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LIS AT Stirling D AR % BATIZRAT B 721 THAD DA I Kullback-Leibler 1§
HE (B LIFZD —1 Oy o —) 2B bNnd Z & &AL V.

1.1 BEE2HD ¢ DEZELSH

=0, =195 1 lﬁloﬁmiuiﬁﬁﬂkﬁb i BHER ¢ THROLNDRINEE Z
%.q=(q,...,q) 2BEADPHEIERILIZTD. TOLORRTE n IRV KLUz E
X REDEUZRBEE k &ELS (k 1FJHERLEHTHD). TOL IRE i »WEUZEEG
kifn (CHERBROBLEEIILIZTD) D n - 00 TEDEIITIRDES NEFAIRNLS.

I, a0 (BATHTE L) & n BSo28 D i OENHZE#ED N ($%
BROAE) i n — 0o TEDEDITIRDEED MEPFANRDEZ L ZF > TR,

KEBDOFEANZE > T n =00 Thi/n—q LBE2W, BTN SHELREEZZVDT
REMDA D SN D HPRBROA L UTHOLNDIHERNED & S ITHET 20 % M
D720, BOHITIHRE M EHERE2EZ S Z LI2L>T Boltzmann RFW G652 L %
AT 5.

B2IZ IS REMD g = (q1, ..., q) ZERICEREL, BERDAG (ki /n, ... k. /n)
DWERDN G2 B X, TD n— oo TOMTERARDLZLIZRS.

n FIOMSLFATTRIE ¢ 2% k; BIEONSHERIE, D7 ki=n D& E

|
ﬁqlfl"@? (%)
’@U'@@t%O’Eé(yﬁ Mii).
pz 20, > pi=1 t(ﬁﬂz"i—é n [EOMIIERITTIRRE @ WEONZEE ki /n PRI
858 REBOMXIZIE p, ITRDEEDHZEILT D,

1.2 YU TIHAXAEKEIL LEEXDZIEDHDEHTEE)
n— oo DL XRBOAIIFIE p ICBRBHERNED LS ITIEBEES MR 2\, T2
Tn—oooDEX k 72BN

k; = npi + O(logn) = np; (1 1O (log”)) (%)

n
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272U TCWBUREL, EOMER (x) WED LD ITIRDES N2 FANRL S . ZDHRED
t & T log(ki/n) = logp; + O((logn)/n) WKL d 2 Z L ITHEREE K2
Stirling DRANE Y7 k=n &V

logn! =nlogn —n+ O(logn) = Zklogn—Zk + O(logn),

log k;! = k;log k; — k; + O(log k;) = k;log k; — k; + O(logn),

logqf" = k;logq;.
TN E EOREE (x) DRBUAAT D & b OFEF ¥ VT2, X 51 () £RA
THLERMROEND:

n!
1%(Erﬁg%“~¢)——n2: @%——bmo+0&%m

=:—n§:pxbg%-—bg%)+Cngn)

i=1
=-n Zpi log % + O(logn).
i=1 ’

FIBEDF1E % K4 sRBOE & FI 2 B R L A~V DR TR T 2 2 £ 5 T2 3 (55 1.7H0).

1.3 Kullback-Leibler [ k=& HX T hOE—DES
F12HiokkRIX
D(pllq) = X)M%—

EBESERDEDICEZIEINSD:

n!
log (| ————qi* - ¢/ ) = —nD(p||q) + O(log n).
Kyl -kl

FeiNEHREBRIIAG Ky /m INIEIE p; (R DMERDONEZERL TWD Z LIZERE L. Dpllg)
% Kullback-Leibler [&RE (W) /v 7 - 51 75 —fFi&E) U < id Kullback-Leibler
divergence & .38, Kullback-Leibler [§¥R&D —1 £%

S(lla) = ~Dllle) = = 3_pilog

ZENTY MNAOE—CRERZLIZTES. Y PO E—IAREMNIZ n DREIRL XD
MRFEM DA ¢ DL SRR INEE p; L BDHEROMBD n 5D 1] TH3.
K% BB BT DA RIFIRODIE Y

(n IO FRIT TREE DA IR p; 1T DHER) = exp(—nD(p||q) + O(logn)).

LELB Dpllg) >0 Z5I1E, n &2 H3IZKEL UL O(logn) OIHIE nD(p||q) DEE I
U TCTHHTEDRIZARDDT, ZOMERIX exp(—nD(pllq)) DEBATIFIFIE>T VD
EEZATEW.

2Taylor J&RH log(1 4+ x) =2 — 2%/2 + 23/3 —2* /4 +--- & V.
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1.4 Kullback-Leibler [FHRE=DEXME

Kullback-Leibler &8 & D(p||lq) = Y.;_, pilog(pi/q;) \FBEE f(x) = xlogax ZHWT,
D(pllg) = Yoy f(pi/ai)as ERDINZDDT, D(pllg) D p = (p1,...,p,) PEEE LT
OB % FANRD 2 OIIEEH f(z) = xlogr OWEZFHNNIEE V. f/(2) = loga + 1,
F(@) = 1/e > 0 BOTEY f(r) 3 FICHENTHD. DR ICER f(2) ETOBHROBH
BTTALMX 25N, KHZ f(2) 2 f() + f/() (@ —1) —o—1 (REOELE o — 1
I FfE). W2

D@WD=§;f<%)%Z§j(%—l>%=Q

i=1 v

EFOWNE p=q¢ (i=1,...,r) &[FAME.

IHIT flo) WRICHERNTHDZ &Y, Dpllg) & p DEEE LT FITRFZ N TH D
ZEbvbhnd.

Z ® & 512 Kullback-Leibler fEEDMEIX 0 A EIZARY | F/MBE 0 WERT D Z & &4
W op WREEMDM ¢ CHELULSRDZLIIFAETHD. WA, 54 p; PWREEMDAA ¢
WEHELLSRWEE Dpllg) >0 £B82DT, RERSAAPIFIE p; IZRDMHERIE n — 00 T
n A DWW THREERERIIZ 0 IR S, L7225 T, n — oo TRERDAE ki /n (ZREEFIS
g WA <. ZRUEKBOERID AL 2 BIR L T\ 5.

Kullback-Leibler 1§ ¥R & & RHER 546 ¢ DE & THAE p; RO L U TENLZITHER
HPIZEBR L2 RO LU TWD. BRI DMVFERT SMERDHIX n — oo T Kullback-
Leibler [ =D 722D —n EDOFREERBD L 512555 . W Z 12 Kullback-Leibler & &
MIEADD LU THE > TOIUE, Kullback-Leibler fE#HEAS & V) K X 225 D 4546 3 AH T #)
WIEREAEELBNENDS ZeE 00D, WRIZ, HDRMEHR LU THf p; BEL DM
T EHEREZE Z D552, U0 & T Kullback-Leibler f& &2 RN R 5 43
AR AL (G SHERDZRT) if < 2 L I22 5 (FREM S RBDER, FKEM
XBREE). Z DLl % &/ Kullback-Leibler 1§32 DRI & 1L, n MIERIZ KSR
&, HIRMEDE & TREIZET I NG 2T U 25D £ & T Kullback-Leibler
BHREPENDDMHITED.

x> b 0¥ —{d Kullback-Leibler fE¥R&ED —1 572 >72D T, FM S THA p;
BERIIZE U 2R 2 ZEZDGEITITR U LML L THEZY boE—»2 Kk KIZ&
BNANRRERDAAINEN K 282D, ZOBVVMA 25 KERNITY NOE—DRE L IT
N MRKERELE, HEIFMOE & TREWNIEB I NS DMEITHE U 2D & TH
WLy NOE—DPRKIZRDEDBA/HETHD.

. PADBFEMD7ZDIEM B BEILL TV & I8 A WEIZHEMLLTWD L
WETD. ZDLE, FMf ADELTERME B WAL T DR (M SHER) X, &4+ B
MEAL T DMERE M A BHERTEH SZEDEERIND. ZTD LD ITHRMA SHERIT
WERDETERIND. Z05, HEROBEN n = o0 TEDEDITIRDES 2R T
WL, RS ZIHEERE DL D ITHRDEES 3OS, EDOHEMTIEZDEZ H2fio/.



L5, ZIHDAE DA DR 7

1.5 ZIEDHDIHFEDETEH

=2, 1=q¢ q@=1—q®D a4 VEIF] (ELZ THET) )DGEEEZS.
%‘ Iz 557 HOMEIE OGRS, 208X pr=p,po=1—p &EL c‘:,Kullback—Lelbler
THEIFIRD LD IZRDIND:

P 1-—
D@M%ﬂm%5+ﬂ—)bgL_

L p=q THRAME 0 122D, p 2 g M OEENNITEEN D IF L K I <A S, Kullback-
Leibler & (30 DR B ECHI 2 ROTEBLDT g N5 p (& EREERIIZAE
CH<ZD. LMY p BRERIIZAE L SHERIX n — oo Texp(—nD(pllg) + O(logn)) &
ROEES. DRI, D p @%Uéﬁﬁwi’ﬂif‘j‘é &, D(pllq) WHMNIIZKEZ p A
U D MERIT 0 — oo THORERTHMHIZ 0 1Zah <. BLE2#E X - ETIROMBEIZ
DPVWTEHERXELD.

B8 n IZIERICAIVWEIRET S, n BO A VERITOMEEELNHZEEM o BLEIZ
Bolzld2d. ZOLIRDEEIXIEDREIZRDZA DN

KEDHEHE YD, n— oo TRODEGIF ¢ 1ITEMNLS. WAIZ0Sa<qDe &, ROEE
MallETHdEWNIEMIENn — co THICEHFHTDZILIZRD. 2056, 05a<qg D
X, ROEEN a LEDLGEIZHIRLTH, n BRI ITNIEERDENEIXIEIF ¢ 1ITFLL
BOTWDHEEZLND.

F'ﬂﬁ_ Fqg<all1DHBETHD. TDLE n BRI BNERDI] if‘_’_ KOEEGH a LA

2R DRI 0 1EA <. EOMBIZRDOEED o PAEIZRBZ5EICHIRL 2 & I
%@%ﬂé\i)i‘ﬂilf p (IR DR (G SHER) NED X D ITIRDEED 73)%‘:14\’)) F':ﬁ%ﬁ&:@é.
ZDHEITIE ETERE U 72 Kullback-Leibler fHEHREMNKITID. p 2 a L WA RMAEDE L
TOD D(p|lq) DEMEIE p=a TEEHIND. DAITHKAEMANSKEDOENMELYD n — oo
TREDAIE p=a ITEML. g<aS1DE X, ROEEGMN a LLEDGEITHIET 5 &,
n MRITNERDENGIFIZIX 0 ITELLKBR->TWEEEZLND.

MUEDFERNOSUTDARNELL TSI EEbN5:

1 n o _ —D(qllg) =0 (0=a=
lim — log Z < )qk(l—q) "= —inf D(p||q) =
n—oo N k pZa —D(CLHQ) (q <a §

NEBEMEDBRNVIERTZIORAREEZEI T L,
Z (Z) qk(l _ q)n—k = exp <_nzi91>1£D<qu> + O(n)) .
k/nza -

FIFRDOENGN a LAEIZBRDHERTHD. n— oo D& THERIZIE D(pl||lq) P EB/IMIZA
BT DR INNTRD.

1.6 max-plus fXEADIRFRE X Laplace D% & DE%R
FFEZIE —00 D a,b I U THE

(a,b) — max{a, b}, (a,b) —a+b
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%% 2725 D (LB (semiring), A (semifield) & FEEN T2 ) & max-plus 21 & IS,
(max-plus B BBERE X tropical mathematics X & IEE M %R D BER EIT&
B HEER R THD. RIFMNRERVPEHICTES “REC DI & THDN, FAR
EHIERIZEHICTE S5 BIXEHICTERN “RE D2 L THD. 5IBIPEHHIZT
IRLSTCERRDODHDHANTF 2 END )

REEHUZIE, max 13 0 LEDOFEHDREITHIR L TE Y, + IFHEITHIGL TV T, —co
WWRBEDRAIE 0 IS L TWS. TOXISIE log ZH>THMifRZ S Z L IZL>TEHX
H5N5. TRDLEL, IRODANANHILL TV 5:

1 1
lim — log(e" + ™) = max{a, b}, lim — log(e"*e™) = a + b.
n—00 711 n—0o0 T

BETHHEHTHS. giEDOARNIIIKDEISIZUTHEENDOND. a = b EIRETD L,
b—a<02R2DT, -9 [FHEFIZARY,

1 1 1
—log(e" + €") = —log (" (1 + e”(b’“))) =a+—log(1+ e"(bfa)) —a (n— o0)
n n n
8%, INTHHEDRXNERI N/,
& O —ITIRDIENL L TV B

1 T
lim — log Z exp(na; + O(logn)) = max{ai,...,a,}.
i=1

n—oo M,

ZD & DT exp(na; + Ologn)) D& D IZIRESFES BOFDNED 1/n £5TlEn — 0o D
EERRD a; DIFDAMWNNTHRD. W EMHOBZNVFOAREHFEZITT L,

Z exp(na; + O(logn)) = exp(nmax{ay,...,a,} + o(n)) (n — 00).

ZWIFFEST DA D Laplace D HIEDFELITH D & ARIND.
R DG A FIROMEY | FEY)BRFEEDE & TRMHALL TV B

aszsf

/aﬁ exp (—nf(:c) + O(log n)) dr = exp (—n inf f(x)+ o(n)) (n — o0).

flz) Ma<z=x< B CRBNBR/NMEZRS, ["(20) >0 K5I,
/ﬂ e’"f(x)g(x) dr = e’"f(”)g(:vo) Q—W (14 0(1)) (n — 00).
«@ Tlf”(ﬂfo)
2D & D REHEEEOFE DM 51X Laplace D AR L IEIENT WS,

1.7 EORBEEHEICLDIERLANIVDOSTECTCKLIEREAHTAE

ZIHDAD n — oo TOWNEZEF 2L FD L 51T U T, Ko REEZ M - 72 s -
FOGIETHRS L ETED.
qi z O, Z:Zl q; = 1& L/, ;Eﬁ@%&ﬁ a, bz = 22:1 bz =aq &AL TWVDHL b,
b N,

pi:g_Na




LB, DL E

1 (Na)! Nbu_ L gNbe ) — - g Di
i Na log <(Nb1) “(Nb, )|q1 q | = ;Zh log " (%)
INOEBIFHEN T Y b I E— (Kullback-Leibler [§#HED —1 £5) THd. §405

. (Na)! Nbi . _Nb, [ 1
zhoo<<Nb1> RO ) /e efa)r

KARBIECINETALTHES. AR (x) BATIEED. N oo D& X

(Na)! Nby  Nb,
N_log(wm) )

r Nb;
(Zlogk Zzlogk—FZNblquz)
i=1 k=1
r Nb;
k=1
1 &8k
:N_aZIOgN_a_ZN_aZIOgN_a+ZpiIOgQi
—>/ logxdx—Z/ logxdx+2p110gq@

= [zlogz — x]g — Z[l’logfv — +Zp110ng = szlog—

i=1

2D E@%%’C“ﬁ%@lﬁfﬁﬂl: Nalog(Na)—>"7_, Nb;log(Na) =0 2 AU/, THiZEo
X REEZEHATIORIIETE .
inm%*%'% FIRMBILT DI L ZFRL TS N 00 DEE

Na FEDOZRITTRERDAED p; = b /a 12757 5 k) Na)
(Na BIDRATCRBAED pi = bifa 1-5 5HH) 7 idar o
2 I KREBOEEID S Boltzmann EF A

S AT & KB DIEH (F/ Kullback-Leibler [ & O L, AT Ty v E¥—0D
H) %25 Boltzmann KHF TRl SN DHAHRIIEONG Z L 2@l L 20,

2.1 MBEDERTE

REMDAED ¢ = (q1,...,q) DZHERHFOHRTEIIRD.
n [BEOMINEAITIZE 2 TELZD i (TDWTIRRE @ BWEUZEIE ki/n PEIE p; 1IZFELW
X RBAHNIEE p= (p1,...,p) WHEULBRDBLED I LIZTH. TOMERIZDONT

(n [l TRERD A DNEIE p 1285 HEHR) = exp(—nD(pl|g) + O(logn)) (n — 00)
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WAL L TWDDTH > 7-.
IROMEEEZ%: 246 p=(p1,...,p,) T s HDOZEM

qu,ipi%(:l/ (V:1727"'7S) (*)
=1

ZRY. U, R ORT RVH (1,1,..0,1), (fors -, for) (W =1,...,8) (&—IKMAE
ThHDERELTHEL. BBROMN I DRME /9040 p ITIEIFFELWGEICHIRU
L E R DOMERNMGIE n — 0o TEDLDITIRDEED 7

e ZIE R i ORIV F =N B, DA

i Eipi = U
i=1

EVDEM (TROHB T AINF —ORBRAEIFENFIE U IZFELLB>TWDH EWNS %K
) ZER U2 &, RO n — 00 TED X DITIRDEED H?
e ZE, Va0 ER-oT i OHPH-L, BE%2 E, RV AEL2DL &,

i Eip; = U
i=1

EWVS M (THRDS 1EH 72 OEGORBAPEEMNZIX U R HIZEL L Z->TWHD
HEWVWHERM) Z UL E BREBDMAN n— 00 TEDXDITIRDEED 7
ED2ODHITIE s=1Ths. HEROZHEZ2HT L s>1 405,

2.2 Boltzmann FFDEH

Sfk (x) DB & TORBD A DG SHRIE n — 0o T, &k Y, pi = 1 254
(*) ®% & T Kullback-Leibler {58 & D(p|lq) = S.7_, pilog(pi/qi) M E/MEIZR D 54
p=(pi,....p,) WHEFTZILIIRD.

T DR S BoMERE & fiff < 7212 Lagrange DAREFRBIEZ i 5. (Kullback-
Leibler f#IEAS p 120V T FICRFENARK CTH /22 L 2 BVHTE D) ZDRDI

L= Zpi log% + <)‘ - 1) (sz - 1) + Zﬁu <Z fu,z’pi - Cu)
i=1 ¢ i=1 v=1 i=1

EBEL.ZITA-1, B WREERTHD. REFERE p, T L 2mMDUIERENT
RTOIIZHRDEWND FHER

T

oL

0—5—;%—1, (1)
oL 4

0= = viDi — Cy v=1,...,s), 2
T = 2 ( ) 2

0

pi - .
= =log—+ A+ Bulvi 1=1,...,r 3
R D SL T ) )



2.3. DA DEGEEL DG S E R OB BBINAEIE L ND Z & 11

ERFIEEC. (3) &V,

—6Xp< A— Zﬂufuz) qi

Iz (1)IfRAT B L

7N — Z - Zizlﬂufmqi? P = %e_ 2= 6ufu,iqi (4)
a@é:aﬁm#é.:@zziﬁm WEMEIEND., ZDEDITp & Z = X
B, ZHOHEIZZS>T WD, B, 2Bl (4) % (2) ITRATEZ LI TIREIND.
exp (— > Bufvi) % Boltzmann ? CIERZ 129 5. Boltzmann K13 REEM O

M X DORERDAG p; MENLZITERBRLEZNEFTRLTWVWDE. ZDEDIZLTRDS
MK;ﬁn%t/ ANDHREERZLIZTD.

ZM (%) DI U T OB GAITHIR U 72358 DR AIE, n — oo TLAETRD 24>
p=(p1,...,p) WOEM (BN S KBOEIE D). n BNERE S IERBROE X/
ZANDHEDOEZ LTS E LTI,

eZEs=1, fii=E,c=U,3=80D% ¥,

1 8logZ
— o BEi _ —BE; . — —5E _
pi= e Z—ge 7 = EE =

INHDRRNIF ¢ ZHDPEWITTNTE UGS IZIFHET 17125 1) % Boltzmann [A 1
= W 7R DA DFIRIZ =L TN 5.

N =RV T M T b — S(pllg) = —D(pllg) = — 3", pilog(pi/a:)
DOHMDRRZRD & D: log(pi/gi) = =D 0 1 Bufvi—logZ, > pi=1,> 0 fvipi = ¢
BT

S(pllq) = Zﬁycy—i-lOgZ

v=1
f:tilis:l, fl,i:Ei7 Cle, Blzﬁwt%
S(pllg) = BU + log Z.
HHIRNFY—F % F=-p3llogZ LEHET DL,

S(pllg) = B(U = F)

DARNIE, Boltzmann EEMNE FN TRV ZRITIE, et HFEE2 > T\ NE
b

O THHRADRNLS S

2.3 BoHNEREOZANOEREDOERESTENEOND L
R DA DPEREEERI q(r) THERAONTWAHEEERALD. ZOBEITIE n [H
DISLERAT DFERG 5 N2 FEERIT A OMERE L EHEMNEIE p(z) (TR DMERDOND 1/n
flEn— oo T
ey

q(z)

X

S@M%Z—D@M%Z—/?@ﬂ%

SBoltzmann EA 1 (2R B RERATHILETES.
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IR EE R BND. S plr) 1T RO &M%

/fl,(x)p(a:) dr = ¢, (v=1,...,s).

il & FABRIC LT, ZO%RMEDE LT D(pllg) % BN B HEREEERE p(r) %KD B
LIRDEDIZRB I ENDNS:

1

p(x) = ¢

Z:/G_Z” 1 B fu(2) q(z) dx,

alOgZ— I/BL/fl/ ) I
o5, /f,, q(z)dx = c,.

Z D& SR D i B A D Jfk % B B DIE BB S ik & WS, B I D
FBEREL DIER B D TR L IFIEND.
J2 & AT OMERDHIE TN THRBDAHEIZE ENTND

k

Siea Bele@ g (),

"IHA: 0<0<1D&E —f=logh—log(l—0) &< &, k=0,1,...,nZDVT

—Bk 1 1
B L A S . _ (L _

Z DE & R S RBDEADOBRIZOWTIIN 4.3 £ 28 &

ZEAM: 0,20,0,>0,5"_ 0,=1ThdL, —p =logh —logh, LB &,
ki+- 4k =nbD&Z

r—1 no.1..
6_ Ei:1 ﬁzkz C]k

= —le e Okr — Lyeeeskor
Pky,... ke Tl k] . Z 7
n! 1 1
_ L 7 —
k... ky 2 Tl rng;z
IEF 2.
_(m—u)2/(202) —(1/(202))$2+(u/0'2)x
p(x) = =2 L 2= o,
V2T A

EO N TR 02 %:?aﬁb?iéif% ’é’&?b*o fR d:z:—l

/xp(x)dx:,u, /xzp(x)dx:02—|—u2
R R

VIO T, Ty b —

MWERKIZED p(r) & UTHRERMNT 5ND



2.4.

FEHE TE R0 A5 D 3L HE 13

Gamma9fi: =z >01Z8WT

—z /7T .a—1 —z/7+(a—1)logx
€ T (&

= = 7 =1T ().
p(x) TQF(OC) Z ? T (Oé)

Gamma 7045 DMERE B p(x) & [pp(x) de =1,

/Oooxp(x)dx—cl, /Ooo(lOga:)p(x)dx—CQ

EWHELMEDE LTI R —

S(p(a)] = / " () log p(a) da

DREKIZES p(z) ¥ UTHEN I 5he. UFERKTHS.

FE_FEBetaDf: >0\ T

1 ro—1 e(a—l)logx—(a+ﬁ) log(1+x)

B(o, B) (1 +2)™+7 Z |

p(z) = Z = B(a, ).

BEHE n Ot %% 1/y/n TRAT—=ILLEED: HHE n O t 94 DOHEREE

1 $2 (/2 Vnw(n/2)
p(t)dt = P (1 + E) dt, = vnB(1/2,n/2) = (T 1)/2)
Tho7. plr)de =p(y/nzx)d(/nz), f=Mn+1)/2 £ &
1 1 e~ Blog(1+z?)
p<x):§(1+x2)(”+1)/2 = 7 , Z =B(1/2,n/2).

F—fEBetaDf: 0<zx<1iZDOVWT

ZEa_l(l _ LL‘)B_I e(a—l)loga:—i-(ﬂ—l)log(l—m)

p(z) = BB ~ . Z=DB(a,p).

Poisson 27:

-\ k —(log M)k
e A e qk e A1
Pk X 7 y Ak Z

2.4 EEREFHRDHDOEHH

Iz

#ile U

Ts=1,filr)=2%c=1,q0x) =1 DHHEIZEDI BRIV AL TALDL Z

£T EORETIE, 1 [ OWSIRT ORETE DN o2 ORI (22 - +22)/n

DN

Yg(z) =1 BOTIDHEIT q(z) FHERFEEHRBIZR SRV, UL, BLTFOFHEOKRIZIE L.
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EWVIERMEER UL E, n— oo Ta ORBRIDMANE D RDMERDD Z LIZHFELW.
EDRAXZMD &

810g Z 1
ap 2B

WAIZ B=1/2, Z =2r, p(x) = e 2/\2r £ 8%, THBDE n— 0o THELND DA
SEE R ARICR S,

ZOFERIE R NOEZED2FD n DFEMAEFLET D n— 1 RGTERTE ED—RRD 4
D 1 IRICERFZEENDH I n — oo THHEELEHAMIIPNR T L2 EHREL TS, §
BOBIRDARDEILL TN D:

1 2 2
p(z) = —e P, 7 = / e P do = /mpV2,
R

—x2/2

dzx.

lim 1) tn(dz) = xe
s [ i) = [ 5@

22T St BERE RO LTS /o D on— 1 IRGCERT
{(21,...,2,) ER" |22+ -+ 22 =n}

EROU, p, FTDOEO—RRMEEDIMLTHY, f(r1) O oy EBRE LD (24,...,2,) D
WETHE. ZOMRDOARITER DL EHOMED DGR CHEEICHRATI S,
A EDGFH B Z B, SRS GEICE T 2MOMRSENED &S B %2H L -
WCHRIZHODNG NEHTID LS.

3 ZIEDHDIBE D Sanov DEE

ZIHD AT D5 D Sanov DEELD E 5k 2 I IR N THEE ISEHL THES 2 L1295,
Stirling DAX I ZHEHZNG UWEEHZ #7925, ZOROFERIZ 71 Z5H [10] T
MINTVWEIEHE AERIZFH L EDTHS. TOTUTIUISEHZ IR DFHN < T A
H5.

3.1 Sanov DEXED IR
BIREA {1,2,...,r} LOMRSH2EOELGEZ P LEHL:

P={p=@@.-...p) ER [p,....pr 20, p1+---+p- =1}

PlEr—1RTOHABKRTHS. 722X r=3 DL X PIRIE=ZAKIZLEDS.

L0 ¢ = (qu,...,q) € P ZERIZH->TCREET . HREH X, Xy, ... 1ZES
{1,2,...,r} TMEZFOWRLEFITH Y, MSLTRBH ¢ = (q1,...,q) (CUER>THD
LEIRETD. ¢=(q1,...,q,) 2BERD T LTS

%/\ AR UTEDILOMEEZE #A LEX M A BFEZINDHRE P(A) £#S<

295, (BTEHME ADE L TD B OFMEEERE P(B|A) £EL)

SIRDMEZ 72 ) — b D Maxwell-Boltzmann HIDHiIZ T DEHERZFHENENTH D,
http://www.math.tohoku.ac. jp/ kuroki/LaTeX/20160501StirlingFormula.pdf


http://www.math.tohoku.ac.jp/~kuroki/LaTeX/20160501StirlingFormula.pdf
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BaDi=1,....r IZHFUTXy,..., X, \Z&END i DIHED k; (81275 2RI

n!

P(#{k’zl,z,...,n’Xk:i}:k'iforeachi:17.._’r) :mqlfl%lfr
ek

5. WEER (ky,... k) OMAERIEE =0,1,...,n, ki + -+ k. =n &H/2L TV
FRURNT B, ZDED B (ky, ... k) WXNT D (ky/n, ... k/n) BEOEEE P, CP
EELILIZT S

k k,
Rf:{<iww—>‘m:0J,“m,h+~-+&:n}.

n n

ZOeE P, OOMEBUE (n+ 1) UTIZRD. (#P, < (n+ 1) 2B THHBICHMAT
%) Xi,.., X, \IZHIRTD P, DIt P, = (ki/n,-- k. /n) ZREBEDMH LILR. RERD A
P, \& P, IHEFDHERLEHTH D,

TR DM (p,q) € P* DB D(pllg) ZIRDE S ITED -

. Di
D(pllg) = > pilog o
i=1 ¢

pi X g D0 IR DEGEITIE 0log) =0, —log) =00 EWHKHKDE L TEHEZEDTEH
<. D(pllg) % Kullback-Leibler fE#E % U < |& Kullback-Leibler ¥ 1 /X\—2 T~ R
&S,

EI 3.1 (Sanov). L EDFEDE & TUF AL L T30
(1) AP OBIBAEARSIE

1
liminf —log P(P, € A) =2 — ingD(qu).
pe

n—,oo M
(2) AN P OWHEES LT

1
limsup —log P(P, € A) < — in£D(p||q).
pe

n—oo T
(3) P OIS A ORKOMAAN A 250551

1
lim —log P(P, € A) = — inf D(p||q).
peEA

n—oo 1

ZDESITREBRDMGD n — oo TOWHAZEE)IF Kullback-Leibler 1§ & D(p||lq) @ inf T
ik I NG . ]
Bl 3.2 (ZHAMDHEE). r=2¢UL, q1=¢ o=1—q¢,pr=p,pp=1—p &B &,

1—q

p
D(pllq) = ploga + (1 —p)log

liminf, limsup (2 DWTH 7 Ml RAMH 2 FH N TH W /2.
TBA2DPFELOTVBIEEIZIE A FMEEDOUHOEETH> THMERY. LI L, EBRX TOEEIZIE A
BRI EE L CARET D I EAEEIZRD 5 L.
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Zhidp=q DL IHRKME 0128, p d¥ g HOEND L ZNOMHIZHAST 2.
0Sa<bS1THBEL, A= (a,0) = (a 2D b TTORKMH) &< ZDEF

P(Poed)y= 3 (Z) (1 — gy

a<k/n<b
BRODT
o N . | —D(bllq) (b <q),
ggﬁﬂ%mginJQG—Q) Z—QQQD@WDZ —D(qllg) =0 (a=q=b),
—D(allq) (¢ <a)
&%, 2N Sanov DEHOIEHPRISHOREGRLLETHS. B

3.2 Sanov DEIEDEEBAD A
RO M T Stirling DARDRD D IZfEDND .
fHRE 3.3. EADEK K, 1 IZx LT

BIEA. [ >k DL &
—=k+1)(k+2)---1Z K"

k!
ISkDEx
L L > 1 = kI7F,
o ((+1D)(1+2)-k = kbt
INTRIRIZENRIN. (]

IRDOFEDZEI T F 10X Sanov OFEHDIEIIZS U\, IXOFHEDFEFIZ X Stirling D
NSV FOL AN
HE 34. FED peP, ITHLT
o
(n+1)r
fEER. p= (p1,...,pr) = (k1/n, ... k. /n) € P, DEZ,

e "Pwlle) < P(P,=p) < e~ nDllg)

—nD(pllg) = - Z ki log p; + Z kilog g;,
=1 =1

kl kr '
—nD(pllg) — D" ) = "k gk
e = PWWM—MHM@ q"-
W 2T, ZOMEDR mIFIR EFAETH 5
L < M st

1)y =kl k!
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ENSOFHMD FH (GRIOARER) ZLHSMAOHE ) BHTH 5. (ZEHAAIIEIT S
WEEN 1R THD I LE2ERLUTWDITEE ) BURT 20 OFHTf (A0 A%
R) EAFHL LS.

L=0,1,....n,l1+ -+l =n &IRETD. TOD&E p=k/n&DT

n! I n! ke 5
ll'lT‘pl p?“ = kl kr!pl p’l’ (*)

bfﬁjzj LTWAIETTHhS. RERLIZLHEDAGIZE W THERMRARIZER S DITRERD A6
(5 BlE Ii/n) PREERDAE (5 DGEE p = ki/n) ITHFLULRDLIENLTHD.
;%%ﬁﬁasiw

GZ) _ L'k fRimh kel > gk ke kb kel

) k! k!
) BEEI X N, W AT, SEERLL Y

nTc

(y

n! n!
1= g < (1) e
M;%nhuwﬁh prs )

W% (n+ 1) THALF?» 5 OFEAE SN 0
o

AR 3.5, SLEDRRDO DA T D LS ITHIRI NS
f(n) & f(0) =0 2729 IEEDEL n OBRFBEMEKBTHD & U,

f)lr=f)f2)---f(n),  fO)!=1
EEDD. TNk fFEELIERILIZTE. 20L& I FEDOBB k1 IZHUT,

EER I Z2EDE X

R ISkDEE
N 1 .1
KU FU+DFA+2) - f(k) T R

(T () I
P Fa P E R

BERLIE

(FL) _ f(h)! f)! . ki—l ker—L
) ~ flt iRy SR )
> f) s f) R f ) ()R = 1

f(n) PWRNARGE I ZOHELUE ISHILAZEZeNTE L EAbNb. ]
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3.3 Sanov OEIEDIERA

EIE 3.1 DB, T2 5 DM (1) 25R% 5. A FAERES {1,2,...,r} EOMHER 42
ROEM P (UL r— 1 RILHRRIZ R D) OFIAEATHD L TD. 2, P, =PNQ"
iP@¢fﬁ&f@éd4iP@%%A%AQ@fﬁﬁﬂnﬁJDmAf

Tim D(pnllg) = ;Ielf‘ D(pllq)
BAZTEDEENS. L EDIRHT

P(P,eA)= > P(Py=p) Z P(P,=p,) 2 — e "P®ll0),

pPEPRNA

BAAD RS G 3A DT 5D fi>72. k)
1
ﬁmgpggeA)g—D@Amy-%mgn+n
ERDBIEDPDMNDE. ULEWR>T,n—00 &32528I2L5T,

1
o L >
hrrlggjlf " log P(P, € A) 2 ;I€1£D<p||q).
INT (1) MEEHI N7z,

ES OFHE (2) 2 RT D, AIXERES {1,2,...,r} LOMERSHERIKDZER P O
EEOMNEATHELTE. ZOLE

P(P, e A)= Y PP < 3 POl < (4 1yreninfrea DGl

pEPLNA pEPnﬂA

BUDAESTHE 34D ENSDFHEiZf>72. Zhdkb)

1 T

_ < 3 _

L log P(F, € A) = — inf D(pllg) + - log(n +1)
ERDIEDDMND. ULENR>T,n—00 &32528I2L5T,

1
hlglﬂsogp —log P(P, € A) = —;ggD(pHQ)-
INT (2) REHH I N7,

(3)&2RZTD. ADRIN%E B LEE BOMAE%2 C LEX ACC LNETS.
BCcAcCC &Y —infyep D(pllg) £ —infyea D(pllg) £ —infyec D(pllq). C »* B O
THdIZ L D(pllg) »' p DEREHBMTH D Z & &V, —inf,cc D(p|lg) = —infpen D(pl|q).
W ZIZ —inf,ep D(pllg) = —infpea D(pllq) = —infyec D(pllg). U5 T (1),(2) 25
(3) BEMNND.

INTEH 3.1 A EEHI N7z, 0

SEXE 3.6. DA EDFEIHTIXBERIZEI T 5 Stirling DL AIARZ f> TRV, FEHTARE
FNZf > 22 FIRIFIRD Z D2 TH 5.
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(1) LS DFHEID 72 DITIRDFEFE % fF > 72
P20, pr 4+ Hp=10DE
n!

mpllﬁp,]frél (kiGZzo, k1++kr:n>

CNREZEHAMIIEWT THERIZIAFTHD I L] 2EKRLTVD. T2 EK
?éﬁ%iﬁ&i, el % k; HrENUTREU BT EENZIHEM XY 112485
Zk
!
2 Ef?ﬁw?”p?:@rP“+MY:1
keytotke=n L T

Mo, EEBIELND.

(2) RS DFHIEID 7z DITIRDFEFE % fF > 72
szZEO, kl++k7‘:napzzkl/n @t%7

n! n!

" phph < T R ke ) =
ll'lrlpl pr = kllkrlpl pr (lleZZ()? l1+ _'_lT_n)

ZHFZHEDHIZBENT THELRPRKRIZR D DI HEDPRERAIHIZE L RD L
ITHdI L] Z2ERULTVD. TOARFERITIRDZ UDAER (K, 1 ORNELRIZ
EOFTITHILLTND) Mo 22bIlBoN5:

— 2K (k1€ Zx).

N k -
gfiggzZZZZEE...EZLEli...kij ;;k?—kl...kkfkr.kfr41...kfr4r:: 1.

(FEl) kR EY

PLED 2 DOFERIFZIENFIZ DO THI > TOAURLRA > TV B IETOHWTH D, /2o
T2 E NI DEED S LZIHNAERD Sanov DEMISFEHINDDTH 5.

i 3.4 DFFAH % W12 /- £ > T Kullback-Leibler IHRENHTH D & 2 A ETHHA %
M RE S .

ki € Zzo, kv 4+ ke =n,p; = ki/n LIRETD. ED(2) & [, HIZDWTRU LIS
ZlizkoT

n! %

n! ! r k
1= j{: Zﬁfffszf"'pﬁ = (n+1) ——ﬁﬁf;szf"'pr~

L+-+l=n

INOWA%E (n+1)" TH>THLNEALERE LD (1) 2&5bED L

k!

1 < n! pkl__' krgl
(n+1)r = k! -kt r=

#13%. ¢ €20, n+ -+ ¢ =1 THdEL, ZORER2MAKE it phr THEH-T
gt BB

?

k k
1 qll...qf'r< n! N k,,,<q11.“q7]?r

k1
= q * s p— e 5
(n—i—l)rplfl---p];r kil k! ! plfl...p/;:r




20 4. Sanov DEHZH >/~ 5 ) Z WV DEH
ki =np; £V, 2O TY TIZ Kullback-Leibler 1 &

- yZi
D(pllg) =) pilog .
i=1 v

MR ZTWS:

k1 k p1 Dr\ T

q Q" q1 qr

log—rzlog<<—) (—) ) = —nD(pl|q).

Pyt phr pr Pr (plla)
L7 oT

L el < ™ m ke < —nDGll)

(n+1)T€ = kl!"'kr!Q1 QT =€ .
COREARAWHE3ADFERTH o/~ TUTIDOARERZHWTLZHELAD n — oo T
DT 2 FNNIEZ 2B I Sanov DEE (EH 3.1) BWME5NEDTH o /-, ]

4 SanovDEBEE>/-H ./ ZAILDHDODEH

BIMOELTELTDEEL S, L AE P IAERES {1,2,...,r} ORI
p=(p1,--..p;) BRDEETHL LU, BEND ¢ = (q1,...,q,) € P ZERICH-T
FEET 2. n BOMSEATTORER, KRB RWEUZEEE b ES &, REE i DU - E]
HlE ki/n THD. BRERDM P, = (ki/n, ... k. /n) & P IEZFEOMERERITLR DS,

4.1 PEHEEHEIRILXF—OHFE
E=(E,...,BE)eR THd&L,

El:...:Ea<Ea+1§...§

r—b < Er—b+1 == Er

MO qr,q >0 THdERELTEHL (HE THEBRBDONEBUELR L& RFET 2 720 DK
E). B b ERE T DRI F—LIER. B e RIZHUTHAM p(B) = (11(8),...,p-(B)) €
P LE Z(B) %

e PE:

pi(B) = E 2(8) =3 e,
=1

U8) = (E)s = 3 En() = —55 log 2(9)

LEDD. B ERYRE LY, e PP % Boltzmann FF LW, p(B) % H/ ZHILDFH
LY, BB Z(B) & DEEEB L MO, B U(B) 2 TRILF—DHIRFE & IES.

S aBDHD & D IRIT I L IED RN T 2B e HERER LR, BEOAA P, OfEIE n
E DM RITEZ RV ET I EIHRAIZZELTEDT, P, ITHERERSZ AR IND.
XY Y TNEEIRARITANF =% I0T i OERHEAL ZIZELRZEEFLE-STEW.



4.2, ST XFERDAED T ) = FIVSFE AN DI 21

log Z(B8) 1% B 1B 3 FICHE M ARKTH D, BERDIE

0\’ Z"(B)Z(B) — Z'(B)?
(%) g 2(8) = =713y

ThHY,a=ePligg 20 BL, BHDHFDIRENS ar,a, >0 "D B < E, 72D T

2'(8)Z(8) — Z'(5)* = Z Efaja; - Z EwaiEja;

:—Z E2+E2 aa]——ZQEEazaj— 1Z(E,~—Ej)2aiaj>0

,J 4,J

LRY, PRI

a 2
(%) log Z(3) > 0
EREZMLTHD. ULEWoT, TRIVXF—D A

U(g) = —%bg 2(p)

13 B ORFBHREFRDHBTH B .
RIZ U(B) DIEDORTZFTARES. £9 p(0) =q £V

= Z Eiq;.
i=1

If—o00DEZE

U(ﬁ) B ZZ Eie_ﬁEiqi B e~ PE Zl Eie_B(Ei_El)ql' . e PEL Z? . E;q; 5
o ZZ e*ﬁEiqi B e*ﬁEl Zz e*ﬁ(Ei*El)qi e BEL Zz 1 q; - 1
BRRIZ B— —oco D& X
U(8) = ZZ E,e PEig, B e BEr Zz Eieﬁ(Er—Ei)qi . e~ BEr Zz i1 Eq; .
Zi 6_5Eiql- e_ﬁEr Zz eﬁ(Er—Ei)qi [ 6Er ZZ bl qZ r

BEICE>T, B, 2U2E & —c0< B <00l U=U(B) IL&ko>T 11255 L
TVWB I ENbnD.

4.2 FHENMZERDPTHEDOH/ ZAILDHEANDIER

%X%ﬁﬁ?ﬁ p=(p1,....pr) EPIZOWVT, &MY Epi=UpB) DELT, n— oo D
AT SHERDZAEN T ) =T340 p(B) IZINRT B Z L 2R L7z,
U\TT , BUFHZ BB BRI D N G D 700D, ok Y Eip =~ U(B) DD DI
EEIZa>0 ZW>TUTD LD IZEM%HT:

¢ BZ0DLE RMUPB)—al) EpSUP) 2ikd

i=1
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¢ BZ0DLE RMUPB) LY Ep SUPB)+a kikd.

i=1
T a>0 O HIFFROAEIEBERTH D Z e BONS. ZDXRAEDE & TOSRLME
NEWREERDDIZ{1,2,... r} LOWRDMEEDES P OHIEEG A %
a {{p €PIUB) —a ST Ep SUP)} (820),
{peP|UPB) =Y Epi2UB) +a} (B20)
LREDD. R P, e ADE L TORMN SR

P(P, € ANB)
P(P, € A)

M n— o0 TH/ =V p(B) (ICEHT S &% Sanov DEM (EH 3.1) %2 {#> TFE
HHU 72\ ZD72DI, (FEIZ e >0 Mo T, P DWNES B 2RO LD IZEDS:

B={peP|lp—pBI <e}.

ZZT || & Euclid / VATHD. Bl p(B) D e fiEFETHL. LEDOZREDE LT,
n — oo CTHRMATEMERDAEN A ) = HVinHi p(B) \CHEFT DI L2 EKRT D

P(P,e B|P, € A) = (BCP)

PP, e B|[P,cA) -1 (n— ) ()

ZRTIEMNUTFOHETHD.
Kullback-Leibler [E¥#i& D(p|lq) DEFHEZE P DEHES C (12

D(Cllg) = inf D(pllq)
IR L TH L. Sanov DEME Y, P OFSHESE C OFBOBAN C 2502 X
P(P, € C) =exp(—nD(C||q) + o(n)).

LETEDZ P OHSES A B, ANB OREOMAIZETNETN A B, ANB 288, X
512 B D A TORIES B=A~B HHAKTHD. PRI

P(P, € B
P(P, € A)

IR n =00 TOWIHTZZLLHETHS () ZAMETH 3.

ELEEMEp e ADE LT p=p(B) M Dpllq) VWHE—DERNFIZRZBEIE B =
AN B OFEIZ p(B) MEENRNZ & &Y, D(B|lq) > D(Allg) = D(p(B)|lq) &%V,
n—o00 CPP,eB'|P,cA) =0 &R2IELMbhnd.

D(pllq) \& p ODEEE UTRITRFZNTHY, AlE P OINEREERDT, &fhpe A
DEETOD D(pllg) M p=p(B) TRNIBZDEZELHIX, p=p(B) FMHE—DHR/NRIZED. D
ZIZ&Mpe ADEH LT D(pllg) B p=p(B) THRNIERD Z L ZREIE (x) DIEIHH
T35 UFRTEDODZ 2L LS.

71 = JIVArAE p(B) IX

P(P, € BP, € A) = — exp(—n(D(B'||q) — D(Allq)) + o(n)).

> E(8) = U9
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B UTWBDT, pf) € A THB. X510

e BE:
B)lla) = sz ) log "2 sz )log © 70
= Zm(ﬁ)(—m —log Z(B)) = —BU(B) — log Z(B). (%)

N pe ADEELTD D(pllg) PDBRAMETH D Z L ZmULZWV. §4DHL pe A
DL E D(pllg) = D(p(B)|lq) %82 &ERUI.

pEALETS. ZOLE ADERLY, L2000 Y Ep, SUP) LAY,
BSODEEYT Ep,2U(B) L8DDT, OFFICELTIC

g Z Eipi < BU(B). (#)
=1
MENLLU TS, BBATHOFHE LY, B3>0 & UB) <> Eig WXEETHY, 3 <0
LUPB) > Eq 3RAMETHD. FEEH A ZERTDIEIITHVZ o> 0 1XBATNOR
Al IEBEER U AR,
Kullback-Leibler 1&#t& D(p||q) 1A TD K S IZER I NS:

D) = Y052 - zwg( L e
=1

4;

= D(pllp(8 +2}M% D(pllp(s +XﬁzﬁE log Z(8))

D(pllp(5 ﬁ}:&m log Z(83).

=1

W2, REEX (#) & A =)V 5340 Kullback-Leibler fE#&E D (p(8)|lq) DFEmx (%) &
Kullback Leibler [EHMENHIZ 0 AETHD Z & &V,

D(pllg) =2 D(pllp(B)) — BU(B) —log Z(B) = D(pllp(B)) + D(p(B)llg) = D(p(B)llg)

INTEREp e ADE LT D(pllg) 1 p=p(B) TRUNIARZZ Lhbho7. EED (x)
ASEEHIX 7.

TR 4.1 (RER (#) 1200 T). M EOHMRIABIAER (#) ORES T ’ﬁo‘(

MET HZFDOXRTIL B IFHMEIRE D Boltzmann UG D W %2 BKT 5. TD
X B>0LBRDDTAENX (#) &

(ZRNVF—OTVHE) = > Ep S U(B)

EREET D, ZOBDEMLETH ) = AND AR 5 d 2 L IZDOWTIKHIE 8] D
55 9-2-1 ffi (p.319) LY &.

IR TY R E— S(p|lg) = —D(pllq) ZAVTARZBEIET L S(pllq) = AUB) +log Z(B) 1255
ZOFOARITEINEE R >TOD AT EBEIRADEDES .
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70 ZHIVHAERRBINC BRI/ OND 2L 2R3 72011, S Ep =~ U(B) &
WO RWREZIET 2 BEIFR L, AER (#) Z2INETDZITTEN. ZORITDONT
E5DLEHELLTAYMLTEKL.

BALEITERELUZ@Y, U0) BIRBEFMDMATOZRIF—DOHIFHE > B IZ7&
5. TULTB>0%2KRELTDHLUP) FBNTRIVF—HER min{E,,..., E.} \JEE,
B<0ZNILTDLUQP) ERRTIINVF—HER max{F,,..., B} (TEML<. =00
TIREBIIBUNT 3OV F —RFE (FEEREE) 12X D & D ITAR Y, B = —oo TIREBIXERK
TRIVFREBIZIEY DK &K DITR 5.

%Jﬁ%»%wfﬁi%ﬂmﬁwﬁﬁT@UJ3Cmiﬁﬂ%WVﬂmbﬁ—Oiﬁ
ﬂhﬁﬁ@kwﬂmbfmé BADBES>TOBHEEITIE BIRAIZERY 25, TOHE

ZIEAR T 2 RE S ADEIZR S, %ﬁmﬁwm %Lmﬁﬁmﬁ*TMé e
37w;ﬁ@%ﬁmﬁi%ﬂmﬁﬁ@ﬁ&UBEmf%ét&a*ma

BADES>TODDIFRD LD RIRILTH D2 L EZEND.

r EOHPHEZ)L—Ly h&2ELUT, i ODHPHEZOEESE B, RVAELRDT—L%
ZA%. (B <0DEEITE |E| RV KD 2L IZTNEXFY Y TN R5.) i ODEMH
BHERIL ¢ THDETD. TOEOIBRT—L1EDLY OESOMFEIL Uy =, B

285, REOBEAEDZDOE 5B —L272< SARYEBEEZ1EHD D DOE é@%ﬁ
milkkﬁﬁ<.

FTU > Uy THRIEWMETD. =22 SABMYBELT (HEIZ n HET3).
F—A1EdH7ZY DESDOEIMEN U K TRO- 722 561F, RilZ2 B R LU TMET
EnESDT—LA%RVEEZLINETD. TOLIICLTT—A1HEHZY DEED
$ﬁ@ﬁf~b§%®%ﬁ@ﬁ%éCkiUk%mLH%t’EOKQ%ﬁ%%%E?Q
21bDd. Z0L X n EOT =A% i OEHPHZEE p ik (n PREIRLEX)EDELD
IRABIZ R 2 A REMEDN G N A D IN?

i — A1E@tU@Eé@$Wﬁﬁb@#6%%%iﬁhé&8%@;5@%%ﬁib
LHERIEITNEDT, F—AL 102D DBEOFEEITIFIE U (THhDL U LDIFAD
DUKEREME) 128 TUE D WREMEDENES S

ZTDOLEXD i OEPHZEE p; %3HE T2, U DEDD BITHIRTDIH ) = HNV7
i pi(B) 1TEL B2 AN E N E WS DR DOHINZE W THFAMZEI B A LA L2 2
t?%é

ZOHGEITIE U >Uy ZBDOT <0 BD. THEOLLBELRLGIIRMHZEIRT L
biof,7 LEHEKROESMFHE LY EEVEEERDD &, WIGT D HHEEIXED
fEIZZ>TUED LRI NDS.

MoHEE DS IEDMEDRIM 2 ED 3121, U < Uy THD LARE L, BER S IXRR- %
%*Eb’c F—=A1EHZD DELEOEEEN U LRIZARS L5 L. Tk
=AY DE é@$ﬁﬁ@c@#6%ﬂﬂi%h%it%@&o&hﬁ@
béﬁﬁf WERREDT, 7 —A1EH 7Y DESDFMHEIE W22 A REMEDE <
i@Eﬁmt%é@UKﬁﬁ?éﬁ/:ﬁwﬁﬁpﬂﬂKﬁ<§é? EMERE. 2D

B U <Uy BOT >0 &8, MR EIXEDEIZARS.

DFY, KEZEESRLUT, 7V —ABKROHAHEL ) EMVWERZHED LD I12T 5 Lif
SHREIXEDEIZZRD EINEZDTHD.

DL EDFIZFHDIEH ) = HVDEOEETH> 72 FER (#) OFINED LS IZH
RTHDIDNDOMNDEES . EOHiwmE S 1.5 HiDBRBED FOMEDOFHE & g U TH L.



43. FEOEHEMMEE ) ZANDHEOHNIZZ>TWS I & 25

E1SHHITIE [T O —A%F->TVDEFZLND. []

4.3 FEDHEZEBHRFEH/ ZAILDHEDOHICH>TWSB I E
DL EDKEERIZRD LS I DHND.

E 4.2 (M S KEOFHER, S SMREH). #EMS G o= (¢1,...,¢) EP
THhHd2TD. X, Xo, .. \FHYL TR g \TUZZBD {1,2,...,r} ITIEZ R ORERE S
ThdLTd. X1, Xo,..., X, DFIZEEND i D% k LEE, P, = (ki/n,.... k. /n)
EHL. P, IO MOES P IEEZFFOMRERIIZS. B e RIFHB41HIO@EY) £ 95,
Ei<U<E, ThdeU,BeR, pB) = (p(B),....,p.(B) €P, Z(B) @A NDFEMTE
Hb:

e g, -

p(B) BN ZALBTEERR. 0<a<oo &L, NEOHEE Ay C P %

i=1

AU:{{pemU—agz:lEipigU} (52 0).
{peP|USY_ EpisU+a} (B20)

LEDD. ZDEE S Ep(f)=U BODT p(f) € Ay THb. FHEIZ >0 2HY,
p(B) D Ay (B ¢ FifE%E B.(p(B)) £&EL. 2DLE n— o0 T

P(F, € B:(p(B)))

1.
PP, € Ay)

P(P, € B:(p(B))|Pn € Au) =

TROLRERDA P, 1& n — oo TH =JIVHA p(B) 12 (TR IURT 5. N

Bl 4.3. HER 0 1238 T 2 MO ZIEDHHHER 1/2 O _THS A2 REMLGL T DY
BOH ) ZHVHHEE LTHRICEDND Z L 3L & 5. 2 OBIERER DA —FE
DAETHENGED N ) Z N H DB LN R > TS,

AIRES {0,1,...,r} (MEZ R OMERZE X TR 1/2 (TG0 D /R ZIHS A I
UMD EIRET S

. r\ 1 .
P(X:Z):(i)§ (1=0,1,...,7).

X1, Xy, .. 3T X LRIUDHEZRFOHREBDIITHZ LTS, X1, X, ..., X, D
ZEEND | O E b & EE, P, = (ko/n, ki/n, ... k/n) &BLE, P, 1% {0,1,...,7}
FOMEENGIMEE R OMEREBITRD. REOFEM LY, MELME2MITTICn — 0o
L§ 5L, P, IRFRR ZIESAAIEA L

E; =i OBEIH ) ZHVHERIZ B hEFHELTALS. ZOL 3, HREE

“IHEH LY
r I -8 % r—i -8 r
2=y =Y () (5) (5) =S5

i=0 =0
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YIRBODT, B =N

pxﬁ):ZG;iZfi::(Z)(gégéig7:: (Z) (e(;f-l)i(eﬁ{kl>T_i

EHEDAEIZR D, DFY

—p
™\ iy ; e
(B) <Jeu e
“orx
Ple P +1
_Z/(ﬁ):,re (2T )
ROT, “T L% —OHFHE 14
o -8
U(s) = —2Lgp =20 _ ey

bR Z(8) e P+l

LTER 0 1THIET S “HAMEIC BT S | ORI RS,
fEsE 1/2 1SS 2 0 SIS DV T DA VAR IT ORI E G B &)
GNESD . A VERT L SRICBDMRD 1/2 THLRNEEAS. TOEH> K1
A V% ¢ BT TROE B & RO ZEIG i/r 28T 217 A% n B EL -
YUED. 722U n BHHIZRENL TS, @FICIEROMF 0 L R EE ifr
MENTN n T ORI NTVS. ZOFEE RS LR ELL TN T 5
. 7 . [
(%QEK%QUT®$ﬁ@)—Z;ywﬁ. (+)
ZOLE p=ki/n HIFED &S BT TV AT REMEAYE mt%o#?
Fﬁﬁﬁﬁp—ummwwp)i%fecﬁmﬁégﬁﬁﬁ FHEHELL Ao TS
BEMED R WD DR, EHL 4.2 29 < _EDFHRIC ﬁ%bta%wﬁ I278%.
LTJ U 72791 = V0 p(B) (HE 6 | ﬁmﬁégﬁﬁﬁwiﬁﬁ42&w

(R 72 18158 & DIIFFE) = Zzp, Z Ep; ~U(B) =10

=0

257293045 p= (po, p1, - - -, pr) \WHIBRU 72356 OREERI A P, 73 n — oo THAF < I
BoTND., ZOFMIEED (x) LAMETHZ. ROHEDEIEDN 0 127825 LD ZMTHl
PR % AT VEHESR 0 1R d D ZIHAAARER A & U THRICE DN S.

fEam. ROHMDMEERD 1/2 ORYRIA V% r [ARITTROLZMEEZHZD L%
T2 S AREDR U, r BIFRO M 2RI KEICFHEINZY AN EES/2ETH. TD
EEXELETDRBKICENT r BIFROHEZEEDEIIEDN 0 IZR2>TVWBRHIE2, £
DY ANMIIEHZNE [ROHDHERD 0 O _IESMHDLEHIEZ > TWD] DX I
RAZTULESZ&IZRD. []

WREOD (59) THIE YD, 0 25 1/2 DOHNT VWD HERIE n — oo T 0 WLEML. ZITEHZED LS B
BT —ANEU 582 EL TV,

120 3 1/2 » S &, n 73%*7&& EZDEIBRVAMIELNDIMRIZIZIZ O IZARDZD, TD LD
aﬁaﬁﬁﬁibfbiot IZOWTEEFZTND.
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TR 4.4, Bl 43 DiEiE —RILT D EIRFHPIZLFD LS BRI EDBHEILLTWDE I &
RO, BEMDM ¢ \TEVINS B BT = AV fmdIE%E LT\ 5 & RGE
9 5:

e_ﬁOE

T
1
q0,i _BoE;
Y Zop = E e o “qi0-
i=1

q; = 7o

ZIToaq,; 20,50 1q:=1 E,....,BE € R O&KE B, L&KME E, IR,
0,¢ >0 THIDEIRETD. 20X, ZORERDHEL B 72bIZxindd 0/ =7
A p(B) B RERMDHE LR UKD N ) = AN HEITERS:

r

—(Bo+B)E; -, . r
€ q0,i _BE; _ )

i = ZoZ =7 BE:, _ (Bo+B)Eip,
pi(B) 70Z(B) 0Z(B) 0 ;_1 € i ;:1 e qo,i

CHEA AL OB A HEICE ENT WD THI 43D LS BRI EWNKLTHDT
HD. MOFEEUDMIEIE ENDMERDMIZDOVTHFRRD Z EDLALT B, [

5 {I8%: Kullback-Leibler [ REICEAT 2 F7FR

Cover-Thomas [2] 3R ICEHTOALLERETHS. HHREL TV hAKE——
FRIZBET 23 LW 2 5t A O AN T DA Z ST NIE SV, LR TR EICZOBRE
=2 MU BN 5, Kullback-Leibler [ &DY [HEf] LS BMEEZFF> TV I L2 K
kg o AEREZHD.

5.1 %{&: Jensen DAER

BRI f(X) 28 E[f(X)] ICHIGIEDMNEE B[ - ] IEATORMAZHZ L TWD LR
T 5:

1. fREME: B (X)), g(X) &8 o, B IZH LT,
Elaf(X) + Bg(X)] = aE[f(X)] + BE[g(X)].

2. WM HIZ f(X) 2 g(X) B5IE E[f(X)] = Elg(X))].
3. BiRsALSAt: El1] = 1.

B ALSAE L EIMEEL D B o IS UT Ela] =a L R2ZEDDDE. ZOESR B[ -]
FHHENRBRE PR, 2 2E p, 20,30  pi=1 08X Blf(X)] =30, flz)p 1&
HIRHEPBECH . M p(x) 20, [P p(x)de =1 D& X, B[f(X)] = [7 f(z)p(x) dx
EHFHEPNHETH B .

DL ELLTFORERNELLL TS (Jensen DRFL):

o [(X) MEIZMABIE E[f(X)] < fIE[X]).
o [(X) BTFIMABIE E[f(X)] = fE[X]).
AR CRIEDAZTAIL & 5. B&IE —f(X) CHE2EHTSELNG.
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B DR, B f(X) R ECMTHEEIEL, p= B[X] £BL. Z0L X EIgmA
BB F(X) D X =5 CO B % a(X — ) + f(p) &=L &,

(X)) = alX —p) + ()

LB%DT,

E[f(X)] = Ela(X — p) + f(p)] = a(B[X] — p) + f(p) = f(E[X]).

2 H 0% B CHIFHE RO BN % [\, 2 5 HO% 5 T2 OGN L BRI
o718, 0

FR 5.1, EOEHAN»S ) f(X) AR EICREBEMNRSIE, X O u=E[f(X)] IZ&EHL
TWARWRY (IF&AETEFEIZ f(X) =p PEZUTOWRWRY), F5 258 FR8VEROA
HEXDBEILLTND Z bbb, ]

5.2 MEMAFNE TOMKH
IRDOARFERILZ & 21K 2], p.31, Theorem 2.7.1 (Log sum inequality) (ZZEWTH 5.

WEMAERX 0 UED a;, b 1ITHFULT,

) -t > - — . — .
izlazlog b, :AlogB, A izlaz, B izlbz.
HEBOWANLE a;/b; PEVZTRTEHELWZ LIZFAMETHD. WOEDESIZ 0log0 =0,
alog(a/0) = oo ERIHRL TH <

SRR, a; > 0, b; > 0 DEEDOARZFEHTIVETDTHS. (—MOEGHEIZT DG D
[RE UTCREIHING.) f(z) = zlogr &B< &, f'(x) = logx + 1, f”( )=1/x BDT
fl) iF 2z >0 TRIIRFBMNTHS. T Jensen DAEFXRZEHL KD, TDAEDHIZ
pi=b/B B ZDLE

P =L = 1 )
a; biai A A A
= f <;p1b_l> =/ (;Ebj) :f(E) =§log§.

flz) OBFMEL Y, FENKLTDI L L a;/b; WEVIZTRTELWZ EDEETH
H5ZEE NG, ]
ZORFERZE 2T pi, ¢ DWIEATENTNOMRMN 1 DL X

1
D z1-—>11 Z=0
(plla) = Epog 08 1

=1

BEf(X)] =Y, f(xi)p; DHBED Jensen DAEFERIE r (2B 2 BFEMRMNIETIEAT S 2B TE
2%, WIFHEINEE D ABL /2 1) % > TEET S 2 A AFERXD AL T DB HAB DN D P TV e S,



5.3. Kullback-Leibler [ & T L' FElfi% EnSB I 260 L 29

3515 (Kullback-Leibler (B3R DI EM). I 512, £E {1,2,...,r} OHE
(L2, 1} =AU U A,

c:jj.b—t, {A17-~-;As} L@ﬁ%zz‘zﬁj\%ﬁpz<Pl,,Ps), Qj:(Q17"'7QS) %

Pi=>"p, Q=) a

i€A; i€A;

CEDD L, WNEHAEFEALY

D(pllq) = Zszlog—>ZPlogQ = D(P||Q).

j=14i€A;

F9 517, MEDIEHR%Z SN % & Kullback-Leibler [§REIX/NI < 725,

5.3 Kullback-Leibler [§38R£2 T L' FpEtA EhSBIxHNhI &
£4 {1,2,...,r} LOWERLIG p=(p1,....,p.), ¢ = (q1,--,q) DHWZD L' fF
lp —qlle: % )
P — |z :Z|pi_Qi|
i—1
EREDD. MRS p (T DHERE

=>p (Ac{12...1})

LEL L,
lp—allor =2(p(A) —q(4)), A={ie{l,2,....;r}|piZa} (#)
BRERLIE
Ip = gl = ;(pi —q)+ ;(qz- — i) = p(A) = q(A) + q(A9) = p(A%)

=p(A) —q(A) + (1 —¢(4)) = (1 = p(A)) = 2(p(A) — ¢(A)).

EDOHEZLTIZBWTCEDOEEHNS
KLIBHRET L' [FEAx EAhSHBIZIbNB I &
D(pllq) 2 —Hp ql[7:- (*)

ZDOAREXZFEH L 720,
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r=2DHEED (x) DFEA. 0<a<,0<b<1DEE

alog%+(1—a)log1 ZEQ(a—b)Q

YRBILEFRFIBEN. ZTOROIIUN LRV ARRE f(b) LB

1—a

1-0

f(b) :alog%+(1—a)log —2(a —b)%

a 1l—a

fO)=—3+ 15~ 4-a)=0b-a) (6(1—1—19)_4)

b(1—a)<1/4 &Y, 1/(b(1—0b)—4202725. WRIZ f(b) DFFEIE b—a OFFHITE
LW, 9205 f(b) Ik b<a THFEBAU, b>a THEFAEMT S, LZB>T f(p)=0

BROT f(B) =20 &R2IENDND. 0
—MRDIZBED () DI, A A X (#) WY THD LU, £E {1,2,...,r} Ol
{A, A} EOWERDMA P = (a,1 —a), Q@ = (b,1 —b) & a = p(A), b = q(A) EED
5. ZDL IHIEBOIER % D & Kullback-Leibler [EHEAVNY <725 Z & (55 5.2 fiff)

i)
D(plla) Z D(plla) 2 2(a — 8 = 2(p(4) — a(B) = 3 Ip — allfn

ZIT2OHDAESTETIHHLZ r =2 OBEDOREREZ WV, RBIZ (#) 2o/, [

5.4 Pithagorian theorem

P={p=(p,....p) ERL | p1+ - +p =1} LB, P EA{1,2,...,r} EOT
RBOMEIRDEGLART. PlEr—1IRTHIKTHS.
IRDOAZENIL [2], p.367, Theorem 11.6.1 IZdH D.

Pythagorian theorem F (& P O EAETHEE L, e PNE THD LTS,
p*=(pi,...,p) e EWX D(pllq) 2 E ETHR/MET D p THDH LT

“|lq) = min D(p||q).
D(p*llq) = min D(plq)

DL E

D(pllg) =z D(pllp*) + D(p*llg)  (» € E).
ZDOAEX & Kullback-Leibler fE#HEDIEENMEL Y, D(pllg) — D(p*llg) B5&E p — p*
ERBIENENND.

FEBA. (pythegorian theorem DFEH] p* & p % 5 EAR LD Kullback-Leibler {&# & D
D p* (IZET DR E RNIXZ OARELXNGEHIND.
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teRIZXNLT

p(t) = (pa(t),...,pe() =tp+ (1 =t)p*,  pilt) =tpi+ (1 = )p;,

£(8) = D(p(t)lla) = 3_(tm: + (1~ 1)) log 2 <;— i

i=1

LHEL.IDEE

r

P =3 (<pz- pleg BEAZOR —pz>)

i=1 i

- . tpi + (1 —1)p;
= (pi —p})log Sl 4

qi

2DOHDHEST S pi=Y  pi=1¢825Zt%lior,
p0)=p* € E,p(1)=pe ETHY, EIXNZ2DTpt)e E(0St<1). pr
D(pllq) # E ETH/MET D p Zo7/2DT, f/(0) 20 £%45. DRI

0= (0)=>> (p pz)log— = Zpl log (pzpz> Zpl 10g i

i=1 7/ ql 1 i=1
- Di x *
=Zpilogg—2pilog——zpz 10g—= (pllg) = D(pllp*) = D(p"|q).
i=1 =1

INTRUEOAFEADRI N ]

6 {I&k: hOBBEHEOITY hOE—IZDWT

6.1 HBHHI R F—* Massieu K & DEEZR

FER 6.1 (E— AV MRIEBE X2 LT Y M), HEDH ¢ OB & THERZE X
i X; DE—A Y MR My (t) 1%

r

Mx(t) _ ZetXiqi

i=1

CEBRIND. CNIX X =FE,t=—F DL THEEK

B) = Z e PPig,
=1

T 5. HERROBREIZENTHDE— AV MR (R IE0 KB
RKEWIZFECEDZ L B> TIW. BERHOAREIZLINITETE—A Y MEEEHEDOAE

Kx(t) = log Mx(t)

FHERZE X OF 25TV MREEKEL (cumulant generating function) & IFIEN TV 5. H

HZRAIVF—DEE .
F(B) = —5108; Z(B)
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IAREMIZF 2 AT Y MEERHBDOERIZ L TWS. LV IEMIITYRE 8 TEHLRID
F(B) =log Z(B) (& V) IEHEIZIZA LT D Boltzmann E£F)

DFEMF LT Y MEEBOBEZORIGWIZRE. 2650 F(B) I& Massieu B & IFF
ENTW3S. U

6.2 MNRényiTv hOE—

R 6.2 (X Rényi = b —). 2 DODMEERS p= (p1,...,pr), ¢ = (q1, -, ) IZ
XU T, 8 Rényi T bOE— Si(p|lq) »°

k%E:(%) L

LEREINDG. IND -115%  THRIT DL

9 ~ yple log(pi/a)
%((5 —1)S5(pllq)) = — IZZ s

BOT, X512 8=1¢F2L,

B8 1-p
Ss(pllg) = N%Z;m%

9
98 ,_,

CHNTZY NOE—=RHTHkDS. DXIZ

(B =1)Ss(pllg)) §:mbg—: (pll)

a@mr:gywmwzsmm.

FIXF Rényi T2 PO E— STy hOE—DT VR T— A =R —ERIZR>TNDB LH
ZA6Nd. ¢ =1DEEDRényi TV MO E—DEFE % K> CTOIUIAMN Rényi = b1
E—DEHIFHETERG IR EBbhd.
FERF Rényi T b 0¥ —DE #1340 B Bk

r B T
Di —BE; pi
ZBip ) =Y (q_> g=Y eg,  E= —log;
i=1 v i=1 ¢

AT 2 HHZ ARV F— F(B:p,q) & Massieu BRI F(3;p, q) DEFH

F(B;p,q) = =B log Z(B;p, q),
F(B;p,q) =log Z(B;p,q) (Boltzmann 8% I31)

EAREIZFEIUTH S
(B—1)Ss(pllg) = BF(B;p,q) = —F(B;p,q) = —1log Z(B;p,q).

Rényi divergence (X} Rényi T> v —0D —1 £%) DFEAMEED E L OM [0 IZHD.



6.3. MX Tsallis =¥ bt — 33

(B—1)S5(pllg) = —log Z(B;p,q) 1& B DEEE LT EIZMTHS:

2\ _ >0y (B — Ej)?e P BB gy,
() (-og 250 - - e <0

(EFRAE p=q (1=1,...,r) &[FfH).

TUT, (B-1)5(pllg) = —log Z(B;p.q) P B =1 TOMA —log Z(1;p,q) = —log1 =0
ThdZ e, (B—1)Sspllg) = —log Z(B;p,q) ® =1 TCOWRBMPHNTY hOE—
S(pllq) CZ%bWZDDL@%%%%& )

(B—=1)Ss(pllg) = (B—1)S(p|lg)-
EUIRELOBHRORTH S 0

6.3 HX TsallisT> hOE—

FR 6.3 (X Tsallis T b Y —). #ER5W p= (p1,....,p)q = (qu,...,q) XU
T, Z(B;p,q) ZIRDEDIZEDD:

r r B T
—BE; Di bi
Z(Bipq) =Y e BEZQ¢=Z<E> =Y g "’ Ei=—log -
i=1 i=1 N i=1 !

B E X 2DODMRNG p & ¢ DK i TEDEVERDLTWS. W) =WV D4
p(B) = p1(B),---.p:(B)) %

o P Pl
P = ZEpg)  Z(Bipq)

LD L WIEREE 81 g = pi(0) & p = pi(1) BT 285 A—2—12B5TVS
SO E MK Rényi TV RO — S5(pllq) &

IOgZ(/B,p, 1 . B 1-8
= l
Ss(plla) = - 1_ﬁogi§: P; 4;

EROIN, HNTY O E— S(p|lq) &

0
10gZ(/3;p,Q)=—% Z(B;p,q) szlog—
p=1

EERDOINDG. 2DOHDEST Z(1;p,q) =1 Z2ffio /=
MDEEZE v [T 5 g ZoEHZE LS

f(x) = flgz)
(I—-qx

q— 17T q7#5 Dyof(x) 1353 0f (x)/0x IZIRT .

0
S(pllg) = — a5
p=1

D, qf(x) =
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EOHMTY hBE—DAD log Z(B8;p,q) TIFEL Z(B;p,q) ZAVWERRIZBITD
BIZETIMN % ¢ ENTEIHZ D LI12&->TH, 8% Tsallis T O E—2RD
EOIERINDY (¢ ZHD q ZIROAXTIE a EFL):

Z2(ipq) = Z(espa) _ 1= pia "

T, =—Dgsols Z(Bip,q) = — =
(pllg) B, ’ﬁ,1 (B:p,q) 1—a 1—a

a— 1T a 2R EEFE O ITPERT & DT, X Tsallis T2 b1 E—EH T o
—IZPERT S, TDZ ki

. Z (pi/%')l_ (pi/Qi) ai, lim r—x — g r% = xlogaj.
—

T, =
(qu) a—=l 1 — @ 804 a=1

=1
EEIZE PO SND. M Tsallis T b E—I3MF Ty O E—DEHRIZS T
% xlogr & (x—12%)/(1—a) CEIBRAELDEZLEZXS. X Tsalis T hOE—%
X Rényi T2 FOE—TIRD LD IZRKDTILETED:

Tytpll) = 2020 =1 _ el D)5 (pl) -

AN Rényl T2 b O E—Z % Tsallis T hOE—IZ &> T

log Z(B;p,q) _ log(1+ (1 — B)Ts(pllg))
Ss(pllg) = - 5

ERDTILETES. MM Tsallis T hOE— MM Rényi T hOE—DE WML 2 —1
Elogz=log(l+(z—1)) DENTHDLEZDILETED.

DAEDESZ, =Y o ¥ —, #Hx Rényi = b Y —, fHX Tsallis =~ b ¥ —
X ENE FEERE Z(8;p,q) MODIREYITH 5. N

SER (X Tsallis T2 b 1T E¥— & FHx Rényi T b O E—0DBIR). FHX} Tsallis T b 1
Y — Ts(pllq) &M Rényi =¥ b — Ss(pllg) 1FEHBHEH

Zs(pllq) = prqf g

ZHWT
Zs(pllg) — 1 log Z
iwmm:—i%¥%—n (m@:_ﬂ%%@@.
LEDING. B>1(BLIE B < 1) OBAIREDSE Z,(pllq) OHRBEHABE (B L
BB DT, Th5 R BAMT S 2 L 1E Zy(pllg) &RME (B U< A
) F52 L LAIEIERS. X510

-1_1
g—1

VEEH 1 2016 456 H 22 HOBBETZOBARNE & o2 KCHETETHARL,
15%% (PHX) Tsallis T hOE—DEHRDBARMEZE £ 72 <HEL TOHARW. (FH)Rényi => b
—IEARBEN D E R DONEL (AT )L F— Massieu i) RO TTD LI BREDEFZZ D Z L DB
‘fi’ier:E'f’C 50, (FHA)Tsallis T b E— DT & < DDA,

65_1(1‘) = (1 + (ﬂ — 1)ZE)1/(6_1)’ Eﬂ—l(l‘) _ x
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PHWMIMFOF R R LY,

/(B=1)

Zs(plla)' = es1(=T5(plla)) = exp(=Sp(pllq))-

Z DFEIRTHIX Tsallis T b B E— MM Rényi T O E—DENEH &5 & ep_y(2)
& exp(z) DIEWIES>TWD. £EHAA, ZOFEEIXTA»H

Ts(plla) = —Ca-1 (Zsll)V V), Ss(pllg) = —log (Zs(pllg)/ "~ V)
EENVTHITIZEHAZRDTH % H. []

EE 6.4 (AfEM). p 20,3 pi=>1_  =a=1ThdLL,B>0Thd LT
T4, MY bR —, HHR Rényi TV b I ¥ —, X Tsallis TV B EY—=3ZhZTh

S(pllg) = sz log—

Ss(pllg) = logzpqu g
Zf pfqzl L -1
Ts(pllg) = 1B—1

CREBINZDTHo7. U 4(x) %

EREDD L, fHN Tsallis T b ¥ —I&

pi
Ts(pllg) = szfﬁ | (—)

Z

ERDOIND. S(pllg), Ss(pllg), Ts(pllg) WTRTOLATFTHED I LE2RTD.

eIy hbAE— f(z)=xlogr £BLE, f'(z)=logx+1, f'(z) =1/ £V f(z) Ik
TR THY, f(1) =0, f/(1)=1 &Y, fla) 2a—-1 17235, PRI

S(ella) = Zf(“) -g—z(%—l)qi:o.
i= i=1 N1
Mt Tsallis T bAOE—  g(z) = xls_1(x) EBLE, ¢(2)
P2 & B>1 &V, g(x) B FITHBREBETHY, g(1) =0, ¢
LR5. PRI

| |
~—~
o
—_
~—

Ty(plle) = Zg(pl) 5 Z<“1)
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Mt Rényi TV hOE— g>1 WS kELY, Ss(pllg) <0 2RI 72DITIE

Di ’
prq} P = Z(—) g =1
=1 t
ZREIEEV. b)) =28 B8, W(r) =822 B (@) =B(B—-1)2P2 & B>1 &V,
h(x) & FIZZRKRBETHY , (1) =1, (1) = &V h(z) 21+8(x—1) &85, WAIZ

ORE (RIS

INTRIRIZEVITARTRINS. BLEDOERIZE T Jensen DAER %2 fi 21X
FADDUZITEETS S, ]

6.4 MEM (REM)ICOWT

FER 6.5 (ITEMEICDWT). v=1,2 IZHTDHBRES R, ={1,2,...,r,} LOWMRSMH
P = Doty Do)y Pv = (Puts - Do) WU, FRF T b0 E— & Rényi T
M Y—lZ

Pri
S(pullg,) = melog

108;26(291/“%)
Sslpolle) = =3=5—  Zslplla) = meq

t@é ﬁ%/ﬂ\ Rl X RQ == {(Z ]) | 1€ Rl, j € RQ} J:@Eﬁg—‘ﬁ%ﬁz)) (Z,j) — pl,ip27j7
(4,7) & Qriqe; W E 2 TEREIND. ZOEMES EOMERSMAOMITNT MY T b
OE— N Rényi TV PEE—DERZEZE I T T LIROLDIIAS:

P1,iD2
S(p1,p2llar, ¢2) = Zplngjlog J
ij q1 iq2 ]
log Zgs(p1, p2|lq1, g2 _
Ss(p1sp2llar, ¢2) = ﬁ<1 _ ﬁH ), Zs(p1:p2llar: @) = Z(Pl,z’p2,j)ﬁ(qLiQ2,j)l

4,J
ZDE ZIRDIGEEDNEAL L TV
S(p1, p2llar, 2) = S(p1llaz) + S(p2|]g2), Sﬁ(p1,p2||611,(]2) = SB(P1||Q2) + SB(P2||Q2)-
®E X

Zg(p1, p2llar, 2) = Zs(pillar) Zs(p2llg2)
CEMETH S . FERHIFZA R DE Y -

S(p1, p2llar, @2) = Zpupm Zplzp?glog_
== Zpl,i log; - ZPZ,j logg = S(p1llar) + S(p2llge),
Zs(p1, p2llar, g2) = Z(Zh z‘ng) il zng = ZP1 i1 pQﬂ%]B

—Zp“éﬁzﬁ Zp%qg] = Zs(p1llar) Zs(p2llae).
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FHXF Tsallis =¥ b ¥ —

Zﬁ(p1,p2||CI1,Q2) -1

A Pvlqv —1
5(pvlla) Tg(p17p2||Q17Q2): 1-5

1-p ’
IIVENE 2 5§ 72 U TR DS,

Ts(pollay) =

Ts(p1,p2|lar, @2) = Ta(p1l|ar) + Ta(p2llg2) + (1 — B)Ta(p1llar) Ts(p2lg2)
g/~ LTS, GERIXIRDEY

Tﬁ(pl,pQHCh, q@2) — TB(MHQl] - Tﬁ(]b”%)
_ Zppillar) Zs(pallge) — 1 = (Zs(prllgr) — 1) = (Zs(pallg2) — 1)

1-p5
_ Zpnllar) Zs(pallaz) — Zs(prllar) — Zs(pallg2) + 1
1-5
_ (Zsallar) = 1) (Zp(pallg2) = 1)

1-3
= (1= 8)Ta(p1llqr) Ts(p2llg2)-

IHE g B (2),=(1—-¢")/(1—q) ITBEHTDHAKX
(T +y)g=()g+ (Y)g + (g — 1) (2)g (y)q

WZEIT WS, Tsallis T I E—16 (TR U 2 BUFAIREGE IZBE 2 ikGm b L ORIz D
WTIE [0] 22RE L. £ 2T n— oo DHNEEEIZ Tsallis T B E=2Bbhd%
R OB RO T NS, B

6.5 #HEX Tsallis TV bOE—ZEHEEHICET LRI MDILR (1)

Suyari [0] I&ZIHEED H B ILERD n — oo DWHEZEE)A Tsallis T T E—Tild X
N5 eZRUKZ AT TRTOMEZZIHZ M & X Tsallis TV b B E—D5E A
RT3 LURTIEHIANZ & 2 RUICE I RMEI R R 21772 .

UFRTIENTGA—=B—h EINTA—=Z— 3 DOHNZIZIE

h=8-1, h+1=4

LS BIEN DB LRET B, 8T A—F— h= §— 1 1 & B IEBER O e () L4
BE O (,(2) %

en(x) = (14 ha)'/h, Uh(z) =

YEDD. INLIEHENICHFEORERICA>TEY, h — 0 (8 — 1) Tl O
B SHEEBI IR T 5. ZDRBEE S L 5 6.3 BiCEA L 748 Tsallis T k1

kX Tsallis T PO —DEHRT ¢; =1 29D & Tsallis T hOE—DEBEVEFSND.
TFIFEIAARAEER T UM R,
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Y'— Ts(pllg) ZIRD & D IZRHOE D

Ts(pllq) = sz 0 (pl)

BERLIE

. Di 1 : Di 4 -8
- il | — | = —+ i\ — ] — — i)
DY et 1—2"11%% 5
= - -1 51 = Ts(pllq)-
I NPHREZEENZIHOND & D BREZENGONEEZ#EKRTHZENUATOHETHS.
BEDOZIENGIZE T D HERT

a(n; k) =

|
klnk q’fl...qfr (k=(ki,...,ke), ki 20, ks +---+ k. =n)

THY, TNONBITIRD IS IZEKDINS:

loga(n; k) = Zlogu—ZZlog(%)

i=1 v;=1

SREIEL TIRORIEZ X T O (an(n: k) % EHET 2

ro ks
ahnk’ Zgh Zzgh <%)

i=1 I/Z'ZI

ZOXE LD b (x) = 2" /h— 1/h DHD —1/h OHHEF ¥ VIV UTHRAZDT,

vi 1 T - k;
Cn(ap(n; k)) <ZV —ZZ V >:E< ZqihZVih>.
=1 v;=1 =1 v;=1
h>0(8>1) EIREL, n — oo T k;i/n IXEIE—%E k; =np; + O(1) = n(p; + O(1/n))
EVDEMZIRETD. n— o0 DEX Eh(ah(n k)) ne DUTIRDFED M & A 720,
h>0 &IRELZDT,

B
ZV h+1 (nh):E—f—O(nﬁ_l) (n — 00).

X5k =np; +0(1) EHEL7ZDT,

ki b1 B

vt =Ll s o) = g+ 0l

l/iil

B2 Tsallis TV "OE—DEHFEL L EoTH LWV, ZORADEETIE, HF Tsallis =2 bR
Y= Ts(pllg) PHFTY RBY— S(pllg) = — X1, pilog(pi/ai) D/STA—F— h=F—11C&BHIRIC
BoTWD I ENHMN) G,
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Wz I

B1 N PP B
b)) = ST EEII o) = DLl + 0 (0 o).

INMWEEBELTWERERTHDY. ZOREIZZIED A OMHTZE)

|

log a(n; k) = log (k1 T ,q1 : -qi“‘) = nS(pllg) + O(logn)

DRI R > T W5,

6.6 8% Tsallis T> kO E— % BHEEENICSH 2 TS H O (2)

Suyari-Scarfone [7] {226 6.6 i & 357425 LN M OILROE S PENTH > 72D TEA
TTHRNATDEILIZTD. FEOOHID ay(n k) IADFEEEZFI SRS, STk [7] D g L2
66D h=B-1lFh=1-q¢h+1=8=2—qlZ&>THIGLTN5.

BRI e (x) & T DK Z (,(x) %

n 1 a1 1
en(z) =1+ hx)’" >0 z>=7 ) Up(z) = > (x >0)

EEDD EFM Tsallis T hOE—(x

1- : pfngl ’ 1 . Di
Ty(pllg) - S B th“ ==Y nn (2
i=1 v

EERHLELIZDOTHo /.
ZIANARIC BT DHERIT

|
klnk qllm_.-qffr (k= (ky,..., k), ki 20, ki + -+ k, =n)

ThY, TNONBUIFIRD L S IZRKDIND:

k;
loga(n; k) = Zlogy—Z(Zlogyi—Fkilogqi_l).

i=1 v;i=1

a(n; k) =

ZOFiTCIEINEIRL T gh(ah(n; k)) RO EDIZEET B,

k; h+1
k; _
n(an(n; k)) E O (v E ( E Ch(vi) + h+ 1£h(qz‘ 1)) .
=1 v;=1

ZHFRDO XD IZEZTEINDS:

Onan(n; k)) (Z’/ —Z(Z Iy hi+1 - —1))).

OZ DfER (£ U <UZZTDHLER) % 2 IFHEX Tsallis T2 b B E—DE412F % Sanov DEHDALIE %
uEBE“Ci?été 5. UL, 2016 £ 6 H 23 HOK R TEZIZ/INT A — 57— h=pB-1I2&3%IESHDHL
& ap(n; k) DSHTRD BARMEZBET S TR,

202016 4E 7 H 6 HBE, Z DEZRDMBIRM: 2 FH ITHME T I TOLR.




40 7. gk BRSIR & HRRER (2 B9 S il B A

h>0(8>1) EIREL, n — oo T k;i/n IREIE—E k; = np; + O(1) = n(p; + O(1/n))
EVDEBEINETSD. n— oo DEZE l(an(n; k) MED XD ITHRDEED N2 72\,
h>0 &K@l 7zDT,

h+1

- h_ 1 h _”_'B B
;y —h+1+0(n)— B+O(n o) (n — o0).

X5k =np; +0(1) EIRELZDT,

k Nh+1 8

. h (npl) h\ __ TL_ 8 B—1

k,zh—&-l )h+1

_ (npi

+ O = n PP+ 0w,
h+l  h+l "

B
FLTC g =¢ P TH3 PRI, n— o0 IZBNT

B
INDBEEBE LTWERRTHD. ZOERIE G345 D A5 )

n? 1 1 n? -1
Cn(a(n; k)) ( E:Bﬁ%ﬁ> O(n"~") = —Ts(pllg) + O(n°1).

n!
bga““k>:1%§(kﬂ.”k.q?'~Q?>==nS@MQ)+CKbgn)

DIEFRIZ R > TV 3.

7 8k EMRRRE TBRICEY % & AR

EARRR lim sup & FABRER liminf IFZUNEE & U T oo ZFHFIEE ICINEKET DD T, IUR
TENEDDONLBRWVERFIOWHNEEF 2 FANRND L I TEHATHS.

BARIOZETH L EMRE FERICOWTEERTE > TV TEILKA>TVEES
I, MERIOHBEHEIFFHLUSHoZZENRONE LAY, Z056, ZOMNERT Lk
PR & NHBRRIC DWW TR L TH < 2 &Il U .

ai,ay, ... \FEHHNTHDH LTS,

Uny Qns1, Gngas - O BB supg>, ap %

supar = (§XTD ay,, Gpy1, Apyos ... LED o OFTER/INDE D).

k>n
72720 a l35FEBEZIL 0o THD LT D2

supar = min{a € RU{oo} |ax S a (k2n)}.
k>n

2L EIROFIEITER OGN & > TIRIFI NS . ERWNEIZELET S 2 & 2 E MG EZ0E D7 &
BoTH L.
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—HRIZ KD NI BFEDOEED ERIZNI K BZDDTn (IZBT SBI sups,, ap 1S
HQ‘?&WU 285, UdioT, B3 supys,, a 1& n — co TEEME 1L oo IR 5%
T DOPRYE & EHS a, @J:@BE (limit superior) &, IRD & 512K DOT:

limsupa, = lim sup ay.
n—o00 n—oo kzn

[ AR FABEE (limit inferior) ZIRD K D IZEEKT B!

]infak—max{aeRU{ oo} |ap 2 a (k2n)},

liminf a,, = lim inf ay.
n—00 n—o00 k>n

EBR sup 1 & FER inf A EZR DT EMFR & FHERISIRO AE X Z 72 LT\ d:

lim inf a,, < limsup a,,.
n—oo T n—oo

EHF a, WIERT 278 51F, supgs, ax & infyz, a DAL 0 IZPFT DT,

liminf a, = limsupa, = hm an,
n—oo n—00

MEALY B . W limsup,, . a, & liminf, o a, 2= 2 & SIXEHES] a, 1FTHH
CRICMEIZPRT S Z L Ehnb.

AR & TR ARER D LR RN TTIZ DWW TERH L & 5. 5l a, D n — oo TORT %
MO L&D B a, D n— oo CIWKTDE B, C, 1I2&>T

Bn é G, § Cn
CRHIiINAZLT D (IZIADIB!). ZDOLE n— oo TIRMWKILT B!

lim B,, < liminfa, < limsupa, < hrn C,.
n—00 n—00 n—00

ZOFMIE a, IR LU B TERITS. £LE B, & C, PEUCMHEIZINRT S 45

X, 2OREXREY a, EFNSEEUMEICPERT 22 23005, LEDEwmD/SX —
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