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MFEM AN ¢ DL SRR EINEE p; L BDHERONBDO n 5D 1] THS.
K% BB T DA RIFIRODE Y

(n IO FRIT TREE DA IR p; 1T DHER) = exp(—nD(p||q) + O(logn)).

ELE D(pllg) >0 &5, n 2+3I12KE S THUE O(logn) OIHIE nD(p||q) DL
BUTHHTELRIZARDDT, ZOMRIX exp(—nD(pllq)) DA TIFRIFRE>TVD
EEZATEW.

1.4 Kullback-Leibler (SR DEAME
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D(pllg) = > f(pi/ai)ai €RDINZDDT, D(pllg) D p = (p1,...,pr) DEEELT
DOMEZFNRD ZOITITHE f(z) = vlogr OMEEZFNNIEE . f(2) = logz + 1,
() =1/2 >0 ZOTEE f(z) IFFITHEZNTHD. DRITEE f(r) 1ZTDOEFRDK
BMTTINOHIZAOND. FIZ f(o)Z f()+f(Dx—-1)=2—-1(FFDHLL =1
W EfE). W 2T

D(plla) = Zf(pz) zz(—a)qi:o,
EFSOWRNE p=q (i=1,...,r) &[AME.

5T flz) WFRITEBNTHD I &Y, D(pllg) ® p DEEE LT FICHEHZNTH D
ZEEHEDOLND.

Z D & 512 Kullback-Leibler [ & DAL 0 A EIZAR Y, H/AME 0 BWEHTZZ &4
M op; WREEFIOA ¢ ICHFUKRDZEIEFAMETHD. DRI, 904 py PWREERD A ¢
WCELLRWEE D(pllg) >0 £22DT, RO AMNIE i@LAé%?in—ﬂmf

DWW THREER B 0 IZUERT 5. L7222 T, n — oo TRERDAE ki/n (ZREFS
A g \EM . THIEKBOERIDENL 2 EERL T\ 5.
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RERINIZAE U 2R Z2ZZDIGEIIERUAZEM0E L THEZ Y ha Y —NRAIZA
BOAEIIRERD IR K 288D, ZOEWVHZZ2RAEARIY hOE—DRIE L IT
N BRERLE, HEIEMDE & TREEICHEBIIND 0MIEER L 250408 & TH
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Wi, SBHOEADZDIZEM B R LTS & S5 A WEIZKZLTWD &
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CH< RS, UL»b p WRERIIZA U SHERIX n — oo Texp(—nD(p|lg) + O(logn)) &
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TR AL p=a ITEML. g<a <1 DE X, ROEEGMW a LEDGEIZHIET 5 &,
n MARKITNIEROEESIFIFIE o IZELLB>TWEEEZILND.
UEDKERNSLLTDRARNKIL L TNDEZ L EDLND:

! n\ . k. | -D(llg) =0 (0=a
J;rgoﬁlog Z (k)q (1—-gq) = _;EED(]?HQ) = {

<
—D(allq) (¢g<a<l).

WEEEDLRNEATIORAREHZEITT L,

}:(ﬁ)&@—ﬂﬁ’“=wp<ﬂﬂ§EWM@+0m0-

p=a

k/n=a

FEIFRDENGH a LLEIZBDHERTHS. n— oo D& ZIMERIZIE D(pl||lq) »E/IMNIZ
BT RS ZNTHRD.

1.6 max-plus fXEADIRFRE X Laplace DA% & DR
FHFEZIE —00 D a,b I UTHE
(a,b) — max{a, b}, (a,b) —a+b

%% 2725 D (LB (semiring), A (semifield) & FEIEN T2 ) & max-plus 21 & IS,
(max-plus fREULBEERE X tropical mathematics & EE M R D BB L I2H
B2 EER RE THD. RIFTFRIARPEHHIZTE D “REC DI L THDEA, PR
FMERIZEHBICTE 225 BIXEBEICTERN “REC O THD. 5IHNVHBEIZT
SRS TERKRDODDHHANEFZEND.)

KHEFIZIE, max 1X 0 L EDOFEHDO BB L TE Y, + IFEEIZHISE L TV T, —oo
REDHEAIE 0 ITHIEL TV, TOMINIE log ZH> THRZES Z L IZ&>TH A
5N, THEDLEL IROAANKINL LTS

1 1
lim — log(e™ + ") = max{a, b}, lim — log(e"e™) = a + b.

n—oo M, n—oo N

BEIZEHHETHD. HIEOARIFKDOEIDIZUTHEENDOLND. a 2 b EINETD L,
b—a<0 LRZDT, -0 FHEFIZARY,

1 1 1
—log(e™ + ™) = =log (e" (1 + ")) =a+ —log (1 + ") - a (n— )
n n n
L85, INTHHEDRXNERI NI,
F O —ITIRDENL L TV B

1 T
lim — logZexp(nai + O(logn)) = max{ay,...,a,}.
i=1

n—oo M,

ZD & DT exp(na; + O(logn)) D& D IZIRSEES BOFDNED 1/n £5TlEn — 0o D
EERKRD a; DEFDAMNNTHRD. W2 MHOBZNVFOAREZHEZITT L,

Z exp(na; + O(logn)) = exp(nmax{ay, ...,a,} + o(n)) (n — 00).
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ZAUIFET DI E D Laplace D HIEDFELITH D L AR IND.
T DGEIFIROEY . WY RFREDE & TIRDKANL L T\ 5!

/aﬁ exp (—nf(x) + O(log n)) dx = exp (—n inf f(z)+ o(n)) (n — 00).

asz<p

flx) Wa<zr=xy< B C—ENRTU/MEZEED, ["(x9) >0 251,

B
/ e @ g(2) dr = e @) g () (1+0(1)) (n — 00).

27
nf'//<x0)
2D & D REHEEEFOFE DM 51X Laplace D AR L EIENT WS,

1.7 RaRBEICELD2ERUANIVOFHETCKLBEREZHT AE

ZIANAD n — oo TOWHEZEEZ LA RD X DIZU T, KoREEZE [ > 72 @iisE -
EWHIETHRSD ZETE 5.
20,30 =1L, FADEK a,b, 1T > bi=a&2ALTNDEL,

._bi_Nbi
pi = a Na
EBEL. Ik E
. 1 (Na)! Nb Nb - Di
| — 1 Loooglt?n ) = — log —.
Neo Na Og((Nbl)!---(Nbr)!ql r 2 4 *)

=1
INOFEBIFME LY b B Y — (Kullback-Leibler [§#ED —1 £%) TH2. §4bbH
| 1/(Na)

lim < (Na)! q{Vln e qubr) _ 1 )

N=oo \ (Nby)!--- (ND,)! (pr/q)P -+ (pr/qr)Pr
RKARBETINEHHLTALS. AR () ERFEIN. N 500 DL X

b (Na)! Nbi _Nb,
Na %8 ((Nbl)! (N

Na v Nb; r
— Nia (Zlogk—ZZlogk+ZNbi10g%)
k=1

i=1 k=1 i=1

1 Na k r Nb; k r
:N—a(ZlogN—a—ZZIOgN—a—l—ZNbilogqi)
k=1 i=1 k=1 i=1
—Lglo i—iL%lo i—i—i ;log q;
—Nak:1 gNa — Nak:1 gNa izlpz &g

1 T Di T
—>/ log:cda:—Z/ log:cd:c—i-Zpilogqi
0 i=1 70 i=1

; : Di
= [zlogx — x]5 — Z[xlogx —zlg’ + Zpik)g%’ = _Zpik)g q_
i=1 v

i=1 i=1
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2 OHODOEHESTHIMDOAMIZ Nalog(Na)—>;_, Nbjlog(Na) =0 2 AU . THUldL >
TR KRMEZEHTE S RICELTE /.
PALEOFERIFIRD LN T B Z L2 BKRLTWD: N 00 D& X

1

Na FEIORITCTREADAD p; = b;/a (273 BHER)/(Na) .
( * pi=bif ) o i la )

2  FHMZTREDZEADIS Boltzmann BAFA

FMEAT S KRB DIEA (5] Kullback-Leibler fH#E O FH, I AKHY T A E—0DJ5
Hl) 725 Boltzmann AF TRl SN DMAHRIIEONG Z L 2@l L 2.

2.1 [EREDERTE

REMDED ¢ = (q1,...,q) ODZHIHDOFEIZRD.
n FOMSEITIZE D TEXD i IZDWTREE ¢ DU ZEIE ki/n DIEIE p; (IZF LW
X RO AENIEE p = (p1,....p) KCHEULSARDEED I LIZT D, TOMERIZONT

(n [ TRERANIZIE p IR DHEHE) = exp(—nD(p||q) + O(logn)) (n — o0)
ML L TWDDTH o7~
ROMEEZZEZD: 534 p= (p1,...,p,) T s EDZM
ny,ipi oo (v=1,2,...,5s) (%)
i=1

RET. AEU R ORZ MVES (1,1,..,1), (futs- s for) (v =1,...,8) l&—¥MAE
ThHhdEMELTEL. BBAENZDORMEZTH T 000 p ITIFIFELWEEIZHIR UL
7L X RERDAGDMERDAMIE n — oo TEDXDIZIEDEED H?

72 ZIE R i DT RIVF—D E; DIGEIT

zr: Eip;i = U
i—1

EWVD LM (TRDH TR F —DORERIIEEEMNIZIE U IZFE UL BR2TWVD WD %
) U8 X, BEADAEN n— oo TED XD ITHRDFED »?
EZIE, Y anEE->Ti OENH AL HE%: B, RV AL L2252 %,

ZT: Ep, =~ U
i=1

EWS R (TRDS 1D 1Y) OERORERIPEEINEIE U R) HIZELLBR2TY
BEWVWSEM) 2L E, BERDM n— oo TEDE D ITIRGFED M?
DED2ODHITIE s=1Thd. HERORIEZH T s>1 LR85,
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2.2 Boltzmann FFDEH

Sk () DB & TCORBAFEDOGMA THRIE n — 0o T, &k S0 p =1 &5&4
(x) DB & T Kullback-Leibler 1§ & D(pllq) = >_i_, pilog(pi/q;) M E/IMEIZ S D H
p=(p1,...,p) KEFTLHILIIHD.

ST E B/MERTE % fi# < 72812 Lagrange DR EFTEHIEZ M 5. (Kullback-
Leibler [FfED p ICDWT MBI AERBTH -2l 2 BNHT D) TDEDIC

L=Y p 1og% +(A-1) (Zpi - 1) +Y B (Z Joipi — cy)
i=1 ¢ i=1 v=1 i=1

EBEL. ZIZTA-1, B, WREREKTHD. REFE p, T L 2RO UIZFERNT
RTOIIZARD LD HRERX

T

:Zpi—l, (1)

051, iz::fuzpz_ v (1/21,._.,8), (2)
0—8L—kgi+A+§:ﬁf- (i=1,....7) (3)
apz Gi s vJuz )ty

ERIFIZE. (3) &Y,
—eXp< A — Zﬂuful) qi

Iz (1) IRATZ L

= Z D 5vfu,iql.7 p; = le* >oo1 B"f”’iqi (4)
- Z
EBRBIENDNL. D 7| ﬁm WEMEIEND., ZDEDITp & Z = X
B, ZHDEBIZES>TWS. B, 2Hid(4) 2 2) ITRATDZZLIZE>THREIND
exp (— > Bufvi) % Boltzmann % EIERZ 2129 5. Boltzmann R+FI3RHEF 24
ZMAS X DORERDAG p; MENZITERRDEZNEFTRLTWVWDE. ZDEDIZULTRDS
mt;m@%m/ ANDHREEERZLIZTD.

Gt (%) AL U TS GEICHIBR U 7256 ORER A, n — oo T ETRD 72457
ffip=(p1,...,p) \IEA S (G S REDERIE Y ). n BNERZ SITRERD X7/
ZANHHEDEEZ LTS E L TE.

eZEs=1, fii=E,a=U3=80D,&

1 . m%z
L —BE; . _ § —BE; . _ E —BE _
pl - Ze qu Z - - € Qz, — 5 E —

I

INH6DANIF ¢ 72HWENTTRTELUWGEIIEHE 171251 % Boltzmann [K1
= W2 HER DA OFIRIZ—E L TV D
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N =HNRAFT ST M E— S(pllg) = —D(pllg) = — 37, pilog(pi/a)

@EU@%/‘T‘\‘%Z’Q@& 5: log(pz/%) = - Zizl ﬁzzfu,i - lOg Z7 Z;=1 bi = 17 Z::l fu,ipi =Cy
UNONE

S(pllg) = Zﬂyc,,+logZ

f:é:iljfs:l, fl,i:Ei7 Cle, ﬁlzﬁo)(\.’.%

S(pllg) = BU +log Z.

BHIRIWVF—F % F=-p31llogZ LEETDL,

S(pllg) = B(U = F)

Al Boltzmann @HEE FNTWARWVEZRITIE, Mt AFE2H > TW\W5d AE
B

NOY/N
EOTEHRADRNLES 7.

2.3 BN EREDGENLEREDEKRESAEINEOND L

HEMD A PEREEH q(x) THEAONTWIGEEEEZ LS. ZOHAEITIE n (b
DML FALT DFERTT S N S RER DA DRERZ L HBMNFIE p(x) IR DHERDONIED 1/n
il n — 00 T

S(lla) = —Dpllg) = — / p(x) log%dx
RS L ER BB, M pr) 1 F DR % T

/fy(x)p(:ﬁ) dr = ¢, (v=1,...,s).

il & FABRIC LT, ZO%RMEDE LT D(pllg) % BN B HEREEEE p(r) %KD B
LIRDESIZRB I ENDNS:
1

p(x) = 26

7 — /6—23—1ﬁufu(r)q(x) dz,
dlog Z
- aoﬂg = _/fu Lo Bl @ (1) dx = ¢,

2D &SRO i MR A5 D ffi % i B DR HE D Mk L IS, BB HID%
FBEREL DERBE D TR L IFIEND.
T2 & AT OMER D IE TN THREUDAHEIZE EFNTND

k

=X B fe@) g ()

Y

"EHA: 0<0<1D&E —B=logh—log(l—0) &< &, k=0,1,...,nZDVT

—Bk 1 1
pr = (k)e (1—0) 7 W (k) o 2 A= o)
Z D56 &R E KREOIEIOBEFRIZOWTIIE 4.3 € 2T &

SBoltzmann EA 1 (2R B RERATHILETES.



2.3. RGN D56 0 O R R DR B ARV E O D Z & 13

%IEﬁ;FE 01 20, ‘97">07 22:19121 "Ci)étb, —61210g01—10g87» ZEB< t,
b1+ 4k =nbD&X

=i Biki
Pkq,...kr = n' le e er — € 21:1 B qky,..., kr’
R A R A 7
n! 1 1
- Z —
Bl = T ey
ERD:
—(x— 2 202 —(1 202 x2+ 0_2‘/1:
p(:t:) _€ (x—p)?/(20%) e (1/(20%))z*+(n/0?) | 7 elu2/(202) 57
V2 7 \%
p=00=10DHFIIONTIEH24HESMU THRU . IEMDAH OMERE LKL p(x)

(ZF p &k 0® ZIERELZE ST, T48DS [ p(r)de =1,

/ zp(r)de = p, / 2’ p(x)de = o + pi?
R R

EWVWIHEMEDE LT, T O —

PEKICE S plz) & U TR b,

Gamma 9f: = >01Z8WT

6—1:/Txa—1 e—x/r—i-(oa—l)log:c

p(z) = ~T(a ) = 7 , Z =1T(a).

Gamma 7345 DMERE LKL p(x) & [pp(r)de =1,
/ rp(zr)de = ¢, / (log x) p(x) dex = ¢y
0 0
EWSFRMEOEETTY MRE—

S(p()] = — / p(z) log plz) dz
0
MERICES plz) & UTHEE T 5he. UFEABETHS.

EfEBetafdfi: z>0I125VWT
1 a1 e(a—l)logm—(a+ﬂ) log(1+4x)

B(a, B) (1 +z)o+8 z ’

p(z) = Z = B(a, ).

BHE n Ot %% 1//n TRAT—=)LLEED: HHE n O t DA OHERE

2\ —(n+1)/2 —T(n
p(t)dt = é (1 + %) dt, =/nB(1/2,n/2) = @i(l)//?)

ThHo/. plr)de =p(v/nzx)d(y/nz), f=Mn+1)/2 £ &

1 1 e—Blog(1+z?)
2(14—:1:2) iz 7 , Z =B(1/2,n/2).
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F—FfEBetaDf: 0<zx<1IiZDOWVWT

l‘a_l(l _ .’I?)B_l e(a—l)loga:—i-(ﬂ—l)log(l—m)
= = Z =B .
Poisson 73 7:
e~ M\k (log)\)qu e
Pk = L = 7 ) dk E? Z = 6)\+1

2.4 EEFHRDHDOEHH

BleLTs=1, filz) =a% c1 =1, q(2) = 1 DHEHICESBEDEFFLTHAL S 2
AT EORTIE, n BOMTIRTOMERE DN 12 ORBRIIHE (22 +- -+ 22) /n
IZDWT

n

EVWIERMERUZEE n— 00 Ta ORBAIDHENE D RENERKDZ Z LIZFELW.

EORAZE[FS &
1

2 2 810g Z 1
—_ — _6I g _BI g _1/2
p(z) 7¢ , Z /Re dx = /7B /7, 95 25

WARIZ B=1/2, Z =\2r, p(x) = e 2\ 2r £ 5%, THbDE n— 0o THRLND NG
FEEEER DM RS,

ZORERIE R WOEED 2FH n DK EFLET D n— 1 RouEKH LD —HE53 16
D 1 IRTTH T ZEFNDH I n — oo THUEEEHD A IR TE I L 2ZERL TS, §
BHOBIRDRADPKILL TN S:

= 1.

6712/2
lim 1) Wy (dx :/ x dx.
oo \/ﬁsn—lf< 1)“( ) ]Rf()\/ﬁ
ZIZT /nSvHIERZFLE T DR /o O n— 1 IRJCEK

{(21,...,2,) ER" |22+ -+ 22 =n}

ZROU, pp, 1FTDLEDO—FRIERZHETHY, f(r1) O zy WEBRE LD (24,...,2,) D
e Thd. ZOMROANITEE DL ZEHOWMES DF A CHEEICHRT X 55,
LJ\J:UDquﬁWJ%%?I’Li FREIL AR I @3‘64@03% DN ED KD BRMEZEHRL -
WCHRIZEDNE N BT X5 L |

3 ZIEDHDIGZED Sanov DEE

ZIH A6 D4 D Sanov DEMOD Fik % AR IR RN TEEIZFEIH L TH < 2 2129 5.
Stirling DRI ZHDBLNVG U WIEHEZ BN TS, ZOROIEHIE T 0 Z5H [11] T
HINTVWBIEHEARERIZFECEDTHD. DT AT IIEBHB IR DHI T I A
Hd.

19(z) =1 BOTZIDHEIT q(z) FHEREEHRBIZZ S0, UL, UFOFHEO#EGIEE L.

SIROMZ R ) — h D Maxwell Boltzmann HIDHilZ T DEHMLFRIPENTH L.
http://www.math.tohoku.ac. jp/ kuroki/LaTeX/20160501StirlingFormula.pdf
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3.1 Sanov DEEDFIE
HBUES (1,2,....r} EORESSEOEAE P LEL:

P:{p:(plu-.-7pr)€Rr|p17_..,pTZO7 p1—|—-..+p7.:1}.

Plxr—1RTOFBMAKTHD. 22 Er=3 DL E P REZMBIIRD.

WERNA g = (q1,...,q) € P ZERIIN>TREIET D. HREH X\, X,,... 13HEA
{1,2,...,r} M2 FFOMERZBFITH Y, MSITHDA ¢ = (q1, ..., ) IZUZBD T
2METD. q=(q1,....q) 2 BEEADTHE LI

FE AITHUTZOROMEEE #A LE S, M4 AW INDHERE P(A) £E<
ZelZT5. (BTEM ADE L TO B OFMN EHERE P(B|A) &< )

BEADi=1,....riZHLUTX,, ..., X, \IZ&END i OB E; (#1752 HERIE

n!

P(#{k’:1727---771’XkZi}:kiforeachizl,...,r) :qul...qfr
Lk

FUENT RN, ZDEDR (k... k) WSNT D (ky/n, ... k. /n) BIEOESEE P, CP
EELZLIZTS:

k k.
Pn:{ (—1,...,—)’@:0,1,...,71, kl—i—-u—i—kr:n}.

n n

DL X P, ODOMEBIE (n+ 1) UAFIZRD. (#P, < (n+ 1) 2B THHEICHAT
%) Xi,..., X, \IZHIRTD P, DIt P, = (ki/n,--- k. /n) ZREBEDMHELILR. RERS A
P, &P, IZfHZRDMEREBTH .

RO (p, q) € P? DB D(pl|lq) ZIRD LD IZED B:

r

D(pllg) =) _ i log%-

i=1 v

pi X g W0 IZRDEGAITIE 0logd =0, —log0 =00 EWIKHRDE &L TEEZEDHTE
<. D(pllg) % Kullback-Leibler f&#RE % U < I& Kullback-Leibler ¥ 1 /X\—2 T~ R
IS

EIE 3.1 (Sanov). PAEDFEDE & TLARAEZL TWVBE:

(1) A M P OBBHESHRDIE

1
liminf —log P(P, € A) =2 — in£D(p[|q).
pe

n—oo N
(2) A D P OWHESRDIET

1
limsup —log P(P, € A) < — in£D(p||q).
pe

n—oo 1

liminf, limsup (ZDWTH 9 Ml RAMH 2 FH N TH W/,
TBA2DPFELOTVBIEEIZIE A FMEEDOUHOEETH> THMERY. LI L, EBRX TOEEIZIE A
BRI EE L CARET D I EAEEIZRD 5 L.
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(3) P DEAHES A OBIMOBAN A 2504 51E

1
lim —log P(P, € A) = —inf D(pl|q).
peEA

n—oo 1

ZDEDITRHBRDMD n — oo TOWHEZEH)IF Kullback-Leibler [H#& D(p||lq) @ inf T

kI ND. N

B 3.2 (ZHAMDEE). r=2¢UL, q1=¢ o=1—¢,pr=p,pp=1—p &B &,

l—p

1—q

I p=qDESIFARME 0 122D, p g MHEEND & ZTNOMEIXRAT 5.
0Sa<bsS1ThHDEL, A= (a,b)=(a 5 b FTORKXM) <. ZDEE

Pren= 3 ([)da-or

p
D@Wﬂzpbga+ﬂ—mﬂ%

a<k/n<b
RDT
. N e ) —DWM)_ (b<q),
fim g 3 (1)ef0 -0yt =~ inf Dlplla) = { ~Dall) =0 (@S g =)

reh/nst ~D(all))  (¢<a)

8%, ZNH Sanov DEMOIEHPZISHOREHRLGETHS. (]
3.2 Sanov D EIEDEIERD #E(F
RO ML T Stirling DARDRD D IZfEbND.
R 3.3. FEDEE k11T T

%2#*
SRR 2k DE X

%:4k+nw+ayulgy*
ISkDr ¥ ! 1 1
éf:a+na+2yuk3kklzy%‘

INTRIRESZEWRINT. []

R DAREDGEIH T X 1L Sanov DEHLDFEIH IS U\ RO FHREDEEIHIZ & Stirling D
NV T oY
HE34. FED peP, ITHLT

1

= Dbl < p(p — < ,—nD(pllg)
e s = Se .
(n + 1)7" - ( p) -
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BERR. p= (p1,...,pr) = (k1/n,... k. /n) € P, DL E,
—nD(pllq) = XymwﬁE}bwu
qk .. .q n!
e nDplle) — 4L " Ar P(P,=p) = ———— ¢ ... ¢k

) q
p]fl...pﬁ'r kl!"'kr! !

W22, Z OHE DR IZIR L FETH -

1 n!
< k1 1.
RS L s

ESDOFHED S (HRIOAER) IFZLHAAOHH L) BHHTH S, (ZHAMGIZEITS
MWLM 1R THD I L E2EHRLUTWVDITEE R ) BURT 2o O (A DA%
R) ZHFHL LS.

L=0,1,....n, l1+ -+l =n &IRETD. TD&E p=k/nRDT

nl n!
B
S %—kL”

et ()

ﬁ&jbfwéiff%é BER SIELHEDMEIZE O THERI R KIZR D DI
(5 DGEE Ii/n) WREFDAE (SOBEIE p = ki/n) IKEULBRDZEIENLTHS.
;%%ﬁia3im

(£d) ZL' e ﬂ R, ke > kll —k1, bR k’fl—ll gkl =,

(&) k! kLT
A

ST () AT X N DRI, SIS X 1
_ nt o ,oonl ke
1= Z lﬂ...lﬂpl‘ﬂprg(n_‘_l) kll...krlpll.npr
l1+-+lr=n
Wi0% (n+ 1) THAUL TS OMAE DN, 0

FR 3.5, LEDOFRERD—HAMFLATD LD ITILRI NS,

f(n) & £(0) = 0 2372 TIADEE n OEFAHIMEBTHD L U,
f)=fm)f2)---fln),  fON=1

EEDD. INE fRELIESNILIZTE. 2O IIFEORK L1 ITHLT

f(l)! I—k
ﬂﬁsz

EER I 2EDEX

EBYISkEkDEE

o 1 1
KL JU+Df+2) - f(k)
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ki € Zzo pi = f(k:)/f(n) £BL< &L, € Zzg DEF,

OIS () BN
f(h)!---f(lr)!]:)1 Py S F)!- ),P1 Py

BERLIE

(i = ! kizli | Koy —1r
(Z23) ALY F(ky)
z f(k1>l1_kl .. f(kZT)l’“_kT . f(k,l)kn—h . f(k’r)kr_h —1

F(n) DR AB A OEMAI S22 e NTEXE L EDNS. 0

3.3 Sanov O EIEDIERA

EIE 3.1 DIEHE. FH 5D (1) 25%5. A BERES {1,2,...,r} LOMENH2
TRODZER] P (Z AU r — 1 IROTHAKIZ Eé)@ﬁ'ﬂjﬁﬁ%A’C%ét’&é U, P.=PNQ"
X P ORI THRETHD. Al P OFESEESBRDTHAES p, € P, mAf

Jim D(pnllg) = inf D(pllq)
AT EDND. PLEDRIT

1
P(PaeA)= > P(Py=p) 2 P(Py=p,) 2 ——¢ "2l
pEPLNA (TL + 1)

BEDAESTHEIAD TN LDz o7, 2kl

1

~log P(P, € A) Z =D(pllq) — - log(n + 1)
ERDIEDDMND. ULENR>T,n—00 &32528I2L5T,

1
liminf —log P(P, € A) = — in£D(p||q).
pe

n—oo 1

ZNT (1) AEEFH X 7z
BRSO OFH (2) 2 RED. AIXERES {1,2,...,r} EOMHRSGHERIKDZERM P O
EEDOUMNEETHDETEH. ZDL X

P(P, € A) = Z P(P, Z e Pl < (4 1)reninfrea Dplla),

pEPLNA pEPnﬂA

BHOAESTHES LD ENLDOHFfiZ M-~ Zhdkd)

1 r

- < _ 3 _

, log P(P, € A) < — inf D(pllg) + - log(n + 1)
EBRBIEDNDONDE. LENOT, n—ooo &TB5ILIZE5T,

lim sup — logP(P €A = Ii)gf‘D(qu).

n—oo T
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ZNT (2) BEEH I N7z

(3)&ZRZTD. ADRIN%E B LEE BOMA% C LEX ACC LETS.
BC AcCC &V —inf,ep D(pllg) £ —inf,ea D(pllq) £ —infpec D(pllq). C ¥ B OFEAQ
THDZ &L D(pllg) » p DEFEEHBTHDZ &LV, —inf,cc D(pllq) = — infpes D(p||q).
W AT —infyep D(pllg) = —infpea D(pllg) = —inf,ec D(pllg). U722 T (1),(2) 5
(3) WEIPND.

CNTEH 3.1 MEEHI Nz [

SERE 3.6, MLEDFEHHTIEMEEIZEI T 5 Stirling DA RZ > TRV, FGEHTAE
W > 72 FRRIXIRD =D TH 5.

(1) LS DFHEID 72 DITIRDFEFE % fF > 72
piZ0,pi+ - Fp=10DLF

!
ﬁpfl...pfr§l (ki € Zzg, ky+ -+ + k. =n).

CHEZHELHIZBWT THERIFLIUTTHD ] 2EKLTWDS. ThEEK
TEIARENE, £z k o280 TCRUETZERVLIEEHLYD 11245
&
!
> nkwf-p?—@rk~+myzl

k;!---
k'1+ +k'r 1 T

Mo, 7ZEBILR/RoNS.

(2) T2 DFHID 72D ITIRDFHFE % F - 7=
kz‘EZ;m k1++k7’:n7p2:kl/n@t%7

n! n!

" phph < T R ke ) =
ll'lT‘pl pr = kllkrlpl pr (llezz()? l1+ _'_lT_n)

ZHIIZTEDAIZBEWT THERWRKIZARD DI OB REROMIZE LU RS &
ITHDI L] 2ZEKRLTVS. TOARERIIRDG UNARERX (k, 1 OKRNERKIZ
EOFTITHILLTND) Mo 22bIlBoNnd:

— 2 K=k (k‘,l S Zgo).

(i) _ b ﬂk_kl e k?]f > gk ek Rl gkl —

(F38) k! RIER R T

PAED 2 DOFERIZZ NGOV THI D TOAUERYRA > TR IXTDEHRTH S, /2o
72N DHEENSZIESAAID Sanov DEMIFEEHINDSZIDTH 5.
i 3.4 OFFIH % %12 7= € o T Kullback-Leibler [EHENH TR D & 2 A5 X TODHH %
MO IRT S .
ki € Lo, kit -+ k. =n,p,=k/n EIRETSD. ED(2) % [; EIDOWTREL LTS
IZ&o>T

n! . . n! & k
- - Looptr < - N
1 - Z ."'lr!pll pr = (n+1) kl!"'pr!pll p'r .
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ZROTGLE (n+1) TH->TELNEZFRERY LD (1) 26bHE 5 &

1 n!
< |
(1) = kil 0L =
#13%. ¢ €L, n++ ¢ =1 THB2L, TOREXR2MKZE i phr TEST,
g BB

k K k .
1 qll...qr < n' . k;r<q11q7’k‘:

k1
= q r = .
(n_‘_l)rplfl-p?]f’r k‘1|-k’r‘ 1 p]flpﬁr

ki =np; &Y, ZOKRTY TIZ Kullback-Leibler & # &

- Di
D(pllg) = > pilog =
i=1

qi
MEZTW5:
k1 k pP1 Pr\ T
q1 " q " q1 qr
log — =1lo - e[ = = —nD )
B 18 <(pr) (pT) ) (plla)
U7zho>T
1 e~ nD(plla) < n—!qkl . qkr < e~ nD(plla)
(ot 1) = lk 0=
ZOREADHE 34 DFGFRTH 572, TUTIDAEREAVTEZHAAD n — oo T
DFRT 2 FARNIEX 272 B 12 Sanov DFEEL (B 3.1) BMELNEDTH > 7= []

4 SanovDE®BAFE>7H/ ZAHIDHDEH

EIHIOR T ETOEEF S, ZERAEX PIFAERES {1,2,...,r} EOWERSE
p=(p1,...,p)) BEROEETHD L, BEMDIM ¢= (q1,...,q) EP ZERIZH-T
BEETD. n BOMRITOFER, IRE ¢ WEUZRBEE Lk, EES & KRB OEUZH
Bl ki/n THD. BERDAM P, = (ki/n,... k. /n) I& P ITAEZ FFOMERZHIZ R 25,

4.1 DEEHEIXILF—OHFE
E=(E,...,BE)eR THd&L,
Ei=--=F,<B, < <E_,<E_y1=--=E,
MO g g >0 THdBERELTEL (B L THEBRBOMBIMMER & % RS 2 72O DK

E). B b ERE I DT RILF—LIER. 3 RIZHUTHAM p(B) = (11(8),...,p-(B)) €
P LE Z(B) %

e PEig,

Z(B) Z(B) = ; e g,

SH A aTDHD & D IZFRIT T L IR EA T DA E MERER L N, RERDA P, Dl n
E DM RITEZ RV ET I EIHRAIZZELTEDT, P, ITHERERSZ AR IND.
XY VI EIRANFITRINE %2 00Ti OEBRHEAZLIICELRDZEEFLEST IV,

pi(B) =




4.1, HEEEE T3V F—DOHRHE 21

ZEoTEDD. X BIZEK UB) = (B)s %

= (E)g = ZEzpz(ﬁ) = _%Ing(ﬁ)

LEDD. B ERYRE LY, e PP % Boltzmann EF L, p(B) % H/ ZHILDFH
Y, BB Z(B) & DEEE L MO, B U(B) & TRILF—DHIRFE & IS
log Z(B) 1% B 1292 FICBMBREBTHD. BERLIE

DN e 708) = Z1OZ(8) — 2'(B)?
(a5) s = =257

ThY,a,=ePPig; 20 B, BHDHTDIRENS a,a, >0 D B, < E, RDT

Z”(/B)Z<5) — Z/(B)2 = ZE?CLI'(IJ' - Z EiCLZ'EjCLj

= —Z E2+E2 ala] — —ZQEE a;a; = L Z(EZ — Ej)2(liaj >0

1,J i,J

ERY, PRI

5 \2
<%) log Z(8) > 0
EREMNHTHD. ULR->T, T2 NF—DHRHA

U(g) = _%bg 2(5)

I3 B ORBERFRDHELTH 5.
RIZ U(B) DMEDORETZANE S, £ p(0)=q &V

= Z Eiq;.
i=1

RIZ B —00 D& X

Z e=BEiq e—6E1 S e BE~E) g, ~BE zz L
BRRIZ B— —oco D& X
U(/B) _ Zz Ez‘eiﬁEiQi o eiﬁET Zz EiGB(EriEi)qi N _/BET Zz =r—b+1 E; idi .y
Y. e PEig e=PE 57, eflEr—Filg e PE Y, b+1 i "

MEIZE>T, E,2UZ2E & —0<S S0 ldU=Up) IC&>T—R—IZmL
TWbZEWhbhd.



22 4. Sanov DEHZMio 7/~ ) = IV DEH

4.2 FHNHEHEELSHOH ./ ZAILDHEADINE

BB p = (p1,...,pr) EPIZDWT, &M ST Epi = U(B) DEELT, n— 00 D
L XM ERERDAGDNT ) =1V A p(B) IR T D Z & &R UV,

BAF G, BUPIII B R ELD P00 5 720012, Sl S Eips ~ U(B) ORD Y IZ,
FEIZa>0ZH>TUATDELDIZEKME2HT:

¢ BZ0DLE RMUPB)—al) EpSUP) 2ikd.

=1

¢ BZ0DLE RMUPB) LY Ep SUPB)+a kT

=1

T a>0 DY HIFFEROAEIZEBERTH D Zebnd. ZOFRMFEDE L TORMA
(EMEREEZEZD-ODIZ{1,2,... 1} LOMRIGEEOES P OMHLES A %

),

A:{wep|mm—agzuE@§an (
)

Bz
{peP|UPB) =X EpisUPB)+a} (B

LREDD. M P, c ADE L TOERMN EHER

0
0

P(P, € ANB)
P(P, € A)

M n— o0 THZAViAG p(B) ([ZHEHT ST &% Sanov DEM (EH 3.1) %> TFE
HHU 720, 207200 ERIZ e >0 2> T, P OHBES B 2iIROLDIZEDS:

P(P, € B|P, € A) =

(BCP)

B={peP]|llp—p@B) <c}

ZZT ||| & Euclid / VA THD. Bl p(3) D e FEFETHD. LEDOFREDE & T,
n — oo CHRMAS SHERDAEN A ) = HVidE p(B) \CEH TR 2EKRT S

P(P,€B|P,€c A)—1 (n— o) (*)

ERTIEVUTORETHS.
Kullback-Leibler 1§#i& D(p|lq) DEFEZ P OMHESE C 12

D(Cllq) = inf D(pllq)
PR L TH L. Sanov DEH LY, P OHSES C OFKOMAUN C 2&L L &
P(P, € C) = exp(—nD(C||q) + o(n)).

ETEDZ P OHSEAR A B, ANB OREOMAEETNEN A, B, ANB 280, X
512 B D ATOHES B=A~B EtHKETHD. PRI

P(P, € B')
P(P, € A)

ZHD 00 TOIRTZ 2L LHEETH S (+) ZRABETH 5.

P(F, € B'|P, € A) = = exp(—n(D(B'[lq) — D(Allq)) + o(n)).



4.2, ST XFERDAED T ) = FIVSFE AN DI 23

BLLBERME pe ADE LT p=pB) » Dp|lg) BH—DB/NEIZRZRSIE, B =
AN B OBEIZ p(B) BEENBZNZ L &Y, D(B'|lq) > D(Allq) = D(p(B)||lq) &%=V,
n—o0o CP(P, e B|P, € A) =0 LRI ENDOND.

D(p|lq) & p DEE L UTTFIIEZNTHY, A X P OMTRESBZDT, ZffEpe A
DELTD D(pllg) 7 p=p(B) TRNIEDEHIX, p=pB) IFMHE—DB/NRIZZRSD. WD

IZ&MEpe ADEET D(pllg) D8 p=p(B) TRNIEHD Z L ZREIE (x) DIEHIHHE
T35 UFRTEDODZ 2L LS.

) =RV p(B) &

ZEipi(ﬁ)Z
=1
%ﬁtbf“éwfzﬂﬂeA?%é.ﬁ%aw
e BE:
e sz sz o5 75
::E:pxﬁx_ﬁEr—ngQﬂ):_#ﬂﬂﬁy_bgzmn_ %)
=1

INDEMEpe ADEELTD D(pllg) PBRAMETH D Z L Z2mULZW. §4Db pe A
DY E D(pllg) = DpB)|lq) £B2I&ERLI.

pEAYLINETD. ZOLE ADEHRLD, 200X YT Ep SUPB) &2,
BEODEEST Ep2U(B) £B5DT, B O/EICELTIC

s Z Epi < BU(B). (#)

WRSIL TS, HATHORELY, >0 & UB) < X, Big ERAMETHY, B <0
Y UB) >N Eg FAETHZ. £ A ZEZTL LIV a> 0 BZATOH
TIFBEER L 2.

Kullback-Leibler 1§# & D(pllg) IEZEATD XS IZEEI NS

D(pllq) = szlog Z lg( pi_pil ) Zp% Pz +Zpilogp’(/3)
=1

pi(B

—BE;
= D(pllp(8 +§:nbgzw) D(pllp(5 +§:@ —BE; —log Z(8))

D(pllp(8 ﬁ}jEm log Z(83).

=1

W2, AER (#) & HJ =)V 4D Kullback-Leibler 1&¥& D(p(B8)||q) DFE= (%) &
Kullback-Leibler IE¥EmMNHIZ 0 LETHD Z L L V),

D(pllg) =2 D(pllp(B)) — BU(B) —log Z(B) = D(pllp(B)) + D(p(B)llg) = D(p(B)llg)

INTEMEpe ADE LT D(pllg) 1 p=p(B) TRNIERS Z L Wb 7z. BEEOD (x)
ASEERA X A7

IR TY R E— S(p|lg) = —D(pllq) ZAVTARZBEIET L S(pllq) = AUB) +log Z(B) 1255
ZOFOARITEINEE R >TOD AT EBEIRADEDES .




24 4. Sanov DEMEM > 7271 ) = N34 DEH
FE 4.1 (FEX (#) 12200, Y EOERIFAEMICIAER (#) DIREZ ITITHED L.
M IIFDOSKRTIE B 1M E D Boltzmann XSG D % Hkd 5. TDHEIT
B >0 &RDDTAENX (#) 1
(ZARVF—DFMH) = > Ep; < U(B)
i=1

ERET D, ZOBDEMETH ) = AND AR 5 d 2 2OV TIKHIE [9] D

55 9-2-1 fii (p.319) L2WE &.
710 Z NP BRI/ OND 2L 2RI 20121F, Y Epi~UpB) &
WOV ZINE T 2 BEIIR L, REX (#) 2IKETDZITTE. ZORIZDONT

E5DLFEHELLaAY ML TEL.

BALHITERELU @Y, U0) EREERAATOZ R F—DHRE Y| Eiq (25
5. LT A>02KREIL<T2LUP) IBRNTRIVF—HER min{E,, ..., E.} 1TEAE,
B<0ZNEILTDEUP) FERZRIVF—HEEN max{F,..., B} [ZEML. =00
THREBIZ RN T 2V F —RAE (FEERRE) [TIF) D<K &S ITARY | 8 = —c0 TREEIZKA
ITRIIVFIREIIED DK K DITRD.

A FIZE T BIFMRE DY TH Y, B = oo IFHMTFEEITTINL, B =0 (34
SHEE MR KIZHIGE LTS, L2 DBFE-TWDIGEITIE B IRAIZERY 25, TOGE
IR B HOHRE L B DMHEIZAR S, HRED S I 2 HiRE 8 OEITHIS Z &2
AU, BOMNIERE ZHGTREHRER LV D EETH D L ARIND.

BADPFE S TODDIFIRDE D BRINTH D LEZOLND.

r FEEOEN SN —Ly hEFEIUT, i OENZ080% B, XV L5557 — L%
HEZ25B. (B <0DHBEITE |E| RV ALIS LT NEF YV 7R85 i DENH
PHERIE ¢ THDIETD. OISR =L 1D OELOMEE Uy = X, B
285, KBDEMED ZDOE DB — L% 72 XA REIX 1B 2D OELD WY
filil% Uy 123ER<.

FTU > Uy THIEWMETS. =LA SAMBMYBELT (HEIZ n BHET3).
T—=AL1EH7ZY) OEROEIMEN U R THRO- 72251, RHE2ESRUTHET
En BT —LERVEEDLRETD. TDOEIIICLTT—AL1HHZY DESED
SEYGRE T — L EAROIAFETH D Uy ORIV U LLEICR -2 6KH%E &SR T O
1kDZ. 20X n @O =Lt i OEBPHZEG p & (n DAIBRLI)EDLD
BRABIZ R DA REME DS \NZ A D h?

T—=AL10H 72D DBEEOFIED Uy »5HENNITEEN S IZE T D XD R AET
SHERIETMNEDT, 7—AL1HH-Y DBEEOFEEIRIFIE U (T48DH U LDIFAD
AU KEBZBUE) 122 >TUE D AREENENZAS.

ZTDLED i DEPH-EE p, 23tH T2, U DEDD IZHIETD N =5
i pi(B) WEL BB ATREED W E WD DR Z OB W TEEFEMIZE B A LI L2 2
EThD.

ZOBEIZIEU>U) BOT <0 LBD. §ROLBERLRLIFFMEZEIRT L
WZ&oT, 7= LHKRODESMAEI D EEWEEZ RO D &, MIET 2 iREIZAD
EIZZ>TUED LRI ND.

MR IEDEDRME ED HTIZIX, U < Uy TH D EAREL, BER S IZHFHE %
BERUT, F—A1ED ) OBEOFEMEN U UTFIZZD LD IZTnEE N, Tk



43. FEOEHEMMEE ) ZANDHEOHNIZZ>TWS I & 25

=LA 1EH7Z) DESOEEED Uy 2 SHNNITHNDIZE T D & S R E
UCRTERIZTNEDT, F—A1[EH7-Y) DESOEYAEIXIFIE U 1285 Al GEMENE <,
i DEPHEZEEGIE U WIS D7) =7V pi(B) 1IZEL R D AREME A E. Z 0
BlZIF U< Uy BDT B>0 &R0, MIEEIZEDHEIZRD.

DFY, KHHZEIRLT, F—A2HKOHFHE LY EEMVERE/D L5127 5 Lif
SHEEIZEDEIZ R L XNEDTHS.

DA EDFH % GEDIEN ) = AN D AEDOB R THE > 2 AEX (#) OREINED LD ICH
RTHLNDOND LS. LOEHREE 15HORBOFOMBOEE L L THhL.
HISHEHITIR TTHET] Or—22FE->T0dEeEZLNS. N

4.3 FEDHEZBEDHIL D/  ZALDHEDHICKR->TWSD I &
PLEDEEEIFIRD LS I HEND.

EIR 4.2 (M ERBOGHER, bt SMRE M), BEMDP A = (¢1,...,¢) EP
TH2L92. X1, Xy, .. \SHLTHEHSM ¢ lZUDD {1,2,. .., r} ITMHZ ORI
ThHdLd5d. X1, Xy,..., X, OFIZEEND i ODMEEE k L EE P, = (ki/n,... k. /n)
LBEL. P, BOMOES P IEE2ROMWREBIZLD. E; e R IZFHL1HO®Y 95,
Ey<U<E, ThdrU,BeR pB)=pi(B),...,0.(8) €P, Z(B) A FDEMTE
H5:

e PEig, : s,

(B =gy 2B) =2 e 5518 Z(8) =) Epi(B)=U.

p(B) BH ) ZAMBHEEESR. 0<a<oo LU, HHOES Ay C P %

A — {peP|U—-as) i EpsU} (820),
U UpeP|USYL EpSU+a} (BZ0)

YEDE. ZOEE Y Ep(f) =U BOT p(f) € Ay THB. {LFHIT ¢ > 0 ZILY
p(B) D Ay (2B B ¢ BIEEE B.(p(f) LEL. ZOLF 000 T

P(P, € B:(p(B)))
P(P, € Ayp)

TROHRERDA P, 1&n — oo TH =V p(B) 12 (HER) PERT 5. 0

Bl 4.3. HER 0 1T 2 — MO DA HER 1/2 O _THN A& HERNHA L T2
HDH ) ZHNDHEE UTHRIZEDLDND Z L 23U & 5. ZOFNIRER DD —Fk
DA TRNGED N ) = ANV ADFFRZFNZ > TN S,

BRRES {0,1,...,r} ITMEZFFOMERZ X ITMHER 1/2 ITHIGT D06 FRR ZIHS I
L7nd LIRET 5!

P(P, € B.(p(3))|P. € Au) = 1

mx—@—(g%; (i=0,1,...,7).

X1, Xo, .. \3MSET X LRIUAHZRDWRERDITHELTD. X, Xy, ..., X, D
WZEEND i O % ky &EX, P, = (ko/n,ki/n,... k. /n) &< &, P& {0,1,...,r}



26 4. Sanov DEMZ o727 ) = IV FDEH

LRI E FFOMEREBICR D, REOEE Y, ME&ME2M1TTI2n = o
92 L, P, 1R ZIHHAITEN <.

E, =i DBEIIH ) ZNVBHEMNIELENEFELTALDS. TOL &, SEIEREU
CIHER LY

-5 2 ()(5) 0 -

=0

L BDHDT, ) =AM

pi(B) = 6;(’;;1 _ (Z)% _ (:) (e_z—il)i (6_51+1)r—i

Y TIENICRD. DY,

T\ i r—i e’
wo) = ())oa-or= o=
ZDkx,
—B(,—B r—1
_71(p) = re P (e 2T—I— 1)
BOT, “TRIVF—DOHARHME" 1%
0 - =Z'(B) re? B

EHER 0 1TSS 2 ZHAMEICH TS i ODMFHEIZZRS.
fER 1/2 1Z3HET 2 MFRR ZHHMMEIZ DOV TIE a1 VERITORRZ UG T2 & a0
DNEAD . AL VBT EIRIZBDMERN 1/2 THIRNEEZEZD. TDLS740
A V% r AT CTEROEZEE 0 RPN EE i)r 2EBETDTAZ o BIEDIRL
L&D 22U n BIEFIIRIVET D, EEITIZRDOWE 2RI ¢ &R EE i/r
NENTN n flTOFRBIEINT VDS, TORE RS LIRMBKL LT\ d 5
(ROUHE i/r DI =3 Lpi~ 0. (%)
=0
ZDEE p=k/n 2blFEDXD BIEIZE > TODHREMEDEGNZ A D N?
BRI p = (Do, p1s - - -, pr) WHHER 0 ITKIET D ZHHAMAITIFIFFEL S B2 TV D
AREMED ] EWVD D, B A2 29 < EOREIEMA L 2 & SORGEICRD.
ETEE LA =RV p(B) (MR 6 (TIE 2 ) 1%, A2 & V),

(FA I | OIIREE) = > ip; =) Eipi = U(B) = r0
i=0 1=0
BT D = (o1, pr) IHIRL IR E ORI P, 7 n — oo TIER < Sl

BoTD, ZORMEED (+) LAMETH 2. ROHBEEH 012755 L1 &l Tl
% A NIEHER 0 SRS 2 A AEBAT L LT ERICHDNS.

WRBOD (59) ALK YD, 0 25 1/2 DOENTOWDHERIE n — oo T O ILEMNL. 22 TEHZEDOL D B
B — AWMU GEEREL TV,
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fEam. ROHMDMEERD 1/2 ORFR A V% r [T TROEZBEEHZD I L%
TS EIAMEVRL, r MR RO ZEBMNKREIZEBRINZ) AN 2Eo28dd. TD
EEXELETDRBKICHENT r RO HEZEEDSEIIMEMN 0 122 >TVWBRHIE2
DV ANIEH7Z0E [ROHDHERN 0 O _HHAHEDELEEDNFEZ->TND] "D LD I
HBATULES Z&IZRD. N

EE 4.4, Hl43 DR E —RILT 2 EIZIFEABIZLTDE D BRI ENHILLTNWDE I &
DD, BENDE ¢ ZRONS B (BT 0 ) 2 AVDHDEE LT3 EIRE
CRAE

—BoEi . r
- € QO,z o —BoE;
q; = —Zo ) Zy = ; 1 € qi,0-

ZZT qo,i Z 0, Z:Zl%,z' - 1, El,...,ET e R @E%j(ﬁﬁ E1 tﬁ-ij({lﬁ ET Ciﬁ‘ﬁz),
q,q- >0 THRERETD. ZOLE ZOREMANME B, 2B dd 0/ =)
5346 p(B) BRERMAMGEHE UKD ) = HNHAHEITES:

pi(B) = M Z0Z(B) = ZoieBEiq, — ie(ﬁow)mqo 4

' ZyZ(B) — = 4
A O BB A IS ENT VB DO TH A3 D& 5 BRI LA T ZDT
HB. MMOBMBIHDGIHIZE ENDMERDAIOVTERKD Z EAHALT S, N

5 {I%%: Kullback-Leibler [EHREICEAT 2 1ER

Cover-Thomas [3] IXEHRIEMICEH T2 EHGCERETH L. FHREL TV bOY——
BT B FE L WS Z G AT O ANZTOARE SRS UT L. IR TR EICZOHRE
=2 U BN 5, Kullback-Leibler [ &DY THEEf] LS BMEEZFF> TV I L2 K
kg5 AEXEZRD.

5.1 #{&: Jensen DAFER

BE f(X) 28 E[f(X)] WIS I E 2 INEE B[ - ] IFA T OZ&M2HZ L TWD LK
ETD:

1. KBME: B f(X), g(X) &8 a, B ITRLT,

Elaf(X) + B9(X)] = aE[f(X)] + SE[g(X)]

2. FFAME: HIZ f(X) 2 g9(X) B5IX E[f(X)] = Elg(X))].

3. BitgfbSfE: E1] = 1.
BURRALSE L TFIME L D, B o IS LT Ela] =a £ B2 22b2%. COES % B -]
WSEPER RS, 2o 2 p, 20, pi=1 D& E[f(X)] =30, flz)p &
WIRENESTH D, M p(z) 20, [Pp(z)de =1 DL X, E[f(X)] = [’ f(2)p(z)dx

CIFHENE SR TH 5.
ZDEEUTDOAREADNKLL TS (Jensen DAER):

2 W12 MoHEND &, n DREIBRELZITDED RV ANPELNDHERIXIZIZ 0 IZRDN, TDLD
BRERRWUPMELCTUESAZBEIIOVWTEEZ TS,



28 5. ff$%: Kullback-Leibler & &2 % A A

o f(X) MEISMALIE Bf(X)] < F(B[X]).
o f(X) NFITMASIE Bf(X)] = f(BX]).
DR CHZFDAZFAU & 5. BFIE —f(X) CHFZEHTNMEELNS.

BIE DR, B f(X) Z RN THE EREL, p= EX] &BL<. 2D E EIINA
B f(X) DX =p TD B % a(X —p) + flp) &ES L,

fX) = a(X —p) + f(p)
Y 2230T,
Elf(X)] = Ela(X — p) + f(p)] = a(E[X] = p) + f(p) = f(E[X]).

2 D HODOE S CHRMENEBDIEHNEZ M\, 2 DHDE S TZE DB & gt %
fiio 718, 0

FR 5.1, EOFEHNS, f(X) P EIRENZRSIE, X ORAD p= E[f(X)] IZ8EHL
TWARWERY (IF&AETHEFIZ f(X) =p PELLUTOHRWRY), F5%2 8 B8 0VEOA
LERXDVHILLTND I b nd. []

5.2 NWHHMAZFARE ZTDNHA
IRDOARFENILZ & 2K [3], p.31, Theorem 2.7.1 (Log sum inequality) (ZEHWTdH 5.

WEMAERX 0 UED a;, b 1ITHFUT,

Zallogb—>Alogg A= Zaz, z": .
i=1

=1 =1

3

HEZDWANLE a;/b; PEHVZTRTEHELULWIZ LIZFAMTHD. WOEDKSIZ 0log0 =0,
alog(a/0) = oo EMHLTH <

SERA. a; > 0, b; > 0 DHFAEDAZHHTNEFDTHD. (—BROGEIXEDHE DM
fRE UTREIAINDG.) f(r) = xlogx £BL &, f(x) = logx + 1, f”( ) =1/ DT

flx) F 2z >0 THRIIRFBMNTHS. T Jensen DAEFEXRZEHAL K5, TDDIZ
G —bi/B LB ZOL X

Zallogb Zb—&l Zqz ( )
a; - biai A A A
= f (;%b—) =f (25%}7) :f(§> :EIOgE‘

1=

flz) OFEFZMEL Y FEBEDBHITDI L L a;/by PEWVIZTRTEHELNZ EAHEETH
52LHEDND. 0

BEf(X)] =Y, f(xi)p; DHBED Jensen DAEFERIE r (2B 2 BFEMRMNIETIEAT S 2B TE
2%, WIFHEINEE D ABL /2 1) % > TEET S 2 A AFERXD AL T DB HAB DN D P TV e S,



5.3. Kullback-Leibler [§¥R& T L! fiffiz Lo B X 26Nl &
ZDARENZMZIXREZ p;, ¢; DIEATENZTNORID 1 D& F

D(pllq) = szlogq— > 110g— =0

=1

M35 1% (Kullback-Leibler (B3 REDIEM). I 512, £E {1,2,...,r} ODE
{1,2,...,r} =AU UA,

IZHUT, {A... A} LOWRNGE P = (P,...,P), Q= (Q1,...,Qs) %

szzpia Qj:ZQi

’iEAj ’iEAj
EREDD L, HEMAZFERLY
D(pllq) = ZZpllog >ZPlog D(P||Q).
j=1i€A;

52, MEDIER%E TN B & Kullback-Leibler [FHR=E XN I <A 5.

5.3 Kullback-Leibler [ RE&T L' A LS B I Z 6N &

29

£46 {1,2,...,r} LOWEEEDIG p= (p1,...,pr), ¢= (q1,---,q) DDHWEZD L' FRHE

||p—QHL1 Z

T

lp—dllo = Ipi — ail

i=1
CREDD. WMERERDM p BT OMHRE
:Zpi (Ac{L,2,....r})

iea
LELL,
lp—dllp =2(p(4) —q(4)),  A={ie{l2...r}|p2a}
BERLIE
P —dllr = Z(pz' —¢)+ Zc(qz’ —pi) = p(A) = q(A) + ¢(A%) — p(A°)
= ;684) —q(4) ij— q(A)) — (1 = p(A)) = 2(p(A) = ¢(A)).

UEDFRFZUTNIZENTTDEEFHND.

(#)



30 5. ff$%: Kullback-Leibler & &2 % A A
KLIBHRET L' FfAx EASEIZALND T &
1 2
D(pllg) 2 5llp = allz:- (*)

ZDOAREXZGEH L 720,

r=2 DFED (x) DEEAR. 0<a<1,0<b<1 DEE

a
> 2(a —b)?
T—p =20

ERZDIEERBIEEL. TOEOIZEANSHEREG VKR E f(b) £FL:

alog% + (1 —a)log

1—a

1-0

f(b) :alog%+(1—a)log —2(a —b)%

iy @ 1—a_ N 1 _

J'0) ==+ 17— —4b—a)=( a><b(1—b) 4).
b(1—a)<1/4 &Y, 1/(b(1-0b)—420,7%5. DRIT f(b) DFHIE b—a OFFFITE
L. T8D55 f(b) 1Eb<a THHFFHAL, b>a THREEMTSD. L 5T f(p) =0

BOT f(b)20 &322 LBbN5. N
—MRDBAED (x) DFEBA. A A 1T (#) OBYTHD LU, A {1,2,...,r) OHE
{A A} EOWERDMA P = (a,1 —a), Q = (b,1 —b) & a = p(A), b = q(A) &&

5. ZODL THIEOEHR % 5 d & Kullback-Leibler IEHEAVNI <725 Z & (5 5.2 fi)

)
D(plla) Z D(plla) 2 2(a — 8 = 2(p(4) — a(B)) = 3 Ip — allin

ZIT2OHDOAES T ETIHHLZ r =2 OBEOREREZ MV, |RFBIZ (#) 2io72. [

5.4 Pithagorian theorem

P:{p:(pl,...,pr)ER;O lpr+-+p =1} BE P EES {1,2,...,r} LOf#
RNEEIRDEEGEART. Pldr—1IRTCHAETHD.
IROARLERIL [3], p.367, Theorem 11.6.1 IZH 5.

Pythagorian theorem F (& P OMEAHSIEETHDL L, e PNE THDLT5.
p = (p},...,p5) € EZ D(pllg) # E LTHR/IMET D p THD LT 5!

D(p"llg) = min D(pllg).

ZDLx
D(pllg) = D(pllp*) + D(p*llg)  (p € E).

Z OARFEAR & Kullback-Leibler fEDIEEAMEL Y, D(pllq) — Dp*|lq) BHIE p — p*
BB IENEMIND.
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REEA. (pythegorian theorem DFEHA] p* & p % i % [EHE LD Kullback-Leibler & & D
D p* 1B DR % RNIEZ DREXMNFEHI NS .
teRIZHLT

p(t) = (p1(t),. ., pe(t) =tp+ (1 —t)p*,  pilt) =tpi + (1 = t)p;,

ﬂwzmmmm=§]m+u_oﬁﬂgm+tfﬂﬁ

=1

LB, ZDeE

) =3 (= pitog PECZIE 4 )

qi

r

o i (1 =)
:Z(pi—pi)log pit( )P )
i=1 4
2DOHDEFEST Y  pi=> . pi=1,R2I%&Mo/.
p(0)=p € E,p(1)=p€e ETHY, EIFMNE2DTpt)e E (0t =1). p* &k
D(pllq) %2 E ETH/MET S p Zo7/0DT, f/(0) 20 &85, DRI

r

B R Pivi\ N~ ey P
0= f(0) =) (pi—p)log= =) p;log (——) —) pilog™t
i=1 i i=1 4i Pi i1 4q;
- Pi Pi ™oy D} . \
=Y n log* — > b log - - > log = = D(plla) = Dpllp") = Dr"lla).
i=1 b= @ i=1 ¢

INTRUEZOAFEADRI N ]

6 fI£%: Cramér O EIE

SCRE PRI B R G % 5 D VTR WD TR L FERHIZ RN H 5 AIFIEE L
TAU ., HEIZHE 122D formulation & OXF % BARIZ RS & 5 R AKX A )L T Cramér
DEHDFEHDOBNE % T2 Z & ThH D.

6.1 Cramér DTEEDRTE & TR
H X V%2 R OMREHTHD L U, TDOEEE

EELH DOEFE—A Y SREEE:

Z(B) = Ele™"].

RO BRI L, B, WPRER H 0T — A > NIBEE M(t) = Ble'¥] LEHT 35, 2 2Tl
A L ORI E RSB TH2DI t = —f LB, SRS 5 NREKE AUAS 2(5) & T—
A I R D > 7.
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FIEDIE RO K ECHROME > L KET 5. U) 2RO ESIIEDS:

E[He PH] 0 5
T e

Hy, Hy W7 5K ZSBGET H LI UAIZ Lm0 5 51, Z(8) AVEIRIZ A 2 BIK
2BV,

U(B) =

DN ez — - i - Z1BIZ(B) — Z'(B)’
(55) roe2(6) =~ 5500 D
2"(B)2(8) ~ Z'(B)” = SEI(H, — Hy)’e 0 +1] 2 0

LB2DDT, log Z(B) W& MITMBREBUZZR Y, U(B) IFHFMAKBIZ RS, FIZ, U(0) =
Uy=FEH 2D, 3200 ZUB)SU RV, BS0DEIUPB)ZU, RD.
log Z(8) @ Legendre Z#1 S(u) £ ZD —1£% D(u) ZIRDEDIZEDD:
S(u) zélellf&(ﬁujtlogZ(ﬁ)),

D(w) = ~S(u) = sup(~Bu~log Z(8)  (u € R).

S(u) 1w 1ZBEY 2 —IREE (RIS T ISR EE) OROA R I & D TFRTESR I /2B
DT, S(u) 1& EIZMAEREIZR S, Ou—log Z(0) =0 RDT
S(u) =0, D(u) 20 (u € R)

L 5%, X512 Z(8) BERABKIIZBNT,
%wumg 2(8)) = u — U ()
BOT,UPB)=u &2 B=70u) WEET DRI,

S(u) = Blu)u+log Z(B(u), — S(U(B)) = BU(B) +log Z(5)

5. HEDZDIDEDR B = Fu) WEIZEHND LIKETD. ZN6DARLY
S(u) 1&H/ ZALBHEOE[ITY hOE—IZHIEL, D(u) = —S(u) &7/ ZALSHD
Kullback-Leibler [BREIZMIGT D Z &b d. Kl

S(W(0) =0, DU©0) =0

ERBDT, S(u) & uw=U(0) = E[H] TRKRMHE 0IZ48Y, D(u) XA TRME 0 12
%%, Su) (B ULIE D) & u > U(0) = E[H] THEFABMA (B U <IZHEFR) U,
w < U(0) = E[H] THEEM (L U IZHRFRD) T5.

U(B) IXHFHEADHRERDT, u SU(0) = E[H & E Bu) 20 &8, u=U0) =
EH D&% Bu) S0 &85, WRITIRMKILL TN D:

S = {infﬁzo(ﬁu‘l'logz(ﬁ)) ( g(g;

E[H]),
B, (#)

us
infg<o(Bu +log Z(5))  (u = U( [H])

D(u) IZDWTEFABRDOERRVPEFEHET D, u 25 H OFEME U(0) = E[H] L EE LI FDE
BTERE U IETRZEDHEM § O#HFEZLIICHIBTES.
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EHE 6.1 (Cramér DEH). L EDZREDE & T, Hy, Hy, ... \FIT[F A R HHEREEF]
ThHY, H EEURMIUEND LIET S, ZOLELNFPEILL TV d:

(1) F 2SR OHHAEAR DI

1 1
. - - < -
lim sup " log P (n g Hy e F) < sup S(u) irelgD(u)

n—o0 1 uel
(2) G 2R OBEAELE DL

1 1
lim inf — log P (E ;Hk € G) = sup S(u) = —lltIElgD(u)

n—oo M uel

(3) AN R OWHEETHY, A ORI G DG F N A 28 A, supyee S(u) =
sup,ep S(u) AL TWD 251X

n—oo N u€A

1 1 <
lim — log P (E ;Hk € A> = sup S(u) = — inf D(u).

ZD& DI ARV (Hy+- -+ Hy,) /n PEA A IZEENDIMERD n — oo TOWHLE
A Z ANV AOMN Ty hBE—IZxEd S8 S(u) (b USIET =V Ahd
Kullback-Leibler [ & (Mg 2 & D(u)) D A ZH 1T LR (E U SIEFR) TRk X

o, [

6.2 Cramér OFEEDEERA
6.2 (Cramé OEIMOATIKIS). 5 6.1 HOBEDE & TUFAHLL T2,

(1) u ¥ H OF¥E U(0) = E[H] AEE U FDBEITE T, ThEh
1 1 &
nlogP(ﬂ ;21 Hk:u> < S(uw) (u 2 U(0) = E[H]),

%long Hkgu>gs<u> (0 £ U(0) = B[,
k=1

ZOFEREEHAT L XIT, 02 U0) = E[H] T S(u) IZHEFABAL, w S U0) =
E[H] T S(u) \&HFABEMY D Z ITERE &

(2) fERED 6 > 0 IR LT

] 1O
lim inf — log P (ﬁZHk € (u—(5,u+5)> = S(u).

n—oo M =

(1) D _E2 S OFEIIFERL T A 7 7K ZICEGIEEHI NG (2) D TS Ol “h
J =AY B RE DL 2> TIEH I N5, O
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SEBE. (1) D BRSO L &>, 9, S U(0) = E[H] $IRETS. Hi + -+
H,<nuD&ZF1TMDEE 0IZBRDIEBE 1y rim,<nn CELE, Z20DEE

( ZHk— ) 1H1+ +Hn<nu]

[1H1+ +H,<nu€
[ B(H1++ +Hn—nu)j|

E 5(H1+~~-+Hn—nu)j|
E

A A

— enﬁuz<5)n — n(Butlog Z(B))

DRI u < U0) = B[H], 320 D& X

logP< ZHk ) < Bu+log Z(B).

UZD>TH 61 ED (#) &V

Liog P ( > < ) < inf (Bu -+ log Z(3)) = S(u).

k=1

I, u=2U0) = E[H| &IRELT, LEFRKOHEMRZITED. Hi+- -+ H, Znu D&
X1 THOLE 0 IZRDEEE Ly, oyg,on EELSEL, BS0DEE

( ZHk = ) 1H1+ +Hp >nu]

[1H1+ +Hp>nu€
[ B(H1+-- +Hn—nu)}

E 5(H1+~~~+Hn—nu)}
FE

IVANIVAN

_ g (B)r = n(Butlos Z(5)

%logP (%ZHJC 2 U) < Bu +log Z(B).

U THEGLHID (#) &V
1 1 .
ElogP (ﬁ E Hy 2 u) < érg(ﬂujtlogZ(B)) = S(u).

AT (1) D LS OFHiANFER X 47z

(2) D RO DOFEMiZFERAL & 5. (2) 1& “I ) = VA ICET 2 KO TIER 25
b, WREH H OWESGIEZ R EOMEREE 1 BWEDDHERIHEIZLZ0>T
Wb L9 5. MERHIE us %
e 7" pu(dx)

pp(dz) = Z(8)
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LED, ZOMRHEDEDDMRNAGEN ) ZALDHEERILIZTD. ) =Hh
DT D HRME L HERE TNT N By ], Po( ) L EL. HEREH H OH ) =745
N AR R I S 8

E[He PH)
———=U
7(9) (8)
285 AR TR u=U(),0 >0 &RETD. ZDEE S(u) DEFRLY,
S(u) = Pu+log Z(B).
SUTDERED e >0 25, 7/ ZHNVAAMIZET D KBOGFHEN XY
nh—>nolopﬁ (%ZH}C S (u—a,u—i—a)) =1.

k=1

Eg[H] =

TUT, 1) =R A TOMER & BEFID A TOMEDDH NI TOBEREH 5

e B(H - Ha)]

1 - E 1 nu—ne,nNuU+ne
Py (;Zer (u—s,u+e)> ittt 0 :
k=1

Z(ﬁ)7nE[1H1+'--+Hn6(nu—n6,nu+n6)

1 n
— o~ (Butlog Z(B)=1B15) p [ — H. e (u—e¢ c
e (n E k€ (u U+ €)

k=1

A

efn6u+n|/3\e]

1 n
< o Butlog Z(B)=1610) p [ — H.€(u—24 N1
<e (n E k€ (u—0,u+9)

k=1

DEDfEREGDOED &

1 n
P (ﬁ ZHk €(u—9d,u+ 5)) > en(Butlos ZB)=1B1E) (1 4 o(1)) (n — 00).

k=1

WD ZAZTHLDRELD 1/n 5D n — co TOMEZD Z &IZ&>TIR%EE5:

liminfllogP (%ZH’“ € (u— (5,u+5)) 2 Pu+log Z(B) — |Ble = S(u) — |Ble.

n—oo M 1

>0 FWNWSHTENILSTELDT,

ol 1«
lim inf — log P (ﬁZHk € (u—5,u—|—(5)) = S(u).

n—soo Mn
k=1
INT (2 bRINT 0
EIE 6.1 DFEAR. (1) D ENSDOFHi%2FEHL &S5, F X R OFHEAHEATHD L L,
Fy={ueFluzU(0)=E[H]}, F. ={ueF|[usU(0)=E[H]}

LB INHE R OHHRESRDT, F. ORKEu_ & F, OF/IME u, HBEE
5. S(u) X uz2U(0)=E[H] CHHFHEAL, « SU(0) = E[H] CTHHFEMTLDT

sup S(u) = S(uy), sup S(u) = S(u-), sup S(u) = max{S(uy),S(u_)}.

uekFy uek_ ueF
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WRIZHIEG.2 (1) &V,

1 1 & 1 1 &
EIOgP<EZH’f€F+) §510gP<EZHk§U+> < S(uy),

k=1 k=1
Liogp liﬂkeﬁ < Ligp linSu < S(u)
n n i ~n n & = = ’

P (l Z Hy € F) < enSlut) 4 onSlu-) < gensupuer S(u)
- < =
k=1

1 1 <
limsup—logP(— E Hk€F> < sup S(u).
n
k=1

n—oo T ueFl

INT (1) BRI N
(2) DTFPODOFHHEIZFHL LS. G IR O EAETHD LIRETD. FREIZe >0
zloE, HDHueG T
S(v) 2 sup S(u) —e

ueG
27T EONFET D, G IZFRAESRDT, 5 >0 T (v—6,v+6) C G %
ETEDERND. ZOLE MiEH62 (2) &Y

1 1 & 1 1 &
lim inf — log P (E;Hk € G) 2 lim inf —log P <ﬁ ;Hk € (v—10dv+ 5))

= S(v) 2 SlelgS(u) — €.

L7zR->T
o1 1 ¢
lim inf — log P (ﬁ E H,, EG) = sup S(u).

n—oo N 1 weG

INT (2B RINE.
BBIZ(B)ZRTH. AXR OWMA/EEATHDLL, ADEE G LEX, G OHE
P LES ACF EIRETD. TOLEGCACF BOT

1 1< 1 1<
sup S(u) < liminf — log P (ﬁZH’“ € G> < liminf — log P <EZH’“ EA)
k=1

ueG n—oo 1 1 n—oo 1,

1 1< 1 1<
< lim sup — log P (ﬁZH’“ EA) < limsup — log P (EX:H;g EF) < sup S(u),

n—oo N 1 n—oo TN 1 uelF

sup S(u) < sup S(u) = sup S(u).
ucG u€A ueF

»

W AT sup,eq S(u) = sup,cp S(u) 251X

1 1
JggoﬁlogP (ﬁsz € A) = sup S(u).

1 u€A

INTRIREZENITARTORINSE. [
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6.3 A/ ZAHAILDHOMNIY NOE—EDRER
q=(q,...,q) IXERES {1,...,r} LOWRK/HTHD LT 5:

%20, @+ +g=1

MeRZSH H $ Db ERES {1, .., r) LOBK Hi) = E cR 2%25%. Z0OL %

r

Z(8) = BleM] =) ey,

i=1

710 =FIVIrAE p(B) = (pi(B), .- -, pr(B)) &

pi(B) = ezi];)q i
EEHEIN,
U(8) = EBylH] = ;Emz(ﬁ) A Fie?Pq,
W2z
SW(B) = BU(B) + log 2(8) = ~(~BU(S) — log Z(5))
f; logZ(B))Z—ilpi(ﬁ)longg) Bl

THRDOH log Z(B) D Legendre f%fﬁ%i‘?’bﬂ S(u) IZu=U(B) ZRAUFERIZH
JZANVAAOHEFN T bR —=IZ—HT 3.

6.4 HY<RHDIHEDH
ERE H W a >0, AT7—IV1>0DHYIDHIZIULEND LiX
1 oo
o —z/7,.a—1
ﬂmm_ﬁaﬁéj@y 2V di

MENLTDIETHD. ZDEE > —1/7 561K

1 *° 1
7 — F —BH — / —(14+78)x/T afld —
(8) L ()T Jo ‘ v v (14 76)

_ (1 + T@)a /00 T (1 + T@)a F(Oz + I)Ta—i-l _ T > 0.
L) L)t (14 7p)ot! 1+708

ZIZTHLHEONDIROAAZ [Hio 721
/ e il dr = L(s) (s,c>0).
0

CS

Bfio - ARIEH Y VEREDEHED b BRI IZE>TERIIRING. U(B) KHT ARG UB) =
—(0/0B)log Z(B) &M AIZE D HNILBELND.
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SWU(E) = BU) +log 2(8) = {10

=a— 14_@75 — alog(l + 75).

—alog(1+ 75)

ZHZUPB)=u>0¢&
L+r8="12, p=2_1
2RATD L,
aw:a—g—amggza—amW—<§—m%§)

S(u) & u=U(0)=71a THRAE 0 IZKRD.

Hy, Hy, ... WHSLEDARHERERI|ITE AN H EFEUER o, A= 7 DAV
DAL D e X, AU~ mDFEEE VS Hy +- -+ H, 1K na, A7 —)b 7 D
ﬁyvﬁﬁubtwowf,

L) e

WZIZ0Za<bDE X

nb na b/T
< = H, <b —y/7, na—1 dy = n / —nz na—1 dr.
(a Z ‘ ) <na>fm / YT T Ly, 0T

2DOHDEST y=nrr LB/, Cramér OFH LY |

N (N oty
Tim Eognna)/ahe x T —as<111£b (u) =40 (a/T £ a < b/T),
S(a) (a<a/T).

OH 4.+ Hy, DE—AY MEEEIZIE H OF—A Y MEERO n T Z(8)" = (1 +78) " 12% L
W ZAUITEIR na, AT =V T OHUSIPHDE—A Y MRERBIZ TS, 2025 Hi+---+ H,
DR na, A7 =)V 7 DAVIBAIZUEZND e Wbnd. BENLHBEIZESTEZTDOILE2RED.
H, K I[3MNRHERERTHY, TNTNWER o, B, AT =N 7 DHUIDHEIZLEND R HIE

w0~ | /f<> ) i

::fiaﬁfYBS¥Eiﬁ;K; f(ﬂet”’<J€ x“(t—-x)ﬁldx> dy
_ BAmf@ktﬁ<[fﬁ1wxuﬁ1@_uw1um)dy

1 oo
= tye /TP gy
Fw+ﬁﬁMﬂA e

2OHDES T y=t—2 BT y 5 t ITHDEBEZEBRL, 4 ODHOESTo=tu BTz 5
u TR ERE LW L. Zn&Y) H+ K DIk a+ 8, Ar—Ib 1 OHYIBHEIZLENRD 2 Ehibhn
5. HYIHGEFRICOWTEHANEZFEOE S5,

L(g)ret
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Stirling DA E ) —log'(na) = —nalogn + n(a — aloga) + o(n) ZDT, TAUTIRD
ANALFETH D (A=a/T, B=">b/T):

1 B
lim — log (/ P d:v)
n—oo 1, A

alogB—B (B < a),

= sup (alogr—z)=1<aloga—a (A<a<B),
a/T<x<b/T
alogA—A (a<A).

ZORAAIE

IZ Laplace D /L2 EHT S Z I &> THEHEIZIRIND.

7 &k WEtHFEEORER?

Z DI TIIBEANIHBE RiEim e 3228 D IXAW. +oIHELTCVwWsd 2 2ELD
EVERN. 2D — NONEE “FEEER L R HZOBRIZOWT, EEVHEZED
27-DIZE NI TRATYFEUTICEHLTEL.

2016 4£ 7 A 13 H: £79, Cramér OEHO—MALIZEHT 25 7.1 fiz F\ 72

2016 4E 7 H 14 H: $EHHZOBRIZEIZB T D0 ) IV OE L DH 280 U7
B2/ E N

7.1 Cramér DEED—i%It

TR AL DI R AT DINE % HEREBD B % I/8F A — X —IZBT 28T %
IREICE IR 22 LI12&> T, Cramér DEFIZET D5 6 fi & 1FIXAE Uikin 2 42 D K
9.

Hy 38T A =R — \ 2FOMERERTHD L U, Hy ODMERSFAIEZ R EOMERRE 1,
Tk INTW\Wb T 5:

B = [ £(a) ().
IR A—B— N FROFA X (BIRIEER V) 2RO, Hy ZRORIFLE—2ERDL
TWbEEZD.
SELBREL Z(B,\) & T DX V(B,\) (Massieu BiE) ZIRD K D ITEFKT 5

Z(B.A) = Ble™™], (B, \) =log Z(B, N).
I HIZ R EOMEFRE (B =77V 54)

e 7" py(dx)
Z(B,A)

D5ED BRER L R TNEN Py ), ( Vg = Es[ | £E<.

paa(dr) =
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(B, \) =log Z(B,\) l& A — 00 T

T(B,A) = A0(B) +m(B),  m(B) =o(1), n(B)=o(1), n\(B)
CIRDEES LINET D, ZDE X

e—BHA
(Hy)s — % _ —%\Pw,x) — _AW(8) + o(1)

o(1)

DT

rBl
H
§f>zmm+dnﬁmm (A — 00).
B
ST, HERME ps o\ (CBT D Hy OREUE, Z=2Z(B.)) £&ELS L

ZapZ —(Zp)”

0 Sy — (Ha)p)?) = ()5 — ({H))” = 25—

(592(@)— A@"(B) +o(1))

NN V@Aﬁ¢uwm,)fﬁ L LT FIoMAZ e bnd. UFTIR
Y(B) BRI TH 2 LHETS.)

G%GMWA %ﬁéﬁﬁ) §m+m<§>20(§)%0 (A = 00).

bR FeDD L, HERREE s (77 ZHIVAAE) DE L TD Hy /N WS “KEDIERT % i
ZUTWB Ze0nd. §805, HERIE pg, DEHETD Hy/A DRAIE N — 00 T
w(B) = ' (B) ICHEAL, A BRIV E X, TOH/H (DS ETDAZIID2FE) I ¢"(8)/A
FRIEIZRD.
U(B,\) 1k B D ﬁthf? RDT, (Hy)g = —Tg(B,\) 1k B 12DV T HGHIRA
MTH5. () b &;&étﬁﬁbhwﬁzx) WW)%%ﬁﬁ¢TﬁL&é
MTT@%%@t@ﬂgotﬁibm:uW) V'(B) Su(0) &BE,

s(u) = fu+ ()
DD, U=U(BN) = (H)s,
S(U,\) = BU + W(B, \)
YBLE, N 00 IKBWTU = Au+o(1)), U(B,\) = Aw(B) + o(1)) BDT,
SU,A) = A(Bu +(B) +o(1)) = As(u) + o(A) (A — 00).

pa(dr) = gr(v) dx

pea(T) =
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b,
e Prqy ()

pp(de) = m dr = pg () dx

ROT, S(UN) ERO LS 1ZEBIND:

SW(B,A),N) = / (Ba + log Z(8, \))psalx) da

__ /R log (%) paa(x) d = — /R pan(z) log (p;’?g)) dz.

TRDOSL S(UN) WA ZANSAOHMTY hoE—Th b, s(u) &1 X\ = oo 2
BTN/ ZHNRAEOHF LY hAE—FE (1 A4 XAh/YOENTY hoE¥—) T

»hd.
9 P(H\ NS u) D)X= oo iZBITD ENLDFIZRTD.

H
P <T)\ g U) f— E[lH)\§)\u] g E [1H>\§)\UG_B(HA_)\U):|

é E[e—ﬁ(HA—Au)] — ekﬁuz(ﬁ’ )\) — MButT(BA)

IITlpon FH S A DEE 1TIZRY, MDEE 0 ICRDIEBEZEDLTVD. 1
DHDOAESTIE 1y, <au S lgyanue P (820 V) 200, 2 DHDOARES Tl
Ly onge P2 < U2 2 ffio 72 D ZAZ W(B,N) = Mw () +o(1)) &V

log P (HT < u) = A(Bu+0(8) + o(1)) = A(s(w) + o(1)).

Wiid% N\ CE->TAN—>o00 9D

lim sup %P (E < u) < s(u).

A—00 >\

RIZE WO DFHtiZRTS. 0<e <6 LIRETD. MERNE pg, (BT D Hy/\ DO
fild A — oo Tu=u(f) IZEFTLDT (“REDIEA),

H
Pﬁ(T’\e(u—s,u+€)):eo(l)—>l (A — 00).
IHIT, 820 &Y,

H, E [1ne0ueputre) € ]

P _ - J— et
5()\ € (u 5,u+5)) AGRY
< Z(B,A) ' E [Liyepu—repusre) € 7T

H
= e MuTAE—TY(BN p (T’\ €(u—eu+ 5))

H
— 67A6U+A1857)\(w(/3)+0(1))P (TA c (u —cu —+ E))

A

e~ As(w)=fe+o(l) p (% € (u—d,u-+ 5)) :



42 7. fhEk MR FE L OBER?
U2 T N — oo IZ2BWNT
H,y As(u)— 1))+o(1 A(s(u)— A
P <€ (w— 8,u+8) | = eMe@=Beto)+o(l) — Als(w=Be)+o(n)
MDD KD 1/A 5D N — oo TOMPRERD Z L2k >T

L1 H,y
— . — > —
ll)I\Illnf /\P( 3 € (u 5,u—|—5)) = s(u) — fe.

e>0 NS H5TENISTEDDT,

1 H,y
. . - A _ >
higgf /\P( ;) € (u 5,u—|—5)) 2 s(u).

M EIZ&>T, 6 HiTHEAA U 72 Cramér DEED ARERER IS T 2 R ERXIE SN
2. EoT, FofiLAMOEMRZED RT I EIZE>T, MDA LTWDE Z b nd:

.1 H)
- — < =
tim 37 (5 u) =t

ZOEDIZZRINF—EE Hy /X2 u=uB) LROHERD N\ — oo TOWHEZEENL, 7
) ZHNBEOMMTY Na Y —%E s(u) Tk Ind.

UL, INETELHED DR ZRAICBNE N, BRI D2 ICENTHD
I ZIIVAADOEB EDRERIZE D BoTWEDEAS DM

7.2 WBEAHZOHEBZICBITZDH/  ZAILDHEOEH

PAUF Oiam I AR HIG [9], pp. 105-106 LRI UMD DV THD. 72720, Fxld
MEMERDFH ) (FHEREOFH) 2METTICHmEZEDOTWDOT, NREK &
| WIEIWMATERAS. TOMRLY b OE—TIEA2<, Y hOE—2F 25 2
LB 5. (FHERDFEDFEDE & TIRIREHTHERZ R E S, TV M E— IR
DX THY, Ty hOE—IFERONHTH S .)

Hyy 3V ERF OB N ITKEFET2RORI AN F—2 BT SHERLHMTH
5895 (ZAUSMELD ) — F TR, BEED ) — M B OTHEMROFEL 2 E L ARW).

Uy(N,V) = E[Hyy] £BL. n=N/V B—EDEHEDELLTV - 00 £TDEL X,
Uo(N,V) = Vug(n) + o(V) BEILL TV ERETSD. (Ug(N,V) = o0, ug(n) = oo T
HOTEEW) V = oo TREBDIEA P(|Hyy/V —up(n)] S e) = 1 (e > 0) BEALL
TW3 2L, Hyy/V DRIE ug(n) IZEHT L. ULABoT U B Ug(N,V) 5 (B
U<iE u A¥ up(n) 6) BENIUZEEN D 1F EHERIVNS S BRBMAIZARYD , H/NI R U
Eu \ZDWTHERIZHBFHINBEBUZ 2 5. (YELE 2 SRR 2RI T IRRREEL (L 72285
THER) I T3 F—DHFBE B2 )

XTIy hOE— S(UN,V) Z2Z3I)VFX— Hyy DU BANIZRDHERONBEEDS:

S(U7 N, V) = logP(HN,V é U) (U é UO(N> V))

S(U,N,V) & U 119 2 MERAEEIC 52 5. &< 2 RITIRT 2V E—2 U LI
BAHMWRIEV BAERLE P(Hyy SU) TEEBINS (0], p. 105 O 1§ 20495
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il & IHICID/ - OB/ LEAMOFERE KL TAL). T2V F—%
 u LAEEEE n 2RO LD IZEDD:

U N
Vv nzv.
MY Ty hRE—=EAF 22U T0d ERETD. ([9], p. 76 D (3.2.29) XE R &)
RE 7.1. HHZY hBE— S(U,N,V) I& U IZBUT ISR TH D LIRET 5.
X 5T S(U,N,V) 1ZV — oo T FNDHNLZE) % FFD:

u =

S(U,N,V):VS(’LL,TZ>+7](U,TL,V), u:%, n =
& nlu,n,V) ZEDD &,
n(u,n,V)=o(V),  nu(u,n,V)=0o(V) (V= o0).

RFC
1 1
3 _ — T - < —
lim VS(U,N, V) = Vlgn VlogP(HN,V <U) = s(u,n)

V—oc0o

WAL TEY, U =Vu, d/0U =V19/0u &V,

SuU, N, V) = 5 (Val )+, V) = sufum) + o1) )
X 51T s,(u,n) O u 2T 2EBEEREL THL. s(u,n) & (REMEXOMKEEIZH

TR)ENIY hOE—BE LSRN s(u,n) & u iZDWT RISMZR BT MKBIZ RS &
RET D, HiREKE Bu,n) =20 %
ﬁ(ua TL) = Su(ua n) = SU(U7 Nv V) + 0(1)
CEDD. BTIHOBERIBEEINL A=V OF—XATULDRED (IFIF) KIZL T
WBEIRBEEFSATWEREEZOLNS. B
IR [0], pp. 105-106 Digam i< L UK, 7 = WV AREIEAREIZ

< _
lim P(Hyy =U - E) _ BB (%)

ERTIEICEoTEHBEINDSG., ZHIEFREFEETH S

P(Hyy =U - E)
P(Hyyv S U)

ZHFRDEDITRINDG. FHEOEHEI Y 0<0 <1 229 HD 0 WFEELT,

P(Hyy SU—-E)
P(Hyy £ U)

log

= —f(u,n)E + o(1) (V — 00).

lOg :S(U—E,N,V)—S(U,N,V)

— —ESy(U—0E,N,V)

ST Y O oy

= —FEs,(u,n) +o(1)
= —f(u,n)E + o(1). (V= 00).
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2 DOHDESTEHEOEEE AV, 3DHDES T (1) 2, 4 DHDE ST s,(u,n) B
HEETH D L WIIREZH S 77

(%) DR TEE X N7 [Boltzmann HT-] 1EAFD & 5 IR 5.

BInEEHT2RZMNEMMLU TS LB R%EERD. HHTL2RDY A RE—ETH
22U, BIROY A AR KIZRDMREZE 2 5. BanDOMITEH U TKERRZ A
T5. U FREROTAINF—ThHY, EFFEHTIRDIRNE—ZLTDL U-F
WERDZRINX—IZ8 D, BIROZRINX =2 U — F BEIZRDERIL V KK
BeE PHyy SU—-E) TEBIND. HEHTZROZAINF—=2 F IZRDHERIL
P(Hyy SU—E) ZHHITE7255. UEA>T () &Y, FHTZE2ROTRIVF—NE
THDHHERIZV NAXL L XIELIZ Boltzmann KT e P@nE ([ Z 4 5 .

UL, 2ZNTE EFEZDOLN S KT BNZN,

PLEDRIRD &) EHERERMIZE D BTN DEZA D N?

TRRHEMRIET D -DIE BB 28D~ 2RORETEHTLIHOR] LWVWOHRES
EEEHRS BRERH D TS 7.

H2AFNIZH T DEEREIE A OB RIIARE IR J1212 85 1) D Maxwell-Boltzmann
DADOEHIZELU V. TOHEMIZBIT D [TRIEROR] 1FERE 0 O n— 1 IRouEKHEH LD —
RO (BT AN F——E L WD ZMETEHRIND ERoeERE O o) THY, TE
HI 282 %] 1XTDDHED LIRTTERDEBEANDHFETH Y, T 135D OHBHET
Hd. FLUTRIEDRDY A X% KIS T MR n — oo DMERIZHIET D, ZDFRRE
=AU R HET 2.

< (D7)

8 fI8F: oOFEEOTY hOEE—IZDWT

8.1 BHI R/ F—X Massieu W & DA%
AR 81 (E— AV MR EF AT Y MREEE). MR ¢ DB & THERE X
i X; DE—A Y MERE My (t) 1

Mx(t) = Z eNig;

=1

LEFRIND. ZNUE X =E, t=—5 DL IHEHE

Z(B) = Ze_ﬂEiqi

=1

BT 5. MERRBOBRIEIZBNTHDE— A Y MR (FERRERR) B
AERIZRUEDZ L B> TE. HERRHOBREICEAUTET — A > b REFBDOI L

Kx(t) = log My (1
FHERZE X OF 25TV MREEKHEL (cumulant generating function) & IFFIEN TV 5. H
I RV F—DEE .

F(5) =~ 5 105 Z(§)
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IAREMIZF 2 AT Y MEERHBDOERIZ L TWS. LV IEMIITYRE 8 TEHLRID
F(B) =log Z(B) (& V) IEHEIZIZA LT D Boltzmann E£F)

DFEMF LT Y MEEBOBEZORIGWIZRE. 2650 F(B) I& Massieu B & IFF
ENTW3S. U

8.2 MNRényiTv hOE—

R 8.2 (X Rényi = b —). 2 DDMEERDSMM p= (p1,...,pr), ¢ = (q1,---,q) IZ
XU T, 8 Rényi T bOE— Si(p|lq) »°

k%E:(%) L

LEREINDG. IND -115%  THRIT DL

Zrzl pi,qul—,B log(pz/%'>
9 s-1s _ i

BOT, X512 8=1¢F2L,

B8 1-p
Ss(pllg) = - logzpz q;

9
98 ,_,

CHNTZY NOE—=RHTHkDS. DXIZ

(B =1)Ss(pllg)) sz log— = S(pllq)

Si(pllg) = }gﬂl Sa(pllg) = S(pllg)-

FIXF Rényi T2 PO E— STy hOE—DT VR T— A =R —ERIZR>TNDB LH
ZA6Nd. ¢ =1DEEDRényi TV MO E—DEFE % K> CTOIUIAMN Rényi = b1
E—DEHRIFHTEARDITENMI< L EDONS.

X Rényi T b0 ¥ —DE FIZ L

r B T
Di —BE; pi
ZBip ) =Y (q_> g=Y eg,  E= —log;
i=1 v i=1 '

AT 2 HHZ ARV F— F(B:p,q) & Massieu BRI F(3;p, q) DEFH

F(B;p,q) = =B log Z(B;p, q),
F(B;p,q) =log Z(B;p,q) (Boltzmann 8% I31)

EAREIZFEIUTH S
(B—1)Ss(pllg) = BF(B;p,q) = —F(B;p,q) = —1log Z(B;p,q).

Rényi divergence (X} Rényi T> v —0D —1 £%) DFEAMEED E L OM [10] IZHD.
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(B—1)S5(pllg) = —log Z(B;p,q) 1& B DEEE LT EIZMTHS:

2\ _ >0y (B — Ej)?e P BB gy,
() (-og 250 - - e <0

(EFRAE p=q (1=1,...,r) &[FfH).

TUT, (B-1)5(pllg) = —log Z(B;p.q) P B =1 TOMA —log Z(1;p,q) = —log1 =0
ThdZ e, (B—1)Sspllg) = —log Z(B;p,q) ® =1 TCOWRBMPHNTY hOE—
S(pllq) CZ%bWZDDL@%%%%& )

(B—=1)Ss(pllg) = (B—1)S(p|lg)-
EUIRELOBHRORTH S 0

8.3 ¥ TsallisT> hOE—

R 8.3 (MX Tsallis T b ¥ —). MRS p= (p1,....,pr)q = (qu,...,q) XU
T, Z(B;p,q) ZIRDEDIZEDD:

r r B T
—BE; Di bi
Z(Bipq) =Y e BEZQ¢=Z<E> =Y g "’ Ei=—log -
i=1 i=1 N i=1 !

B E X 2DODMRNG p & ¢ DK i TEDEVERDLTWS. W) =WV D4
p(B) = p1(B),---.p:(B)) %

o P Pl
P = ZEpg)  Z(Bipq)

LD L WIEREE 81 g = pi(0) & p = pi(1) BT 285 A—2—12B5TVS
SO E MK Rényi TV RO — S5(pllq) &

IOgZ(/B,p, 1 - 58 1-p8
= l
Ss(plla) = - 1_ﬁog§_ P; 4;

EROIN, HNTY O E— S(p|lq) &

0 0
Swllo) = = 55| losZ(Bipa) == 55| Z(Bip.g) szlog—
B=1 B=1

EERDOINDG. 2DOHDEST Z(1;p,q) =1 Z2ffio /=
MDEEZE v [T 5 g ZoEHZE LS

f(x) = flgz)
(I—-qx

q— 17T q7#5 Dyof(x) 1353 0f (x)/0x IZIRT .

Dy yf(2) =
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EOHMTY hBE—DAD log Z(B8;p,q) TIFEL Z(B;p,q) ZAVWERRIZBITD
BIZETIMN % ¢ ENTEIHZ D LI12& 5T, 483 Tsallis TV O E—2RD
EOIERIND (¢ ZHD q ZIROATIE a &FL):

Z2(ipq) = Z(espa) _ 1= pia "

T, =—Dgsols Z(Bip,q) = — =
(pllg) B, ’ﬁ,1 (B:p,q) 1—a 1—a

a— 1T a 23385 OMWMUNUKRT 5 DT, M Tsallis T b E—{3fExT> o
—IZERT S, TDZ kX

. Z (pi/%')l_ (pi/Qi) ai, lim r—x — g r% = xlogaj.
—

T, =
(qu) a—=l 1 — @ 804 a=1

=1
EEIZE PO SND. M Tsallis T b E—I3MF Ty O E—DEHRIZS T
% xlogr & (x—12%)/(1—a) CEIBRAELDEZLEZXS. X Tsalis T hOE—%
X Rényi T2 FOE—TIRD LD IZRKDTILETED:

Tytpll) = 2020 =1 _ el D)5 (pl) -

AN Rényl T2 b O E—Z % Tsallis T hOE—IZ &> T

log Z(B;p,q) _ log(1+ (1 — B)Ts(pllg))
Ss(pllg) = - 5

ERDTILETES. MM Tsallis T hOE— MM Rényi T hOE—DE WML 2 —1
Elogz=log(l+(z—1)) DENTHDLEZDILETED.

DAEDESZ, =Y o ¥ —, #Hx Rényi = b Y —, fHX Tsallis =~ b ¥ —
X ENE FEERE Z(8;p,q) MODIREYITH 5. N

SER (X Tsallis T2 b 1T E¥— & FHx Rényi T b O E—0DBIR). FHX} Tsallis T b 1
Y — Ts(pllq) &M Rényi =¥ b — Ss(pllg) 1FEHBHEH

Zs(pllq) = prqf g

ZHWT
Zs(pllg) — 1 (mﬁzj%%@m.

Ts(plla) :—T, 5-1
YEDLINSG. B>1(HLLKIE B<) DEAEEDDE Zs(p||q) DHEFRDEE (B L
SUFHFABSIMEE) 2D T, Thb 2 mAILT D 2 &iE Zs(pllg) ZmME (8 U <IEEmK
) §22 L LRMEIZRD. X5

-1_1
g—1

ITHE41 2016 456 H 22 HOBBETZOBARME & o2 KHETETHARL,
18%% (PHX) Tsallis T hOE—DEHRDBARMEZE £ 72 <HEL TOHARW. (FH)Rényi => b
—IEARBEN D E R DONEL (AT )L F— Massieu i) RO TTD LI BREDEFZZ D Z L DB
‘fi’ier:E'f’C 50, (FHA)Tsallis T b E— DT & < DDA,

65_1(1‘) = (1 + (ﬂ — 1)ZE)1/(6_1)’ Eﬂ—l(l‘) _ x
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PHWMIMFOF R R LY,

/(B=1)

Zs(plla)' = es1(=T5(plla)) = exp(=Sp(pllq))-

Z DFEIRTHIX Tsallis T b B E— MM Rényi T O E—DENEH &5 & ep_y(2)
& exp(z) DIEWIES>TWD. £EHAA, ZOFEEIXTA»H

Ts(plla) = —Ca-1 (Zsll)V V), Ss(pllg) = —log (Zs(pllg)/ "~ V)
EENVTHITIZEHAZRDTH % H. []

EE 8.4 (AfEM). pi 20,3 pi=>"_  =a=1THdLL,B>0Thd LT
T4, MY bR —, HHR Rényi TV b I ¥ —, X Tsallis TV B EY—=3ZhZTh

S(pllg) = sz log—

Ss(pllg) = logzpqu g
r &) 1 /3
'L pl ql 1
Ty(plla) = Z Lt
CREBINZDTHo7. U 4(x) %
|

EREDD L, fHN Tsallis T b ¥ —I&

pi
Ts(pllg) = szfﬁ | (—)

Z

ERDOIND. S(pllg), Ss(pllg), Ts(pllg) WTRTOLATFTHED I LE2RTD.

eIy hbAE— f(z)=xlogr £BLE, f'(z)=logx+1, f'(z) =1/ £V f(z) Ik
TR THY, f(1) =0, f/(1)=1 &Y, fla) 2a—-1 17235, PRI

S(ella) = Zf(“) -g—z(%—l)qi:o.
i= i=1 N1
Mt Tsallis T bAOE—  g(z) = xls_1(x) EBLE, ¢(2)
P2 & B>1 &V, g(x) B FITHBREBETHY, g(1) =0, ¢
LR5. PRI

| |
—~
@
—_
~—

Ty(plle) = Zg(pl) 5 Z<“1)
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Mt Rényi TV hOE— g>1 WS kELY, Ss(pllg) <0 2RI 72DITIE

Di ’
prq} P = Z(—) g =1
=1 t
ZREIEEV. b)) =28 B8, W(r) =822 B (@) =B(B—-1)2P2 & B>1 &V,
h(x) & FIZZRKRBETHY , (1) =1, (1) = &V h(z) 21+8(x—1) &85, WAIZ

ORE (RIS

INTRIRIZEVITARTRINS. BLEDOERIZE T Jensen DAER %2 fi 21X
FADDUZITEETS S, ]

8.4 MEM (REM)ICOWT

FER 8.5 (ITEMEIZDWT). v=1,2 IZHITDHRES R, ={1,2,...,r,} LOWMRSMH
P = Doty Do)y Pv = (Puts - Do) WU, FRF T b0 E— & Rényi T
M Y—lZ

Pri
S(pullg,) = melog

108;26(291/“%)
Sslpolle) = =3=5—  Zslplla) = meq

t@é ﬁ%/ﬂ\ Rl X RQ == {(Z ]) | 1€ Rl, j € RQ} J:@Eﬁg—‘ﬁ%ﬁz)) (Z,j) — pl,ip27j7
(4,7) & Qriqe; W E 2 TEREIND. ZOEMES EOMERSMAOMITNT MY T b
OE— N Rényi TV PEE—DERZEZE I T T LIROLDIIAS:

P1,iD2
S(p1,p2llar, ¢2) = Zplngjlog J
ij q1 iq2 ]
log Zgs(p1, p2|lq1, g2 _
Ss(p1sp2llar, ¢2) = ﬁ<1 _ ﬁH ), Zs(p1:p2llar: @) = Z(Pl,z’p2,j)ﬁ(qLiQ2,j)l

4,J
ZDE ZIRDIGEEDNEAL L TV
S(p1, p2llar, 2) = S(p1llaz) + S(p2|]g2), Sﬁ(p1,p2||611,(]2) = SB(P1||Q2) + SB(P2||Q2)-
®E X

Zg(p1, p2llar, 2) = Zs(pillar) Zs(p2llg2)
CEMETH S . FERHIFZA R DE Y -

S(p1, p2llar, @2) = Zpupm Zplzp?glog_
== Zpl,i log; - ZPZ,j logg = S(p1llar) + S(p2llge),
Zs(p1, p2llar, g2) = Z(Zh z‘ng) il zng = ZP1 i1 pQﬂ%]B

—Zp“éﬁzﬁ Zp%qg] = Zs(p1llar) Zs(p2llae).
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FHXF Tsallis =¥ b ¥ —

Zﬁ(p1,p2||CI1,Q2) -1

A Pvlqv —1
5(pvlla) Tg(p17p2||Q17Q2): 1-5

1-p ’
IIVENE 2 5§ 72 U TR DS,

Ts(pollay) =

Ts(p1,p2|lar, @2) = Ta(p1l|ar) + Ta(p2llg2) + (1 — B)Ta(p1llar) Ts(p2lg2)
g/~ LTS, GERIXIRDEY

Tﬁ(pl,pQHCh, q@2) — TB(MHQl] - Tﬁ(]b”%)
_ Zppillar) Zs(pallge) — 1 = (Zs(prllgr) — 1) = (Zs(pallg2) — 1)

1-p5
_ Zpnllar) Zs(pallaz) — Zs(prllar) — Zs(pallg2) + 1
1-5
_ (Zsallar) = 1) (Zp(pallg2) = 1)

1-3
= (1= 8)Ta(p1llqr) Ts(p2llg2)-

IHE g B (2),=(1—-¢")/(1—q) ITBEHTDHAKX
(T +y)g=()g+ (Y)g + (g — 1) (2)g (y)q

WZEIT WS, Tsallis T I E—19 (TR U 2 BUFIREE IZBE 2 ikGm b L ORIz
WTIE [7] 22RE L. £ 2T n— oo DHNEEENIZ Tsallis T I E =B b %
R OB RO T NS, B

8.5 #HXf Tsallis TV b OE—ZEHAEHICET LRI DILK (1)

Suyari [7] I&Z B D H B ILERD n — oo DWHEZEE)A Tsallis T I E—THld X
N5 eZRUKZ AT TRTOMEZZIHZ M & X Tsallis TV b B E—D5E A
RS20, LR TIEHIANZ & 2 RUICE I RMEI R R 21772 .

UFRTIENTGA—=B—h EINTA—=Z— 3 DOHNZIZIE

h=8-1, h+1=4

LS BIEN DB LRET B, 8T A—F— h= §— 1 1 & B IEBER O e () L4
BE O (,(2) %

en(x) = (14 ha)'/h, Uh(z) =

YEDD. INLIEHENICHFEORERICA>TEY, h — 0 (8 — 1) Tl O
B SHPEEBI IR T 5. ZDRBEE S L 5 8.3 MiCEA L 748 Tsallis T k1

DX Tsallis T PO —DEHRT ¢; =1 29D & Tsallis T hOEY—DEBEVEFLND.
IZIFHWHRIERTU MR,
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Y'— Ts(pllg) ZIRD & D IZRDOE B2

Ts(pllq) = sz 0 (pl)

T h
(i(fﬁ) - ) NI
i—1 q; —

1
h
oS ple - 1 1= g
= - -1 51 = Ts(pllq)-
I NPHREZEENZIHOND & D BREZENGONEEZ#EKRTHZENUATOHETHS.
BEDOZIENGIZE T D HERT

a(n; k) =

|
klnk q’fl...qfr (k=(ki,...,ke), ki 20, ks +---+ k. =n)

THY, TNONBITIRD IS IZEKDINS:

loga(n; k) = Zlogu—ZZlog(%)

i=1 v;=1

SREIEL TIRORIEZ X T O (an(n: k) % EHET 2

ro ks
ahnk’ Zgh Zzgh <%)

i=1 I/Z'ZI

ZOXE LD b (x) = 2" /h— 1/h DHD —1/h OHHEF ¥ VIV UTHRAZDT,

1 r k;
Cn(ap(n; k)) <ZV —ZZ VZ >:E< ZqihZVih>.
=1 v;=1 =1 v;=1
h>0(8>1) EIREL, n — oo T k;i/n IXFEIE—%E k; = pﬁ—O()—n(pﬁ—O(l/n))
EVDEMZIRETD. n— o0 DEX Eh(ah(n k)) ne IR HED e JY 2.
h>0 &IRELZDT,

+1

ZV h+1 (nh):n——f—O(nﬁ_l) (n — 00).

X5k =np; +0(1) EHEL7ZDT,

ki b1 B

vt =Ll s o) = g+ 0l

l/iil

AZNEMA Tsallis TV bR —DEFEZLE-TE LIV, ZORBIRDEHFETIE, Y Tsallis = b
Y= Ts(pllg) PHFTY RBY— S(pllg) = — X1, pilog(pi/ai) D/STA—F— h=F—11C&BHIRIC
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