Y DESDFMHEIE W22 A REMEDE <
i@Eﬁmt%é@UKﬁﬁ?éﬁ/:ﬁwﬁﬁpﬂﬂKﬁ<§é? EMERE. 2D

B U <Uy BOT >0 &8, MR EIXEDEIZARS.

DFY, KEZEESRLUT, 7V —ABKROHAHEL ) EMVWERZHED LD I12T 5 Lif
SHREIXEDEIZZRD EINEZDTHD.

DL EDFIZFHDIEH ) = HVDEOEETH> 72 FER (#) OFINED LS IZH
RTHDIDNDOMNDEES . EOHiwmE S 1.5 HiDBRBED FOMEDOFHE & g U TH L.
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E1SHHITIE [T O —A%F->TVDEFZLND. []

4.3 FEDHEZEBHRFEH/ ZAILDHEDOHICH>TWSB I E
DL EDKEERIZRD LS I DHND.

E 4.2 (M S KEOFHER, S SMREH). #EMS G o= (¢1,...,¢) EP
THhHd2TD. X, Xo, .. \FHYL TR g \TUZZBD {1,2,...,r} ITIEZ R ORERE S
ThdLTd. X1, Xo,..., X, DFIZEEND i D% k LEE, P, = (ki/n,.... k. /n)
EHL. P, IO MOES P IEEZFFOMRERIIZS. B e RIFHB41HIO@EY) £ 95,
Ei<U<E, ThdeU,BeR, pB) = (p(B),....,p.(B) €P, Z(B) @A NDFEMTE
Hb:

_BE; T
€’BE

n) = Gt 20)= e P ~ 5l Z(9) = Y En(9) = U
i=1 i=1

p(B) BN ZALBTEERR. 0<a<oo &L, NEOHEE Ay C P %

AU:{{pemU—agz:lEipigU} (52 0).
{peP|USY_ EpisU+a} (B20)

LEDD. ZDEE S Ep(f)=U BODT p(f) € Ay THb. FHEIZ >0 2HY,
p(B) D Ay (B ¢ FifE%E B.(p(B)) £&EL. 2DLE n— o0 T

P(F, € B:(p(B)))

1.
PP, € Ay)

P(P, € B:(p(B))|Pn € Au) =

TROLRERDA P, 1& n — oo TH =JIVHA p(B) 12 (TR IURT 5. N

Bl 4.3. HER 0 1238 T 2 MO ZIEDHHHER 1/2 O _THS A2 REMLGL T DY
BOH ) ZHVHHEE LTHRICEDND Z L 3L & 5. 2 OBIERER DA —FE
DAETHENGED N ) Z N H DB LN R > TS,

AIRES {0,1,...,r} (MEZ R OMERZE X TR 1/2 (TG0 D /R ZIHS A I
UMD EIRET S

. r\ 1 .
P(X:Z):(i)§ (1=0,1,...,7).

X1, Xy, .. 3T X LRIUDHEZRFOHREBDIITHZ LTS, X1, X, ..., X, D
ZEEND | O E b & EE, P, = (ko/n, ki/n, ... k/n) &BLE, P, 1% {0,1,...,7}
FOMEENGIMEE R OMEREBITRD. REOFEM LY, MELME2MITTICn — 0o
L§ 5L, P, IRFRR ZIESAAIEA L

E; =i OBEIH ) ZHVHERIZ B hEFHELTALS. ZOL 3, HREE

“IHEH LY
r I -8 % r—i -8 r
2=y =Y () (5) (5) =S5

i=0 =0



43. FEOEHEMMEE ) ZANDHEOHNIZZ>TWS I & 27

YIRBODT, B =N

pxﬁ):ZG;iZfi::(Z)(gégéig7:: (Z) (e(;f-l)i(eﬁ{kl>T_i

EHEDAEIZR D, DFY

—p
™\ iy ; e
(B) <Jeu e
“orx
Ple P +1
_Z/(ﬁ):,re (2T )
ROT, “T L% —OHFHE 14
o -8
U(s) = —2Lgp =20 _ ey

bR Z(8) e P+l

LTER 0 1THIET S “HAMEIC BT S | ORI RS,
fEsE 1/2 1SS 2 0 SIS DV T DA VAR IT ORI E G B &)
GNESD . A VERT L SRICBDMRD 1/2 THLRNEEAS. TOEH> K1
A V% ¢ BT TROE B & RO ZEIG i/r 28T 217 A% n B EL -
YUED. 722U n BHHIZRENL TS, @FICIEROMF 0 L R EE ifr
MENTN n T ORI NTVS. ZOFEE RS LR ELL TN T 5
. 7 . [
(%QEK%QUT®$ﬁ@)—Z;ywﬁ. (+)
ZOLE p=ki/n HIFED &S BT TV AT REMEAYE mt%o#?
Fﬁﬁﬁﬁp—ummwwp)i%fecﬁmﬁégﬁﬁﬁ FHEHELL Ao TS
BEMED R WD DR, EHL 4.2 29 < _EDFHRIC ﬁ%bta%wﬁ I278%.
LTJ U 72791 = V0 p(B) (HE 6 | ﬁmﬁégﬁﬁﬁwiﬁﬁ42&w

(R 72 18158 & DIIFFE) = Zzp, Z Ep; ~U(B) =10

=0

257293045 p= (po, p1, - - -, pr) \WHIBRU 72356 OREERI A P, 73 n — oo THAF < I
BoTND., ZOFMIEED (x) LAMETHZ. ROHEDEIEDN 0 127825 LD ZMTHl
PR % AT VEHESR 0 1R d D ZIHAAARER A & U THRICE DN S.

fEam. ROHMDMEERD 1/2 ORYRIA V% r [ARITTROLZMEEZHZD L%
T2 S AREDR U, r BIFRO M 2RI KEICFHEINZY AN EES/2ETH. TD
EEXELETDRBKICENT r BIFROHEZEEDEIIEDN 0 IZR2>TVWBRHIE2, £
DY ANMIIEHZNE [ROHDHERD 0 O _IESMHDLEHIEZ > TWD] DX I
RAZTULESZ&IZRD. []

WREOD (59) THIE YD, 0 25 1/2 DOHNT VWD HERIE n — oo T 0 WLEML. ZITEHZED LS B
BT —ANEU 582 EL TV,

120 73 1/2 MO & nmk%&t%%@ioauzhﬁ%%ﬂé%%@ﬁ&oK@ébi%@&ﬁ
BEERAPECTUE GOV TEEZI TS,
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TR 4.4, Bl 43 DiEiE —RILT D EIRFHPIZLFD LS BRI EDBHEILLTWDE I &
RO, BEMDM ¢ \TEVINS B BT = AV fmdIE%E LT\ 5 & RGE
9 5:

—BoFE; r
_ € q0,i . —BoE; ,,
q; = ZO ) ZO - ;_1 € qi,0-

ZIToaq,; 20,50 1q:=1 E,....,BE € R O&KE B, L&KME E, IR,
0,¢ >0 THIDEIRETD. 20X, ZORERDHEL B 72bIZxindd 0/ =7
A p(B) B RERMDHE LR UKD N ) = AN HEITERS:

—(Bo+B)E; -, . r
€ q0,i _BE; _ )

i = ZoZ =7 BE:, _ (Bo+B)Eip,
pi(B) 70Z(B) 0Z(B) 0 ;_1 € i ;:1 e qo,i

CHEA AL OB A HEICE ENT WD THI 43D LS BRI EWNKLTHDT
HD. MOFEEUDMIEIE ENDMERDMIZDOVTHFRRD Z EDLALT B, [

5 {I8%: Kullback-Leibler [ REICEAT 2 F7FR

Cover-Thomas [3] 3R ICEHTOALLERETHS. HHREL TV bR ——
FRIZBET 23 LW 2 5t A O AN T DA Z ST NIE SV, LR TR EICZOBRE
=2 MU BN 5, Kullback-Leibler [ &DY [HEf] LS BMEEZFF> TV I L2 K
kg o AEREZHD.

5.1 %{&: Jensen DAER

BRI f(X) 28 E[f(X)] ICHIGIEDMNEE B[ - ] IEATORMAZHZ L TWD LR
T 5:

1. fREME: B (X)), g(X) &8 o, B IZH LT,
Elaf(X) + Bg(X)] = aE[f(X)] + BE[g(X)].

2. WM HIZ f(X) 2 g(X) B5IE E[f(X)] = Elg(X))].
3. BiRsALSAt: El1] = 1.

B ALSAE L EIMEEL D B o IS UT Ela] =a L R2ZEDDDE. ZOESR B[ -]
FHHENRBRE PR, 2 2E p, 20,30  pi=1 08X Blf(X)] =30, flz)p 1&
HIRHEPBECH . M p(x) 20, [P p(x)de =1 D& X, B[f(X)] = [7 f(z)p(x) dx
EHFHEPNHETH B .

DL ELLTFORERNELLL TS (Jensen DRFL):

o [(X) MEIZMABIE E[f(X)] < fIE[X]).
o [(X) BTFIMABIE E[f(X)] = fE[X]).
AR CRIEDAZTAIL & 5. B&IE —f(X) CHE2EHTSELNG.



5.2. XNEHAFERE ZDIH 29

B DR, B f(X) R ECMTHEEIEL, p= B[X] £BL. Z0L X EIgmA
BB F(X) D X =5 CO B % a(X — ) + f(p) &=L &,

(X)) = alX —p) + ()

LB%DT,

E[f(X)] = Ela(X — p) + f(p)] = a(B[X] — p) + f(p) = f(E[X]).

2 H 0% B CHIFHE RO BN % [\, 2 5 HO% 5 T2 OGN L BRI
o718, 0

FR 5.1, EOEHAN»S ) f(X) AR EICREBEMNRSIE, X O u=E[f(X)] IZ&EHL
TWARWRY (IF&AETEFEIZ f(X) =p PEZUTOWRWRY), F5 258 FR8VEROA
HEXDBEILLTND Z bbb, ]

5.2 MEMAFNE TOMKH
IRDOARFERILZ & 21K [3], p.31, Theorem 2.7.1 (Log sum inequality) (ZZEWTdH 5.

WEMAERX 0 UED a;, b 1ITHFULT,

) -t > - — . — .
izlazlog b, :AlogB, A izlaz, B izlbz.
HEBOWANLE a;/b; PEVZTRTEHELWZ LIZFAMETHD. WOEDESIZ 0log0 =0,
alog(a/0) = oo ERIHRL TH <

SRR, a; > 0, b; > 0 DEEDOARZFEHTIVETDTHS. (—MOEGHEIZT DG D
[RE UTCREIHING.) f(z) = zlogr &B< &, f'(x) = logx + 1, f”( )=1/x BDT
fl) iF 2z >0 TRIIRFBMNTHS. T Jensen DAEFXRZEHL KD, TDAEDHIZ
¢ =b/B B ZDLE

é;aﬂogz—zzzb—ﬁl Z% ( )
a; u biCLi A A A
= f (Z% > (2 EE) =/ (E) = ElOgE‘

i=

Flz) OWEMMEE Y, BENETTE L L a/b BENITRTELNZ EAEETH
Bt hBD. 0

ZORFERZE 2T pi, ¢ DWIEATENTNOMRMN 1 DL X

1
D z1._>11 1y
(plla) = E pilog 08 1

=1

BEf(X)] =Y, f(xi)p; DHBED Jensen DAEFERIE r (2B 2 BFEMRMNIETIEAT S 2B TE
B0, HIRHEINEE D N 72T % 65 TS 2 AR AFERD KL T D HEHA D) RS,
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M5 515 (Kullback-Leibler [BRREDIEAM). I 612, £E {1,2,...,r} D E
(L2, 1} =AU U A,

c:jj.b—t, {A17-~-;As} L@ﬁ%zz‘zﬁj\%ﬁpz<Pl,,Ps), Qj:(Q17"'7QS) %

Pi=>"p, Q=) a

i€A; i€A;

CEDD L, WNEHAEFEALY

D(pllq) = Zszlog—>ZPlogQ = D(P||Q).

j=14i€A;

F9 517, MEDIEHR%Z SN % & Kullback-Leibler [§REIX/NI < 725,

5.3 Kullback-Leibler [§38R£2 T L' FpEtA EhSBIxHNhI &
£4 {1,2,...,r} LOWERLIG p=(p1,....,p.), ¢ = (q1,--,q) DHWZD L' fF
lp —qlle: % )
P — |z :Z|pi_Qi|
i—1
EREDD. MRS p (T DHERE

=>p (Ac{12...1})

LEL L,
lp—allor =2(p(A) —q(4)), A={ie{l,2,....;r}|piZa} (#)
BRERLIE
Ip = gl = ;(pi —q)+ ;(qz- — i) = p(A) = q(A) + q(A9) = p(A%)

=p(A) —q(A) + (1 —¢(4)) = (1 = p(A)) = 2(p(A) — ¢(A)).

EDOHEZLTIZBWTCEDOEEHNS
KLIBHRET L' [FEAx EAhSHBIZIbNB I &
D(pllq) 2 —Hp ql[7:- (*)

ZDOAREXZFEH L 720,
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r=2DHEED (x) DFEA. 0<a<,0<b<1DEE

a a
- — > —p)?
alog 2 + (1 —a)log T} 2 2(a—b)

YRBILEFRFIBEN. ZTOROIIUN LRV ARRE f(b) LB

1—a

1-0

f(b) :alog%+(1—a)log —2(a —b)%

a 1l—a

fO)=—3+ 15~ 4-a)=0b-a) (6(1—1—19)_4)

b(1—a)<1/4 &Y, 1/(b(1—0b)—4202725. WRIZ f(b) DFFEIE b—a OFFHITE
LW, 9205 f(b) Ik b<a THFEBAU, b>a THEFAEMT S, LZB>T f(p)=0

BROT f(B) =20 &R2IENDND. 0
—MRDIZBED () DI, A A X (#) WY THD LU, £E {1,2,...,r} Ol
{A, A} EOWERDMA P = (a,1 —a), Q@ = (b,1 —b) & a = p(A), b = q(A) EED
5. ZDL IHIEBOIER % D & Kullback-Leibler [EHEAVNY <725 Z & (55 5.2 fiff)

i)
D(plla) Z D(plla) 2 2(a — 8 = 2(p(4) — a(B) = 3 Ip — allfn

ZIT2OHDAESTETIHHLZ r =2 OBEDOREREZ WV, RBIZ (#) 2o/, [

5.4 Pithagorian theorem

P={p=(p,....p) ERL | p1+ - +p =1} LB, P EA{1,2,...,r} EOT
RBOMEIRDEGLART. PlEr—1IRTHIKTHS.
IRDOAZENL [3], p.367, Theorem 11.6.1 IZdH D.

Pythagorian theorem F (& P O EAETHEE L, e PNE THD LTS,
p*=(pi,...,p) e EWX D(pllq) 2 E ETHR/MET D p THDH LT

D(p*||q) = min D(p||q).
(r"llg) = min D(pflq)

DL E

D(pllg) =z D(pllp*) + D(p*llg)  (» € E).
ZDOAEX & Kullback-Leibler fE#HEDIEENMEL Y, D(pllg) — D(p*llg) B5&E p — p*
ERBIENENND.

FEBA. (pythegorian theorem DFEH] p* & p % 5 EAR LD Kullback-Leibler {&# & D
D p* (IZET DR E RNIXZ OARELXNGEHIND.
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teRIZXNLT

p(t) = pi@),....p(1) =tp+ (1 —=0)p",  pi(t) =tpi+ (1 —1)p;,
£(6) = D(p(t)lla) = 3_(tp + (1 — 1)) log P %— i

=1

LB ZDeE

r

=y ((pz —p})log Y (1._ 2L (pi — pi‘))

i=1 i

- . tp; + (1 —t)p;
= (pi—p})log U= O
i=1 4

2OHDEFEST Y pi=> pi=1R3IL%zflio/.
p0)=p* € E,p(1)=pe ETHY, EIXMNZ27DTpit)e E(0St<1). pr i
D(pllq) # E ETH/MET S p Zo7/2DT, f/(0) 20 &85, DRI

r

S PiPL\ N e
0700 = Xt - pidtog ™S = 3 prtog (2] = 3 priog
i=1 !

i=1 ‘ i Pi i=1

- Di - Di . * p;k * *
= n log = = > b log = - > log - = D(pllq) = D(pllp") — D(p"llq).
i=1 b=l i =1 g

INTRUEZDAFERDRI N [

6 fI£%: Cramér O EIE

SCEE TR BB R RS 95D DX WD TEGE S EEIIZ BE 2 5 ANFIEE L
TARL W, HEZARE 15O formulation & DXt % HHEIZ 85 £ D 78 A X A1 )V T Cramér
DEBDEFHDOHME % AT THS.

6.1 Cramér DEEDRTE & Fik
H X VAME % FFDMEREHTHD L U, TOVE%E

LELH DE— AV MBI
Z(B) = Ble™"1].
FIEDIEZ R OX[E L THROMEZ KD LRET D, U(B) Z2IROEDIZEDD:

E[He PH] 0
UpB)= ———=—=—1log Z(B).
(8) Z(9) 95 (8)

VR OARI BT, B, HERER H OT—AY MEEEE M(t) = BEletf] LEHETDH, 22Tl
Mt hF e DR E ARG T220I0t = -3 LB, Mt HFACB T2 00 B E R UGS Z2(8) #E—
AV S EERBUZENY R 7=
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Hy, Hy W7 R ZSBGET H L U L7205 5 51, Z(8) AVEIRIZ A 2 BIK
2BV,

ON g8 — i ZBZ(8) — Z(p)?
(55) roe2(6) =~ 5500 s
Z'(B)2(5) — 2'(B)” = SEI(H: — Hy)e 0 +#1] 2 0

LBBDT, log Z(B) ENITHBEKEIZAZY, U(B) IXHRFARPADHBIZ 2D, B2, U(0) =
Ug=E[H) £5BY, 200X UB)SUy RY, 300X UPB) 2TV, LB
log Z(3) @ Legendre 2241 S(u) £ ZD —1£% D(u) ZIRD XD IZEDD:

5(u) = inf (Bu +log Z(5)),
D(u) = =S(u) = Zlelﬁ(_ﬁu —logZ(8))  (u€eR).

S(u) 13w (2B 2 — IR (FHIZ PSR DIEOE R I E D FRTER I N2
ROT, S(u) & EIZMAEREIZARS. Ou—log Z(0) =0 RDT

S(u) £0, D(u) 20 (u € R)

YBB. X512 Z(8) AERARKEIZ BT,

0
%(ﬁu +log Z(B)) = u—U(P)

BOT,UB)=u &2 B=70u) PEET DRI,

S(u) = Blu)u +1log Z(B(u),  SU(B)) = BU(B) + log Z()

BB, HEDEDIDEDR B = Fu) WEIZIHND LIRKETD. ZNo6DANEKY
S(u) XA/ ZALBFHEOEFTY FOE—IHIEL, D) = —S(u) 135/ ZAILDHED
Kullback-Leibler [E8E 2059 25 Z &b 5. Kz

LR2ZNDT, S(u) & uw=U(0) = EH|] TRARE0IZ4Y, D(u) IXFAMNTHRIME 0 12
%%, Su) (B ULIE D) & u = U(0) = E[H] THEFRAD (B U < IZHEFR) U,
uw S U(0) = E[H) THEM (£ U < ZHHFHRED) §5.
U(B) IXHFHEADHREADT, u SU(0) = E[H & X Bu) 20 &Y, u=U0) =
EH) D % Bu) S0 L85, WXL TN S:
Sw:?mﬁm+Mﬂm ( ”

infﬁgo(ﬁu + log Z(ﬂ)) (

D(u) IZDWTEFBRDOERRVPEFET D, u 25 H OFHEME U(0) = E[H] A EE LD
BTLERE U I TRZESHEM § O ZLIICHIBTES.

EE 6.1 (Cramér DEH). ML EDFEDE & T, Hy, Hy, ... \FIILF DA R HERZ LT
THY, HERUDMZUEND EIRETD. ZOE EIARVELL TND:

U
U

TAVARIVAN

u
u



34 6. ft&%: Cramér DEH

(1) F 7R OFSBHEERBIE

1 1
li —log P | — Hye F) = S(u) = — inf D(u).
imsup — log (n Z k > < sup S(u) inf D(u)

n—oo T 1 uel uel

(2) G 7R ORFEATESZ LI

n—oo M M=te. ueG

1 1
lim inf — log P (— E Hy € G) 2 sup S(u) = — inf D(u).
n
k=1

(3) AR OHBESTHY, A DB G DA F 2 A 2ER, sup,eqS(u) =
sup,ep S(u) PEILL TWD 251X

1 1 O
lim —logP | —» H,e€A|= S(u) = — inf D(u).
g, 7 log (Z & ) sup S() = = juf, D(

ZDEDIT, BANYY) (Hy+---+ H,)/n WEE A IZEENDMHEERD n — oo TOMHEZE
I ) =NV AHEOHENTY hEBE =TI d o8 S(u) (B ULSIERD ) =753 HED
Kullback-Leibler [EH & ICM T 28 D(u)) D A IZEHIFS ER (£ UIETR) Tililk X

na. [

6.2 Cramér OEEDILHA
8 6.2 (Cramé DEHDAEHIET). 5 6.1 HIOREDE & TEARVEILL TV D.

(1) u 2 H OFHIE U(0) = E[H] B EE B FOBEICBNT, ThEh
1 1 &
EIOgP<ﬁ;H1€§U> =S (wzU(0) = E[H]),

Liogp (% Hy < ) <S(w)  (u<U(0) = E[H).

COFEREMHT L XIT, 0= U0) = E[H] T S(u) IFHFABAL, uw S U0) =
E[H] T S(u) XHFAMNT 2 Z L ICHERYE .

(2) FEFED 6> 0123 LT

] RN
lim inf — log P (ﬁsz € (u—5,u+5)) = S(u).

n—oo n
k=1

(1) D L B OFHMIZIF I 2 T 1 77 ICEBITHI I NS, (2) O F 5O
) RN B KB SRR % 5 THH I 5. 0
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SEBE. (1) D BRSO L &>, 9, S U(0) = E[H] $IRETS. Hi + -+
H,<nuD&ZF1TMDEE 0IZBRDIEBE 1y rim,<nn CELE, Z20DEE

( ZHk— ) 1H1+ +Hn<nu]

[1H1+ +H,<nu€
[ B(H1++ +Hn—nu)j|

E 5(H1+~~-+Hn—nu)j|
E

A A

— enﬁuz<5)n — n(Butlog Z(B))

DRI u < U0) = B[H], 320 D& X

logP< ZHk ) < Bu+log Z(B).

UZD>TH 61 ED (#) &V

Liog P ( > < ) < inf (Bu -+ log Z(3)) = S(u).

k=1

I, u=2U0) = E[H| &IRELT, LEFRKOHEMRZITED. Hi+- -+ H, Znu D&
X1 THOLE 0 IZRDEEE Ly, oyg,on EELSEL, BS0DEE

( ZHk = ) 1H1+ +Hp >nu]

[1H1+ +Hp>nu€
[ B(H1+-- +Hn—nu)}

E 5(H1+~~~+Hn—nu)}
FE

IVANIVAN

_ g (B)r = n(Butlos Z(5)

%logP (%ZHJC 2 U) < Bu +log Z(B).

U THEGLHID (#) &V
1 1 .
ElogP (ﬁ E Hy 2 u) < érg(ﬂujtlogZ(B)) = S(u).

AT (1) D LS OFHiANFER X 47z

(2) D RO DOFEMiZFERAL & 5. (2) 1& “I ) = VA ICET 2 KO TIER 25
b, WREH H OWESGIEZ R EOMEREE 1 BWEDDHERIHEIZLZ0>T
Wb L9 5. MERHIE us %
e 7" pu(dx)

pp(dz) = Z(8)
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LED, ZOMRHEDEDDMRNAGEN ) ZALDHEERILIZTD. ) =Hh
DT D HRME L HERE TNT N By ], Po( ) L EL. HEREH H OH ) =745
N AR R I S 8

E[He PH)
———=U
7(9) (8)
285 AR TR u=U(),0 >0 &RETD. ZDEE S(u) DEFRLY,
S(u) = Pu+log Z(B).
SUTDERED e >0 25, 7/ ZHNVAAMIZET D KBOGFHEN XY
nh—>nolopﬁ (%ZH}C S (u—a,u—i—a)) =1.

k=1

Eg[H] =

TUT, 1) =R A TOMER & BEFID A TOMEDDH NI TOBEREH 5

e B(H - Ha)]

1 - E 1 nu—ne,nNuU+ne
Py (;Zer (u—s,u+e)> ittt 0 :
k=1

Z(ﬁ)7nE[1H1+'--+Hn6(nu—n6,nu+n6)

1 n
— o~ (Butlog Z(B)=1B15) p [ — H. e (u—e¢ c
e (n E k€ (u U+ €)

k=1

A

efn6u+n|/3\e]

1 n
< o Butlog Z(B)=1610) p [ — H.€(u—24 N1
<e (n E k€ (u—0,u+9)

k=1

DEDfEREGDOED &

1 n
P (ﬁ ZHk €(u—9d,u+ 5)) > en(Butlos ZB)=1B1E) (1 4 o(1)) (n — 00).

k=1

WD ZAZTHLDRELD 1/n 5D n — co TOMEZD Z &IZ&>TIR%EE5:

liminfllogP (%ZH’“ € (u— (5,u+5)) 2 Pu+log Z(B) — |Ble = S(u) — |Ble.

n—oo M 1

>0 FWNWSHTENILSTELDT,

ol 1«
lim inf — log P (ﬁZHk € (u—5,u—|—(5)) = S(u).

n—soo Mn
k=1
INT (2 bRINT 0
EIE 6.1 DFEAR. (1) D ENSDOFHi%2FEHL &S5, F X R OFHEAHEATHD L L,
Fy={ueFluzU(0)=E[H]}, F. ={ueF|[usU(0)=E[H]}

LB INHE R OHHRESRDT, F. ORKEu_ & F, OF/IME u, HBEE
5. S(u) X uz2U(0)=E[H] CHHFHEAL, « SU(0) = E[H] CTHHFEMTLDT

sup S(u) = S(uy), sup S(u) = S(u-), sup S(u) = max{S(uy),S(u_)}.

uekFy uek_ ueF
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R G6.2 (1) &Y,

1 1 1 &
ElogP( ZHk€F+) éﬁlgP<EZH’fzu+> < S(uy),

k=1

—logP< ZerF ) —1ogP<E

Pl - Z H,eF)| < S () + eS(u-) < 9pnsupyep S(u)
n = =

k=1

—
=
lIA

-

N—————
A
=2

-

1
limsup—logP( ZHkEF> < sup S(u).

n—oo T ueFl

INT (1) BRI N
(2) DFPEDFHZFEHL & 5. G IR OFEHAESTH L LIRETD. FREIZe >0
MWD L, HDueG@T
S(v) 2 sup S(u) —

ueG
27T EONFET D, G IZFRAESRDT, 5 >0 T (v—6,v+6) C G %
ETEDERND. ZOLE MiEH62 (2) &Y

] IR
llgigfﬁlogP< ZHk€G> >h£ri>1£fﬁlogP<ﬁ;Hk€(v—é,v—i—é))

> S(v) = sup S(u) -

ueG

L7235 T
1
1iminf—logP( ZH’“ EG) 2 sup S(u).

n—oo N weG

IHT(2) BRINE.
BBIZ(B)ZRTH. AXR OWMA/EEATHDLL, ADEE G LEX, G OHE
#F EESCACF URETD. ZOLEGCACF 2DT

1 1<
< liminf = < — _
supS(u):hgglogfnlogP< E Hk€G> hgg)lfnlogp<n E Hk€A>

ueG 1

< lim sup — logP< ZHkEA)<11msup logP< ZHkEF)<SupS()

n—oo N 1 n—oo TN 1 ueF

sup S(u) < sup S(u) = sup S(u).
ucG u€A ueF

=4

GV

W AT sup,e S(u) = sup,ep S(u) 4

1
JggoglogP< ZHk GA) = sup S(u).

1 u€A

INTRIREZENITARTORINSE. [
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6.3 A/ ZAHAILDHOMNIY NOE—EDRER
q=(q,...,q) IXERES {1,...,r} LOWRK/HTHD LT 5:

%20, @+ +g=1

MeRZSH H $ Db ERES {1, .., r) LOBK Hi) = E cR 2%25%. Z0OL %

r

Z(8) = BleM] =) ey,

i=1

710 =FIVIrAE p(B) = (pi(B), .- -, pr(B)) &

pi(B) = ezi];)q i
EEHEIN,
U(8) = EBylH] = ;Emz(ﬁ) A Fie?Pq,
W2z
SW(B) = BU(B) + log 2(8) = ~(~BU(S) — log Z(5))
f; logZ(B))Z—ilpi(ﬁ)longg) Bl

THRDOH log Z(B) D Legendre f%fﬁ%i‘?’bﬂ S(u) IZu=U(B) ZRAUFERIZH
JZANVAAOHEFN T bR —=IZ—HT 3.

6.4 HY<RHDIHEDH
ERE H W a >0, AT7—IV1>0DHYIDHIZIULEND LiX
1 oo
o —z/7,.a—1
ﬂmm_ﬁaﬁéj@y 2V di

MENLTDIETHD. ZDEE > —1/7 561K

1 *° 1
7 — F —BH — / —(14+78)x/T afld —
(8) L ()T Jo ‘ v v (14 76)

_ (1 + T@)a /00 T (1 + T@)a F(Oz + I)Ta—i-l _ T > 0.
L) L)t (14 7p)ot! 1+708

ZIZTHLHEONDIROAAZ [Hio 721
/ e il dr = L(s) (s,c>0).
0

CS

Bfio - ARIEH Y VEREDEHED b BRI IZE>TERIIRING. U(B) KHT ARG UB) =
—(0/0B)log Z(B) &M AIZE D HNILBELND.
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Wz I

SU(B)) = pU(B) +1og Z(B) =

=a— 14_@75 — alog(l + 75).

ZHZUPB)=u>0¢&
L+r8="12, p=2_1
2RATD L,
aw:a—g—amggza—amW—<§—m%§)

S(u) & u=U(0)=71a THRAE 0 IZKRD.

Hy, Hy, ... WHSLEDARHERERI|ITE AN H EFEUER o, A= 7 DAV
DAL D e X, AU~ mDFEEE VS Hy +- -+ H, 1K na, A7 —)b 7 D
ﬁyvﬁﬁubtwowf,

L) e

WZIZ0Za<bDE X

nb na b/T
< = H, <b —y/7, na—1 dy = n / —nz na—1 dr.
(a Z ‘ ) <na>fm / YT T Ly, 0T

2DOHDEST y=nrr LB/, Cramér OFH LY |

N (N oty
Tim Eognna)/ahe x T —as<111£b (u) =40 (a/T £ a < b/T),
S(a) (a<a/T).

OH 4.+ Hy, DE—AY MEEEIZIE H OF—A Y MEERO n T Z(8)" = (1 +78) " 12% L
W ZAUITEIR na, AT =V T OHUSIPHDE—A Y MRERBIZ TS, 2025 Hi+---+ H,
DR na, A7 =)V 7 DAVIBAIZUEZND e Wbnd. BENLHBEIZESTEZTDOILE2RED.
H, K I[3MNRHERERTHY, TNTNWER o, B, AT =N 7 DHUIDHEIZLEND R HIE

w0~ | /f<> ) i

::fiaﬁfYBS¥Eiﬁ;K; f(ﬂet”’<J€ x“(t—-x)ﬁldx> dy
_ BAmf@ktﬁ<[fﬁ1wxuﬁ1@_uw1um)dy

1 oo
= tye /TP gy
Fw+ﬁﬁMﬂA e

2OHDES T y=t—2 BT y 5 t ITHDEBEZEBRL, 4 ODHOESTo=tu BTz 5
u TR ERE LW L. Zn&Y) H+ K DIk a+ 8, Ar—Ib 1 OHYIBHEIZLENRD 2 Ehibhn
5. HYIHGEFRICOWTEHANEZFEOE S5,

L(g)ret
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Stirling DA E ) —log'(na) = —nalogn + n(a — aloga) + o(n) ZDT, TAUTIRD
ANALFETH D (A=a/T, B=">b/T):

1 B
lim — log (/ P d:v)
n—oo 1, A
alogB—B (B < a),

= sup (alogr—z)=1<aloga—a (A<a<B),
a/T<x<b/T
alogA—A (a<A).

ZORAAIE

—nx, na—1

e " = exp (n(alogz — ) 4+ o(n))
IZ Laplace D /L2 EHT S Z I &> THEHEIZIRIND.

6.5 Sanov DEEMNLERI N/ Cramér DEEBDEFHIZGETHD I &

AR DG TlE AR,
R™ OFEENEZ (|, ) £EFEL. X FROIHEZFOWRLHTHLH LU, B e R ITH
U CHOBL B L Massieu B %

Z(B) = Ele”®0], w(p) =log Z(f)

LREDD. U(P)IE S eR TS FITIHAKBIIZD. pe R DB S(p) ZIRDE S
WZED D (U(B) D Legendre Z2#1):

S(p) = sup ((B,p) + ¥ ()).

BERT
(B,p) +V(B) % B TRMHLKERE 0 2B L
0 0 _ EXe O

T X; & X OF i A THDL (MERLBINHD ¢ FHHOMEREH TR NI &ITHE
BEE L) Jm p(B) = (p1(B),....p(B)) DEE S/, ZO&MEWLT 3 % B(p) =
Bi(p),- ... Br(p)) LFES. DL F

’“rﬂlﬁ (9

S(p(B)) = (B,p(B)) +V(B),  Sp) = (B(p),p) +¥(B(P))-
XWX AZMHNIFESAD RT HERERFITHD L U, X LRI UHERSHEIZLZHND
CIREL, ACR £33, ZD& Z#YREMEDE LT
o1
nhﬁngoﬁlogP< ZX GA) = sup S(p)

k=1 peA

MIEALT D (HEEE X 2172 Cramér DEHE).
Sanov DEMITHELIE X /2 Cramér OEH ORI RIGETHD I L 23U LS.
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HIRES (1,2, 1) LOWRIGRIKDELE P e R L#<

P={p=0,....0r) R |p1,....0, 20, p1+---+p. =1}

NI RN e e R 25 i ROZITIN 1 THW 0 THdEEDD. ZDEX e, e P TH
5. q= (ql,...,qr) ER ZERICEEL, X IR ¢, Tl ¢; ICRDMEREHTHD L
95, ZDEEIZ ETHAUZHE5E X 372 Cramér DEHL % #H 3 25 & Sanov D EH NG
LEND. TDEOITIXZDGEI

Zp@ IOg— = S(pllg)

ERBZEERBFIXEV. ZOBEIZIE

7 7

Z(B)=> e Pg=>"eg,  U(B)=log Z(B).
i=1 i=1
ZD U(B) D Legendre Z#A X T b E— S(p||q) ICB8d T & ZRUALW. ETHIA
L7z& DI ,
0 0 e Pig;
v(p) = — log Z(8) = .

Di sz‘(ﬂ) = -
BOT, WHEND Z LIZ&>T

U(5) =log Z(5 sz log Z(B

- Z pz 51 + log q; — log pz - Z Di IOg -

=1

DAIT, EOHTHIIUE S(p) (T 5 AREHS &
S(p) = (8,p) ZPZIOg—Z (plla)-

Z D& DIZ Cramér DEH DRI ZERNAE % K OMERE AN DILERDFER 2356 U T
Sanov DEHNESND.

7 &k WEtHFEEORER?

ZOMTIXEEFENIC B REZRZT2O06 D I8V, +RICHREL TWd 2 2ELD
EDERN. 2D/ — MDONEE FEHERR” FEHTFEOBRIZDOWT, EE VR Z ED
210N T TRATYFELANIZEESRL THEL

2016 4E 7 H 13 H: £, Cramér OEHDO—fF(LIZEE T 25 7.1 fiz E /-,

2016 4E 7 H 14 H: $EHFZOBRIEIZB T2 0 ) = VDA 0OEH DL 28N U7~
B2/ E N
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7.1 Cramér DEED—i%{

TR B DT [F A5 DARE % HERE D % /8T A — R —IZBT 2 WHEZEICE T 5
IREICEIIZ 22 LI12&> T, Cramér DEMIZET D5 6 i & 1FIXAE Uikin 2 43 D &
<9,

Hy 38T A= — \ 2 OMREMTHD L U, Hy OMEEDSAIZ R EOMERHIE 1,
TRRINTND LT 5.

B = [ f(a) a(da)
T X — R — \ EROY A X (BIAILHRE V) 2 £b U, Hy BROETFLF—%EbL
TWdEEZD.
STECBKEL Z(B,\) & T DX W(B,\) (Massieu BiE) ZIRD & D IZEERT 5

Z(B,)) = E[e™?], (B, A) =log Z(B, A).
IHIZR EOMERRE () =7I)V5344)

e iy (dr)
Z(B,A)
DED DR L AFFEZ TN Po( ), ( )p= Es] | &L,
U(B,\) =log Z(B,\) & X = 00 T
U(B,A) = AMe(B) +m(B),  m(B) =o(1), n(B)=o(1), ux(B)=o(1)
CIRDTED LIET D, ZDEE
E[H)\efﬁHA] 0

(Hy)p = T8 —%‘I’(ﬁ,/\) = =AW (B) + o(1))

ppa(dr) =

DT

rpy
H
(5) =u@+o) > um (- o)
B
X O, WERME pgy (BT D Hy, ODEIE, Z =Z(B)) £&ELS &,

ZapZ —(Zp)"

0 S((Hy — (H)p)) | = (HR)s = ({Hy)s)” = 2

=(%)2w> AB"(8) +o(1))

AN (@Aﬁiumw,)>ﬁ@ B LT RICMARZ e bhs. UFTE
U(B) EFIMTH B LRETS.) D

(%@um E@%ﬁ%&c) )(\ﬁ>—|—o<§>—0(%)—>0 () = 00).

PAEREFLDD L, BERRE sy (77 =HVAAE) DE L TD Hy /A WS KDL % i
ZUTWRZeRDONnd. T8DLL, MERHE pg, OE L TD Hy/A DA N — 00 T
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7.1. Cramér DEH D — At
V(B WEHRU A RKRENE S, ZOHE(DEEDOREID2F) X ¢/ (8)/)

u(B) = —
FREIZRD.
(B,\) & B OEBE UTFRITMARDT, (Hy)g = —Vs(B,\) 1& B ITDWTHFFA K
TIZMIZR 2 EREL DT, u(B ) —'(B) %ﬁﬁ/ﬁw\@%ﬂu:@a
V'(B) Su(0) LB F,

BThd. o) b
DR CIKEHED 2D 20 EAREL, u=u(B) =

s(u) = fu+ (P)

(H») g,
S(U,N) = BU + W(8,\)

W(B,A) =

Yieihd. U=UB\) =

EBLE, N> 00 IZBEWTU = Au+o(1)), AW(B) 4+ o(1)) &RDT,

S(U,X\) = APu+(B)+o(1)) = As(u) + o(N) (A = 00).
I 51T,
pa(dr) = qx(v) dx
DY
pate) = 75
rulk, N
o) = 5 de = o) do
BOT, S(U,N) RO & > BB 3 NB:
SU(3N) = [ (B2 + log Z(5.V)poa(e) da
__ /R log (Ze(ﬁ—ﬁ») o) dr = — /R pox(x)log (pgj(g;) ) dz.

TROL S(UN) &H ) ZHVAHEOMHTY haE—Th Y, s(u) iEHY 1 A\ = oo 2
BIDH) ZANRHEOHENT Y hAY—%E (1 4 XH-YOHENFTY haY—) T

Hd.
FT PH /NS U DA — 00 2B ENLDFliZRTS.
P <% < U) =FEllg,<w S FE [1Hk§)\u€_ﬁ( Au)]
(Hx=du)) — Muz(g \) = MU+ T(BA)
IR DL F 0 IBRDHHEERDLTWVS. 1

ZZT 1HA§>\u 5i H)\ § AU 0)(‘_’.3? 110
DHDOAESTIE 1y, <au S lgyanne P (820 V) 200, 2 DHORES Tl
) < AN Zffio 7z WD ZIT U(B,A) = AN(B) +o(1)) &V

Ly, <xuePH

< Ele™”

log P (HT < u) = A(Bu+(8) + o(1)) = A(s(u) + o(1)).



44 7. fhEk MR FE L OBER?
iz N\ THEH->T AN —>o0 &T5L

lim sup %P (E < u) < s(u).

A—00 >\

RIZTEWODFHtiZRTS. 0<e <6 LAIRETD. MERIE pg, (BT D Hy/\ DI
flE N — 00 Tu=u(f) IZEFTDHDT (“REDIEA),

H
P@»(T’\E(u—e,u+€)):e°(1)—>1 (A = o).

X512, 320 &1,

H) E [, e0mu-e putre) €70
Pﬁ(TG(U—E,U+€)): e 76 ]

é Z(ﬁa )‘)_IE |:]-H,\€()\u—/\£,)\u+)\£) G—Aﬁu-l—)\ﬁe}

H
= e UMY (BN p (TA €(u—eu+ 5))

_ o~ ABuEABE—AW(B) (1) p (% € (u—cu+t 5))

174

e~ MW =Pe+o() p (% € (u—68u+ 5)) .

U= oT A= oo iZBNT

)z <% e (u . &u + 5)) z 6A(s(u)—,8€+o(1))+o(1) _ eA(s(u)—Bs)-‘ro(A)'

WADKELD 1/AED N — oo TOMIRZED Z &IZ&>T

lim inf %P (E € (u—du+ 5)) 2> s(u) — fe.

A—00 A

e>01FWVWSH6TENILSTELDT,

. Hy
— i — >
h{ggolfAP( v € (u 5,u+5)> = s(u).
PAEIZ &> T, 256 #iCTRERA U 72 Cramér D E D ARE TR 1T I6T 2 A EAN G 5N
2. X0 T, BOoHiL AMRDERERVIET I LIZEST, IMMBEILLTNDB Z D9 5:
.1 H)y
— AN =
)\h_)rgo P( /\ :u> s(u).
ZOEDICTZRINF—EE Hy /A D u=u(B) LFOMERD \ — oo TOWHEZEEIL, 7
) ZANVHHEDOHKTY NOE—%&E s(u) Titdd I b,
LU, 2NETEZEHE D Dol BNB0. BEENZHENFZICTENTHDE A
) ZANRAEOFRL L DBRIZE D B2 TODDRES D07
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7.2 WENZFOHEBEICETDH/ ZAHILAHOEY

DUF D IEARE R HIF [9], pp. 105-106 £ R UiEinD 26D ThHd. 2720, FTxlk
[EMERDFEM) (FEEROJFH) 2REETICHERmEZEDOTNDHDT, NREKR = [
R IESIBZATEZD. TOMEBTY MO —TREL, Ty Oo¥—%2£22% 2
LB S, (FMRDOFEOIEDE & TIRIREBETHERN R ES. TV h O E—IZRAE
OXTH Y, TV PO —IZHERONHTH S )

Hyy XAV LR T8 N ITKFT 2RO R — 2 BRT DHEREHMTDH
LD (ZNEMED ) — M TIRARL, BFED ) — N D TEMHEROFHZ KE L RW).

Us(N,V) = E[Hyy] £BL. n=N/V B —EDEEDELETV - 00 £TDEL X,
Uo(N,V) = Vug(n) + o(V) WEILL TV EIRET D, (Up(N,V) = oo, ug(n) = co T
HoTHEN) V = 0o TREDZER P(|Hyv/V —up(n)] £ e) — 1 (e > 0) I L
TWBROIX, Hyy/V O5AIE up(n) (IZEFTD. ULEB>T U W Uy(N,V) 56 (5
U< u DS ug(n) 2 5) BENIISHEN D F CHERDVNS < RBMEIZAY /NS R U
& u W2 DWTHERIZBFHMBEEBUZ 2 5. (WEIZ S Z0RPL T IRARBBEL (L 722>
THER) IZT R F— D BRI R 5 )

BTy hOE— S(UN,V) T3V F¥— Hyy DU BAFICRDMERONMEED D :

S(U,N,V)=log P(Hyy =U) (U< Ug(N,V)).

S(U,N,V) & U B3 2 HERBMEKEIZ RS, K< HDIRMTIETRIVF—0 U FEIZ
BROMERIZV PNRERLE P(Hyy SU) TELEMIND (9], p. 105 D [§ %5
il 2HE IHIZIO - OB 2H LB AMOFERE KL TALX). TRILF—%
& u LMEBUEEE n 2RO KD IZEDD:
U _N
U= v n = v
METY hOE—EU R 25720 T0d ERET D, ([9], p. 76 D (3.2.29) RE L &)

RE 7.1. M TY hEVY— S(U,N,V) & U KL TEZMARKTHD LIET 5.
X512 S(U,N,V) i& V — co TUAFOMHE2EE) % K.

S(U,N,V) =V s(u,n) +n(u,n,V), u:%, n=
& nlu,n,V) 2EDD &,
n(u,n,V)=o(V),  nu(u,n,V)=0o(V) (V= o0).

e
1 1
lim VS(U, N, V) VlggonOgP(HN’V <U) =s(u,n)

V—o0

WAL TEY, U =Vu, d/0U =V19/0u &V,

1

Su(U,N,V) = v

(Vsu(u,n) + 1ulu,n, V) = su(u,n) + o(1). (%)
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I 51T s,(u,n) O uw IZBTLEBEEEREL THL. s(u,n) 2 (FRBEHERRXOMEIZH
UA)MENTY NOAE—BE LIESR. s(u,n) & u lZDWT RIS BRFIMKEICI RS &
RET 5. HiREKE S(u,n) 20 %

Bu,n) = sy(u,n) = Sy(U, N, V) + o(1)

YEDS. BT HOBREBESNSE A=V OF—2THUEDRED (FE) RZLT
WBEIBBEESATVWEEELONS. [

IR [0], pp. 105-106 D&M< AKX, 77/ = IV A IZ AR

<[ —
lim P(Hyy SU - E) _ BB (%)
V—o0 P(HNJ/ § U)

ERTIEICEOTENING., THIFREFAETH S:

log P(g(]jl[‘;vf g(_])E) = —B(u,n)E + o(1) (V = ).

ZHUFIRDEDITRINDG. FEOEHEI Y 0<0 <1 2l HD 0 WFEELT,

P(Hyy =U - E)
P(Hyy 2 U)

log

= S(U—E,N,V)—S(U,N,V)

— —ESy(U—0E,N,V)

oo (o) o)

= —FE s,(u,n) + o(1)
= —0B(u,n)E + o(1). (V = o0).

2 DOHODOESTEIEDEHZ AV, 3 D2HDE ST (1) 2V, 4 DHDE ST s,(u,n) A
HAETHD L WDINEZE > 7=

(x) DR TEE TN/ TBoltzmann [K 1] IZLATFD &S IZHRING.

BRLITEHTI2RVEMUTVWDE LD R RE2EZXD. HHTL2RDOY A XE—ETH
LU, BIROY A AR KICRDMEZEZ 2 5. BanDOMIZEH U TKFEMERZ A
T5. U IZREROZINVF—THY, FIFFEHTLIRDODIAINF /L5, U~ F
FERDOZ AN T =285, BIROIANT =N U — FE BEIZRDIMERIT V 2K
BLE PHyy SU—-E) TEEING. HHITDZRODZFINF =2 E (IR LRI
PHyy SU—E) IZHHIT27255. UnoT (%) &V, I EHTIROIZRINVF =0 E
THAMHERIEV NPKRER L ZELIZ Boltzmann K e PnE (Z T 5.

UL, INTEZEZDho 251280730,

DL EDIERD & V) IEHEREAEIZE DS B> TWDDEZA D MY

TR MIET S 2OIE TBREED-2ROREFERHTIHDR] LVWOREE
BRSO BERHY ED 7.

55 2.4 filZ B D EHEIEH A OB HIIARBERNITHEEH 1725 1) % Maxwell-Boltzmann
DAEOBELIZFEL V. TOEmICE T [RRDR] TR /n O n—1 RoEKE Lo—
RO (BT AN F——E L& WD FRAETERIND EIRICERE LO—FRk2H) THY, MiE
H9 2R IEZZTDORMO 1VIRTCH D ZERIANOHETHY, 1B 135D OHHET
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H3. TUTEREDRDY A X% KREL TIHMBED n — oo DMPRIZHINT . ZD&KE
Z— AL U & DT R,

< (D7)

8 fI8f: OFEEOITY hOE—IZDWVT

8.1 HBHIFRIF— Massieu K & DEFE%

AR 8.1 (E— AV MEEHBE X2 LT Y MREEE). HERDM ¢ D & THERER X
i X; DE—A YV MERE My (t) 1

,
= E e di
i=1

CEBEIND. CNIE X =E, t=—-8 DY IHEEK

Z(B) = ZefﬂEiQi
=1
TR, MERROBRZBIZEDTHZ T — AV B (R 1O L
AKEIZFHCEDE B> TLW. HERROBAREBIZINIEE— AV MR D E
Kx(t) = log Mx(t)

FHERZE X OF 2 LT v MR (camulant generating function) L IFFIENT W 5. H
IR F—DEH '

F(B) = —glos Z(P)
FIAEMIZF 25T Y MREREDERIC—HL TS, LV EMIZIXERE § TEHDEIOD

F(B)=logZ(B) (& ¥ IEMEITIZALIET D Boltzmann EXES)

DFEMF LT Y NEHBOBEZONEMIZ RS, 250D F(B) I& Massieu EE &
FhTuns. L

8.2 MWRényiTv hOE—

FR 8.2 (X Rényi > b Y —). 2 DDMERDM p=(p1,...,pr), ¢= (q1,...,q) I
X UT, 8% Rényi T bAOE— Ss(p|lg) A°

kg}:(m) L

LREFEIND. 2D B-115%  THHTD L

9 s ~ yple T log(pi/a)
aﬁ((ﬁ 1)Sﬂ(p||Q)) - ZT lpzﬁqll 3

B8 1-p
Ss(pllg) = N%Z;n%




48 8. g MoFEEOTY POV —IZ2DoWT
BDT, ILIZp=1,FdL,

)
zﬁﬁﬂﬂﬁ—l%pm }:mbg—z (pll)

TS bRE=HTRS. DRI
S1(pllg) = lim Ss(pllg) = S(plla).

FERF Rényi T PO =S Ty hOE—D T VT — A =R —ERIZIBR->TND L H
Z6Nd. ¢=1DHED Rényi TV b I E—DEHK%E K> TOAUSHN Rényi => b
C—DEHRIFHTEARGIZRNMIK L BbhD.

FAX Rényi T b 11 ¥ —DE # 1L 0B B

. .
Z(B;p,q) = Z (_Z) ¢ = ZefﬁEiQia E; = —log—
i=1 i i=1 qi
AT HHT RV — F(B:p,q) & Massieu ERE F(3;p,q) DEFH
F(B;p.q) = =B~ log Z(8:p, ),
F(B;p,q) =log Z(B;p,q) (Boltzmann € B 1)

EREWIZFE U THS:
(B —=1)Ss(pllg) = BF(B;p,q) = —=F(B;p,q) = —log Z(B;p, q)-

Rényi divergence (FHXf Rényi T> O ¥ —0D —1 ) DFEARMEED E L DM [10] 1IZHD.
(8 —1)Ss(pllg) = —log Z(B; p, q) 1& B8 DEEEL LT LEIZNTHS:

2\ . _ Zz _1(B; — Ej)?e0UEtEs )quJ
(FHHLE p=q (i=1,...,r) L[EMHE).

TUTC, (B—1)Ss(pllg) = —log Z(B;p,q) D =1 TOMED —log Z(1;p,q) = —log1 =0
ThHdZ c‘i &, (B—=1)Ss(pllg) = —log Z(B;p,q) D =1 CTOWBRBAIHNTY hp—
S(pllg) = LN‘KPOJﬂDﬁﬁ$¥E$U

(B—=1)Ss(pllg) = (B—1)S(pllqg).

FIBIFFEL DDA TH S . 0

8.3 ¥ TsallisT> hOE—

R 8.3 (MX Tsallis T b ¥ —). MRS p= (p1,....,pr)q = (qu,...,q) XU
T, Z(B;p,q) ZIRDEDIZEDD:

r r N , |
TR 3 ) KT S A e
: i=1 v i=1

]
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B E Z2O0DMEN p & g D& i TEDEVERDLTWD. K ZHIVAO
p(B) = (p(B),....p:(B)) %

oy e PEg plg
PO = ZGra " ZGira

CEDD L, WIRE B 1F ¢ =pi(0) & pi=pi(1) ZMMTENTA—=Z—IZR>TN3.
IO & E, N Rényi TV b B E— Ss(pllq) &

IOgZ(/B,p, 1 . B 1-8
= l
Ss(plla) = - 1_ﬁ0ggpﬂz

YEDIN, HFTY hOE— Sl &

ﬂmwz—g%ﬁl%ZWWﬂﬁr7%ﬁ Z(B;p,q) Z}M%—
=1 1

EERDOIND. 2DOHDEST Z(1;p,q) =1 o7z
IROFEFR%Z 2 12T D g ZoEHAZE LIS

f(z) — flgz)
(1-gqz
q— 17T q##5 D, f(x) 1385 0f(x)/0x ([ZIIRT B,
LMY hBE—DAD log Z(8;p,q) TIFEL Z(B;p,q) ZAVWERRIIBITD
ﬁV%?éwA%q%Af%*@zé’&’;of”$WT&mm:yhnt AR D
WEHRINDYE (¢ Z0D q ZIROXTIE a &FEL):

CZ(Lpq) ~ Z(aspog) 130 pe”
-« -« '

Dy of(x) =

To(pllg) = = Dpalgy Z(B5p,q) =

a— 1T a Z38HEOMMIPURT 50T, M Tsallis T b=ty b
—IZNET B, FoZ ki

Z (pi/%')l_ (pi/Qi) " lim rt—x — “ x% = xlogx.
—

To(pllg) = —
(qu) a=l 1 — 805 a=1

i=1

EZIZEHEND 50D . X Tsallis T2 b I E—ZMHF LY FOE—DERIZS T

% zloge & (x—2%)/(1—a) CEIMAZEDELEZAS. N Tsallis = hOo¥—%
FIXF Rényi TV bOEY—TRD LD IZEDLT L ETE D!

Tyipll) = 2020 =1 _ el D)5 (pl) -

WA Rényl T2 b E—Z M5 Tsallis T haE—IZ&k>T

Ss(pll) = log Z(B;p,q) _ log(1 + (1 — S)Ts(pll9))
1-p 1-p
ITHE41 2016 456 H 22 HOBBETZOBARME & o2 KHETETHARL,
18%% (PHX) Tsallis T hOE—DEHRDBARMEZE £ 72 <HEL TOHARW. (FH)Rényi => b
—IEARBEN D E R DONEL (AT )L F— Massieu i) RO TTD LI BREDEFZZ D Z L DB
‘fi’ier:E'f’C 50, (FHA)Tsallis T b E— DT & < DDA,




50 8. bk fhoFEMHEOTY O —I2DWT

ERDGTILETES. MM Tsallis T hOE— MM Rényi T hOE—Di@E WM& 2 —1
Elogr=log(l+ (x—1)) DENVTHEELEADILETED.

PLED XS, MY O ¥ —, X Rényi T b O ¥ —, MXf Tsallis T b E—
xEnt 4 ﬁﬂTé&c Z(B;p,q) MODIREVITH 5. B

FER (BN Tsallis T b I E—EHHN Rényi T2 b B E—DBR). MX Tsallis T ~ 13
Y'— Ts(pllq) LM Rényi T b E— Ss(pllq) IZEHBHE

Zs(pllq) = prqzl ’

ZHAWT
Z —1 log Z
Ts(pllg) = —ﬁ(g”—_@l, Ss(pllg) = _Ogﬁﬁf@;”ﬁ’).

t%b*%é/ﬁﬂ(%b<iﬁ<mm BIEEL DY Zs(pllg) DUEIBABE (B L
< IFHABER) BOT, 2D EBAMET S Z X1 Zs(pllq) B RME (B U < I3k
) F32 L LAMIRS. X5

-1 _
csale) = (14 (3 =DV, Gpalr) =T

MWHWIZHFOFERBIZZLE Z 8 &Y,

Zs(pllg)"" ™Y = es_1 (—T5(pllq)) = exp(—S5s(pllq))-

ZOEKRTHN Tsallis T I E— X Rényl T b E—DE WIS & D & es ()
& exp(x) DENZES>TVWD. EbAA, ZOHETTA»H

Ta(pllg) = ~Co1 (Zs(plla)""7V), Ss(plla) = = log (Zs(plla) /")
LENTBITIEHPEZRDOTH S B 0

EE 8.4 (BMEME). pi,gi20,>_pi=>,=a=1Thd2L,3>0ThdLE
5. MY ha¥— MM Rényi T b O E— M5 Tsallis T b ¥—i&Ehth

S(pllg) = sz log—

Ss(pllq) = 10gzpfqzl 2,
Z: 1pzﬂqzl ﬂ —1
Ts(pllg) = 51
LEBINEOTH o (51 (x) %
e |
g1 () = 5-1

EREDD L, fHM Tsallis = b ¥ —I&

Ts(pllg) = szfﬁ | (]i)

ERDOINS. S(pllg), Sspllg), Ts(pllg) WITRTOMUFTHEILERTD.
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NIy hOE— f(z)=xlogr B L, fl(z) =logz+ 1, f"(x) =1/ &V f(z) &
TICMBEETHY, f(1) =0, ff(1)=1 &Y, flx)Z2ax—-1,%K%5. PRI

S(pllg) = Zf(pz) Z(——l) g; = 0.

Mt Tsallis T bAOE—  g(z) = 2lg_y(x) EBLE, ¢(x) =
B2 L B>1 &Y, gla) IEFITHRKEETHY, g(1) =0, ¢(1
BB, WRIT

II/\

Ty (pllg) = Zg(“) -<—i(&j—1)qi= | 81)

i—1 \4i

X Rényi TV hOE— B>1 WS REIY, Ss(pllg) £ 0 2R 2D

2: 8 1-8 (&)BA>
D5 4 Z g 21

4;

%/?Jd‘liib‘ h(z) =2 LB &, b (x) =Bz, W' (z) =
h(z) & NITHRRETHYD, (1) =1, (1) =6 &Y h(z) 2

;(yqi) qi_lzr;(uﬁ(;—l))qi:l

INTRIRIZEVITRTRERINSZ. BLEDOERIZE T Jensen DAER 2 f 2 1X
FADADUZITEETES. B

BB—-1zP2 & B>1 &Y,
1+8(x—1) %25, YRIZ

8.4 MEM (REM)ICOWVWT

FE 8.5 (A OWT). v=1,2 TN IHERES R, = {1,2,...,1,} EOMHERSH
P = (Dot Do)y Pv = (Puts - -5 Do) W UT, MY bR E— &M Rényi =
cOE—Iixk

Ty

puz
Swulla) == pslos?

Qv
=1 )

log Zs(pv||qv
Ss(pulla) = 2L 7)1 - prq
L%, EREAS Rix Ry ={(i,j) | i € R, j € Ry} LOWERDAED (i,5) — pripay,
OV — A Rényi TV OV —DEHREHEIFTT LMD LS IR S:

S(p1, p2llar, @2) = Zpl znglogp“ph

i q1,i92,5

IOgZ,B(p1,p2||Q1,C]2)
1-p ’

Zs(p1, p2llar, g2) = Z(p1,ip2,j)B(CI1,iQQ,j)l_B

i3

SB(P17P2||Q17C]2) =



52 8. Ik fBoofEEOTY hO ¥ —IZ22oWT
ZDE ZROMEMEDFEANL L TV 5!

S(p1,p2lla1, a2) = S(p1llg2) + S(p2llg2), Sa(p1, p2llq1, a2) = Sp(p1llg2) + Sp(p2]lge).

BRI
Zs(p1spallar, @2) = Zs(prllar) Zp(pellaz)

CFAMETHS. AEIHIZLAT D@ Y -

p 7.
S(p1, pollar, ¢2) = Zpl iD2,j Zpl,z’plj 1ng
ij J
7 p 7‘
= - Zpu log 72 Zm,j log 222 = S(pulr) + S(palae),
i a1, . q2,;
0 = S0 o)~ = Sl 1

—Zplzqif Zpgquj Z/s (p1lla1) Zs(pallao).

X Tsallis =Y hO ¥ —

Zs(p1,p2llq1, q2) — 1
1-p

Zg(pullg) — 1
1-5
EHEME % 2 U TR,

Ts(polla) = Ts(p1, p2llqr, 2) =

Ts(p1, p2llar, @2) = Ta(prllar) + Ta(p2llaz) + (1 = B)Ts(p1llqr) Ts(p2llge)
72U C\WA. GERHIXIRODE Y

Tﬁ(p1,p2||Q1, Q2) - Tﬂ(p1||Q1] - Tﬂ(pQHQQ)
_ Zpnllar) Zs(pallae) — 1 = (Zs(pallar) — 1) — (Zs(pallg2) — 1)

1-p
_ Zs(pillar) Zs(pallaz) — Zs(prllar) — Zs(pallge) + 1
1-p
_ (Zs(pillar) = 1)(Zs(pallg2) — 1)

1—-p
= (1= 5)Ts(pllgr) Ts(p2llg2).

N ¢ () =(01—-4q")/(1—q) A3 IS R/NEY
(T +y)g= () + () + (¢ — 1) (2)g (¥)q

WZEIT WS, Tsallis T I E—1Y (ZBIR U 2 8UFIMEE IZBE T S idim s L OCHRIZD
W [7] 22RE L. TITIE n— co DMREZEH)IZ Tsallis TV hBEY =2 bhd %
THRE OB D Db NT NS, []
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