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4 1. AU AEICET 2 dU0MREREH S D B

2 0.1: Stirling DA & 2 BEFEDELL

’ n H n! ‘ A, =n"e ™/ 2mn (R /n!) ‘ A (1+1/(12n))  (R#/n!) ‘
1 1 0.92--- (7.78%) 0.9989 - - - (0.10%)
3 6 5.836 (2.73%) 5.998 - (0.028%)
10 3628800 3598695.6 - - - (0.83%) 3628684.7 - - - (0.0032%)
30 || 2.6525---x 103 | 2.6451---x 103  (0.28%) | 2.6525--- x 1032 (3.7 x 1079)
100 || 9.3326- -+ x 10'°7 | 9.3248--- x 107 (0.08%) | 9.3326--- x 107 (3.4 x 1077)

RS 2L VD THAIFER LU THRUW. FHARWZRFGEE UTH UOWEE LA EDbA
WZXliz9 b,

0.1 Z2RBNEOND XD, n"e ™2 1I2& 2 n! OELDEEIX, n =3 DBEET
TTIZ 3% 2U>TEY, n=10 DEETIZ 1% 2Y>TWd. I 51T 1/(12n) THIET
B LIRAEIFBININE KBY , n=1 OBRETT TIHELOFRAED 0.1% FEE &Y/
TN

V2T (0 LY 00089~ 1.
e 12

Z D & 1 Stirling DANIFFEFROELAAR L UTIHEEITEZTH B2

1 AV HICEATEZ2HROBEREEENSD “EH”
HY DAL ITIROMERBEERHBM CEBRINDIMERI GO L TH D

e—x/Tma—l

faﬂ'(x) = F(a)TO‘
0 (x £0).

ZZTa,r>0 YN fielkdB/8T7 A= —ThHd*. LFEHEDZO a=n >0,
T=1DGEAEDH Y INMHDHERD 12D f(x) = for(z) B

efxxnfl

fu(z) = (x > 0).

3 HEiE &
2Gergd Nemes, New aymptotic expansion for the I'(z) function, 2007 (ZBEFEDEE % Z2EIA R D LLEE
MNHd. 722 21X Nemes DA

1 1" 1 1 n
- 2 = n"e~ V2 1 4 - 4
<n+12n_10n1+m> e] ™m=mn"e 7TTL( +12n2+1440n4+ >

3D THEFRIELAXNTH 5.

SAYRBEIE s >0 I UTI(s) = [[Te s e LEHIND. EHEOFFIZL>TI() =1 %,
HMAEPIZE>T (s +1) =sI'(s) ZREDDT, 0 LAEDEE n iIZDWT I(n+1)=n! £R5.

4o & shape parameter &, 7 |& scale parameter & FFEN TS 5 LW, AV Y MDY L L Z
NEN ar & ar? 1245,

n! =
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MERBEEHI fo(2) TEBINDHEREH % X, LB LIZT D, HEREHK X, DY
[ &R 02 RS 0 12 B5:

= h zfo(z) de = Lln+1) n
Hn = E[Xn] = /0 fn( )d F(n) )
E[X?2] = /o 22 fo(z) do = F(?(Z)Q) = (n+ 1)n,

o, = E[X;] = i, = n.

D ZATHERERL Y, = (X — in) /0w = (X — n) /A OFHEDEIEZNTN 0 L 112
BV T OREREEEB

e~ WVuEn) (\ny 4 n)n
[(n)

\/ﬁfn(\/ﬁy +n)= Vn

2320, ZOMREERBTy=0 <L

e "n™ 1 pleT™\/n

L(n)  T'(n+1)

Vifu(n) =+v/n

8% . n>0NEBEHOLET(n+1)=n! BROT, ZTHH n — oo T 1/v2r IZPHKT D
Z & & Stirling DARDEALIXFEMEIZ RS .

AYIPHEPHERZHE L TWS I &Y, FMREMRZEHTEILDT, R EO
A FEREEREL () I LT, n— 00 DEF

Amw(ik;)h@Mw=Amwwh%ﬁh@@+mdy—f/:ﬂwi§;WL

o(y) & TIVREEL O(y) (EMIT2 Z2IZE > T (TROLIMEREEEBROD ¢y 12 0 2/A
T5ILItkoT),
et nltemy/n 1
C(n) T+l von (n = co)
2195, ZORERIE Stirling DAXDKAL = EK T 5.

AR B Ot THERBEERD y 12 0 #RAT D ATy FITIEGHEIIZE vy
TWRdb. ZOXF vy TEMD D ZOIIEFOEREHEZ 75y 7Ry 7 AL UTHAT
5D TIFA L, FLMRERE B ORHE R & W 72GEHICR 2 BB H 5. TD &S BEEH
DFHEFHZDWTIFIRDHI % F TR .

Vifa(n) =vn

2 AV HOREERBZRAWZRRINSDEH

BT ClE P OMBR EH % (HR R 7 5w 2Ry 7 A& UTHWT Stirling DA% “EH”
UZ. LU, 20 “B8H” ([ZIEEmEN AT vy TRd -7 TOX vy T2 572012

SHERBE B f(x) ZROMERLE X 17U T, MIFHERKED Elg(X)] = [ 9(x)f(x)de LERX
N, SN p= E[X] LREFRIN, HEN 0% = E[(X — p)?] = B[X?] — p? LEHIND.

OMEHRZIL X OHERDMGEB f(x) DL, HREHY £V = (X —a)/b LEDD L, E[g(Y)] =
Jr9((x—a)/b)f(z)dx = [, g(y)bf(by +a)dy RDT,Y OMERIMELUL bf (by +a) 1285,




6 2. N DOFEREZE W 7ZRREN 6 DET

13, PR DR PR B A i o 2 B BB e T MR B (T R 25 B B OD 3 Fourier Z8#1) O Fourier 28
MTRRTDI LI THPEINDG Z L 2BV THENH B .

Z DHEITIE AT < 5340 OB L B Rk B D Fourier £ TR DT AR Z HNT,
BRI Stirling DARZE FEHT 37

2.1 Stirling /2N DEEFA
N2 <A DRERBE LI f,(z) = e 2" H/T(n) (z > 0) OFRPEBREL (33 Fourier 2 #)
Fo(t) 3RO E S IR I NG

o 1 o - 1
F(t) = it dr = —(1—it)x n—ld _ )
0= [ = g [ e =

ZIT, BHMNEOEFE o [T LT

1 o 1
— / e M dt = —
L(n) /o an

LB Zefliorz. ZDORAIE Cauchy DS EM % i > TRE DY,
Fourier D KEEAZ K Y 10,

—x n—1 1 00 ) 1 o0 —itx
c? et (dt = — |
2 J_ oo (L—at)n

falz) = ORI dt (x> 0).

ZOARI ZFROHTU £ XL Stirling DRAXDIEHIZS UV,
ZORANEY t=nu LE#BRTDZILIZEST,
B nne—n\/ﬁ B \/ﬁ o0 pitn B 1 0 e—iu\/ﬁ
GRS ek B ot =) B ey s
Stirling DAR%Z FEHHT 2 720DI121E, ZNA n — oo T 1/121 IZPHRT D Z L 2 R_BIE &
V. T DR EBONB O T 2 FANRE D
efiu\/ﬁ

log (- = —nlog (1 _ %) i

z'u u2+ 1 , u2+ )
=n|—=——+o|=) ) —iuvyn=——+0(1).
vno 2n n 2

e—iu\/ﬁ
—F——F—— — €

(1= iu/\/n)"

U7ZR>T,n—o00 D& X

—u?/2

THEF L Z DFFIHE % https://www.math.kyoto-u.ac.jp/ nobuo/pdf/prob /stir.pdf & R THI> 7=.

SHERDMWIINT A =R — n IZDOWTHEM 2R D Z & L RMEEENH 2D n ROFIZARDZ Z LT
FHETH .

9 Cauchy OB EHZMHHLR TERED. EillE fla) £EL L, f(1) =1 THOHWABEAITE -
T f'(a) = —(n/a)f(a) L72DZEDRDLMNEZDT, TORANMELND. EOFEEH o 1Zx9 2 ZDaAE
t=a/a LWV EBBDIZE > TAZIGEING.

WFourier O KER/A R DFEH DI DWW TILE 5 fid SHEE &,


https://www.math.kyoto-u.ac.jp/~nobuo/pdf/prob/stir.pdf

2.2, ERUEI NI TT V< AT OHEFRFE LRI D 2% sUBUR 7

&Y, n—so00 DL E

ne"/n 1 [ eTwP L [ e 1
N P AL Sy L A Y L
Vifu(n) T(n+1) %r/;ou-m/¢%w R Y=

ERDBIENDONE!. REOEST—HRIZEDFEY o ITRHLT
/ e v gy = var
LB EHWZE T Stirling DR FEH I V7.

2.2 FREINEZAVIDHEDEERBEEERBMDE RINK

MERE LA fo(2) = e "o ! ZROMEREHZ X, £ELLE, Y, = (X, —n)/vn
DIFFFEREITZTNTNO0 & 11282 DTH o7 (Rifliz A &). Y, OMEREEHRIL

e~ Vry—n(, /n n)nt e~ 2 e=Viy n)"
SR () = VR (Vny +n)"t (1+y/vn)

[(n) [(n) L+y/vn

W22%. LT, n—s00 DL Z

bg(e\my<1+~5%)n>::nbg(1+~§%)-—v%y

2 2

S Y A .
O St -
BOT,n—o00TeVW(l4y/yn)" —e V2 ERY XLIZ14+y/yn—1ER5.
ZAT, IISHEAL S B Z & & Stirling DAL FMEIZ R S

e~ Vy=n( /n n)"t ey’ /2
VbVt +n) = A

FRDODY Y, ORERE L EKEAFEAE B0 DRER B E UL SR 2 2 & & Stirling
DRAXIKFHETH D .

AV BAET DO THERE E RO IR D L~V T HUDMBERE BLASEAL LTS 2
& & Stirling DARNFFRUEIIZHS.

Y,, DSR40 B AL DL HE TE K73 A1 D i SR B B AU A& DR 2 2 & O EEIEEIH IE
Vnf(n) OPCROGEH L FARRICATFTO LS I L TRLNS:

St/ \/_ e~ it(vny+n) p L[ L, e e itvn
n - t - —u
JnlVny +n) = / 1) 2%/‘ A= iujgmy ?
1 [~ _ 2 1 >
— — e W2 dy = eV /2 n — 00).
21 J_ o V2T ( )

Hpg 23R U 72 g, 7z & 2K Lebesgue DA EH % i 2 AF K.

22 DARE Gauss A DAR [T e ' dr = /T T & = u/ya EEOERELHTNIEONG.
Gauss MADARIFUTO LS ICUTHAI NG, L% [ LB 2= [ [% @) dedy TH
ofniz—e@%ﬁ DYT 7 EFI =0 THENZ DNIPROFER] ORBTZE LIRS hD. TN
ODI_JL 0<z=S1IXBTLMMHMIE —7logz IZRDDT, TOMERMIL fol(—wlogz) dz = —w[zlogz—z|{ =7

B85, WA I = /7. Gauss MO DARDAREHE R L ZAIZMHALRNHTRD L ZATHY, ULIET
DFESWBHTHKD L IATHD. ULnULTOFANMNIOKETH D Z b, TOES 2 TOW
HIWNFBOIZ 32 ZeNOMER ¢ N TRIBEHNDMNE. SEAHRIZRDZDIE T TDOEH D% BEHEE
LZDTIEELS, P DL%3IELAEZNSGTHD.



8 2. AV AAHOREREE W72 Z0R5 0 6 DE
B D% ST, Cauchy DR EHE D19

o0 o0

LB RN

ZDE DI, AV~ A6 OERE RO RHEB D Fourier Z2#112 & 2 KRR % i 2 1F
MR LD IPERD L ROV TOHMERE 2 A Z 1 RT Z N TE, TOFRERIE
Stirling DAR & [FfEIZAE > TV S.

2.3 HYUIHHEDOEHMEHE E Fourier REEAR A2 AW WAE
HUREHBOERELY ,
nl=Tn+1)= /OO e " dx.
0

BAZEB%Z x=n+vny=n(l+y/y/n) IZ&>T y ITEHT DL,

l=n e”\/_/ (1—1—%) dy.
W Rz
L _ hy) = {eﬁyuw/ﬁ)" (v> V),
Comernynt o (y < —v/n).

LB L, e = [T haly)dy £78%. logh,(y) D y =0 1281F% Taylor BAIZE>T
log h,(y) = —y*/2+0o(1) (n — o0) t@élc‘:#?\bb)é@i‘, lim, o0 ha(y) = e7¥°/2 2 72

52 ENbnd. IHI
lim / hn(y) dy :/ e V2 dy
n—oo J_ oo

LWHFED CIBRONET DR B % 7T Z AT ENIEY, lim, oo ¢ = V21 DESND.
9B Stirling DA

|
lim ————— =1

n—2cq n”e—”\/ﬁ
NELND . Z DHhE T dh UL Fourier SR O HERIIBETII R B2 5.
Fe oy & MRBR D 22 #1 % Lebesgue DN EH TR 72D IZ 1%

eV(1+y) (y=0),
0= haly) = {6y2/2 (y < 0).

BRI 2 H DR CTHERBIHEIPING. & ZIE, e O Taylor BRI Z A U CIHIIFE S % F217
UTHIHHITES. © UL, M8 f/(y) = —yf(y), f(0) =21 2Hi-LT0WR I EnbeEMIND (£
W72 L T2 2 IFH AR THIEDN D). Cauchy DD EI 2 Z XK RN u + iy (u>0) %
v>0 CEIBADIERMEIZETLUAZDOLHEU LD ICRZDMHEIMELNS.

Ly >0 T h(y) S hi(y) = e Y(1+y) B, y <0 T hyly) < e v /2 BELLTWB DT, Lebesgue D
ARG % 2B IRT ZEMNTE S, Lebesgue DICREH Z DR TE | |yl £ M T h, P—FRIN
KID2ZIELEHOVTORTIEETES.




24. BHEWRIZAA 2RDHEVIERDIATELUTE S Z L EOMRK 9

ERETDTH D (oy) ETRAEE). y > —vin & U, L(y) = logha(y) ZMHT5 L,

/ _ \/ﬁ o n — -y
W) = Ty TV S Ty
" . —1

W= e <

" _ 2/\/5

N O,

1,(0) =0, I/ (0)=0, I'(1) = —1.
Taylor DEH LY, K y>—/n T&IZHBD 0<0<1 BFHELT,

2

) 3 1 " 1
Liy)=—-2+A A==1"(0y) = .
() v (6y) NN

2 31"

I &Y lim, oo ln(y) = —y?/2. W AT limy, o0 hy(y) = e V2 LB T NS,

yS0DEE AP <0BDT I(y) e V2 EREZDT, hy(y) L e v'/2

y =0 LAREL, L(y) = log(e ¥ (14y)) & L(y) (n = 1) ZHEEL & 5. 9 1,(0) = 1,(0)
ThB. ZUTU®Y) = —y/(L+y), I(y) = —y/(1 +y//n) DHEEREET DL, /o 21
FD 14y 21+y/vn BOT, Uy) 2 1(y) (y20) £8%. WARIC, y 20Dk
Ly) 2 l(y) &85 T8DS h(y) S hi(y) =e (1 +y) L&D

INTRIRIZERIN.

24 BHENMKELNAM2ESEHERSATEUTE S & EDERK

JNT R REHETE R AT 9 DRI n (M OMEHRZEE X1,..., X, IZ&2TY, =X+ -+
X2 CREBRINIMEREY, ORI MZEHHE n DOA 2TDHE LIS

EHHE n OR1 2304 shape 28 a =n/2 Tscale B 7 =2 DAV I FHIZZFEL.
FRIZEHEE n DA 2 e A ORERE BB

e_y/gyn/Q—l .

T (o /NOn/2 >
fn/2,2(y) = F(n/2)2n/2 (y ),

0 (y=0).

IZRY, ZTOFEERBUIENT N 0 & 2n 128D, TRDD,

) —y/2,m/2—1 —(x24-+x2)/2
0 T(n/2)2/2 P n T (2m)n/? ! "

CDFEEREZRTZOI, HAVYIOMOBEENEEY n=1 0862 REE+2TH5.
n=1DOHEDOFFEIIAEMIZHT Y ARD L T(1/2) OBBRZTOEDTH L. FEEE, 2 > 0
Tr=y LEDEHZERTLHIILIZEST

oo ) e—%%/2 p ) o) e~ v/2 y—1/2 p o) e—y/2y1/2—1 p
xr Xr = = - < .
Kwﬁ )5; A mw,% 54y A mwnwg%qy
BASDEET [(1/2) = /7 Zflio 7.




10 2. AU ORVERE 2 W Rm 0 5 DB

MEtFOMFRTIE, BHHE n 2 RETD L, BT 2FZEHMIIEEN n THED 2n D
EHDHICP oD EMS ZERESROENT WS, TOHFEIZH V<5340 O FuRIRE
HZDEDTHS. TUT, HIHiTmR UL D ITERL I 72 7T >~ 5045 DTk 355 1 B A
P ERI A IZ & RIDUR T % &0 D #ER & Stirling O AR FME (R U S OFER) 2D
ThHhol ULz FLDBLRMDEDITEFAD I LVRDON5:

EHEE n DA 29040 % BT 0, 7088 1 IZERMET S £ &, n — o0
T T DR 32 L B B EEHE TR L 43 A DTl 30 25 JE B BT DUR 97 % & S #RE T
WEWTELSHLNT WD FERIZ Stirling DAXREFETH 5.

T B IHatF % L <H->TWB A, Stirling DARIEn — oo THA 2 T AEMIERS
AIEDK ZEERUZEEZBKRLTWD EE>T LW,

2.5 —RRDIFEDFOEREIRICEE T B KRMEIB AR AR

— % D54 O HUDMB PR E FRIZ DWW TR MEFEIZ D O B RS 9 D

X1, Xo, X3, .. (ZMSZTEUWHERDM 2 R OMREBDOINTHD L TDH. IHIZTN
SR = E[X,] £ 98 02 = B[(X, — )2 = E[X4)2 — p? 28O L €T 5.

Y, =(X1+-+ X, —np)/Vno? B LY, DFEEENBZZNTNO0 & 11255,
ZDEEn— oo DWRIRT Y, OMERMAINEY 0, 7780 1 OREHEERINAA I CEYI AR
LRC) IR T 2 &\ D OWHULMBREHLTH B .

FLR DD 2D X, & (X —p)/o CTEIHRLZILIZTE. ZOLDITEIHAT
LY, IEEDLLRN. Z0LE X, OFHESIEENTN 0 L 11285DT, X, DF;
ViR o(t) = BleX] &EL

¢@=1—%+ma

Vo=(Xi+-+X,)/vn &BLY, OFEERBEZTNTN0 & 1128, Y, O
RV BB D RBBR I IR D & S IZFHE I NS

n t n
thn H E Zth/\f <_
WJ

k=1

::O—~—+0()>n—+ew2 (n = 00).

W Z 12, Fourier D KERAR K D 1) Y,, OMERELEE f,(y) 1&

L[~ _, t\"
R =5 [ (5) ar
12781, ZAUE n — oo THEHEIE R A OO = 5 2 B 4K

00 )
i e"iMet/2 gt = eV
21 J_ o V2T

(PR B!

Bt/ /n)™ HARES 72 5L Y, (ZBT % Fourier KEEAR DR RIZBEIC 2 225, AT TRVEGAIC
IR, JEOIRAEZE XD LIZRD.

16 —f 1213 R EORERHAEIZRS.

T I I R R O R 2 B 2 2 BERH 5.




2.6. IHZAT D HUO R E B 11

2.6 ZIESHmDHOIERREER

PAETIIHERDAAED THEY)RERTOIR ] IZDOWTIEREAEMEFAL AR 7.
DEITIEZ D EIZDOWT ZIH 0 2 Bl W T RMERIZEHIA S 5 18,
X, MMM D MHEREBD L ¥, g(X,,) OIAFHE I

o) =3 ot0) ()b

LEHIND. ZIT0<p<l g=1-pThHY, n FEOBKTHZ LU, (7) X_I

REE £bd
n n! Lo~ (n e
<k>zzaz;:zﬁ’ (x+y)::§:(k>“@ .

k=0
Elg(X,)] BN DOERTEL ZOIIETIVREE (TIVERE) §(x — a) de %5 BEH
H3:

(y

n

B0 = [ a@h@de o) =3 () )ta o - b

R k=0
D& SIT, ZIEN AR DORERBEE I fo () 1ET IV EE(TIVEHE) 2 F>TERDIN
%25, BE ORI TR BB (&Y ERECIEHEE) 128> TUE S, FroiER
BEERBOPR 2 @E ORBOKRINKTERAD I LT TEIRIRD.

ZTD &S BEE T HERE E DL IR TR < IRHEREE g — Elg(X)] D
Wk %% 2 U Jn2.

BRI AR EATIE, OB ¢ 128T 3 Eg(X)] 25> OTRAL, H2RHNEHD
B g SBT3 Elg(X)] 28, TORMASEOHEN D —BOBEEE LS &
DRIENELIThN.

Z DHILFIDTERZEI X ORI ox(t) = E[e®™] 2> 2L THh 2. FriEEBUL
R ETHEIZHED 1 AT O —HREGER I 2 5!

lox ()] = |E[e"]| < E[le"[] = E[1] =1,
Sup [ipx (¢ + h) = o(t)] = sup Bl (" =D = E[le"* —1]] — 0 (h—0).

BEOD 0 NDOYURTIE Lebesgue DPUREM 2 FHWN 2. B g(x) Y
@) =5 [ gt
glo) =5 | "9
ERDINTVWALTEY ZDOLX Bl LEADIEFR2XHTHILild>T

Blg(X)) = 2 / T B d = L [ Gtex(t)

"o oo 21 J_ o

BY A 77 OFHMHIET 20, BE Rl U AW,

TR R (T IV APE) 6(x — a) do 13EBEEEL f(2) 1ISRHUT, [ g(x)d(z —a)de = g(a) I2&>T
HINTWDBLERD.

0Z DRIDOPRIZFHINR & IFIEND.

272 2 (o) PABSERTHNEARSE §(t) TIOESIC g(z) 2RATES.



12 2. AV DAADOREREZ 72 RR 2 b DEH,

ZORAREY, HEREHH Y, LHERER Y 1ZD20T, FEEBS oy, 2RIERE oy
ARG U TS, #7227 5 2A2IZE ENDERDBEE g(y) IR LT Elg(Y,)] &
Elg(Y)] IZHURT % Z L 2t d%. MBI EL R % &L —H D5 0 iR R E B
D& BRETEAMEINSD.

ER. MERZEBY, ORHEREL oy, D o 12& SR LT T E RO ¢ 230
B WERZ B RER BT 72 > TR BT IS RERZB Y, IERHERZBUTIGR U AW,
PERRE oy, DS T A 0 125 U T 2 20 5 1F, BEMERIK o % RO RERZ

T AE DS EM 2 RT S . TIHAO A ORI BUE
ox. (t) _ E[eitXn] _ Z cith (n>pkqn—k:

k
k=0

==§;(Z>QWW"¢“k=(Mﬁ-%@"

BB, ZHMMEDVFE DEIEENTI p, =np & 02 =npqg THD. DX ITHEREE
Xn — Hn Xn —np

o \/npg)

DPALABETATN0 & 1 IR, T ORI
Yy, (t) — K [6itYn} - B [6—itnp/\/nT?qeitXn/\/nT;q]

_ e—itnp/\/nT)q(an(t/\/n—pq) — o itnp/\/1Pq (peit/\/qu + q)ﬂ
_ (pez‘tq/\/nTaq + qe—z‘tp/\/@)”

Y, =

L7252, X, OFERBOARNEREETIZ, X, —np = X, (p+q)—np = ¢X,, —p(n—X,,)
ZHWT, EEMIZ

Py, (t) = E [e] = E [eitaXn/Vipig=ite(n=Xu)//rpa)

_ Z pitak/\/pd ,—itp(n—k)/ /b (Z) pkqnfk

k=0
— i (Z) (peitq/\/nTvq)’“ (qe—itp/m)"*’“
k=0
— (peitQ/\/rpq + qefitp/\/m)n
LERETEZIEETES. ZhuC

; 2
peta/ i — pp . P4 gi+0( 1)’

\/npq 2 m
: 2
N L B N G
1 Jnpqg  2n + ny/n

27 b ZIXH RGO RS

BREEEOIEHTIE, g(y) BABDEBTH 2 & 5 BZHFNFWGEITIORZ R U, TOMRE UT g(t) &
DIRNEED Y Z A (Bl 2 3H FER B DER) ICEENGEDORRE L.

24Bochner D EH.

Bz p=q=1/2D1 % ¢y (t) = (cos(t/v/n))".
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ERAT B & )
0= (=50 (575

—t2/2

2T
lim ¢y, (t) =€
n—00

— 3, BHEIER AT S MR Y ORMEREUX

gOy(t) _ E[eitY] _ > ity e V2 dy — e_t2/2
0 V2m '

IN&Y, EWYRT T AZEZNSEE g(y) IZ2NT

lim Eg(Y,)] = Elg(Y)]

n—oo

LRBHILERED. TRDD

_ E—np\ (n o e v /2
lim g( > < )pkq”"’ =/ 9(y dy.
Hookz:; Vg ) \k . ) Vor
gy) B a<y<bOLEMEA1IZARY, TS TROE X 0 1242 FEOEEATIE

X, —np b€7y2/2
lim Pla S22 _—Z2<0b)| = ——d
n—oo ( - \/n_pq - ) a \/ﬂ Y

BAEA ZIH D AT OMERZE X, OHFMBIRTEHTH S .

3 Laplace DAEICE 2EH

HiEfi E CTIZHIA U 7z Stirling O AR DFERRIFAREIIZ A > BRI (FT >~ 7946 Y Gauss
*fﬁj\ (IEM3A) TEBIND Z L Z2HWIEHAZ L FZEZ6NE. Gauss M I L DEML %
Laplace DHEEMESZ LN H 5.

3.1 HYIEHD Gauss BRICEL Biil%ZE> 72 EH

Y EBODIE%E Gauss B CHEELMT S Z £ 12 &> T Stirling DAXEZ/RT S.
log(e™®z") =nlogx —x & x =n T Taylor BT % &
(z—n)? (z—n) (z—n)!

1 —r=nl —_n— _
nlogx —x =nlogn —n on + 2 e +

BOT, n WREIZLE I =T(n+1) = [ e a"de W

00 _ 2 o]
/ exp (n logn —n — (@ 5 n) ) de = n”e‘"/ e~ (@) g0 — pre="\/27n
—00 n —0o0

EN)] AR EBGEHER a Sy S b TN 1 IZZDTRVEE 0 IR L.



14 3. Laplace D HEIZ & 2 EH,

TIEBMIND Z LD Nnd. PRI
nl ~n"e "V2mn (n — 00).

Z DIEBIORT % scilab THIK 2 I & > THE- 2 % Y 1 v 4 —Di 1 7 TR
ZEMTES. EROBAEFTE Y 7 b scilab IZDWTIEEEDY 1 — b 22U TARL .

PA_EOFERHIE T Stirling D AR DK F ne ™, v 2mn DZNTND g, (2) = log(e *a") =
nlogz —x @ x =n IZH1F S Taylor JRFADEEIH L 2RDIHIZHK L TS Z & 3D h
2. 3D [T Pe v dy =0 BROTHE LRV,

U EDHEZIRL THE1FMHIEHD 1/(12n) S TEHLTAL D,

i, A0 ABBS &Y Y ERBORBRBRIIITO®@EY : k=0,1,2,... D& ¥

/ e_y2/2y2k dy = 2/ e_y2/2(y2)k dy = 2/ e " (2x)
o 0 0
= 2’%/5/ e~ V2 dr = 2FV2T (K +1/2)

N R 2(%_1)\/%—1-3---(%—1)\/%.

T ZIE, [T eV dy = [ eV 2y dy = Vo,
/ e_y2/2y4 dy = 3V 2, / e_y2/2y6 dy = 15v/2x.

INHOARE B FTHS.
BT ERORARFEOBNER 1 12 n+ iy = n(l +y/v/m) ERATS L

n!:F(n—l—l):/oo d:c—ne”\/_/ <1+%) dy.
0
WA BB DN Z ¢, (y) & EFEL &

2 yS y4 1
¢n(y):nlog<1+7) \/_y—— 3\/_ 4n+0(ﬁ) (n — 00).
BBOD o(1/n) OFFIE n 2T 720 - 00 £TDHL 0IXINKTIETHD. DRI

n 3 4
vy (1 Y\ e v _ Y 1
‘ ( +\/ﬁ) ‘ eXp(S\/ﬁ 4n+0 n
"

3

_ <1+3?f/ﬁ +%(3 )2+0(1)>

3 4
Y O L g
‘ <+3\/ﬁ w1 0\ ) )

T3, Stirling DARDE 1 FIRIE E TOHERGEERH, U Vol. 31 (1979) No. 3, 262-263 Tl Wallis
DRRDKEEACIZ L > THE 1 MEHZGDS HEMEHINT VS, B 1 MIEEMN O Stirling ARD 5 U
WEEHIZ DWW T, S iE i, B A B4 5 Stirling O A XD YIERFER, 2% Vol. 36 (1984) No. 2,
175178 &\ SR D B . £E D SCHROfEF % L F TIESHIT U 7.



http://twilog.org/genkuroki/date-150709
http://twilog.org/genkuroki/search?word=scilab&ao=a
https://www.jstage.jst.go.jp/article/sugaku1947/31/3/31_3_262/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/
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o(1/n) DB EEND n OFFEHTESD 1 OEOREIE y IOV THEBIZRD Z &
ICHEE L. AEEE e V2 OO —co <y < 0o IZPIFBBENIEZMNA D DT, ETHS
LTBBWEARIZE TR ELNG:

o) n o) 4 6
vy (1. Y ~ velq_ Y Y 1
/_\/ﬁe ( +\/ﬁ) dx /_ooe < 4n+18n dx + O —

_ Vo _3Vor 15m+0<i2)

An 18n
—\/_( +m+0(;>).

1 1
n!=n"e "V2mn (1+—12n+0(n2>) (n — o00).

CHTH IMIEE 1/(12n) PMME6N722 B 1HHIEE 1/(12n) &, n PRELE E, 0!l D
n"e "2 I K BIEBIDFEAIE n WK IR E X nl DIED 12n SO 1REIZRDZ I L %
BEHRLTWS

Wz Iz

3.2 HUIEHHOAVIEHHMERWEUTHEERZSTEYT 2 4H%

Laplace D2 & % Stirling DARDEEA & 2 D—#ALIZEI U Tl Gergd Nemes, Asymp-
totic expansions for integrals, 2012, M. Sc. Thesis, 40 pages D &t LU\, AR CEHT % 4
EOFEMIEZ DX D Example 1.2.1 IZHD. TIIZENTH D HiEEMH->TE, Stirling
DARDMIEIH 1/(12n) 2AHIIH/D I LMNTES.

RORAKEMD e 2ERL: FED a>0(a=00 2EL)ITHLT,

a 1 an I_‘
/ e M hdt = —/ e "2 tdr ~ L) (n — 00).
0 n Jo n’

t=x/n LEDEBZEBRLZ. ZORAXZMHRIL,

alf(sl) i OéQF(SQ) i
nst ns2

/e Hagt™ ™ +ant™ 4 ) dt = (n — 00)
0

D& D BEEDNHEEIC RS, g FHWT Stirling DA XD RY DHEIE 1/(12n) 25T
HED.
flz) =2 —log(l + z) (x > —1)

CRED, M2 E y=n(l+z) LEH#ETLZILIZEOT,
n!:F(n+1):/ e Yy dy
0

:/ e "M (1 + x)"” ndazzn”“e"/ e @ g,

1 1

BEROFHEHS RRICLTRELNG.


https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf
https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf

16 3. Laplace D HEIZ & 2 EH,

SIZENZ c>0&8 <05 8IiZ&oT

n' 00 1
— = / e @ dy +/ e D dg,
ntTte™"n 0 0

BLE flo) =t BULKIE f(—z) =t LR ERZERTEIIE, BODEMN ETHIL
EIIZBRDZESTHD.
JMIENWHRER I L 2 MR L KD, f(x) = 2 —log(1 + z) DEEHEUE

l_x
1+2 14z

flx)=1-

BDOTx>0T fllz)>0&8Y,-1<z<0T flr)<0&Bd. flx)ldax=0T
BAKME f(0) =0 2Kib, o > 0 THHFAKMNL, 2 < 0 THHFABPADTD. PRIz >0 &
1<z <0DTNTNT ¢t = f(z) IZHEE 2 =2(t) 2FD. 2 =2(t) DEFELSTD
DI Z D 72D,

=o'+ Bt + 3% 4.
£ BT

2 $3

t:f(x):x—log(l—l—x):%—§+%

WRALUT?, a, 8,7y 2 ROTAHLDS. EBRIZRATD &,

a2 0[3 62
t:?t+<aﬁ+?)t3/z+<0z7+7+a2ﬁ+o¢4>t2+~-

A% R U T o, B,y Z3kdd &,

2
05:\/57 ﬁzga Y=

2135, §2D0b

2 2
x:\/§t1/2+§t+\1/—é;t3/2+---

LBELL fla) =t 2%%. x>0 THEIORREZTOEEHANDS. 2 <0 TIE /2 %
—t1/2 TEIMZ, fs Wz & —x CEAIMZALFREZHANVDS. 405

2 V2
— 1/2 = vV eu3/2
x =2t St 5t
EBELLE f(—2)=t B2 LEDETNTNDHEIZENT, BT

dz — @ $/2=1 4 gtlfl + \/_E
dt 2 3 12

PLED 2 DODBAET t OBEIROIEIZIE —1 208D S . HEfEHIEE S /-

B2 4L

2| < 1 12812 Taylor JBH log(1 + 2) = 2 — 22/2 + 23/3 — 2% /4 + - - 3R IC K < fHibNhD.
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fla)=t EMALBEBEBRTLZLIZE>T, n—s00 DEE

/ e (@) dxz/ e_"t@ dt

> V2 2 V2
_ —nt [ V%, 1/2-1 | “,1-1 , V“4,3/2-1 .
/0 e (2 t +3t + 122& + dt
_VR0(1/2) 2r(1)  V2r(3/2)

- 2nl/2 3 T 12wz T

V22 Vo

T2 3 T T

LRD. BRI T(1/2) = 7, T(1) =1,1(3/2) = (1/2)T(1/2) = /7/2 Zffio72. £ 5 —
FOBEBIZDOWTE, f(—z) =t EHEPERH=ZEBRTLILIZL>THRIZLT, n —
DL x

T opl/z 3n ' 24n3/2
e85 . UED2ORLEDED L, n DBEELSD 1 DIENPTRTEFy IV, RN
Bohbd:

/1 Cnf(—a) Vor 2 Wor
€ dr =
0

nl 2w m+0(1)

nntle—n — pl/2 + 12n3/2 nb5/2

ZHUFIRD LD IZEHEZIEIND:

n! =n"e "V2mn 1+L+O 1 (n — 00).
12n n?

(n — 00).

INTH1DOFIEHE 1/(12n) & Laplace D AETRD S5ND Z Do 7. 82 OFHIE
HPARES [FERRICLU TRDHND.
FER. DEOFEIZENT “4+...7 EFONEHPIIOWTHEENBETHDS. TDOI L
ZUA T OFHEHZ RviZhng.

1 tk
141 + * +( ) +( ) 141
BDT
et T(1) TI(2 I'(k o etk gt
/ — ( ) o (2) —I—-”—l-(—l)kl%—l—(—l)k/
o 14t n n n 0 1+t
o 1 (k—1)! et dt
= 2 g (=) S _1k/ )
Syt pra i e) T

FOERTIEIZDOL BHOEFNSLEE “+...7 LG LU THRAZ. < EORIFELWY
ARZEN,

XAl L (E=1)!
_ -1 k—1
/0 1+t ;( ) nk

FEFEORKRTELONARTIEAY. ZERLIEAUIEEARIZKRER n LU TEI
RUBWPOETHD. “+---7 O I RN 2 FHkT 2 LRI D2D0TIEARL, “A
PEAI+RIARIE” 2 RKT 2 LRI L THENRIT XN TR, 0
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4 YEAR®D S L L Stirling DA
Stirling DARITIR & [FHETH %
logn! — (n+1/2)logn +n — logv2r  (n — o).
&Y, MOFNERNENND
logn! =nlogn —n + o(n) (n — 00).
ZIZToln)ldn TESHBIINn —s00 £TDHL 0ICNKRTIEZZERTD. ZNEID

HiCIIEARD 5 LW Stirling OARXEIERZ LI12T5. ZOARTHAUZLL T THH
B EDITHEWZEIHT A 2 N TX B0,

4.1 THERD S L\ Stirling OAXD 5 L LNEERA

BB f(0) 1220T f(k) £ 7 f@)de £ fk+1) BELLTVEOT,
f(1) 20 %73 BFBEMEE f(x) IZD0T,

f(1)+f(2)+---+f(n—1)é/1nf(x)d:c§f(1)+f(2)+-~-+f(n)-

Wz
/1 Fe)de S F)+ @)+ + fn) < / F(e)de + fn).
Nz f(r)=logz IZHEMATH L&

/ logzdx = [xlogz — x|} =nlogn —n+ 1, logl+log2+ -+ logn = logn!
1

DT
nlogn —n+1<logn! S nlogx —n+ 1+ logn.
ERAY2)>
1 <logn! —nlogn+n =1+ logn.
L7ZR>T

logn! =nlogn —n+ O(logn) =nlogn —n + o(n) (n — 00).

Z 2T O(logn) & logn THIDZ L HFRIZBD LD BEZERL TS,

O T O E RAUEDDS £ 512 o(n) DA IE Ologn) TH2 = L LAMTES. = 2T Oflogn)
X logn CTHEIS>ZBICERIZEDZEEZEKRLTWD.
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4.2 KEAABEBEANDIGAHG

FHBI D 5 U Stirling DARE S &, an {85 bn [HHL2 M E DO (“IHG
B) OXEUL

log (ZZ) = log(an)! — log(bn)! — log((a — b)n)!

= anloga + anlogn — an + o(n)
— bnlogb — bnlogn + bn + o(n)
— (a —b)nlog(a —b) — (a — b)nlogn + (a — b)n + o(n)

a

a
= nlogm + O(n)

D WPRIZ

b

1 an 1/n—>1 S — (n — o0)
g 1, Ogbb(a—b)a—b n — 00).

G Ln _ i (an)! t/n _ a®
wheo \bn) T abee \n)l((a—b)n)l) T th(a — byt
9212 an AN S bn HED MAEDEDED n FtRD n — co TOMPRIF —HREG
BHORDDFHED (kn) % K THEEIHMAIZHEOND.
Z DOFER % MHZNFIROF T RD 1988 HEDEF D A Z R TS 2 AT E 5!

1/n
i (25) sk &,

n—oo mUn

TROL

Z OISR DI

3/(1'2) _ 3% _ o

22/(111Y) 24 16’
AR E fE> 72 NI, 79 Stirling DARZ M S LAGIRIT DMEEE R, TOHIZE
BREFOHPANTEIRIT D Z L 2R L DR Ebhb.

FR. ETRULAEZE LY,

on\ " 22
im (") = 2 =22
n—oo \ N 1111

ZHUFIRZFEERLUTWD (o(n) & n THID L n— oo T 0 IZPKRT D &®):

2
( n) = 92neo(n) (n — 00).

n

Wallis DRZ (5 8.4 Hi)

()= oo

X T OREEAIZIZ >TSS, [


https://www.google.co.jp/search?q=%E6%9D%B1%E5%B7%A5%E5%A4%A7%E5%85%A5%E8%A9%A6%E5%95%8F%E9%A1%8C+1988+%E6%95%B0%E5%AD%A6
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FR. RLKRTIX 1968 FICEIRDIEEZ H LT D & D72

lim %c/gnpn ki k.  (BAE 2

n—oo

ZOMEEL IS MIIE A X1 Stirling DAXTH L. &Y —fRITIREZRED:

N1/n
lim —((an)) =q%
n—00 ne

AN ALY e

((an)HV™ 1

log = —log(an)! — alogn
n

na
1
= —(anloga + anlogn —an + o(n)) — alogn
n
=aloga —a+o(1)
= log(a®e™®) + o(1).

13V Stirling DARZ X IFERIIRE DR 2 @B OHMHN TR 2 £ 5 IZHHHE

ULCTARMEZLTWBDELEDNS.

4.3 XWEHIRDZ L W\ Stirling DA DU E
DUILRTDERERED. HIEK c WEILELT,

1
logn!:nlogn+§10gn—n+c+0(1) (n — 00).

DRTIRIORARZFH U & 55

[

B 4.1 BiCREBA U 726 8K D 5 U Stirling DA R E EDOARDE NI (1/2) logn DIH
CEBIH ¢ ZMFITMATHRLTWS L IATHD. TNOLDHEHT T A7 7IXIRD
@Y. [Mlogrdr = [zlogr —z]f =nlogn—n+1% k=1,2,3,...,n— 1 IINTLES
& [k—1/2,k+1/2] x [0,log k] DEFDIRM & KK [n—1/2,n] x [0,logn] DEHEDH
log(n — 1)! + (1/2)logn = logn! — (1/2)logn TELLT UL, BHARIZ (1/2)logn DI
bNd. ILI, TNLDORAWOHMEGLHE {(z,y) [1S2<n, 0=y <logz} D
EWEERES AT X, [[logrdr & RAMDOHMBDBAIDAEDN n — co TH D EH

WINGRT 5 Z enibnl), EBIHEBELND.
log o IXEFHEIHKE R D TIEDER oy, B %

k+1/2 1 1 k
ap = log x dx — = log k, Br = = logk — log x dx
k 2 2 k—1/2

CEDDIEMMNTESL. ZDLE,

n—1

1 n 1 "
logn!——logn—/ loga:dszlogk+—logn—/ log x dx
2 1 p 2 1

=—o1+Pr—as+ 3=+ Bt — a1+ Bn.

SUERL ¢ 8 log/2m TH 2 ZLIXEHMITH 2, Wallis DARZH XL ¢ =V2r THD I L E2RES.


http://d.hatena.ne.jp/gould2007/touch/20071127

21

ZORKRFM n — oo TPRTDZ L EZRLUZW.

logz MEIZMTHDZ L XY, BH] oy, By, o, B, s, ... WHGHIEADT D Z LA3DNY
logz DEEEN © — 00 TOWXNKTZZ L&Y, ZOHEINX 0 IZNEKETZZ 2 E DO
5. WRIZEDRMRHMIE n — oo TWHTZ32. TOINHEE a L FEEZ, c=14+a 5L
E.n—so00D&ZE

1 " 1
logn! = §logn+/ logzdx + a+ o(1) = nlogn + §logn—n—|—c—|—0(1).
1

c=log\2r ThdZ &% Wallis DARX (BES.4Hi) 2FHoTIHL £ 5. nl = nntl/2e eceol)
% Wallis DR

22 (nl)?
Ve =l G

WRAT D L,
22nn2n+16—2n€26 e

n—roo 2201220+l e=2nce /5

WZIZ e =21 THD.
2T Wallis DR % 2K, M EAKD S U\ Stirling DARZHR TSI L I2L-> T,
HEH D Stirling DA n! ~ n"e "2mn BWEHEND T EDDNR-S 7.

5 {1$%: Fourier ® REZAT

B REE % 92 DE DIZARWAY, Fourier D KA DFEHOBIIE I DWW THAL £ 5.
BREL f(z) (XL TZ D Fourier 24t F(p) %

Fo) = [ e pa)ds

oo
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WKL S 5. 23 7% Fourier D KEEANT & IS,

5.1 Gauss DHmDIHFE
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NEGIELND?. ZORNRT 2, a DENTNE p,a ! DNGERILTDEILIZEHST

/ e~ P eP?/ (207 dp — ¢72*/(20)\ /o411

oo

PEoND. LED2ODEREEDED &,

f@) =5 [ e Fw)dp
WELND. TRDL f(z) = e /20 (ZDWTIE Fourier D KEEA R L TV 5.
—fIZ f(z) IZDWT Fourier D KEEA XA L THIUR f(z) 2 ETBEIL TR LN
LEEL f(x— p) IZDWTH Fourier DKERAADNEZL TS T ENAGITRING. FE
BX, F(p) % f(x) O Fourier £#t& 3% &, f(x — p) O Fourier ZH#id

/ P f(x — p) dx = / eP@E) £ (") da! = PP F(p)

[e.e] —00

W80,

L —ipx ipp - e~ p(z—p) — _
5 | e e Ep)dp = o F(p)dp = f(z — p).

PALEIZE ST, flx —p) = e @ w?/(20) L’)b\f% Fourier D KA RXMWKL T B Z & A
Doz,

W Fourier Z#45 & O Fourier Z2#1OKIEME &V | f(x — p) = e~ =10 DO IO
FRIZRINZ DWW T E Fourier D KERAXD LI L TS Z &3 Dnd 3

5.2 —MRDIFE
a >0 128 UTHEE pu(z) %

1 2
— —z?/(2a)
pa(l’) \/%6
EEDD. T pu(x) >0 & ffooopa(x)dx =1 %~ LT\Wd. TUTHIHIDRERIZ
& 2T, pa(z — p) 13 Fourier DKEEAR%Z 72 LT\ 5.
BE f(2) (SR U TS fo() % po & DEAAARIZ & > TEHE f.(z) 2EDD:

fule) = / " pala — ) f(y) dy.

—00

IZ DWW T Fourier D RERARXMDENL L TS, FERE, f,(z) D Fourier

R = [ empae= [ ([ empa - i) st dy

33Cauchy DR EB % H 5 5%, e'P” D Taylor JEH % RA U CTHBIR S S HIE, 0 & ALDE U
RHBRZHHZ U TS e 2D HER EHBDOHETESIERETETHS.

MYLEDOKE 12T D& D BRI O R TERDOIND. L72h-> T, Fourier DKEEARDFEHH DA
BRI INTR T LTS EARED.

35 f,(x) & Fourier O KEENRMEL U TSI po (v — p) DEA f(p) TOERGHERDT, ZHid
FEAEHLENTHD.
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DT
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2 DOHDE ST py(x — p) IZDWT Fourier DRKILARMNEALT S I & 2ffio/z. XI5

ANONE

F.(p) = / éPe= /2 f () dy = e~ P12 F (p)
L5 pzIz

1 o 1 e

1 —ipz _ - —ipz ,—ap?/2 [ ‘
= o(p) dp o ] € (p) dp
U7Z=hoT
1 > —ipx _—ap? >
o | e P = [ e =)t dy = L)

ELE F(p) WaJfER 72 51X, Lebesgue DINHEH K V) | /2301 DWW T

}ng(g% /_ . e~ e/ F(p) dp = % /_ . e P F(p)dp

MEZD. HEF, B f(x) ITOVWTHEYBERAEZRELZEE, a— 0 D& I fo(x)
A R FER TR f(x) (RG22 & 2 RN, f(r) BEAE YR K T Fourier
BY T IR/NE- i BNSRa \Y SVARY S

T 2, fIFARP O x THAGZ LIRET D, HD M > 0 PMFELT |f(y)—f(2)]
My eR)&Zd fFRIZe >0 %205 56> 0WFELT|ly—z2] £ &
S5 |fly) — flo)] £ /2 %8B, BHE p, DEHEEY, a > 0 2+/NIL<TdHL
Jyapss Pal® —y)dy S e/(2M) 2782 226D D. BLEDRHEDE LT

ful) — F(a)] = \ | e =)0 - 1) dy\

< / pale — )| () — f(@)] dy
g
<[ mle-widyr [ pue-yrdy
ly—z|<6 ly—z|>0
E e
< Z — —
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ZAT limg o fo(z) = f(x) PRI N/,
BHITEMBIT BRI OVTIRIROBRIEZZETITHTS.
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ORI, MR AN, SIREE (1996), xii+324 H, E1fi 3,800 M.

EH TP AERRITHFIR A DR ZE T Lebesgue Fi43 i >° Fourier f#NTIZ DWW THIER U 7~
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TRBWPEEATRDIEEE >, EOZEREN 2016 4£5 H 3 HEAERYINFTH Y,

TV ITMHEDOODN R EHAUNFIZALBRNI L IZE TERSRILTHD.

5.3 Riemann-Lebesgue D EIE

flz) & R J:O)Tﬁﬁ:l\ (B ThHhd 4D ZDe X, D Fourier £ f(p) =
Jo e f () da IEERBEEREUIC R |p| = 00 T O ATHUBRT 2. KT

o0

lim e P f(x) dr =

Ipl—=o00 J o

Z Nid Riemann-Lebesgue DER (V —v > - IR—=TDEH) LIEIENTND.
f(p) DRI Lebesgue DINHAERI - Lo TRIND . FE, [ehr—1||f(z)| < 2|f(z)]
THD |f(x)] IEHEDRDT,

rf<x+h>—f<x>|g/R|eM—1|rf<:c>|dx—>o (h—0).

INT f OMEREARX Nz
Riemann-Lebesgue O € BEDFEIF I B BEX S BE B BS C© LY BRI ND Z e nH
EEBIZELND. KM I =|a,b ET1IZRY, TOINTO0 ICRDEEHE 1; LEL L,

. b ) —ipb __ _—ipa
1(p) = / e PP dx = %
a —1p

BOT, T1(p) = 0 ([p| — 00). — OIS HEI BT BHERIEZZNE Y US>,

BR EOFHBKET [L|f(2)de < co 2/~ FTEDE R LOWMYEMLITR. WHKHEDOERZ
HIB RO AEUFO &S ICEZT LW, IZF'EEJ I = [ab] HUT L ET LAY [ OIT 0 LBDH
e 1 LEL. Bo EXE L 2B J:O’Cz_lallj ERINDHBIIBEHB L TIEND. B
BB ORMEIIME AT T — fjfﬁﬁbfzb') FHARIZ AR NVZER % 737, Va&"mﬁ f=>" aly,,
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FHBROMEIZPUERL, [ |f(2)|dr < oo £RALL TS,

39Lebesgue DPREH & IR DFEFRD Z K'C“f)é. o RIEEAENZBFT f TR % AR RS T
HY, HEABAEE ¢ 20 TTRTD n IZDNWT |f,] £ @ %ﬁﬁf:a‘%@bi‘ﬁr?éa%, fn OPERGED
f %_ﬁ‘iﬁT?ﬂl BY, BD [y folz)de in—>oo T [o f(2)de \ZWORT 2. ZOEBIZIER IR 20D
TZHELAD e ffibhd.
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5.4 Fourier Z#2DER 2 FDUNR

N>0&75%.
R EOARESEEL f D Fourier 24 f(p) = 7 e f(y) da 1T LT,
| R SR
_ = ipT
(@ =5 [Ty

% Fourier Z#D N HMELIES. N FHOFHIKIRD & S IZEE I ND:

(@ = [~ (5 [ ennan) say

[ee) ezN(x—y) o 667“\](17?”
= d
/_ W

:/Oo sin(N(z — y))
—00 ‘ T(Ji—y)
= [ o)+ s - )y

_ l/omsm(Ny)f(ny)Zf(x—y) dy.

™

f(y)dy.

4DOHDHE STy % v+y THBEMNA, sin(Ny)/y WMBERBTHD L Z&flio7.
§ >0 ZMERIZWD. y 20T (flz+y + fla—y)/y FAETITHS. PRI
Riemann-Lebesgue DEM K V) |
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li in(N
g, sy

dy = 0.
U7d3>T N ¥OH sy(f)(x) BN — oo TPERT D Z L &,

4 —
%/0 Sin(Ny)f(%Ly)Jyrf(x Y 4y

M N — oo CTPERT D Z EIEXEMEIZRY, ZNONPEET 2 L I ZNODMHIE—HT .
L EDFER % Riemann O BFTEEIE & FES.
PLEDFER % f(r) = e /2 DBAITHEMT S Z 212X 5T Dirichlet &9 (51 ) 2

L) DR
R .
sinx T
lim dr = —
R—o0 0 x 2

RAHEATES. f(z) =e 2 £ BL. ZOL X HWoHTOHELY, f(p) = e ?/2V21
ThD

lim sy (f)(z) L /_ N e f(p) dp = f(a).

N—oco 21

W Z1Z, Riemann OEFIMEEH%Z 2 =0 OHBEIZHEHATD L, EED 6 > 0 1IZD2WT

1 /7 2e~Y*/2
lim sy (f)(0) = lim —/ sin(Ny) ‘ dy =e 2 =1.
0 Y
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5 2 N ) —y2/2 _ 1
lim / sin(NVy) dy + / sin(Ny)e— dy | = T
N=oo \ Jo Yy 0 Yy 2

FEADHEH DFESY & Riemann-Lebesgue DFEME D N — 0o TOIWZIHT S, ULM->T

5 .
hm/wdy:w
0

N—o0 Yy 5
IHICy=a/N ERREBELTLHILIZLLT,
N§ _: R -
T lim Smxdx: lim Smxd:v.
N—oo /g X R—oo /g z

Z D & 512 Dirichlet #43 DA XX Riemann D JFArMEE R & Riemann-Lebesgue D & H &
e~**/2 D Fourier ZHDEHEN HHEHN B,

Dirichlet S DARTHEPZE R %2 a > 012D ax TEBL, Wil%E £1 5952
EIiZE-oT
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i [OSREE) pCLT s0, EERER).
R—oo /g T 2
TRDHIRMWKALL TV d:
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lim sin(az) dr =140 (a=0),
R—oo /) T
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Dirichlet B D ARIZZ DI TEHIND Z & N\,
R EDOTREDEE f & 2 e RIZHLT, D 5>0 BWEFEELT
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y

MO0 <y <6 CHFESIZRD A SIEY Fourier 210D N H2FID 2 (ZH 12 MEIE f(2)
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HOI>0IZDOVWT, N 500 DX

0 X xr —
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N—oco 7 Yy
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Wz Iz

(1)) = ) = 2 [ sin(ovy R LEZINEZTE gy o)
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1 . sin(ap) 2 [y sin(ap)
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IND N — oo TOMERIK 2 DD Dirichlet B OHD 2ma 57D 1 12745, 1 DHD
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(flz+y) + fle—y)/2- [(z)

Y
PHFED R OIE N — 0 T sy(f)(z) — f(z) A0 TR U, limy oo sn(f)(2) = f(x) DK
NG DI EWOND. ZDRMEDKANLT B 72O DR R3O E 5 5.4 8 L RET
Hd.

6 1{4%k: Gauss 9% D Fourier £
t>0 IR UTIROAADK L TS

00 —z2/(2t
/ et ! )dx:e‘tp2/2. (%)

\ 27t
NRAWEIL L TWD Z L 2 EBD/ETRTD.




6.1 EBARAEMFEDFE
BRI w=u(t,x) ZIRD XD ITEDS:

o—2/(20)
u(t,z) = :
V2t
Z D u=u(t,z) FRATGHRADEARMIZZ->TND:
Up = =Ugy, lim f(x)u(t,z) de = f(0)
2 t—0

30 6. fI¥%: Gauss 2945 D Fourier 2
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6.3 IEHESTCTEtEIT2AHE
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7.3 Jacobian #FH T ICT OB EHDERICL BEHE

DAFRD &S IZEHAET 2 MO DIEF 3L 1 ZBROERFE S DA% > T Gauss o %
HHETX 5.
=ztanf IZE>T y NS 0 ITHEDER LT D &,

de x?

dy = 22+ y* = 2%(1 + tan?0) =

cos2 6’ cos2 0

£,

I* = /Oo /OO e~ @ +y?) dy | dx = 4/00 /Tr/2 exp _x_2 0 du
0 0 0 0 cos20 ) cos?6
2 =00
/2 00 2 ™/2 | €Xp _ﬁ
— 4 exp (-2 )~ gz ) do =4 ___E___jﬁ) a0
0 0 cos20 ) cos?f 0 -2

x=0

/21 17

— 4 “df = 4=~ = 7.
4 2 20— "

3 DOHDE S THERYDIEF R %275 > 7~.
y=at lZ&>Ty "6 t ICHEDPERELT D2 LIZ& > TAREMIZE UFHEZ E17

THILHETES:
/00 e~ (@) dy) dr = 4/00 (/OO g~ (1419)a? a:dt) dx
0 0 0
00 0o —(1+t2)2? =0
/ e~ pdy ) dt = 4/ R
0 o | —2(1+1¢%)
< dt ~ T
= 2/0 i 2[arctant|g® = 25 = .

3 DHDES TR DT M E 1778\, 6 DHDES T arctant OEEHA 1/(1+¢%) T
HdILEMo,

12

dt

|
A

=0

T4 AVTEHHER—YHBOREBREARAWLEGE

HIE Tl Jacobian 23 THRZAR W 1 DS DEIFE 5 D A% FW T Gauss FE 57 % Gt
B HEEHALZ. TN LD BRHIEICE ST, U v N—2EHDOEK
RE 1 EBOES DEBFRS DAL FHWTIEAYT S Z &N TET, 2DOBEBRANDRH] 2%
HLUT Gauss BEADEZFHAET DL HTED. ZOHONEIZHIHONED AL
ThdLEZOND. #HatF T b2 HEREERHEDOFLBRIZIEAT V¥ PR — &
BRI % 52 D857 OB BOND (B9 H). 72056, HEHFITHIENH 2 5 1
Gauss D DEHED b & UTH Y Y& R—ZEEUIZDWTEZATE W Z AWR)
BNRRWEEEZEZOLND.

Bt =tan DL F dt/df =1+ tan? = 1 +t> DT, § = arctant OBEKEIL do/dt = 1/(1 +2) IZ7%
5. TOI LMD, arctant = [, dt/(1+12) L BB I LEDND.



34 7. I8k Gauss O DEHE
5,p,¢ >0 (6 U IXFEHNIEDEFZEE s,p,q) 1T LT,

oS 1
[(s) = / e 2t dx B(p,q) = / P 1 —2) Ny
0 0

WEOTHYYEHB T (s) ENXN—XEHE B(p,q) WEHEI DM
HABEAIZELOTI(s+ 1) =sl(s) THDZEPDOMNY, T(1)=17EDT, 0L EDE
BnllHUTIn+1l)=nl &85,
Gauss B2 T 1& T(1/2) IZ5F L\

oo oo 75—1/2 0
I= 2/ e dx = 2/ et dt = / e 't at = 1(1/2).
0 0 2 0

2DOHDEST =t Bz, LB >T I(1/2)? = 1 % i T E L Gauss 25
ARETELZ LIRS,
R—=BHEIILL T D & 5 BEHDOFRREFD:

w/2 ) tp_l dt 1 9] du
_ 2p—1 9 in2¢—1 — = .z
B(p,q) = 2/0 cos™®™ 6 sin“? 0 dl = /0 (e /0 T atryre’

v=cos’f =t/(1+1), t =ul/P LEBEWUZ. 3DOHD (BRED)XRD p=1/2 DHE
DRI DS t 7348 DWER B LD IR THH I N, 2 DHOEX RO T F
FAADMERBEEFBOZRTHEAINDS. T(1/2) D Gauss B & D FROY 7 BRI
T IERD AR OMER B BRI DOZ R THAI N, TV YERBOEZXDWBEI L 2 7
OB ERBOFRRTHAING. ZOXDITHY YEHBE RX—ZEHUIFFERHAIZ L
R X N2 WER AT % B9 2 72 DIZTIXMEHD BRI R > TV D (55 9 ffi).

KRzl ORR &Y B(1/2,1/2) =7 LRI eWbnd. WRIZ, ELE

L(p)l'(q) =T(p+q)B(p,q)

PRINEB DI, T(1/2)2 = B(1/2,1/2) = 7 8% 2 L WbIs. UIhSo>T Gauss B
SDFHFNIHT VL RXR—ZEHBEDHNZDEBRAZRTZLITREIND.

N EELE R—ZEED DN 7ZDREBRRNIX 1 OB L O EF DR A%
fHoCHAMBETHD. LR TEDOIZ L 2 HBICHAL LS. & A ITHLUT, 2,y 7' A
ZAIZTESMHEMN 1 IZHRY, THPND L JITED 0 127482 2,y DEEE 1a(z,y) &F

Uz s L SADRBEREZBOML AR S, LT TR ER I OV TIZERDL R,
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Zrizddl,

2DOHDES T y=2—a LEBES U, 4 ODHOEFES THEHIDIEF Z XML, 6 DHDE
FT x =2t EE#HES U

7.5 MDIEE

D IR DWW T Hirokazu Iwasawa, Gaussian Integral Puzzles, The Mathematical
Intelligencer, Vol. 31, No. 3, 2009, pp. 38-41 & & U Steven R. Dunbar, Evaluation of the
Gaussian Density Integral, October 22, 2011 Z &MU TAL .

7.6 FELUOES
0> 0 I BMOARZTHL &>

‘KZ@m<—%(2+€§)>dxzvﬁ%éW (%)

Bo#iH%Z v >0 IZHIBRLU, y=2—a/z Tz >0 % —oco <y < oo ICEBED T IUXES
ATE5. EEOyeRDODVWCo—a/r=yldax>0T

1
z =5y + vy +4da)

BT T

dr =

(NN

1+L dy.
VY2 +4a

WAL LTV, WA

[ e (=5 (o= 2) ) ar=2 [Tew(-52)

= / e V2 dy = V2m.


http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
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2HBHEHDFE ST y// Y2 +da Sy DHFEBCTHD L &2l —F

1( a>2_ 1 2+a2 N
2:[ x) 2 z2 “

2DT

8 fI&k: HYvEEK

BTARTH Y TEBUI DO WTHBIZME L 2. IR TIET I TR T I Bho
VBB OMEIZOWTHEHMLU & .

8.1 HUVHHEEKHHOEFZR
ETARTRUZ T(1/2)2 = B(1/2,1/2) = 7 RO BEXL B RN RORER BB ETH 5.

™

[(s)I'(1—s)=B(s,1—s) =

sin(7s)’

ZORNRNITEEBDOIEHERH D, 1 DHDFEE sinz & T'(s) OERERER

) i 22 , sin(ms) = 52
sz:ZH<1_W>’ i.e. - :sH(l—E),

n=1 n=1
1 T S(S—Fl)(é’—l-ﬂ) s - S —s/n
I(s) nlggo n!n? - ¢ SH [(1 + H) ¢ }

25 HIETHD. 22T v 1% Euler &

: 1 1 1
vy=Ilm (-+=-+4+---+——logn

ThHd. IN6DRAZEDD L,

F(s)F21 ) F<5)(—i)F(_5) _ S(__SS) I1 [(1 + %) <1 — 2)} _ Sin7(:r8)_

n=1

2 DOHDHIEIFIROER D 2 BE RN EZHONTHATLIZ L THS:

0 tsfl

dt.

[(s)['(1—5)=B(s,1—5s)= /

o 1+t

0<s<1THIEMEL, 0<e<1<RICHUTEXDROBEPIREE C £EL:
F9 e MNH R EFTESTICHED, RICERTH EOFMAEFLL TR R OMA

BL()I(1 — 5) = 7/ sin(ns) ZBITFEA L TEWT (72 & ZISERMT %2 6 2 BB ITRE D), HY YK
O ERURFN S sinz OERFEMEFMZEHTLZLETES.
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EEKEGFEY T1ETS. TUT R®H6 ¢ FTE2TSIHED. BBRICEHEFH LD
Rz e 9248 e OME LE2KRFEEIVT1IATS. Z0&E [, 25 1dz/(1+2) &
2 dz/(1+2) D z=—1 TOEED 27 fHIZF LV

/ZSl dZ . TS
= —2mie”™"’.
C 1 +z

e—=0,R— 00 DIREZEZD I LIZELLT [ 2 de/(1+2) & [Tt dt/(1+ z) 2
L5TNEED 2 50 25 WFERIFLVWI L E DN 5!

2l dz orien [ ETLdL
= (1 —¢e"™) :
C 1 4+ z 0 1 + t

AED2ODfERZ RSS2 I12L>T

B(s,1 ) /°° t5ldt —2mie™s 271 T
5,1 —3s) = = — = — — = )
’ o 1+t 1 —e?mis  emis —e~mis  gin(7s)

COMBIEt=us B EITE>Ts™ [Tdu/(1+u/*) IZEFRTES. DZRIZ, IR
DRRXEFOLNI I LIZBD:

du  7s
1+ul/s  sin(ms)’

B(1+s,1—s)—sB(s,1—s)—/
0

CORNAZEERTIEETED. R>1Thde L, HRAVLHLEZFEANS REFTES
G HEA, IRIZIFEIEN D IZHIE 2rs ZFEHLL T Re?™ ETHEAR, TINOHFRETE >
TR MEE C e E\EL L, [dz/(1+2M%) B dz/(142Y5) D 2z =™ IZBTHH
B —se™ D 2mi fFIZE U<, R — oo OBRT [ dz/(1+ %) & [ du/(1+ ul/*)
STNEED ¥ fE %502 EDIZEFELWY. DRI

/OO du —2mise™s 2718 TS
0

1+ ul/s 1 — e2mis eTis _ o—mis Sin(’ﬂ'S).

EMD ZFIRE U ZZMERICHEREN L BN DO % 1 89 20 BEBO
2mi fHZRDMOETH D,

HE BB L WIS AT BB OBIHIC DT, MRS TR (SIS
DE5HE (201267 H) 2B 4HT L. HRKBERDO w7210 TldA <, BARK B
OMEDZFHEUWESREEDOTETHIZBIE>TWIDIXEBRNZLES.

8.2 HYIYHHBOERREERHA
B f(s) (s > 0) IZAFD 3 D2DEMZTZ LTV LINET D!
o [EfEME: f(s) >0 (s> 0),
o BHER: fls+1)=sf(s) (s> 0),

o XBIMME: log f(s) 1 s >0 DTN THD.

4025 DOEIFR RO R % KIFEHEI D 12 1 A$ 2 & 2™ 512485,
s 0% 2 & 2T fEUTEARELEN, dz & 2™ fF12h 5.



http://www.amazon.co.jp/dp/4000051717
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Z D 3 DDEM 2 EEUTIRD KR Z KD

_ nn
f(s) = f(l)nlggo s(s+1)---(s+n)

K2 T(s) MED3DDEMEL T(1) =1 22U T0d 2 &M b, Gauss DA

(s > 0). (%)

nlns

L(s) :nh—{gos(s—l—l)--(s—i-n)

ML TH Y, ED 3 DDEME LTS EEE T(s) DEBIEIC R bbb,
PAETHARAZZ & ZFEHL LS.
£9, (x) DWROD 0% 0> < VELU THE S 12 MEkR

L s(s D) (s )

n—o0 nlns

WEIZINR T 2 RTD.

s(s+1)---(s+mn)
nlns

S S S
= () () (e )
3<+1 +2 +n e

= S (1 + f) 675 <1 + f) 67% . e (1 + i) 67%€S<1+%+"'+%_10gn>
1 2 n

1+4+--4+L—lognid n — co TEuler € v IZPORT 2. WRIZ [[;_ (1 +s/k)e/*
D n— oo TIKRT DI L ZREIELV. 2 OEBREAEE (1+2)e > — 1 IZFEM 2=0
T22MDEREFHFODT, (1+2)e? =1+0(22%) (2 = 0) &85, DRI (1+s/k)e sk =
1+0(s2/k?) (k — 00). ZAvdk V) fERRAE [T, (14 s/k)e/k PR 2 Z L dvbnd. &
& ®:

. s(s+1)---(s+mn) . M S\ —s/n
lim PE =e"%s H [(1 + ﬁ) e ]

n—00 n

WEC RS 51, AT DR 1/T(s) 1K L2 AR

(0+3) ]

% Weierstrass DA & IS, HUDEBERIFMEED s € C IR U TIHT S.
PAEIZ & > TICRAR I NZMROM % F(s) £ EFEL I LIZT5:

n=1

1
[(s)

2

=¢e"%s

n=1

S

nln
F = i )
B = D
ZDEE
ns nln® nln
(s +1) nLH;oS+1+nS(S+1)"'(S+n) sF(s), (1) (n+1)!

481 /g IF IR EDT, 1+ 1/24 -+ 1/n—logn = f1n+1 dx/x —logn =log(n+1) —logn = 0
Th21/(n+1) < f:“ dr/x =log(n+1) —logn BDT, 1+1/2+ -+ 1/n —logn 136 50D HEI{H
DgL. DAITPIRT 5.

VDR % 1/T(s) DEHLTZILETED. ZOHETHNERANS 1/T(s) BWMERFEH 2T
EBRINTEY, I(s) DA s=0,-1,-2,... DAILH DI LELEHHIIRD.
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ZIWCHEETH D () DR f(s) = fF()F(s) (s >0) ZRTZDITIF, 0<s<1 D& E
f(s)=f)F(s) BB E2FREIETNTHS.

RIZ, f(s) OEMENEE WSBMEZFCT, 2 EDEE n &£ 0< s < 11ZDWT, f(n+s)
DREIZ f(n—1),f(n), f(n+1) AT ET»55HM6T 5 RERX

(f(n) )Sf(n)éf(nmé(M)sﬂn) (0<s<1) (#)

fln—=1) f(n)
ZRTO. —MRITNITMBEE g(s) R a<b<clilHULT
9(b) —g(a) _ g(c) —g(a) _ glc) —g(b)
b—a ~— c¢c—a — c—b

Zhi/z L TWBY. ZHDEN 7% g(s) =log f(s), (a,b,¢) = (n,n+s,n+ 1) (@AY
5L,

log f(n + s) —log f(n) < log f(n) —log f(n + 1).
S

BERE (a,bc) = (n—Lnn+s) KEATR L,

log f(n+s) —log f(n)
log f(n) —log f(n —1) = . :

BLED 2 DO RER & BELLET & f(n -+ 5) O (4) 25 HN5.
f(n+s) OFHl (#) 1< f OFRBEEXZHEHHLU LS. [ ORBEERLY

f(;z(:)l) =n, f(s+n)=(s+n—1)(s+1sf(s), f(n)=(n—1)f(1)
BREDVRELL TS, (#) DIENTn & nt 1 ICHIMAD L,

f(0)n!n®
s(s+1)---(s+mn)

n*lf(1) < (n+s)(n —14s)---sf(s), < f(s).

(#) DEFT &Y

f)(n—1)n° _n+s f()nln®
s(s+1)--(s+n—1) n o s(s+1)---(s+n)

fls) =

DEbzFzeddk

f(1)nln® fls) < n+s f()nln® .
s(s+1)---(s+mn) n s(s+1)---(s+n)
&Y, RUEDS T (x) BMELND.

AV~ BB 3 ’D@%ﬁ: (EAEME, BBEE R, BN M) 272U TnWd 2 e 2R L &
5. EMEMEIZER D(s) = [ e 2" Hda JZ ‘) HOWTHY, WBERIZE AR ICE LT
BRI I NS ﬂ*ﬁ P2 RG72DIZIE g(s) =logT(s) £ EE, ¢"(s) 20 2R

BE+ATHD. LV ﬂ“‘k(ﬁ(@&?ﬂ: %3%57?& f(s) IZRUT g(s) =log f(s) &
B J'(s) 20 &BBIELERTD:

b
f(s)z/ St @) () g,

[IA

SO %I ITEBMIZHEL N E S S,
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40
B B BRSO DI REZZ L ARE L T
D

—x—logx D& ZE f(s)=T(s) &%&d. Z

FEEMEHRETH Y, s
M) b@tw)—
Y

2T ¢(a), )
<. (a,0) = (0,00),
&%, g(s) =log f(s)
df/ ff// f/2
Tdsf 2

ZAZ f2 = ff" S0 ZREBIEED. f(s) DEFELY,

FOXNF2f ()N + f"(s) = /b Y@@ (N2 L 2g(x) N\ + B(2)?) da
/b eSO (N 1 p(x)) 2 dx 2 0,

/"

DRI f2— ff <0 EBD. B T(s) HABIMTH 3.
INTHYIEHEED Gauss DAN L IR FEHEEAHINAZZ LIRS,
ftig. AETHIELUZHA Y YERBUIZEEY 5 Gauss DA XDEERA iﬁ VT DE D
TIFA L, EAENBUNTH v B L [ U BB R & i 72 BB N UCRE S =D T
Dotz MO TERBINZNT YV EBIZET S Gauss DAXZ LA RO & 512U TEEEMNIZ

FEHT S 2B TED. B n*B(s,n+1) IZDWVT,

*T'(s)l’ 1 *n!
n’B(s,n+1) = nls)ln + 1) = nn
I(s+n+1) s(s+1)---(s+n)
TH»HD
1 n t n
nSB(s,nH):ns/ xSI(l—:c)"d:U:/ pet <1——> dt
0 0 n

2DOHDES T r=t/n £BEV2 WA, n—o00 DEFE,

S ! n t n o0
nn = / 51 (1 - —> dt — tte tdt = T'(s).
(s+n) Jo n 0
['(s) DLEITHE

s(s+1)---
BEDOATY TEHOFETIHHT D 2L ETED. i (#) & f(s) =
425, 0<s<1DLE
n°l'(n+ 1) (n — 00).

I'(s+n+1)~

AVSEBOEBERL Y, THIMEED s >0 THIZL TS, DRI

n°n!
s(s+1)---(s+n)

ZDEDIT, H Y B O EMYE, MBI,
W T > < U B9 % Gauss DK% (bf;b")fﬁﬁﬁﬁﬁ@ﬁ%)

DEIZE S TIROAREFEHI N/ Z L1285
lim n*B(s,n+1) =TI'(s).

RN e S R S

I'(s+n+1)
2, EHi%

B AU £ DR T 2 R,
/rZliFG L.

n—o0
5a,b) = (0,1), ¥(z) = logz ¢(x) = tlog(l —x) D& X f(s) = B(s,t) £%%. B(s, t) £ s D
Y UTHEIMIZ RS, WRIE F(s) = (s + )B(s,t) & s OBEKE UTHIEM RS, F(s+ 1) = sF(s),
T()T(t) THD 2 LDDBD. =0 & 5124 > < FIROBEA T X >TH Y

F(1) =T(t) BDT F(s) =
BB L N — X EHOBFAZ N TSI L TES,
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F &

r lim n°B 1) = li ! (1 ~s/n]
()= lim n*Bs.n-+1) = lim = T (14 2) ]

n=1

ZZT v dEuler EHTHD.

8.3 IEXEHIMDERFEREEHH

H Y SEHEOMERERFEMOIGH & UT sinzy OEERBRERZIEAL LS. BoDlE
R VTR I NG 5TV R L R— X KOG & EEMN 2 O CIE-H X 1
B N\— XKL ERHEB OB LY

I'(s)I'(1—s)=DB(s,1 —5) = —

— 03, H B D IR FRAER & ) |

1 1 el 52
mmu—ﬁ‘wwﬂwe@‘QIO‘ﬁ)

DEztEdsd L,

2
sin(ms —7T8H<1——), smz_zH(l— j2)
mn

ZD &SI, sin(ws) = 1/(T(s)(—s)T(—s)) BOTHY < BFEDHERFTREH2H 5 EiL
BB ODOEREBERNVESNDIDTHD.
ERKEE OO MR TR R 2 R 720121, sin 2 ORI cot = DI 23 BUER

[ 1 1
cotz:—+z< + )
z = \z—nm zZ+nm

RN HCTEEA L, BRHNCE S THUE LW, 3EL IEEARER TiERl @ 235
HzR&.

PAF T, #HAMN T3 74 <, Fourier Sk DGR % {f > T IEGX A D MR A= 2 1A
BIRLHEEMALTEI DY,

9 2 OEE cos(tr) D —r < x < 7 TOMED Fourier MAEUEF %2 KD, £I0n5H
cot(mt) DI P EIBFNE L ND Z & % RT D, e D Fourier fREUE

1 " —inx jitw d 1 [e~inweite]T=T
a, = — pinagite g _ L[ e
2 —r 2 z(t —_ n) o
I G e ( 1)nsin(7rt) 1
= 2mi(t —n) o - i_n
SRR T AL L,

SN TIIBE BB S dim i U R\ A%, Fourier AREDINHIZ DWW TIEES 5.5 fiz A &
Sy DMFEEL cos(tr) D —n <z < TOfEZ AR 2r T R 2KICHRE U TE 5 15 8RR £ (o)
O Fourier fifi %z % 2 5. cos(tx) D 0 <z < 2r TOMEZ A 2r TIIRT 2D TIH RN LIZHEEE L.
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2T, e D Fourier MkEE B IX

al sin(t) N (—1)neine
itr mnr __ ; _
=, 2 e =T D
n=—N n=—N
sin(rt) |1 & e emine
— - )"
T t+nz:;< ) (t—n+t+n)
sin(7rt) (1 & 2t cos(nz)  2nsin(nz)
— - —1)"
T t+;< ) ( t2 —n? T t2 —n?

2785, WP AT cos(te) D Fou_rier WRA e B 1
cos(tz) = sin(mt) [1 N Z(_l)n% cos(mc)]

T 12 —n?

8%, LERoT,

7 cot(tr) =

7 cos(m J— 2t 2t cos(nz)
S E

sin( 7rt 2 _p2

W00 © — 7 COMBEING 2 LI12k>T,

I 2t 1 1 1
t(mt) = = = -
™ cot(mt) t+;t2—n2 s <t—n+t+n>
#2135, sin(nt) OB I 7 cot(nt) IZ5F L WD T,

o0

d . sin(nt) 1 1 = [ —1/n 1/n
_l = _— — .
at ¢t Z(t—n+t+n) ;(1—t/n+1+t/n

W% t=0M"bt=s5 ECHELTD L,

log sin;;rs) = i (log (1 — —) + log <1 + )) = logf[ (1 — Z—Z)

n=1

Ui T, IRBMEH N5

sin(ms _mH(1——>.

sin DERFERRI & >V Y EHBOEBRBEAOARNEADTHS Z & 23,
1/(T(s)I(1 —s)) & sin(ms) 2T DI LIZ&>T

T(s)[(1—s) = —

sin(7s)
ZzrRtEd. IS T =T(p+q)Bp,q) = 1 ZHOES DEEE S & D DIET R
BOAEHOTEGIGPATED 2L 22, RORREHFONS:

1 o0 45—1 o)
thdt 1 d
sin(7s) 0 o 14t s)y 14ulls

INEDARFENN—DZIMUTEINIIMEFEILRIF/OLNDS LSITR->TVS.

o0

1 2t
%cothz = —icot(—iz) &V, coth(rt) = —im cot(—mit) = n + Z ol

o0 2
b . _ s
%0sinh 2z = isin(—iz) & ¥, sinh(ns) = 7s I I1 (1 + n2> .
n=



8.4. Wallis DA 43

8.4 Wallis DAL
RDOARAIE Wallis DR L IEIENT WS

.22 (nl)? _ 2n 22n

v e (0) T
Wallis DRARDEHE WV & T AIEHERDEFIRPBEDLLOMBRTRHOINTND LIS
Tdhd. Wallis DRARIEAT Y Y EHEIZBET S Gauss DARAIT s = 1/2 2RATHIEES
NnN5:

n\/2n
T=1I(1/2 lim
v =1(1/2) = lim (1/2)(1/2+1) (1/2+n)
2n+1 1/2 | 2n+1n1/2n! onn!
nooo 1.3 (2n+ 1) ool 3---(2n+1)2-4---(2n)
22n+1n1/2<n!)2 22n(n|)2 2n1/2 22n(n|)2
n—oo  (2n+1)! n—oo  (2n)! 2n+1 n—oo (QTL)!\/H

XDRAL Wallis DRK L IFIFN TN 2
ﬁ 2n - 2n T
L (2n-1)(2n+1) 2

ZORKNFKDAAXT s=1/2 LBFTIEHFLND:

==
KPR,

o (5) =3I ) S I

n=1 n=1

8.5 Stirling-Binet DA (1)

PAR O IZIEIE E. T. Whittaker and G. N. Watson, A course of modern analysis
(1927) MEDEIEFELTHD. ZDOARITRRA LR A KWK EIZH > TV B IEF IS
LWATHS.

AV BB OIS % T« 7V < B (digamma BEL) EIFETY, o(s) & RDT:

w@—%mm>.m,

IHITT A HYEHEBDEEHE ' (s) % MY H Y Y (trigamma BHEL) & FER,
7V < B D FEBR R BA (Welerstrass D) & V),

oo

logI'(s) = —vys — log s — Z [log (1 + %) — 2] )

n=1



44 8. fIgk: A~ Bk

ZZ T dEuler ETHD. Mz HIMD T LIE>TREGD:

o0

¢@%=%kgm):_7_§_ggbis_%}

IHIES —BHEBIMASTD L

+Z (n+s)?

n=1 n=0

8

ZOESIIUT, VY YEBOMBRMEMD» S, 7+ B E b ATV OE
ﬁﬁﬁ@ﬁﬁ?)‘@%ﬂé

PUROHEEZT « AV BB T 2 AR ZRH U T, logl(s) (2B % Stirling-Binet
DRARERTIETHD. RS THERFRIZRLD, NEWIZIET « AV Y EBDOHS
DEFADS T4 WY IEHBOBA R RRER/T, TNEBES LT logl(z) DRRERD
EIOBRMAFETHS.

%9, BEuler EMOBE D RN

[e%} e—t e—t
= —— | dt
i /0 (1 — et t )
ZmRTD. Euler EBDOERIZ 1/k = folxkfldx L logn = ["du/u ERAT D&,
[ n n 1 n
v = lim 1—logn] = lim [Z/ gt d:c—/ d_u]
n—oo k n—oo 1 0 1 u
1 _ N n 1 o o n n
= lim / z dr — d—u]—hm {/ Mdy—/ @}
n—00 LJo ]_ — X u n—00 y 1 u
_ im / 1-— (1 — u/n d / du}
n—oo LJo u
1—(1-
— im / ( u/n / u/n }
n—oo L 0
1 1—e U oo —u
:/ ¢ du—/ e—du
U
1 [o.¢] —U 1 oo —u
[ [ L
o\ 0 s U 5 N0 A
1 o0 —u o] oo —t
zlim{/ / —du]—lim{/ dt / —dt]
NO [ Ja 5 NO | Js 1—e™ s L
:zlsl\r‘r(l)(; (1—et_7) dt

o] —t —1
:/ ( . _t—e—)dt.
0 1—e t

1 DHODOE S Euler EDEETHY, 2 OHDFES THEISDNRAZITER, 3DHDOFE
BTEHERBIIOM 1 +o+-+2" =1 -2")/(1—2) 2ffio7z. IHIL4DHDEFEST
MAZEEDOEW y=1—2 2178\, 5 DHDOFESTILIZy=t/n £EZ, 6 DHOE S
TONS 1 ETORBE 106 co ETOMBZEIT /2. 6/)Eo)£7ﬁ@/ﬁ)ﬂci n — 0o
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DIGRAIBN D RIZR>TND ZEICERT L. 92HOEETO<A=1-c?<$§
LEW W0EEDOEET N0 DX [Jduj/u=1log(3/(1—e?) =0 LBBIL%
o7 1NMMEEHDESTIOHDESI Cu=1—€et B 2O0HDESP TCu=t b
Wz

RIZ, Euler EBDESRRANBTND T4 H Y IEBOBESERRA

d e8] —t —st
W(s) = Elogf‘(s) :/0 (67 - 1e_et) dt.

T D (Gauss IZ & DT 1 NV YEHBDOMBR I RKR). 7+ H VRO 7 BURH
T, ETHFAL 72 Euler EBOFE S ZRR L L <fbd AN

1 1

E?:ZFKSLA gt (Ree > 0) (%)

Ds=1DLGEE c=s,s+nn \ZEHALUZEREZMHD &,

¥(s) = - logT(s)

0o 67t eft 0o . o0 [e) .
_ - i —s —nt _ _—(n+s)t
= /0 <1—e—t )dt /o e dt—i—Z/O (e e )dt

dt + lim — dt

3DOHD% ST

eft _ efnt

etpe gy gt TC
1—et
e—St _ e(s—i—n)t

— e

wffio7z. TNTT 4 H Y YEBOBSRRAD G I N,

UTFOHEIEXT 4 AV EHBICET 2 AR EEAUT logl(z) (T2 AX%255 2
EThs.

ZIZTAR

oo —t _ ,—zt
/0 %dt:logz (%)

ERUTEID. Elz f(z) £EFELE, f(1)=0ThD, fl(z) = [[Tedt =1/z BD
T f(z)=logz &4 5.

ETHBIUZT 1 Y YEBOMAIRAAT s =2+ 1 BT, HFHDEHD 2 OH
DIAD I3 FI R et 20T 5 &

e—t

d o s} e—zt
)= Llogl(z+1) = € _ .
P(z+1) 7 log (z+1) /0 ( ; et—l) dt




46 8. ek v ~EE
ZHZFT S EDOBRETHIHU-ARZEHAT 3 &,

*© et Rt © /1 1 .
W(z+1)=logz+ i T dt =logz — i _¥+et—1 e " dt.

SIS F() = 1/(f — 1) EBLE f(—t) = —f(t) =1 &V 1/2+ f(t) FZHEEURB.
X512 1/2—1/t+ f(t) 1& t =0 TERNZARY,

11, 1 _ ¢t t3+ t°
2 t et—1 12 720 30240

LRBZIEELDOND. FELDOEHBD 1/t f5F 0<t <oco TAHRTHD. LD (z4+1) D
FKROEDOFEIRD RN ZNITRD L DT 272D,

/ le_Zt dt = 1
0 2 2z
i &

dlogl'(z +1) 1 < /1 1 1 o
l)=——F7——=1 — — ——= “ dt.
w41 dz ng+22 /0 (2 t+et—1)e

+ O(t") (%)

logT'(2) =1logl =0 ZDT, ZOX%E 1 16 2 ETHENTD L,

1 /1 1 1 —at ot

logT'(z +1) =logz +log'(2) &V,

1 1 1 )e‘“—e‘t

1 o0
logF(z):zlogz—z+1—§logz+/0 (5_;4_@_1

FADIE R % §Ei 9 5 7212

B T(1)2) =7 &£V,
log\/_:%JrI(%) —I(1).

—H,I(1) DEHERNTt % t/2 TEIMR DL,

/1 2 1 dt
I(1) = —__Z —t/22"
1) A (2 t+dﬂ—1>e t

o0 t/2 [e8) —t/2
Il-szf 1 JW@:/ R WL
2 0 t et—1 t 0 t et—1) t

DT




8.5. Stirling-Binet MAZ (1)

ThHDMD, S (1) OEERD /> L,

/ 1 _/‘X’ e t/? 1 _'_e_t 6_t—|— et \ dt
2) /o t et—1 2 t et—1)t

(y
(y
)

d e t/?2 _ et  ot/2 _ ot et2/2 — et
Cdt t £2 t ’
eft/2/2 . Git eft 1 eft/Q . eft

t 2t 2 t
ST AUE 1(1/2) OFEIE (x) IWRBETE 2 2 L 8b05:

2 t 2 t 2 2
L7Zh>T,
—I(1) = —% —1I (%) +log /7. = —1 +log v27.
UEZzxzEdd L,

1 2
logF(z):zlogz—z+1—§logz+1(z)—[(1) :zlogz—z%—log\/—ﬂ#—l(z).
z

logT(z+1) =logz+1logl(z) &V,
logI'(z + 1) = zlog z — z + log V27mz + I(2).

I(z) DEHREFEBTS &

©r1 11 dt
I(z) = R @
(2) /0 (2 i ao 1) <

1 —t/2 _ _—t t=00 1 oo —t _ ,—t/2 1 1 1 1
](—):—{—e € } +—/ Ldt:—nL—log—:——log\/ﬁ.
0 0 2 2

47

Z DR OHRE T BB DFEIRDANMD 1/t 513 0 <t < oo TERTHD. DAIIHDIE

DER M WFELUT Rez > 012BWT I(2) IZ ENSIRD &S IZFHI N5
o M
I(z)| £ M “Ret g —
l1(2)] = /0 e dt Res
ZHE 2> 012 ULT,
logF(z+1):zlogz—z+log\/27rz+0(1> (z — o0).
z
Z 1T Stirling D23

D(z+1) =2 *V2r2(14+0(1/2) (2 — )
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DFFAE X N, & O REEITIE (#) & ($) &V,

I(z) = Ooe’Zt i—i—l— t +O(t°% ) dt
=, 12 720 ' 30240

r(1) T3 T6) 1
12: 7205 T 3024025 0 27

L L + L + O L (z = )
= — — Z — 00).
12z 36023  1260z° 27

TRDL

1 1 1 1
T(z41) = 2%e V2 — - o= — 00).
(24 1) = e mvams exp <122 36023 126025 (27)> (2 = o0)

Rz

r@+¢):z%ﬂ¢55(1+f%+49(;)) (2 — 00)

CH MR 1/(12n) 6N,

8.6 Stirling-Binet DA (2)
BIEIDFERIFLLTOLSICE L HOLNS:
logl'(z+1) = zlogz — z + logV2mz + I(z2),

/1 1 1 dt
T — - - —zt 7
(2) /0 (2 t+et—1)€ t’

1 1 1 t t3 1P
+O(t").

5t T e_1 12 720 " 30240

Z DAL E. T. Whittaker and G. N. Watson, A course of modern analysis (1927) @
12 - 31 i T “Binet’s first expression for logI'(2) in terms of an infinite integral” & X
NTWS. AR TIX12 - 322 ENTH S “Binet’s second expression” L LS.

Bhb,
I@ﬁ/é&ﬂ@ﬁ
0

627rt_ 1
WS RADFEHZ HIET S .
ZXMT

9 {J&k: BRARBRHEERDMICDWVT

9.1 [FHENL%H
IR DR SR TRE R I NDMERDA % VI p, 78 o DIE DA L IS
o—(@=1)2/(20%)
fuo(z)de = W
SEYE 0, 43 ER 1 DIERL A6 % BEHEIE R0 A5 & RS,

dz.
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B HOTAMRER X, Y ATNTNE iy, py, D 0k, 0 OEBSANC U 7248
DEE X +Y WP i+ py, D 0% + o DEBSAIC LS.

9.2 AUIDHENA2E D

IR DIERZEEIMTRE R I NS MR DA % shape a > 0, scale 7 > 0 DIV I DL
e % T:L.a—l e T T(l./,r)a d.lf

dr = ——do = ———F—— )

Jor(z) d NGO o ['«) T (z>0)

WL o =ar, ZEIE ar? THY, 020 D& IRIAMEEE v = (o — 1)7 128D

R VD OREBREIIIRDIZIZ 8

1
7T ()

Oralt) = / etre /T dy = (1 — irt) @,
0

AEAS B 720121% ¢ (1) = iar(1 —itt) o, a(t) 2REETDTHD. TDOI LI
DEDICUTRIND:

i

ap ") = . ite —x/T &y —
T (0 = [ et = o

/0 %(eitzez/T)xa dr
—IiT ]

<9, < 0
— i / _(ezt:ve—ac/T)l,a dr = ZT. / 6ztx€—x/7'_l,oc dx
1—art J, Ox 1—att J Ox

T / eitre=a/Tgol gy = 12T 7T () ra(t).
0

- 1—rt 1—rt
1 2ODESTHEDES/ILTOWRD 21T\, 4 DODESTHLFES /> /2.
R ERE DL N HIRDFEMNZZHI3E1NS.

BEM MNIAREREK XY DZENTN shape ayx, oy, scale 7,7 DA VX D3AHIZU /-
M & E X +Y & shape ax + ay, scale 1 DAY X BAEIZU DS,

NA 2D FA 2O (2 940) 1EH VORI R GETHS. 74805, shape
n/2, scale 2 DAY I PHix HHE n DA 2FT|HA (° 5A6) &SN

B e—a:/Zl,n/Q—l e — 6—x/2(x/2)n/2 d_l’
22T (n/2) T T(nj2)

A4 2FAAMAIBEEE n IZOWTHAEEZED.

f2,n/2(l’) dx

EE 9.1 (BREERDHDONA 2RDANEOND &), MERZH X1, Xy, ... (FIHAT
[ DRERBHINTH Y, HEX2IIEREIERDAIIU NS ERETD. TOLIY =
XZ4 -+ X2 XEHHE n DA 2FAMIILENS.

SEAR. e RmEIE A THS:

E[f(Y)] = const. / ey dy,



50 9. ik Bex BHERIAMIZONT
INZRTD.

E[fY)]=E o+ X))

[f(XT+
1
7-(- n

27‘-”/2/ f fr/2n1d7,
_ / f e y/2 n—1)/2 71/2 dy

277' n/2
— 2 /2/ f —y/2 n/2 1dy
7T n

3DOODHEFT r= /a4 422 £BE, R IIHTDMUMREERD n — 1 IRoCHAL
Bk EOWUNER L vt dr Oﬁf 2782 Z & &V, n— 1 IRGGHABREDHFZ A, &
TN ADODOFEFST r =92 dr = (1)2)y V2 dy LB\ 7=, ]

FR9.2. L EDFEIZE T, n— 1 IRGGHRAERAEIOEE A, (ZBU T,

27Tn/2
A = )
DAL T DI ERINAEZI LIRS, ZHIKEIIHTORERKEL —H LTV, []

9.3 ZIEDTHE Pearson DH M 2FKRETEE S RTIERDH

K = (Ky,...,K,) BZHEDH IR BEBEELAN 7 MUVERZBTHD L TD. T4D0
%, pi > O, Z;lei =1 —C“Zb%) et IJ, %%& kl,...7l€7« C:ﬁ‘bf, K = (k17-~-;kr) tfc’iéﬁ%
RIE, bk WIRTHFADEKT Y  ki=nDEE

n!
P(K = (ki,..., k) = mplfl"'pfr

Nk,
THY, TSN DE X 0 THDB LT 5.
$19.3(H1430A). 15566 FTCOEHMNFAUCHELRTHLIYMI0% nESO/LEEITiD

HAHZEH% K, b RO, K= (Ky,...,Kg) l&r =6, p; =1/6 DZHSHIZ L
D, —MOLIENME FRRIZHEM T E 557 B

MR DBHIN 112755 2 & [ESIEEH

m| k kr_ m
S e~
ki+4kr=m

EAEZISHERTES. ZIHEHII T THEH L EMKOZE X F TIN5, & L IEIHE
2 Wz m (ZBY D IRNIECREI I N 5.
STHER DI Y A 202 528 EoTW S EHEL SV EES . MERERIZ o753 v 7z

2 TEE OZeZeBoTH IV, BA B M2 R OWREREZE A5 2 tiﬁbéfﬂﬁjéﬁxé
ZELHEUZEE>TEW.




9.3. ZIH/ 4 & Pearson D 1 2 Tkfict &= & IRt IEM AR

K; OYINE py = np; 1272 %:

n! e
pi = B[K;] = Z —lplfl"'pf%z' =npi(p1 + - +p,)" " = np;.

el k

kot =n
3OHDOESTLIHEMZ Mo /2.
K; DAEUE 02 = np;(1 — p;) X785

n!
EK;(K; —1)] = Z mplfl e pki(ki — 1)
fertetkp=n 1 T

=n(n—1)p}(p1+- +p)" > =n(n—1)p,
0} = BIK}] — 1 = E[Ki(K; — 1)] 4 i — p?
=n(n — 1)29@2 +np; — nzp? =np;(1 —p;).
2DOHDESTHIHEH % (> /2.
27&] D& % Kz el Kj @;&ﬁiﬁkﬁci Oi5 = 05, = —NP;P; C:f:}téi
n!
0ij = E[KK;) = gy = Y mplfl Pl kiky — pipy
k1++k'r:n 1 "
= n(n — 1)pip; — n°pipj = —npip;.
3OHDESTLIHEH %> 7.
Ui o TARY MVERERER X = (X,,....X,) &
K; —np;
np;

X; =
CEDDE, X; DFE 01228, 77EkiE

np;(1 — p;

RS ek L R Y
np;

IZRY £ DEE X, L X; OIESENE

—NnpipP;

pij:pji:W:_\/E\/p_j
IZH%. ThRDE X = (X,,..., X,) OS] P = [p,] &
V1
P=F+aad", a = :
VPr

51

DHIZARS. 2T E REEATIITHY, of BIIRZ M a OBEBETHS. S p =1

Y, a IRHALNRY NVIZBR D, FIXRTZ M v e RTIZXH U T,

Pv=v—{(a,v)a

X a ODEZHEMAD v DERHHIZKED (r =3 ODHBEOMEHFH\NTHAL). 2T
Euclid A% (, ) &EFE Wz, P BEALNRY ML o OERFHERANDOBERS Y% RHT 5

THITHEI MO P2P=P EBY) PDOIVIMWNr—11285ZENHON5.

58 Z DFER I Pearson DA A 2 FEEI RN n — oo THA 2|HAITU 728D HERZLUT (59) PURT 2

ZEERTIZDODDF—ITRD.
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E# 9.4 (Pearson DA A 2 TEFTE). LHSMAIZ U AN HREH K = (Kq,...,K,)
N OHEF DIRDMERE I % Pearson DN A 2 |IRETE & 5

= in = Z—(Ki — )
=1

i=1 "pi
ZHEHA 2D WIZU VD HERETIEZRW., UL UIRODEEVBHKILL TS, []
EIE 9.5. Pearson D /11 2 TGt EII n > 0o CHHEHE r—1 DA 2ELSMHIZULEZND
TSR ZZ B (59) IR 9259,

FERR. RGO FFMBIRE RO &L V) X = (X, ..., X,) (& 0, 2#dL 0 BdT528 P
DERFTCIEMDAZ (F9) PERTD. UAE>T, X = (X4,..., X,) D 0, SEIESER
18] P 2R DL WGTIERIDMIZ U ZR S & ¥

Yy = zr:XE
=1

NEHAE r—1 OHA 2FNMIILEZND L Z2REIEIN. TOZ L Z2RT-DITIZR
D— R ZFEEZ R X+ THDB. ]

HE9.6. NI NUVEMERER X = (X1,...,X,) 2 0, S8 ETS] P 2F0%
RIGEBA LD E PP=P D POI VIR s BOIE Y =31 X2 I1dH
HE s DI A 2F/DMHIZUZND.

SEBR. R EATA P IZERFRMTINC 8D, P2 =P 551X P OFAMEIZ 0 & 1
WY FEAME 1 OEEEE POI V73 —8T 5. WRIIHDERTH U BFEL T,

UT'PU = U™'PU = diag(1,...,1,0,...,0).

S

Zi = i Ujin
j=1

LB ZDLE X =(Xy,...,. X)) 2D Z=(Zy,...,Z,) NOEHIIELREWZ DT

Y = ixf = izf
i=1 i=1

WAL U, IERATH] U OH) J5& 0,

r r 1 (15i=1Z5),
E[ZZZZ] - ulE[XXk]ukl = UiiPikUkl = - = (&)
j,kz=1 S j,kzzl " 0 (ZDMDBE).

SO DFERIZ & DN TS Pearson D71 2 FIE DML >T WD, 2D/ — MIZOFizENM
L&D Boz i, AMNLREZOBREIZIE n WREARL &, ¥©5 LT Pearson D1 2 Fffizt
BENA2E/ATIELLUTEIODD] T IHEBRNES IR R ZN5TH 5.

60 IR ST R OB R E B 1 YRTTH R OB E B & [RIRRD AIETREIH I NS . T RO BRMERID n — oo
P IERI DA OFRFEBR BT T 5 Z & 2B iE L.
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TR A & e IZRF D475 & THARHEIEE B | 205k 9 2 LA EDFRZHUTD LS
IZELSZENTES:

[Zl .. ZJ _ Lxl . A@}(@
Ell: [Zl-.- ZJ —_UTE || : [xi o x|lu

= UTPU = diag(1,...,1,0,...,0).
N —
RN (&) &V, Zy,. ., Z WBHSIFE DA TE A DEEEER AU 2B, Zo, ..., 2,
O WEERODTIVARHIZLAND L (MFE 1T Zyy==2Z,=0LRDIL)
MDD, WRITER 9.1 &Y

Z 2=7 4+ 7 (almost sure)
i=1

FHME s OV 2/AHIZLEND. TNTRIRE I EIRIN. ]

FRI.T(ZRTERDH). HEADBEEEEZFED r IROENFRTH] A I LT, R™ fED
MR X = (X, ..., X,) VY 0, R #AT5] A OZIRTTIERAEIZ LR &
X, TORMEEBBIRDOIBIZ B I THDEEBETED:

B[] = exp (—%(t, At)) (teR"). (%)

ZZT(, ) IR O Euclid NEETH2D. ZDALXAIVTHIUEDBUEL D HATH] A 2
A TR THEIRTIERDANEZEIND.

REMHASALE LT A=0D % X 13(0,...,0) IZAZFEOTIVADMHEIZLENS.
op > 0,...,0, >0, A = diag(c?,...,0%0,...,0) D& ¥, X;,... X, IFMITHY,
i=1,...,8 2892 X; TP 0, D8 02 OIEBIDAEIZUZB i =s+1,...,7 (T
T3 X, Z0IXBERODTNVADMIIUEZNS.

—DGEIFEREHIZE > TTO LI BHEEIIRET S, FHEEDOIEATZNITSI
A &I EAT IR DL IRGCIER DA DFET D Z L Dn b,

A PRSI, R EOAFEEE f(z) I22WT,

1 1
Elf(X)] = ———— e, A7) ) d
10 = g [ @ (5 A7)
%%, ZZTde ld R" LD Lebesgue HlIETH L. ZDEE (%) WAL TDHI LT A %
ERITFITH AT D I IlE > TRIND. N

9.4 HB_FER—IDHmEt D

IROMEREERBMCTEBRINDMERDHZ/INT A= — a,8>0 2RDHE_FEIN—X
4347 (Beta distribution of the second kind % U < & Beta prime distribution) & FE.S:

1 :Eafl

fap(z)de = Bla B (1127 dx (x > 0).
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B> 1RBIEEEE a/(B—1) 128D, B> 2 BEIEDHE (ala+B-1))/((B—2)(8—1)3)
225,

H2RN— A MM OMRBEEREIZ 2 = 12/y (v > 0) ZRALT, HERSGE —00 <
t < oo IZHLIET B &, MEREEKBUIIRDIVIZ B %!

fﬁ(ﬁ>fﬁ: ! (A

AN v B(a, B) (1 + 12 /y)>+?

n>0WHLUT, a=1/2, B=n/2,y=n D& X ZOMWREERHTELRIND MRS
HEABE N Ot DHEEIER. §205, HHE n O t 046 & IR OHEREE KT E
BINDHERDPHDZ L THD:

t2 —(n+1)/2
Gn(t) dt = (1 - —> it

n

(
(
)

1 CT((n+1)/2)
n/2B(1/2,n/2)  /nrl(n/2)’
HIHE n Ot DHOVEEHEEZTNTN p,, 02 EELS L
pn =0 (n>1), 02:% (n>2).
285, HHEMRAOMRT ¢ 56 ITEEERSAIZPCRT 5. BEE 1 Ot 5161F
Cauchy 2 & EIFIENTE Y | FIIEHRO 3 EE i 72 2OHER 76 O JURUIZ 28 > T
W, HEE 2 Ot ST 0 28O0, DBUZMRKIZAS.

TR 9.8 (BEERDMENA 2EDHDD t DAMNELND I E). Z, YV 1T BHEHR
ZTHY, Z IFEEEHIEIZU 200, Y IZEEE n OFA 2/HOHIZLEDND LR
ETDH, ZDEX

Cp =

WHEEE n Dt G2 0N,
EEER. 2 REIX D TH S

E[f(T)] = const. /: f(t) (1 -

CNERTS. 4y = 1/(VIR 2T (n)2) L BL L,
E[f(T)] = E [f (\/i_/n> o /0°° </°° ; <\/;/_n) e_zz/ae—y/ayn/z_ldz) "

oo oo z 5
- a, f —(y+=z )/2yn/2—1 dz | dy
/0 </ (Fy/n)
(/ f 1+t2/n)y/2 (n+1)/2— 1dt) dy

a 2/ n _
— \/_% f(t) </ —(1+¢2/ )y/2y( +1)/2—-1 dy) dt
—0o0 0

n oo ~(n+1)/2
_ 2 +1>/2r($zﬁ+ 1)/2)a, /_Oo 1) (1 N %) it
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ZIZTC,200DEFIIERETEHOHE N1 2EANGEDEENSHEOLND. 4 DODFEST
X 2 =t\/y/n LBz (22 = yt?/n, dz = y'2dt/\/n). 6 DHODEZSTIRONNEffi> /=

o] 0 s—1
/ e—ayys—l dy = / e~ % (E) d_$ =a°T(s) (a, 8 > 0).
0 0

« «
FEHD 72 DI IEMERFITRTH DM, I 51T,

20 D20 ((n +1)/2)a,  2"D2D((n+1)/2)  T((n+1)/2)

v T nver2 P (nj2)  arl(nj2) "
INTHERTEIRZIZ NI ARTCHER I N, B
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LS. (U, 20 &RELE) O

1 n
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" o/yn

WAEHEE DI U203 . ETRRAZZ 8, Z, OO RMEMEHERF % o % RERIK
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DANZUZDRD EDIZBRZB NI ETHS.
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RETED. LFTIE =0 DEHEDAERD.
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ROLREL, ERAMATH D LIRERTTICEDHRED I ENE R0 % ﬁmiowaw
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RO EME LR (Y, ..., Y,) I[BELHBTE 0. Z0e ILHADEHRE LT

a3y
k=1 k=1

BT L TN 320D T,

}:u%—wgyz§:uﬁ_2Mp&+wﬁ):ﬁéxﬁ-mgﬁixwmmﬁ
k=1 k=1 _

n

n—1
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k=1

k=1

n

IO, BEEHOME &Y EY?] =02 £25DT,
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ZYk
k=1

ERDBILEDLMDS. Ik EU =02 £2252LE005. MLEOFERIE X, 2
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BARTIX, X, 726058 0, 08K 02 DIEMRDGEIZ L0 IREL & D

ZDE FERDADOHEREETHDILEY Y, b M FDMHIZRY, &% D 0,
R 02 DIEBDAEIZU NS, DRI
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FHAZIZAR Y EH91 &Y,
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FEHBEE -1 D1 2FNMIC Qé.bt#ofE@QSiU
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U/ﬁ . M, —
(n—1)UZ/o*  Un/v/n
n—1
MEHBEE n—1 Dt DAL T erbnd. ]
oly, ﬁmﬁéﬁﬁNﬁbw( 1)/Vn 2 EUEMBEZRERY, TOEMRERRISHIEY 2
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Y, OERINZERY H DB wfi%95ﬁ%ﬁ%ﬁ&
C2ERAEIT ) IVAD 2 /AR ND.
63y, ZHHORVEBENEE CIDHE2HRATIZLERGTHS.
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EIE9.12 (ERDFHMNS t pHEMPREOND & (FHE9.9) D—Mib). MELK/~H X,

(s=1,....r k=1,...,n) BHITHY, & s TLIZ X,y =HIEFEH py, D 02 DIE

BAMHIZUEN > TR EIRET D, 2Dk X
Ng 1

Ns

Ms - i ZXs,k7 U52 = Z(Xs,k - M8)27
$ k=1 ne =14
2 (M. =) " — 1 U
Z:SZIT—Q, Y = SO_—QUSZZFZ(XS,I@_MS)a

j :Us s=1 s s=1 S k=1
N

- A
n = n57 T:—
; VY/(n—1)
EBLE, TIXEHE n—7r Dt DHEIZLUZDS

SEER. R0 MEFHIL Y, M, & U2 IEMILICBY | M, 1ZVY p,, D 02/n, DER
DN U, (ng — VU2 /o2 IZEBE ny — 1 OHA 2T|AHMEIZUIMD 2L BDH
5. BT Z & YIS, ERAAOFAEEE YD, 0 (M, — pe) W& 0, 438K
S (02/ng) DIEBRBAHIZ UMD DT, Z IFBHEERDAIZU0BD. A 2| HMHD
ALY )Y FEHE n—7r DA 2FS/MIIUEZDD. WAL, €IS LY, T IZH
HE n—1r Ot DMHIZLEDD. []

FORME s =2,y = p, po = —p1, 0y = 09 DHHEITHEHT D Z LI >TRDRMN
BN,

%913 HERZH X, (s=1,2, k=1,...,n,) ZHIFMNLFBAETH Y, 5 p, S8 o
DIERDFEIZ U N oTWbET5 2Dk x

Ng 2 N
M= 3 X V=S (K- M,
k=1

s=1 k=1
B M, — M,
1 1 Y’
nq No n1+n2—2
Z:EB< E:,TCiQEEIfEnl—l—ng—Q@tﬁ?ﬁ&:bf:iﬁ565. D

9.5 NROBDODERZTHICLIZEYFEWNIZDOWT

X1, Xo, . AFHSLFED A RHERERIITH Y, TNTNDFIE 0 THEE o> THD
LIGET B0, DL EHA X OFEK X, ..., X, ORATY X, & A ROEK U2 A
> (X=X’
= k=1

MLy of=-=02=02 BORET ODEEHRDHTHEED o 3F ¥ 2L, Z IFREFGEK o D
MK S ICHHATE L RIIARD Z L ILERE L.

65 Z DFERIIDEMWE VW IERDMHEIZ U255 2 D08 Y TIVDEERELNE S X2 LD DOMEIH
bbb,

COSERMY 1 £ 0 DIFEITIE Xy & Xj, — p CEIBATEINIRAKTH 5.

1
n—1

— 1 &
n
k=1
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CEHZIND. ILIZIRMBENLLTWE Z LIZHEEY &

Zn:Xk— ZXk—nX
k=1

MERZI Y,,...,Y, ZIRDEDIZEHRT -

1 < —
Ynzﬁzxﬁﬁxn,

Y. = X; — kX k=1,2,...,n—1).
k m(Z k+1> ( )

nxn 78 A= lay] 2

11 1 . 1 1| [1/v/2 ]
-1 1 1 - 1 1 1/v6
) 0 -2 1 - 1 1 1/v/12
0 0 =3 : :
1 1 1/y/n(n+1)
0 0 0 —(n—1) 1] L v

LiEDB LY, HOERI
}/j == Zain
=1
YEFD. X LI A RERAHITHE 2 L DNBT. DRI Y apa = g AU
VG AHDT

ZYf = Z apiay XpX; = Z5kszXl = lez
i=1 i,k,l k,l k=1

E[YkYZ] == Z akiale[Xin] = 0'2 Z ak,;a“&j = 0'2 Z Al — 026kl-
73,3 i, =1

PEDRAZHD &,

n n n—1
Soxp-nX, =Y v-v2=> v.
k=1 k=1 k=1

WAz
1 n ) 1 n—1
U: = Xi—nX"| = Y2,
" n—1<kz; BN > n—lkz; F

6Tt AA WNEAATINCB D 2 L 2 EEMRTES. 375 A OEBEADLEMDITHIDFINY NV HH
HWIERTD I L 2MERT L.
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-

AMEDHED n—1HOFD n—1 DHD 1D TEIT-. X 51T

B = S By =

n—1
k=1

1(n —1)o* = o>

ELE Xy ZHAMSLTY 0, K o OEMRAHEICLAEZR>THERLIEE Y, 725
EMNZTE 0, BB o® ODEMDHIZL DD LB ITHENDOONDG. ZO5EITIE

X, = Y,/ /0 13T 0, 8 0% /n OERDAIZ LA, (0 — 1)U2/0?

= Z:YkQ/UQ
WWEHBEE n—1 DhA ZEOMZUZD0, TNEIFMTIZRS.

9.6 F—REBELIVE_RBR—IDHE F oK

ROMERBEEHB CERINDMERD M /NNTA =L — o, >0 2ROHE—FER—X

4347 (Beta distribution of the first kind € U <IZBIIN—& 34f) LIS

IR S PRy
fo"ﬁ(x)dx_B(a,ﬁ)x "1 —2)tde

(0<z<1).

Xr=(a-1)/(a+p-2) II85.

FE 2 = af(a+ B), BEE (af)/(a+ B)*(a+B+1)) 128, o, >1 D& SEHHH

TN — 2 A ORERBEIEEIT 2 1= 2/(1 +2) (¢ > 0) ERATE &

x de 1 xo! p
ot <1+x) T+~ Blop) L+ a7

(x > 0)
B85, INEHE NI HOMREEHATHD. BHORFT 1 —z/(1+2)
1/(1+x) 2o/

IHIZ, mn>0&U, BN — XM OMERFELEBD © (2 me/n (x> 0) ZRA
THE, FEFERBRIZULT,

faﬁ( ma/n ) (m/n)de 1

1+mx/n) (1+mz/n)2

(majn)®  do
B d) Ormame 5 &0
ERD. INEX, a=m/2, 8=n/2 DEZT IROVIZES:

1 (ma /n)™/? dx

Imanl®) d¥ = B T majmym 5 @20

Z DHEREERTER S

INDHERDEE/NTA—Z—m,n D F DHELIER INT A—
Z—m,n O F DPAADVIIE R E TNEN fig, 07, LFELSE,

Hmn =

2n? —2
- (n>2), 2 n*(m+n —2)

mmn

m(n —2)%(n —4) (n>4)
/NN

X BRI A=B—=m,n D F BHIZLENDZLIE, (mX/n)/(1+mX/n) 1E/85 A—
B—m/2,n/2 DE—FEX—ZFHEIZUEZND, mX/n 13/NTA—=8—m/2 n/2 DFE_
FAR—=X AU DD
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T 9.14 (HhM 2 LDHEDHS F BB ONB &), MV RHERLR Y, Z BnehTh
EHHE m,n ONA 2FHHEIILEND & &,

_Y/m
= I

WENTA—=R—mn D F DAEIZUEDRD. U”RoT, Y, Z; HBNLE DA R HERER
ThHY, FAPEEERDAEIZU N L X,

v (i Y2) /m
(>oimi Z7) [
3NN TA—"—m.n D F DAHIZUIZDD.
SERR. RO FERIFEFCEO TR EEH I NSELND. BREDOXEREZ RT 2OIZIE

(ma /n)™/? dx
E[f(X)] = const. / f(z 1—i—mx/n) iz

ERTIE L. a = [2007/2D(m/2)D(n/2)] ! L BL &,

swronn = ()] = [T ()5 (o) oo san) o
- / (/ f(x) 1+m$/nz/2( :Bz)m/Z ' ST/2— 1mzdx> dz
a/o f(x) (<$>m/2/0 —(1+ma/n)z/2 ,(m+n)/2-1 dz) d%

= tmsap (P o [ g () (1 )
0 n

n T

3DODEFT y/m = (z/n)x £EBW/= (y = (mx/n)z, dy = (m/n)zdzx). 5 DODEFT
RD—ME R AR 2o 7z

o) 00 s—1
/ ey = / e’ (é) % = o °I'(s) (a, s > 0).
0 0

INTRIARNEIZEIFRINAZ, IHI

gminy/2p (M AN 2P ((m ) [2) 1
2 ~ 20020 (m/2)0(n/2) — B(m/2,n/2)
INTHERTIREZ NI ARTHERIN. []

RN — R DA OMREEHRBUZ v = 12/n, a=1/2, B=n/2 ZRALEZEDIZH
HE n Ot DAOHRBEEEHBIZIRLEZDOTHo7-. TOZENLHERER T PEHHE n
Dt PFEIZUENO LI T2IINTA—Z—1,n D F SAHEIZUEPN, T2 1385F7 A—
A—n,1 D F DLEIZUEND T eWbnd. ZOEKT T 046 I3AREIZ o e E
MN1DEGED F 2ETHZDI DN,

ZOZCRUTOLDICEHENBHEIZL > TEHNID S5ND. F D46 OMERZE R
WEIRD LS IZESEIND:

(m/n)m/Q xm/Z—l

B(m/2,n/2) (1 + ma/n)mtn)/2 dzx.

Gmn(z) dx =
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m=1%KRATDL,
-1/2
gin(z)de = \/ﬁB(ll/Q,n/2) i ;/n)("“)/? d.
o= ZRALT, 0z —oo <t < oo IZHEAR U 72 D D=5 B IE:
1 dt
VnB(1/2,n/2) (1 + 2 /n)+0/2
285, ZAUE t DA DMERFEEEEL g,(t) dt 12T 5.

Gra ()t dt =

9.7 AVIHDHEFE—TBEE_BEOR—YDHDOER
H Y REE L RX— R EBR OB

L(p)T(q) =T(p+ q)B(p,q)
OB ORI TIEHUTALS. 22T

o) 1 0o a—1 d
(s) = / e"r*Vdr,  B(p,q) = / N1 — )T dt = / (“—“
0 0 0

14 w)ots

N—BZ L B(p, q) DHTH DRRDMERT SIS A I —FE R — & ) A5 DIER L K
BTHY), 1838 DERRDYPRED BRUIARE ML AR =X i DHEREEHBTH .

B—RER—IDWMEBRTIRTZRICETAE v=2t,y=2(1-1t) LEHEHTDH L
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o Jo

/ dt/ dz f(zt, 2(1 — t))e Z2Pte =1 (1 — ¢)77 1,
WA, 6ELE fla,y) = fla)y) DL L THND R 5

/ / f (E) e—(w+y)xp—1yq—1 dz dy
0 0 Y
1 o0 t
— / dt/ dz f (—) e Pl (1 — )0t
0 0 1—1¢

=T(p+q) /01 ! <1L—t) =11 — )7 dt.

:@é‘%ﬁliiiﬂ%%Bf%b\“c’%*?@/\‘~&éj\¥ﬁ6:i5b‘é f(t/(1—t)) OMFFEIZ—HT D, K
flx/y) =1 DX T(p)(q) =T(p+q)B(p,q) L2 eWNOND. IHITt/(1-t)=u
73‘73\7?)*9 t=u/(14+u) £HL

/ / ( > —(wty) =1 Yy dx dy

=T(p+q) /Ooo f(uw) <1iu)p_1 <1iu)q_1 (1 jlruu)2

uP~t du

=T(p+q) /Ooof(U)(1

+ u)pta
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ZORRITEBE 2RO THE FER—Z MBI D f(u) OMAHEIC—BTD. F 94
3 AR — A DD AT —IVEER DT, ZHUIAT —IVEBDENZRNT, F 24
WEITAMAHEIZ LU TV EARTIELETES.

BIBAR—IDNMERARTIRFEERICHTAE v =uw (E2>T o 256 u ITHDE
BeZhydL,

/ / flz,y)e” T p~1yt=l g dy
0 0
= / du / dy f(uy,y)e” Tuvyrra=iye—t,
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IO (1+uy=2F80by=z/(1+u) IZ&2T y 2o 2 IIEPLHELHT D L,
/ / fla y)e” eyt~  da dy
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00 00 —1
— / du/ de f | ——, = e LLL du :
0 0 l+u 14+u (14 w)rta

ZZT flx,y) = f(z)y) EIRET D &,

o7} (o) 0 —1
T\ —~(aty), p-1,q-1 _ / uP" du
/0 /0 f(y)e o drdy =Tt |

ETHERAREZHEIZE ST, ZHUIAT —IVEBOENZRWT, F 246128105 f OBIfF
EIZ =L TCVWBEARTIELETES.

U EDFHBEIZ L ST, HY /AT U 0D PN R HERE D L IX 5 R — R 54612
U7D3D Zehbnd. U TIEBRDIEIZU 20D ST B HERZBOMIE AT >~ I U
2D, INoDY Y TINBEEEEDLED L, EEOMGE A 2F/OM0, t 946, F 240
DBEBRBERIZEONS.

AETH S O E B -0 WIS NOBEGRED 5

rry=t:(1—t)=wu:1

T,y WA YOO LR, ¢ 135 —FER— X DA OO ER, u 135 A= Z D
MR TH 508,
XSIZHYYEHBOBD R ROBOERD « 2TNTh 22 [ZESIHZ 2R

I'(s) = 2/ R
0()0

MOMEFELT, 2 =rcosh,y=rsinf LU X y=xaxtand LEDEH = LT LT
AHETL LI E o TEARBE AV RRE OBREHEICRDS.

SSHEF I EOFEFIZG(I TS, R—=Z KO ZFEHOR R E FHFIR N Ko7 (2016 F7 H 1
H).
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WMBEEZDIGE v =rcosl,y=rsind ZX > THSEH % MPEEEHRT D &
4 / / gz, y)e TPl 20 g gy
o Jo

= 4/ d@/ dr g(rcosf,rsin) e r2P+9)=1(cos §)2P~ 1 (sin §) 2
DRI g(2,y) = gly/z) DEF

/ / < (z 24y? )x2p71y2q71 dx dy

/2
I'(p+q)- 2/ g(tan #) (cos §)* ' (sin 6)271 db.
0
FiZ gly/x) =1 D& E XY
w/2
B(p,q) = 2/ (cos 0)*~!(sin 0)21~* do
0

ERDIENDND.

EEEED BELTHBODIGE y=axtand IZX>T y 25 0 ITEPEREELHT D L,

4/ / g(z, y)e™ 207t dg gy
0 0

w/2 00
=4 / df / dz g(z, z tan ) ¢~ (1Ftan* 02 .20+0) =1 (4o 6)24-1(] 4 tan? 0).
0 0

IHIo=r/VI+tan?0 T o 0O r NP EREZ LT D L,

4/ / gz, y)e g Ly201 o dy
0 0

) /W/2 W0 /oo irg ( r ’ rtand ) e_rzrg(p_,,_q)_l (tan 9)2q—1
0 0 V1+tan?6 1+ tan?0 (1 + tan?g)rta—1

DRI g(2,y) = gly/z) DEF

/ / (z 24y? )x2p—ly2q—1 dx dy

/2 (tan §)%a—1
=T 2
(p+a) /0 gltant) o e gy

A EDKERIE ETRD 7 MEREEB DG ED AN EFE U EDTHD. BELRLIE

(tan )21
(1 + tan? §)rta-t

ARIFAIIZ tand = sinf/cosd ZRALTERED L, HiLIZ

= (cos §)*~*(sin 9)?7 1.

1 tan2 6

2 .9

cos’ = ———— sin“ = ———
1+ tan26’ 1+ tan?6
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ERALTERE S, BEOARZEDHTHHELA ¢ = u/(1+u) ISHELTHS.
PERTH DBV EITIZ FOBIEHH 3

x:y=-cosf:sinf =1:tané.

ZOBRIE, zy DGR TL LY b EETEMHLUAZ z:y=t: (1—t)=u:1
WHRIGLTWD (t =sin?6, 1 —t = cos? 0, u = tan?0).

9.8 n— 1 RFTHKELED—H5 % & Maxwell-Boltzmann 8l (1)

iﬂi@@ﬁﬁﬁﬁﬁ?%é&bjﬁz¢X% + X2 7™ = X,/R, 5K,
b@a x(zM .z -1 mﬁzifﬁﬂ%mﬁk@—%ﬁ%ﬁ 2B fEeREE 2™ o
il S50 22 1 B AU

gn(2)dz = (1 — 22324, (—l<z<1),

1
1 n—-1 n—1n-—1
= (1= 20, =B - =2"RB
c /_( z%) dz 5 5 5 g

1

W25, UK, IhERTD.

n — 2 WOLHALERIE S"2 = {(z9,...,2n) |25+ -+ 22 =1} OHBERZ dv' &F
=3+ 422 EEE 1o, 1, MO & n— 2 RIGHRALERTE O REREORLIZ

%ﬁ’#fj@"?é &, ¥ r’ D n— 2 IRFCERI DO MEREIX »2 IZHHIT 25D T,

N(k

dry ANdxo A -+ ANdx, = " 2dey A dr' A dw'.

XD, ¢ WD =12 a2 CEBEBT D = 22, o Jor = /1 &
DT,
dry Aday A -+ Nda, = r(r? —22)" 2 dey Adr A dw.

BB o1 D 2= /r ITEREHT D &

dry Adzg A -+ Ada, =111 — 22324z Adr A dw'

U722 T, R" OB FRRHERE LI p(r) (2L T,

/ g(2)p(r)dxy - - / . 3)/2dz/ " Lp(r) dr/ duw'.
n 0 Sn—2

BAD2DOMBOMZE ¢, bES L,
1
Cn = / (1— 2324,
-1

cn B 2BYDHETEHRELUED. 1 D8I 2 = t1/2, de = 712 dt)2 L EBEMT B Jilk
Thd:

! ! 1 n—1
%:2/X1—£W3Wd¢:/t1ﬂu—wm@ﬂﬁ:3(ﬂ ).
0 0 2 2

O LDATY flo,y) = fly/z) LELTHLAREES s LRAL,
T0 2 0 f A AR REHE E IR E R 3 5 SLEO» B BRI E— RS 2 BB R BB
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2OHIE (1-2)=(1+2)(1—2) LRBOML, 2=2t—1,dz =2dt EEBEWHRTDH
EThH5:

1
o = / 2(n—3)/2t(n—3)/22(n—3)/2(1 _ t)(n—3)/22 dt — 9" 2R n—1mn-1 .
S 2 72
ZNTRITREZ NI ANTRINEZ.
BIFEEM & U T, YV EED duplication formula £ 6NTWAH L 2ERLTHZ
2. (n—1)/2 ZEEDEDER s ICEIHATE ¢, D@ OFIRIFHZLL TN S:

/_1 (1= 22V ds = B1/2,5) = 221 B(s,5).

1
NR—REHBINZH T HERATD L
D(1/2)T(s)  2%7'T(s)?

T(s+1/2) I'(2s)

ThabL T(1/2) =7 &V,
2s—1

ﬁ
ZDRAUF (Legendre’s) duplication formula & IEZN TN,
2 DR D
« gpl2)de = L E (cl<z<l).  TH0, 512
(2 de = - 2 : 70, 53 :
z=sinf ZRATD L, %d& (—m/2 S0 S 7/2) &—BRAAEIZRD (L7 VAT, W
ZAVCBMAAHBIE 1/2+0/7r =1/2 + (arcsinz) /7 (-1 < 2 < 1) T4 S, #HIEXK
BB TR D DT ZOAMIFHMEL S A L IFIENL ™.

['(2s) =

T(s)T(s +1/2).

o g5(2)dz = %dz (c1<2<1). 0, K 1/3.
2 YRICERTH] ED—FR DA DR 5% 8 5 HAR EANDOH L~ IZR D .

« () de = 2VT=Fds (“1<2<1). 0, 4K 1/4
T

"Legendre’s duplication formula (FAERD EDEEE n 1259 2RD Gauss’s multiplication theorem 2
*%4 bExXnd:
nns—1/2

(QW)(nfl)/2

728 ZIE T(3s) = 335~ 1/20(s)(s + 1/3)I'(s + 2/3)/(27).

RINGIEFAEE R X ORI RIGETHD.

BXYy VTN ERPVFEITDEE, b—ZNVTHBLEL TOREDREDE X DRMMNSEITEL TWD
IRBED K D E X DRI % 51\ 725G B O MR AR 13058 5 12 HMAL T 2 LW IEROE IOEMN < Z e IS
TWa., ZAUIHEFER L IEIEN T WD, WEE DA OMERE SR BULTIGIOE IFEREL<RY, B
AD 0 fHEINY K85, W22, WIEKEANIEE Sk L T 2 I & &L T 2 RERE 0 25 o ol
30 MBEICEESTICREILSARDEADBNE NS ZE2EKRLTWS, YV INFERLIEIDHE
ERBIIZE S HISTVRIXTTHD. HADMART, BoHHT ), AKIT 2D T2 DN,

[(ns) = I(s)L(s+1/n)T(s+2/n)---T(s+ (n—1)/n).
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ZORMIEHFHI T L IFEND ™.
z=—cosf ERAT 2L, sin? ﬁ'éﬁj\?ﬁ sin?0df (060 < 7) 12227,

n>40r% g.(2) 1375 7R OTEIC RS . FHEENE 0 THOBIZU T TRT
;5 2 1/n 2% 3.

" DIEE 0 TH D IR—REE H VI EHBOBRE L OH Y Y B DEK
W#ﬁ&U%kwy4n—wm—l—vnt&épt#b#é.%Qvt%ﬁﬁtjz
DR 1 n 128D 2L ErtEd:

C

1
1
cnl/ 22(1 _ 22)(n73)/2 dz — c,:l(cn — Cpyo) =1 — n__ 2
-1 Cn+1 n

TIT22IT1-(1-2%) 2RATBEIREEITo 7=
V" = /n 2 3 0, 8K 1 ORERZEBUT AR | T O FlE B RS

2\ (n—3)/2
dn y‘ _dy - L 1—y— dy
Jn) vn Jnen n

8% . n—ooDeF v=(n-1)/2 5L,

2\ (n=3)/2 2\ —3/2 2 n/2
2
(1 — y_) — (1 — y_) (1 — M) Ly V2
n n n/2

2 \/7v
Ve, =2+ 1227 B(u,v) ~ Vor 22 2V on

v 22w

TR DA IZATHIERNZ B 1) 2 FEA O DA HE BT 5 Wigner OFMRICEHLONS. N RERNFRT
ST % RO HERZS N M TR LB [T, e M/ 2d My, [, e M/ 2d My \ZHHIL T2 L ARE L
T VA NBFENTMTI] M OEEHEOHEES G E2EZD. TOLE, AT —)VEBIZ L > THEMN 1/4 124
B EDITHIRILT B &, TOMRMMIE N — oo THE 1/4 OEHDAMIPERT % &5 DAY Wigner D
FHHEITHS.

A I B HOOBRE I B 1T B IR SE & U TE LN S B RERN A TH S, =& 21, Bl
M, &R & T DI, SERVOTIETR R (ZIKF, 2013.10) IZfREAH 5.

TStk - Tate FRRICZ OB O NN EE T 5. kil - Tate PR LIE THHEEAR EER I N BEEREE
R 7= RGP HIRR D FZEBALE p DOABRA ETOFELOMB2»S p+1 2510\ T 2,/p THI-THLNDE
DDA sin? BINAEIZRD ] L0 D NED 1960 ERUITHNLICH R INAZFRTH D, BIUETIEEE IR
IINTVD 5LV, R=TORIEDFHEREIZ DN TOMERE (2008) DMEEIZE & E o MBI D D.

RS REKDOMAE D & 512 TERE sin? PR 2FKE U 20D TE, #97588, Dedekind 7 BI%E
e sin2-F 4], 25 16 MIECFESL Y VAR Y D A HEHZAKY (2005) IZFEL. YK FE ZRKFEREE - L HR5E
FAIANI Y a—R—TilEATVD Z L 2 EFEAELICE T H—FT U TiELAZ L SIZDWT [ UK
DHZHEERP SO THETAN, EWVWD LBz, TNT, BHABER, &N - B2 EOE&P
XFEHEEBT DI LIRS -DTHD] LENTHD. TO [DUEKROHZEHE] ORMAERIZE ST
[ sin? P FER I N/,

SU((2) EDO—# 4 (Haar JIE) 2 5FE I NS SU(2) OILAFEARD M EODARI sin? FI/3AH1Z
K%, TOHBIIUTO®EY . A SU(2) DIEEIF —1 < tr(4)/2 <1 T—EICRKHM I bN5. (—ikiC
GLMD@jyﬂﬁbLm%ﬁﬁ®i®§“%i%@%%%ﬁﬁC?@b%lﬁﬁt ) TR
5N3.) Ae SU(2) I ()ﬁ%ﬁﬁ*ﬁé%@&SU:S%j@twﬁﬁ#ﬁm%tfS3#bR4
D 1 RTED B ANDFEIZ L TWD. TOZ D SU(2) LD —EDHMZT DB RRD 2 1
2B B M iﬁﬁtrfzﬁ ?5( I sin? BAFHIZRD IR bND.

%%'Mm%miFﬁ@ﬁ%k@ﬁﬁ%&%%t@“ﬁﬂ@ﬁﬂb%fﬁpgt’EbﬂéSUU

HARSEEDY 3 RotEKH 93 = SU(2) EO—HA AN OFEEIND NMIZLAEN>TND] EWVWIFETHD
t&aﬁé.


http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.ias.edu/~rtaylor/
http://www.math.ias.edu/~rtaylor/
http://www.kurims.kyoto-u.ac.jp/~gokun/R=T.html
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
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LB8B0. BmHDFHHET Wallis DAR LY
2 2 —1
Bly,v) = I'(v)? 22vl'(v+1)% 2 (21/) 2\/mv

T T(2v) 2T2v+1)  v\v v 2%

Y5 RMorET. LEMNST, Y IE n — co OB CREIMEEM A2 U 72h8S
REBUIINKT 5

a2 - —y%/2
hm— (y) lim (1 y/n) _ ¢ .

DlE%FEDD &, Iy OFFEGHRE gy) IZD0T,
-1 ‘ e Y /2
Ca ﬁsnflg(yz) deon —>/Rg(y) or W (m=roo).

2T, VST ={(y1, . yn) ERT Y+ +yi =0} IFEE 0 O n— 1 IRoGERE
ThY,C, IFZTDREORHEETH Y, dw, I FTDEKE EOHBEERZTHD. ZODREHRIZ
Y2 1E Maxwell-Boltzmann Bl & U T K< HI SN TV 5.

9.9 n— 1 RITEEALD—kDHE Maxwell-Boltzmann 8 (2)

RO CIRERE i D n— 1 ROGCERIE LD —RRAE D x; Sl DS ORBERAEHE E R 7
MIZRDZEZFEHL =
[FERD FIET, B /n D n — 1 IRJEEKIE EO—BD A D m IRITER 73 ZE N DS 52 M
m (kjﬁ@fﬁ/éﬂifﬁﬁ\?ﬁc INRTZZLERED. MR TZOMEZ HEICHEL TEL.
RIEiDFL S % TD F £85I Sk,
n—m— 1 PouBAERE S = { (Tpgr, - vn) |22+ a2 =1} OTHEESR
Tdo EEI =\ 2l + 1 CEE v, .., T, 7)56 r&n—m—1IRGH
ALERTH B D FEREDMIZ A A % &

dry A -+ Ndxy, =" Yoy Ao Adx, Adr' A dw'.

I, o r = /ai a2 CEBERTDE = \r2 =2 — - — 22 D
or'/or =r/r'~1 7LD T,

dry A - Ndxy, = r(r? — 222 qg Ao Ada, Adr A d
BB (i=1,....m) 5 zi=x1/r (i=1,...,m) (IEEEWHT D L,
dry A ANday =" N1 =22 — o = 22) =22 g0 Adr A du

U 72230 T, BROWFR 2 R B B p(r) 1T LT,
/ 9(z1, .y zm)p(r)dey - - - dzy,

:Cfg)_l/ 9(217---72m)(1—2%— —Z;)("*m*Q)/del---dzm. (%)
4422, <1

e, = fil(l — 2 /)24y RDT, FIED lim,eo(l — y2/n)=3/2 = ¢ V*/2 5% ED
limy, oo /R Cp = V21 ZELL I ETE. EBE, TO UV ES S,
TN EDFHHEZWIZ/ZE5 2 8 I& > T, i Wallis DARZEIHTL 2L HTE 5.
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(n)~ 1 - n—1 /
o = " p(r)dr dw
0 Sn—m—1

Thd. LOLEMMABALLTm=008a%2%25L V=153 ek
W, p(r)=e2/2m)2 T B I LIZE 5T, n— 1 RICHEALERE O HREIZ

oo ) -1 271/27.‘_71/2 27rn/2 77,7Tn/2
_ n/2 n—1_—r?/2 _ — _
[ =y ([Tt an) = e = R = T
ERHREIND (dw 1& n— 1 IRoTHALERTE 571 DHIMESR). IRORXZ M > /e

/ e 2 gy = / e_t(Qt)(S_Q)/2 dt = 25/2_1F(s/2).
0 0

BAZER% r2/2 =t rdr =dt, r* Ydr =r2rdr EEBTNIEZONANRELND. LA

&Y, [ p(r) dr IEEIC 0 — 1 YOLEABRE OWROBENZ 22 Z L bhd. L
725 T,

(9
(9
)

mo J—i (n—m — 1 RGCEALERE DR
_%bfi@l A DIBFTHIERTH B
R FPTFDE S IR I BT

24.422,<1
= / t;1/2 . .t:n1/2(1 —ty— e — tm)(n—m—2)/2 dty - - - dt,,
t; >0, E:’il t; <1
I'(1/2)"I'((n —m)/2)
I'(n/2) '

2OHDEST 2 = /1; EEBEBRL, BBEOESTIROAREZM>72: p; > 012 L T,

r < -Tpm B
(p1) -+ T(pmia) =/ T gy — e VPTG
F(pl + e +pm+1) t;>0, Z:’Lll ti<l

FE D GIRE T Y e N—= 2 HBOBRE o <FAKTHD. & LIFALE
B(plv"'apm+1> c‘-)-El< t?

B(p1, ..., Pmt1) = B(p1, .-, Pm—1,Pm + Pms1) B(Pms Pmt1) (B)
MIRALGT D2 NS, IeiECHEAT2 2L ETED. B t, = (1 -t — - —tp1)u
W&o Tt, 6 u IZEBEHRTZ L

B(plv s 7pm7pm+1)
1
:/ dtl---dtm_l/ du
>0, 7 <1 -1
t{’l_l .. .tﬁlm:ll_l(l —ty == tm_l)Pm+Pm+1—1qu—1(1 _ U)Perl—l'

By =m+2 DX T = 7m/2 T (m)2 + 1) 1E m R HEAERKD KRS L.



9.10. —IENAMGLHE—FER—X N 69

ZhEY) EOAR (B) BRLTE I LB b0,
AR (%) £V, N7 NVIERERZE (27, Z0) OB R R

(215 oy zm)dzy - dzy, = cg’f)_l(l — 22— 22 g dey,

Thb.
&Y, o>0HLT, (VL) = Ve (2, Z0)) oReskB UL

1 m (n—m—2)/2
2
(1 o E y) dyy - - - dym

n—m-—2
2

1
ROT Y™, ) i — 0o Tm IRFTEDEBSAIZ U 72055 RN IUffE =255
RT3, $ARDb,

1
—/ 915 - Ym) dwy,
Cﬂ(\/ﬁ(j) VnoSn—1

1 I ~— ,
— (202)772 /Rm 91, -y )exp( 52 §1yz> yi---dy

22T, VoS ={(y1,...,un) ER" | yi+ - +y2 =no’ } IF¥EE /no D n—11K
THRETH Y, Co(Vio) X TOREDRAEMCTH Y, du, 1£7 OIRE LOFRIERTH
5. ZHUIYHERIZ X Maxwell-Boltzmann Rl & UT I <HIGNTEY, 28 o? 14X
I D Boltzmann EBE kT 72 LRI 5.

9.10 ZIESHEFE—BR—9 9%

0<p<1&9d. niFFEADBKETHD LT L. MREMERLE B,, W37 A—4—
n & p OZIHJMIZUEZMND LiE

P(B,, = k) = (Z)pk(l —p)"F (k=0,1,2,...,n)

MG DI L THDEEDD. FHHEpEIEZZENTN np & np(1 —p) ITRY | KK
X ElePra] = (pel + q)* £7%85. ZHBMIFINT A =R — n (ZBHU THEMZFD.
WAIZHOMREHR I Y p 2—CDFEE n 2RESTDE, (B, —np)/+/np(l —p) &
BEYEEHI AR IZ U 2D fERE R TIERI NG .

IR L E AR R A OBERIFA IO Y |

D(s+1)=sl, () =s!/(t(s—t)) LHEIZLIZTD L

t

(N CEY s ) PN
B(Oz,ﬁ)_(oz—l)!(ﬁ_l)!_( + 8 1)(

1y 2 I TIR AW D LI &
80y (") HITARA n THNLTIRARWAS, n — oo (DREIE TR A FEHE R4 12K T 5.

a+5—2>

a—1
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BODT, INT A= — a,B >0 2R DE—FEN— X 7341 DRt 55 % B EUd

a+ -2
a—1

Fuatp) dp =+ 5= 1) S 0<p<)

LRINB. FE of(a+ 8), HEIE (aB)/((a+ B)2a+ B+ 1) LAY, a,8>1 D%

SERHEME p=(a—1)/(a+8—-2) IZHRZ2DTH>/-.
WRIZa+B-2=n,a—1=k D& X FE—FN—X5HOMHEREEHRHIL

n

festn—rr1(p)dp = (n +1) (k;

)ﬁﬂ—ka@7 0<p<1)

ERY) EEMEIE p=(k+1)/(n+2), 7BUX (k+ 1D(n—k+1))/((n+2)*(n+2)), &
B p = k/n 1272550

AEDKERN S, AWB & n BINEKL T £k BIS>7/2& & AW BICHOMERIZ/ ST A —
B—=Na=k+1,8=n—k+1DE-FRX—ZFHIZU/ZN>TND &ART EEHZ
Z NN,

9.11 PoissonD &AM
B R R Ny D38 A—& — \T > 0 @D Poisson 73462 L7203 &%

G_AT(AIUk
k!

MR T DI THDEEDD. L REIEELHEH AT 12425, T IFHIET S RHD
EX%, N IFRARROZ D) ICENLRERIEZ S RBOMAEZ ZHRL TS, Ktk
Bld EletNr) = XD ¥ 2% Poisson D4 1% AT IZDOWTHEEMZ KD, I
DBRERE D AT 2 KX T2 L, (Nap — AT)/VAT IZEEHEER D12 U 7285 ek
ZRTEMINS.

Poisson 4348 & 77 > < 34 DBEARIZLA N DIE Y .

IRDOMEREERBMCTERINDMERD A% shapea =k +1 >0, scale T =1/T DAV
DAL ERDTH > 7

P(Nar = k) = (k=0,1,2,3,...)

€_AT<AJUk
k!

SEIE N = (k+1))T, 28dE (k+1)/T? 1220 ) BSEIE N\ = k/T 127259,

ZOZ Mo, T BARFEOBITENLRERN k BRI o728 61F, BALRF D72
WCENRFERIEZ B RIEOEIAME N OREE MM shape a =k + 1, scale 7 = 1/T DAYV
NOMIZUEMR O TV EARTIENHFIZEHNRZ ENDND.

Srrr17(A) dXA = dA (A >0).

81k ~np (n — oo, p IZ—%) &R 5IX, n — co TFIME L BHAMEIE p IR U, 28U% 0 ([ZPERT 5.
S2ILA% AT /9 A DS
8k ~ AT (T — 00, M Id—5E) B 56X T — oo T L& BHMIE N\ TR U, 280E 0 1IZHERT 5.
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9.12 EFRBLEFREDKRMITRERA

TSR AT 7 DIIFHE (T4) % A5 X ¢ B B B | AT 272 LTna5,
o ElaX + Y] = aE[X] + BE[Y] ($E1E).
o f20K&5IE E[f(X)] =0 (BIHE).
o E[1] =1 (Bk LS.

ol INEFOWEEIPENRYDIENEZD.

WERZR X OFYAE (HIFHE) DIFEET DL IX B[|X|] <00 B2 ZELTHD. TOD
L& ux =LEX] 2 X OFIEE U <IZHIFHE L TR X O px WMFET D & &,
(X — px)? OFEHfEE X OREREIES, 0% ERDOU, DTSR oy % FEHEfRE & I
SR AR ERERICRD 2D HY R D.

LLE BX[] <00 B5IEX D r IROE—AYV MWMEETDLEN, E[X] %2 X O
FIRDE—AYREED. X D LIRDE—AY ME X OFY ux = E[X] THY, 2 kD
E—AY MIDWT E[X?] = 0% + u% BOT 0% = E[X?] - E[X]?> £%5.

MERER X T U T ox(t) = E[e™] & X OREREE RS, FrtkEud ¢ 1220V T
—RRERE BRI R D R U W IER A BUIMER D0 2 Fr D%, MERER X, Y 2
A UHERD 2RO E, X ~Y EELZ2IZTS.

X ODrRELFDE—RAY MINIRTHEET D & F, FERE ox (1) 1& ¢ =0 T r [
sarggizny), oW0) = BIX (k=0,1,....r) &3,

X Y I3 HEEARO DI Z R OWREHTHD L 95, 2D F Cauchy-Schwarz
DAEREY, B[|(X — pux)(Y — py)] S oxoy ERZDT, oxy = E[(X — px)(Y — py)]
M well-defined (28D, |E[(X — px)(Y — py)]| S oxoy £%%. oxy & X & Y D5
BEIESR. pxy = oxy/(oxoy) # X & Y OMBEFRE L IER. HHERBOMSEIZ 1 IF
IZ8%.

FEABUIAZARILTD TR FIVOREL ISR L, HBRENE TR MVDHWED
g% 0 LESLED cosh) ITRHIBULTWD, HEREB X % FH0 01282 L5 Il
EVATBHIU 7 X — uy B MVOBEMIITH Y, E(X — ux)(Y — py)] HSREEOHML
MTdhd L EIFET I, BRBEETHEAZ I NG RTEITLD.

WERER D X; PHALTH D LIL, iy, .0, DEVIZRRD & X

Elfi(Xi) - fo(Xi)] = ELf1(XG)] - BIf(X3,)]

WAL T B L THD (fp 2HIFERERERE). X &Y W RL6IFE X &Y OHtsy
B e AHERRREE 0 12785 2%, AT U RV,

Sz (O, F, p) LD X & HEREB IR, AR X 12 [, X(2) p(de) ZHEIED
P T IRHEER B L PO B ] & RDT.

SORER AR & I IHERZEM] (Q, F,p) EOEBUATTHIHE X : QR DI THD. R D Borel HAES
ATKRUT ux(A) = u(XHA) LEDDZLIZE>T, R EOMRAE ux WEED. ux &HEREH
X OWERDHEER., £ LE ux M Lebesgue MIEDHE f(z) L RRIND L X, f(x) ZHEREH X
DOHEREEFR L TR, R EOAHIB g(z) ICHLT X & g D&BE g(X) L EL. g(X) BHEREHIC
2%, glx) WAEFEBBEED & ¥, g(X) OHIFFHEIX Elg(X)] = [pg9(z) px(dz) EEDINDG. X D%
BERE f(x) DFAET D85 Elg(X)] = [ 9(2) f(z) dx.
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Dy 13T A= — >0 Z2ROMREBTHLL L, X ~D,, Y ~Dg THY, X,V
I THBETD. ZOLE ELE X +Y ~ Doy WENET D & X, D, ORI
FEEMEEROEED.

WEREB Xy, ..., X, PIHSITHDEE, oxirnx, = [[mp ox, DRYLT D, WA,
¢Yp, = ¢* WKILT DI L &, D, DHERDMIIHENZROZ LIXFEETH .

10 {I8%: fGEAQ Tauber HEE & ZDIHAH

10.1 AEHESD D Tauber BUEIE
FIE10.1. f(t) Xt > 0 CTEHEI N EMEETH ORI F 72 I3 HFBINSC LT3
EIREL, a,a >0 ThHdETDH. ZDL X

/Oxf(t)dtwaxa (x — 00)

R 5IEST,
1

f(z) ~ aqx™™ (x — 00)

WAL Y B . (2 OFEERDORIZATIR D RDWL 2 LA ¢ THR LZEEZ LTS

FEER. 97, f PHARADTH I GEEED . f BWEFARDEBTHL L LD, LED
c>1IZ/RUT,

o f(t)dt— [y f(t)dt

PP LG i (OK)

A

(1)

cr— x—clx
Dk % qro! TEID &,
S E@dt [y F() dt o fyde [ f)dt
axr® ar® < F@) o e axr® (2)
c—1 = aret T 1—ct ‘

WA 200 9B LITLDTH,

o _ 1 1 — ¢

c - < lim infM < lim sup f(z) < c_ (3)

c— z—oo  qr®T! 200 ™t = 1 —c71
TIHITeN\(1E9TDILiZE-T

a < liminfM < limsupLﬂU)1 < a
z—o0 QLY r—o0 ALY
2195, WA
lim f(z) = q, 2FY  f(z) ~aaz® !t (z — 00).

z—o0 qro—1

86y <o/ BHIE f(z) = f(2!) WBNLT B I % THFHED] LIFATWD. FHEEVIARTED LS
1292 720120% TIEMEE] IR EINE LNARWD BEIZEDLETIDEDIZMATNS. THHE
B 2OV TEAREADEE 2 W THLETTESLLSAKTHS.

8TF(z) ~ G(z) (x = o) IE limy oo (F(2)/G(z)) = 1 2EH®RT D

8 [VFf(t) dt ~ ac®z® (x — o00) EHND.
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INT f PEFABADDBEITRTREZD tfﬁfﬁfﬂt.

I f RRFEIMOGE 2 RkE S . f BREFEAMNOEEIZIE (1),02) TRE SO E %
WU ZZFER N B NS, W AIZ, (3) T liminf & hmsup %X@D’C, ANEZSDME %
WCUZZAERMNMEOND. ZDZ LITERETNE, f BWHEFAEIMOEGE ISR T R I EERE

BIZEoND 2 e bng. 0
B a, ICRUT f(n) = an &2 TEE F(t) 2EYIEDSD 2 212 &> TROME
PELND.

% 10.2. ay, az, as, . .. FIEMEEG THRFEAD £ 2 FHEFEMLTHDE L, 0,0 >0 TH
595 ZDOLE

n
Z ag ~ an® (n — o0)
k=1
AR~
Ay ~ aan®” (n — o0)

ANE RYAL RSN 0

10.2 Laplace Z#:D Tauber B FiE
Stone-Weierstrass D% HAGLBUEREY 2 FIWT ETIRERTD.

=8 10.3. o(y) IEPAXME [0,1] O FEEAMEIHBTHD & L, gly) IZFXE [0,1]
FDOBRET 5 c € (0,1) TOAREGETHOD ST i@&f%é%@f%é & U, MipR
glc£0) =lim~gglcte) WEAETDERETD. ZOLE MFERD > 0ITH/HLT, %
A P(y), Qy) T

||/\

P(y) = g(y) = Qy) 0§

y)dy < / 9(y)(y) dy,

o\
i‘i
|I/\

/01g< o) g/@( Yolo)dy /lg<y>¢<y>dy+g

W2 TEDOPFETD.

SERR. Sl 2 i S IEAEE Q(y) DFEDAE FEIEE . (g(y) DRDVIT —g(y) %
% 2 0UE Ply) DIFAEL RINDG.) X512 g(c—0) < g(c+0) E LT L. (g(c—0) =
g(c+0) BHIE gly) DRDOVIZ g(1 —y) 2F AN L. )

o(y) FIAHTHEAEIARDOT N = [ |6(y)|dy = [, 6(y)dy LB L, N < o0 &%
%. gly) 10,1 EEREDT, 5 M >0 T |gly)| < M (0 <y<) & B It b OB
s,

EEIZe >0 2HL5.

SOPHIX ] b oD R DM BB 2 TH A T —RRIE L X 1% &\ D EBE.
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¢ KD 6 > 0 12U, gly) 2EBT 2 EEEBEL g5(y) KDL S IED B
9(y) 0Sy<c—9),
9s(y) = { max{a(y —¢) + g(c+0),9(y)} (c—=d=Zy=<o),
9(y) (c=y <)

ZZTa=(g (c+0) g(c—=19))/6 THY, aly—c)+glc+0)=aly—(c—0))+glc—9)

ThdZliFEEt Lk ©&LY
-M=gly)Sgsly) M (0=y=s1)

BTV S. gs(y)o(y)| = Mlo(y)] (0 =y = 1) 2D limso95(y)d(y) = 9(y)o(y)
(y # ¢) 72D T Lebesgue DINHEH L Y |

tim [ astw)ot) du = [ aw)ots) dy.

ZDOZEe%ffioT,0>0%2+n/NIULT

Ag@awwgéwwww@glg@aw@+g

e EHIzLTHL.
Stone-Weierstrass DZIHAGGLUER K V| H 2L IHAEE Q(y) T

QW —9s) — 5| S 3y 0Sys1)

3N| — 3N
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el <e @ &t <1 /x IZAMETHY, t<1/z DL X e””tg(e’ H=1¢8Y,t>1/z D
X gle™)=028DT, IS EORFMD LS ITESIEIND:

1z a 1 a1 a 1 a 1
o wrmyét dh= oot~ wiesrny >0
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n=0
WRIHERZED kE=0,1,2
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RO LS IZESEINS:
1
Z anN%L/ to‘_ldt:i 1 - 1
0<n<1/z v () Jy

*al(a)  z¢T(a+1) (#0).
FATor=1/n B, EAOM%E k=0,1,...,n DANZHESET &
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AN D RVAC RSB N
EHE 10.4 D Stieltjes T2 IIZIR D@ Y 9,
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a
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FUZEDIZFEL.

Z D & 512 Wallis DA AT DL ZFE ORE N S W EE TR S . £ LT Wallis
DA REDFHEZEE) L Tauber FLOEH (R 10.7) HHHTHKD. —INR 1IRTT ¥ X L
4 — 27T DM ERIERNE T D & D RS THEHI NG,

WERGIER & 1E TEARE U <IZHRHED 0 THRO SR ZFD & D BFE SN O H
%é@“é LIRTET VA LD F—27IZBWT, Fa & ) HRIZE £ > T2 ORI OHEH &

A PSR T SRR R DR TR AR (PR G B 1 WSRO Z & TH 2. WiIEK
fEUODHEHHC» EDRY R UWEENBEIZRS. MR 1/2 TEAIZL ATy T4
QHME T VALY A — 7 I 2 EREIOGAETI X, flAGHOERIMIZPP I L
WERRR B EIZ R 29 2 2 TIREDOFOmAEIAERICIE U nwZ 22T 5.

9545 10.2 HiXH 10.6 Hi T L 72 X 1 7D Tauber BUEHIE Wallis DARD —f{L72 & ABE5.

96%% U < I& Frank Spitzer, Principles of Random Walk, Springer GTM 34 (1964) M2 20 fi% 2 &.
FRIZZ D pp. 225227 H7- D) 2 BT HIEZ D) — N OEBERDLDIZIETTHS.

TR T ¥ A D A — 2 O ERKIERI OFERA I B AS D B A IR, feRamai & A8k, 20030525
UK EE [Z 0 X L0 4—2 <) ZARED L HA (2004) O 1 ZE2 S U THRLW. IRED
FHIADPZNZEDIEFIY—E2ZABMBIERTENE R LU VDT, BEEIFEIDANIZIZBETIOHTES.


http://web.econ.keio.ac.jp/staff/hattori/srw.pdf
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ZMna < #{ ko + -+ >0} < b IFFN TV B IFH DRI DEED o LYK
eg’< b LD/PNINWZ L ZE ﬂnt\b’Cb\é T VRN F— 7T B ERIERNE TFNT
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IR 2 & U256, TOIPNHEIE 1/2 TRITFNIENF RN LiFg <Iicbhbnd. &
gAY
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VLRI Z DRIEDIZELE% Peter Duren, Sums for Divergent Series: A Tauberian Adventure, 2013-10
EHA T 1K) THEAZ. T &hiE G. 1. Hardy 252 ORI % 1907 41072 5 LW, BEFE T h
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https://www.uam.es/personal_pdi/ciencias/dragan/respub/Duren_Tauberian_Talk_2013-10_UAM.pdf
https://twitter.com/genkuroki/status/734774669069287424
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/000 T u(dx) = /000 “Ty(dr) <

DAL TV RO p=v &85, T8O, +HKER s IZDWT u,v ®D Laplace &
DA RRZAEIZIER U T DFE L WA LI 2 DDHIE v i&—HT 5.
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lim F,(y) = F(y)

n—oo
BB,

SERR. p,, p WEBRHETHD L LRED k=0 DHELY, HEEH C > 0 BEE
LT
pa((0,1)=C (n=1,2,3,...),  w(0,1))=C

YRB. REEY, TRTOSHEREK p(y) 1I2OVT

1

1
tin [ pw i) = [ pnti) k=012, 1)
DAL LTV,
FEREIZe>0 ZWoTHEET S.
€ (0,1) & pu({a}) =0 ZfiHE~ZLTVWDEL, 0 < § < min{a,1 —a} EIRETD.
p({a}) =0 &Y u(0,a) = p((0,a]) = F(a) £%%. R LOEGEE g5(y), hs(y) ZIRD
EDITEDD:

1 (y = a—09), 1 (y = a),
W)= (a—y)/d§ (a—6<y<a), hy)=<1-(y—a)/d (a<y=Za+)),
0 a<y), 0 (a+6<y)
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XLIZRDEDIZEDS:

ZDEE, LLRMEIN LT WS
0=gs5(y) < g(y) = h(y) < hs(y) =1, lim g5(y) = g(y), lim hs(y) = h(y).

W Z 1T Lebesgue DYHERL & 11((0,a)) = p((0,a]) = F(a) &V

1

lim i 95(y) p(dy) = Fa),  lim i hs(y) pu(dy) = F(a).

WRIZF5 60 >0 2/NI<H>T,

/0 95(y) p(dy) — F(a)| < e, / ho(y) p(dy) — F(a)| < e 2)

L7825 EDITTE 5. Stone-Weierstrass D IHAGTAUEIRIZ & > TR % 1§ 72 9 2 JH A A
Ply) & Q(y) BHEAET B 2 L A5 10,

P(y) = gs(y) = g(y) = h(y) = hs(y) = Qy),

P(y) —gs(y)[ =, Q) —hs(y)[=e  (ye(0.1)).
DOk E
[ P ) £ pa(0.0) = Fu@) = [ Q) ) 8
[ Prmtan ~ [ ostwuta)| < = 0
Qi) — [ st )| < 6

D212 (3) T (1) VB

n—oo n—o00

/0 P(y) p(dy) < liminf F,,(a) < limsup F(a) < /0 Q(y) u(dy).

LIAM, (2),(4),(5) &V e >0 2NILTBL [ Py) p(dy) & [ Qy) p(dy) 1F <5
TH Fla) ITEML. W AIC
ILm F.(a) = F(a)

EBBIENDNE. TNTRINET I LHIRI N 0

103Stone-Weierstrass DZHAGELIEEL L Y, [P(y) — (95(y) —€/2)| S /2 (y € (0,1)) &7/ 9L HAK
B P(y) BEIET 2. Qy) 2D\ TEFKR.
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#110.14. EOFEIZEWT F MMEERE y T F,(y) 2 F(y) KWGRT2 2 %2R
M, F(y) WAERRRTIE F,(y) 23 F(y) IZPORT 2 LIFRS 8. 728 21  a € (0,1),
0<e<1l—alZNUT, @Kl b F.(y) L AHEBHE F(y) %

0 0<y=a)

0 O<y=a
Flyy=qw—a)e (a<y<a+e) F(y)z{l §< 1;
a >
1 (a+e=<y<1), =Y
EEDD &
1 1 a+e 1 (a + €)k+1 _ ak+1 1
k _ kg _ k _ kK
/Odee(y)—g/a y" dy ) . , /Ode(y) a
Y735 MDT
lim de :/ Y dF (y
e\0 0
K@U,aﬂ%@yéﬁ“)éﬁwfhm“ (y) = Fy) %%, LML F.(a) = 0,
F(a)=17%80DT y=a TIEZTIBELZ. B

78 10.15. F,(x), F(z) I3AEGHHFFEHRDHEBT 2 =0 TOIZRDZEDTHD LT 5.
IDEE, FPREIBNITHUT, [[Fe™MdF,(z) (n=1,2,3,...) & [[Te?dF(z)

HIROMIIE L, . .
lim / e AF (z) = / e P ()

ML L TWB R HIE, B F PR T RTOR 2> 0 1I28WT

lim F,(z) = F(x)

n—oo
L%,

BERR. 11, 11 pn((a, b)) = Fo(b) — F(a), p((a,b]) = F(b) — F(a) (a < b) Ziii/= 9 Borel
@Jﬁ“ﬁfa@é t*«;‘é REELY, 5 0> 0IZDVWTA, = [Fe T p,(de) 2b& A=
I e p(de) \ZERDOMEI RS JE [, i % [in(de) = e py(de), fi(dz) = e~ 7" u(dx)
c‘:ﬂidbé c‘: un((O 00)) = Ap, 1((0,00)) = A 8D, pip, p DROVIZ i, 0 ZFERZDZ
EAT p, p FERPETHDEMMEL TR, TOEE BHEW y=e"I12&>T, Z
DFIFEIZEH T 2D (0,00) LOREZ (0,1) EOREICBIT S AR 1013 1IZETEDS. [

EF 10.16. B L(z) 2 2 — oo IZH 1T DIBEBNEH (slowly varying function) TH 2D &
&, AEED ¢ >0 12U T

. L(cx)
~Y f‘ p—
L(cz) ~ L(z) (x — o0), ERAY.)= lim I02) 1
MWEALLUT WS ZETHD. 2L 2K (logx)’ IFEEFKHTHD. 0

B 10.17. F(z) & 2 =2 0 IZB 17 2 Ak A HIFE I GEEAD) M TH Y, F(0)=0 %
WELTWREDTHY, a>0 THBEU, L(x) 1F z— oo ILBITIBELHHIMTH 5
L9455 I

M()) := /OOO e MdE(x) ~ AT LAY (AN 0)
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ANY~S
P M(z71) r*L(x)

O Tar) “Tary 7
ANDAVACIESS
SERA. A G(z) %

:L.Oz
— > —
G(z) Tatl) (x 2 0), Gx)=0 (x<0)

EREDDE >0 LT

e “CdG(x) = —/ el dy = / el dt = ¢
| =Tt Jy (o) Jo

MKALT D, 2DOHDEFEST z=t/c LBV
c>00D&E M\ OEREZEEIZET DMREELY,

M(cA) oA L(c A7) o [T _a
MY ~ L) ~c _/o e “dG(x) (AN 0).

X512 M) OEHEELY,
My 1< © L (F/N
M) :Mm/o ¢ dF(’”:/o ‘ d<M<A> )

. o —Ccx F(J"/A) . * —CX
/1\1{% i e d(—(/\) ) —/0 e ““dG(x) (c>0).
U722 T, #lidE 10.15 & V),

Wz

F(z/\) () = z°

oy Wty @20
YRB. ThADY
F(z/)\) ~ ]‘f (A)xa) (AN 0).
r=1 BI N\ %o TEIMALILIZEST,
Hﬂ”?ﬁi%”&?ﬁﬁ (= o0)
NELND [

11  {F$%: Taylor DEEICGEEADEA

[(B9850)=(Taylor B ik & T)+(RIAH) ) OFADAAE Taylor DEEBE 5.
DI TlE Taylor ODEHDEL D FEHIDWTEHAT L. ZOMOWEIZIFFIZH L.

-
—



11.1. P FIRIEE Taylor O EH

11.1 FBERFRIBEE Taylor DEHER
B R I N RIRIE % £ D Taylor OE BRI

T / o) dny

Z AR R UAWD Z L IZE > TREHARETH 510 FEEE, Thil

[ fan) de
£(@) = f(a) + () / "y + / " day / Y ) das.

Z 2 CHEIMOMHEZ S 9 72D1

/: dxy / [ (w2) day = / (/x f"(xg)dxg) dzy

EWVWDHEIHEHNE IHIC

(XAUNC R

F(22) = f(a) + / ) das

AT D L

£(@) = f(a) + f(a) /dm1+f” /dxl/ dx2+/dx1/ dxg/m P () das.

SICE UEZ & 5 —Ei ) KT &

f(x) = f(a) + f'(a) /ilxl + f"(a) /;iarl /:iixz + f"(a /dxl/ d:zrg/ drs + Ry
Ry = / da, / dx, / dxs / " O (xy) day.

PAEDFHE % i 0 AUSIFINAN IR DR G D Z 3D 5%

-1

Tp—1
flx Z k) /dxl/ dzs - - / dzy, + Ry,
k,_

Rn:/ / dxs - - /n dx,,_ 1/ f(")(xn)dxn.

R, ZFIRELIES. LA EOFHE TS OMIEME L Mo TR,

WOHR DR X A D BB

89
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FIREUADZIRFENIUAT O X D IZJEFIZ (IRZIZ—D EOAXZMS Z L I2L>T)
RAIEIHEINS:

/dxl—x—a,
T _ 2
/dxl/dx2 /(wl—a)dx1:($ 2@)’
(g —a)? r—a)?
/d$1/d$2/dx3 /a(12)d1’1:( 3!)7

Te—1 x1—a)k ! x—a)k
/d.Tl/ CZ.TQ / d.ﬁlﬁk / (1k — 1))| dxl = %

r>a D& E ZOFBERERIE K IRITLHARDEKRED k! 50 1 #FKL TS

o k=10D&E FADMEIFED {z1]aSm Sz} ODRIIIED.
o k=20 ¥ FREDDMEIZIEN (a,a), (z,a), (v, z) ZFFOEM _FL=MF
{(zr,22) [aSas = a1 S}

DM, §2DLHIELFOHE (v —a)? D¥EDTHD. LRIl RDZHMAIE, 20 2 14
BT (21, 10) DAEONTHATENDTHS. T AL ERE RS 72
C:‘i T § T %(ﬁf:‘—é— (1'1,1'2) C:Ob\f%ﬂt‘ﬁﬁbﬁﬁﬂﬁb\b‘@b‘

o k=3 DL ¥ FXHESOMEIXIEM (a,a,a),(x,a,a),(x,z,a), (x,z,z) ZHKEDOVUHAK
{(v1,20,23) |a S a3 =19 S 11 S0}

DIRTE, TRDOHINFROEE (x —a)® D 3! 2D 1ITRD. 3 5D 1IRDH
HIE, 23 S 2y S oy 21727 (21,29, 03) DAIZDVWTHEASTEINOLTHD. LA
HWEIKDIKFEZ 1G5 72DI21E 23 S 29 £ 27y ODLUANDIEFIZIHA THNDGTRXTD
a < 2y, 29,05 < 2 IZDWTHED ULARITIURN TR, 21, 29, 25 DIEEUL 3 fHZRD
TZTNHDAENRFGFDREEL 3 ED HD.

o WDk DHAELYULLEAKTH D, FRFH OHIETE
(@,0,0,...,a),(L,0,a,...,a),(2,2,a,...,a), .., (T,2,T,...,2)
ROk IROTHAR
{(z1,29,... 7)) |a<an < ... Sap<a S}

DIEFEIZE D . 21, 29, ..., 2, DARFGORENL k! 3B RO TEIRFED O kIR
TENETRDAETE (v —a)* D K 53D 11128 S,

105 5 g0y, = fT, DUIEAROD k IEHR% k YE B (simplex) & IR,



11.2. FIRHEOMIHED L2 5 DFHM & Taylor EH D 2 A& 91

LU EICE > T Taylor RADERDDEHICERNRONSERGARICA oL 205,
1 D k BIOBIRED OFERIE & IRTCSLSRDOEED k! 730D 112785 DTHEHT k! 238
Hd.

UEDFED:

x Tn—2 Tn—1
R, = /dxl . / dxn_l/ f(”)(xn) dx,,.

INEFESFRIERID Taylor DFEEBEFERZ & 129 5.

AR ROEDIZEZTE LW, n BOEEK ) (2) &2 n BZFXRESTHIL f(z) A
LNBIETTHD. UL, BOEHREERTNUX 2 1220V T n—1IRUTFTDHEMEL D
ZLITRD. TORER, LROL D BAANELND:

f(I) = Qo —l—cu(x— a) +a2(x _a>2+"'+an_1(x— a)n—l YR,

ZIT R, FEDXDIZEEINZ fO(2) & n BIBREALAZEDTHD. ZORD
Ml% k=0,1,...n—1HMALTCar=a EBFIEXR, »ORKDIIHIL0IZRDDT,
f®(a) = Klay, D505, 805 ap = fW(a)/k! TH 5.

PAEDFHROHSIE, BRI f(z) = D02 an(r — a)F EBWTHHLZ D K U
LCTa=a BT LIZEDT ap ZIRETDHIKLEUED, BIARE R, ORI
25> TS DT Taylor AEELD AN B0 2 5 72 F v THE U R,

Z D & D IZRIRIER & D Taylor OFEHIE Tn BEOEKE ) (2) &2 n BIBIRESTH
FH LD flz) WEOENDIETE] LWIIEFICE LB RERLNLREIRFLNDD
Thd. N

11.2 FRIEOIEIMED LA S DOFLH & Taylor B D EAH!
FIRE R, " n—00 TOIWZIERTEIHLIE

=1
kgk_ ZL'—CL

MEANLT D, TNEHE f Dz =a 2B} D Taylor B & FER00,

FIRHEHDOKEZX %2 ENSFHEIT 2 72OIIFRD LS I2FiE L. £ R >0 2H-
T,z OFLEFHZ |2 —a| S RICRETD. LT, HD M, >0 T |[fW(2)| £ M,
(lJt —a| S R) ZWi723TEDEEMITIED. TDLE

Tn—2 Tn—1
Az, 1/ dz,,

&85 DT, M,R"/n! — 0 72 51X Taylor B [z —a| £ R IZEWT f(z) IZ—HRIK
5. FIREDBARNZILZDE D & D RREOHMXAED > S DR (R) DSH3& <
ﬁ#’)ﬂ’bé

6x =0 1281} 2 Taylor R % Maclaurin JEFH L FERZ L 235 5.

_ M, |z — a|™ < M,R" R)

[ Bl = n! - nl

di[fl




92 11.  f+8%: Taylor DEEIZFEA DS

72 & Z1E M, RN n OFEREFEE 22 513 Taylor BBIFINK T 2 (A"R™ /n! — 0).
ZTDIEMNH, e, cosx, sinx D Taylor BEAMNED X D74 a, 2 IZDWTEHEIZIHT B
ZEMEGIHENDOEND:

" > . x2k x . l'2k+1
— — -1 i = —1 .
a8 ;( TS T ;( oy

m&i
[
& L0

M, OMRHEED n! & [F URREDLEIZIE Taylor BFHIE [z —a| <1 T f(z) (IZIERT
5. 2eZF fla)=1+2)* DL ¥,

fP@) =ala=1)-(a—n+1)(1+2)*"

BROT, ZD f D x=0TODTaylor JBRIE |z| <1 TPHKT D Z & b»nd. FERIZLT
f(z) =log(l+ ) ® x =0 TO Taylor BRI |z| <1 THRHRT DI L300 5.

[o.¢] o k
(L+a) =Y ((;)xk (Jz| <1),  log(l+z) Z ) 19” (|z| < 1).
k=0 =1

IROD Taylor BHHE & <flibNd:
= z*
—log(1 — x) Z? (|z] < 1).
INZiRL AKX

Li, (x Zk— (Jz) <1, r=1,2,3,..))
k=1

TREHEINDEE Li,(z) 1% r IROZ BN (polylogarithm, IR Y 1 2) L IEZH
TWd. T Lig(z) W& dilogarithm GEFRA A 1O 2) & Liz(z) O¥EIZIE trilogarithm (@
D BY) EEENT NS, 2Dk X

dLi,(z) Li,_i(x)
dr x

BODT, ZENBEBUX

Li, () / da:r /‘”3 d:zrg/ drvy / / dxy % dx,
s 1—x; 1— 2 29 Z,

<1< <zr<T

dl’l

(r22), Lil(x):—log(l—x):/om

1—.231

EERERBENRRINDG. 2 OHOEE T 0< <1 2{KE L. YLEZE&HOESD & Riemann
DY —REHD 2 DL EOEER r 2B TR MEORE D RRVELND:

ad dry dzo dx,
:E _LT —= ... =2,3,4,...).
¢(r) 1 / / 1= xy Ly r ’ )

n= 1 O<z1 < <xr<1

MY GEEE BIAR I T U £ 572D T, Taylor DEHDFEIZREA 5.
KOG E, FRHED R, OFAMN (R) 25> THIUZ 3 BD 720, %IJ,%IE R, %%
KA TG L, 1EDOEA TRRTIAADDHL2OTENEZRNALTE IS, flHD/-



11.3. ¥ EMS AR DML 93

Hale LIRELES (a2 2 OBEERETHS). R, DBERHENE o < 2 < 2y <
S S ThREBBATHE D LI LRSS, 1, 12k DR & —BAMUI S &

R, —/ F (/d:v1/ dzs - / iza:nl) dz,, = / £ (z x_x”); (G

2DOHDFE ST 1 OFRMEDH (n— 1) IRTGLFIRDERED (n — 1) 3D 18D LD
FEOFTHIAL AER 2 H > 7.

11.3 EEEE2ARIXNDOEE
RO R EEZ S
dU (t)

dt

22T A(t) REATRMEESERECCH Y, U() IRIIEANE H1THI0 E S F BRI T
3. ZOWNHTRRITIKEFAMETH B

— AWU®), U0 =E.

t
0
B % Bt A 7230 1 Taylor DEBL 2 GEHI U 72356 L FARRIC Z DX 288 1) 58 UV g

PELNTIRILIZENITTTHE. ZORT Lt DFNTNE t,t, ICEIHZ /-
REZORNBHIIRATD L,

t t t1
Ul(t) :E+/ A(tl)dt1+/dt1/ A(t1) A(t2)U (o) dts.
0 0 0
A UEEZE S —Ei) IR &
t t t1
U(t) = E+/ A(tl)dtl—l—/dtl/ A(t1)A(ty) dts + Rs,
0 0

Ry — / dt, / dt / ® A Alt) Alt)U (L) dbs.

[FRR AR YD) R & IR DRI L T2 2 EWhhd:
te—1
Z/dtl/dtg / A()A(Ly) - - - A(ty) diy + R,
0

R, = / dt, / dty - /O T A Alty) - AT (1) db

FIXIND n — co DR THD HFERDMED

Z/dtl/dtQ /Otk1A(t1)A(t2)mA(tk)dtk.

TEOND Z L 25t s, BIOHOD Al BAXAE t OIERIILATND 2 LITEEE &
RFNEERE T | ZIRDOEDIZED B:

TA() - Altk)] = Alto) - - Alto)),

~+
A

v

V

- Zlok), O € Sk
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ZOFRFIEDE ETEDRARIFIRD LS IZEIEIND:

U(t):kz_()%/o /0 TA(ty) -~ - A(ty)) dty - - - dty..

X LITRINC T] | 2B E RO 2 L 2 RIS NERO £ 5 ICBSEI NS

k

[e.e]

2o (o)

k=0

Ut)=T —T [exp /0 t A(s) ds

ZORDORARIIYHOBREZ ETHRING.

DA B Cfifan U 78 H oy R RO #REEIX Picard DB AEOR ARG ETHD. §
BHOHLLLEDHIEITIEREOGEIZEHEHHATES. 2D &K S IZ Taylor DEMDZIRFES
(2 & BEEIHIEZ H > T, S E Y R A DZBIRMRATEIZ & B REES 3 <IN
KEAS U, THIZ Picard DFRRAEIZET—RILING. 2D &S ZHHN S Taylor
DEH % ZFIRFES TREH T 2 HIEOMMIIMEY IZEE RN Z L Ebnd.

11.4 WA FRIEE Taylor DEHE

BIRFE D TR I N RIRIE R K5 D Taylor DEHEZ K> TWBZIFTHRSZRWIEXTROD
72D, % < DX CRIRIEZ MEOEKRBTRRTEIARNE K<L TWDEDTHEHFIZ
AL THID.

Cauchy OFHEDER :  FEEB F, G A TRETHD F(t) # G(a) THhDOHEEN
RNV (F,G) M altDHNETHRUTOIZELSRNESEa &t DHVEDHDE
it T

BT EDONEFERET S,

ZDREHAANL T B Z A, xy EHEIZ (F(s), G(s)) OEEOHIERZ # T, 55 (F(a), G(a))
R(F(t),G(t) ZA5SNEMEEENR Y NVDSTEATIZR B At DIFAE% ERIICH
B Z & 2 HERTNITE T I D725 5. BEZRFEHIZIE Roll DEHITZ 5 A3, fl A
I TEBIZIHONRER ] AR LU THERNERS.

FIHIE LT f 234 B ARERGE ZHRBD.

Gt = 1) - fl@) - F@t - a) - @ S - L

F(t)=(t —a)*

£B<. Fla) = F'(a) = F"(a) = F"(a) = 0, G(a) = G'(a) = G"(a) = G"(a) =0
TEEUAMS, Cauchy O FIMEDOEE Z R4 IHEHT2 L, 0 & t DHWEDH DT

107Roll DL [EAX M EO KD R AME & S/ MEZ D] CWIFERNSHES. B L <IX Roll D
EHLZ BT TICEBEIIRDE D ICEATEL. s i3 a &t ODVEZEEDE L, 5 (F(a),G(a))
ERU(F(1),G(t) ZFESERR ¢ 2O ED R (F(s), G(s)) ~NOHEENRKICE DL s =t PFET
5. ZOEIHEENRY MV (F/(t1), G (t1)) PEMR L ISTATILRDE I 2 RmES.



11.4. 5 BRI Taylor O 2 EBE 95

ti,ta,t3,ty CUARNZHZTEDDEENRINDS:

50 - 1@ - @) - ) - /@ S - S
(t —a)t

f/<t1) . f’(a) f”(a) (tl . a) f///(a) (tl ; CL)
= A(t, — a)?

f”(t ) f”(a) _ f’”(a)(tg _ a)

4. 3(t2 - CL)2

_f"(ts) — f"(a) x
4-3-2(t3 — a) -
_ﬂ%h)
Y

BRI T RZMD U TIROFBZD t; ZRATIEHEZREDELZZTTHS. DA
EIiZEoTa bt OHNVEOHZERL, T
t—a)? t—a)?
1) = fla) + fa)t—a)+ @) S g,
t— 4
R4 _ f(4)(t4)< 4'0)
=725 E DODFENGHINZ. TN T 4 BIS FTRER B EBUZEE 9 2 M0 BIARTERL D
Taylor D EBLAEERH X 7%
SIZ EDOFHRFDS UAME 2FBHDFESDAHL () D t — a TOMLRIE

1o () = (@) 1

4l t£l—>a ts —a B 4!f (a)
WZRB5 4l a b t DHWEIIHBDT, t va Tty —a &EBRDILIIEETL. 2
X EDOFHEDHFERDAD t — a TOMFRIZEL .

t— t—a)?

1) - f@) = @t —0) - @S - @S

s t—a) = /7@

IR EFETH B

(z—a)?

f@) = fla) + fa)(t —a) + f(a)—;

+f%@9%;ﬁv+ﬂ“wﬂ”;@ Fol(t - ).

ZAVT 4 By WTRE A BEUZ B9 D “small order” E!Taylor DEMEFEHTE /2.
ME&E4< I_JE@LL/’C [ 2% n [ ATREZR & 1F

Z f t — a k Rm R — f(n)(tn> (t — a)n

08 LE f A C* #B 51 limy_,, f@(ty) = fB(a) ERZDT, SUANE 2 OHDESOHDEES
BBEZN. UL, ex ik fO otk 2 eI, fId 4 B TEEZ L EL TW A Z T E o720
TES LARFUEN TR B 7.
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WY a &t DHVEDFE t, DIFAEAFEHTE D, WA [t—a|l S R, |f™(s)] £ M,
(]s—al £ R) &5IF

M,R"

n!

L85, TROLMNTRINLHRHEDYE G L A UROIAR TGOS, XHIZ kL
FIRIZ U TIREAEH T 15

| Bl =

£(t) = 3 £ M+ t—a)")
=3 19 S ot -ar)
INSDFERE Taylor DE L IFIEND.
PAEDGERIE n [FIA ATREMED A ZIRE T NIEMREND . n BEOBEEB O EkME % ()
Y D MEIFR.



	0 はじめに
	1 ガンマ分布に関する中心極限定理からの``導出''
	2 ガンマ分布の特性函数を用いた表示からの導出
	2.1 Stirlingの公式の証明
	2.2 正規化されたガンマ分布の確率密度函数の各点収束
	2.3 ガンマ分布の特性函数とFourier反転公式を用いない方法
	2.4 自由度が大きなカイ2乗分布が正規分布で近似できることとの関係
	2.5 一般の場合の中心極限定理に関する大雑把な解説
	2.6 二項分布の中心極限定理

	3 Laplaceの方法による導出
	3.1 ガンマ函数のGauss積分による近似を使った導出
	3.2 ガンマ函数のガンマ函数を用いた近似で補正項を計算する方法

	4 対数版の易しいStirlingの公式
	4.1 対数版の易しい Stirling の公式の易しい証明
	4.2 大学入試問題への応用例
	4.3 対数版の易しいStirlingの公式の改良

	5 付録: Fourierの反転公式
	5.1 Gauss分布の場合
	5.2 一般の場合
	5.3 Riemann-Lebesgueの定理
	5.4 Fourier変換の部分和の収束
	5.5 Fourier級数の部分和の収束

	6 付録: Gauss分布のFourier変換
	6.1 熱方程式を使う方法
	6.2 両辺が同一の常微分方程式を満たしていることを使う方法
	6.3 項別積分で計算する方法
	6.4 Cauchyの積分定理を使う方法

	7 付録: Gauss積分の計算
	7.1 同一の体積の2通りの積分表示を用いた計算
	7.2 極座標変換による計算
	7.3 Jacobianを使わずにすむ積分変数の変換による計算
	7.4 ガンマ函数とベータ函数の関係を用いた計算
	7.5 他の方法
	7.6 類似の積分

	8 付録: ガンマ函数
	8.1 ガンマ函数と正弦函数の関係式
	8.2 ガンマ函数の無限乗積展開
	8.3 正弦函数の無限乗積展開
	8.4 Wallisの公式
	8.5 Stirling-Binet の公式(1)
	8.6 Stirling-Binet の公式(2)

	9 付録: 様々な確率分布について
	9.1 正規分布
	9.2 ガンマ分布とカイ2乗分布
	9.3 多項分布とPearsonのカイ2乗統計量と多次元正規分布
	9.4 第二種ベータ分布と t 分布
	9.5 不偏分散の直交変換による取り扱いについて
	9.6 第一種および第二種ベータ分布と F 分布
	9.7 ガンマ分布と第一種と第二種のベータ分布の関係
	9.8 n-1 次元球面上の一様分布とMaxwell-Boltzmann則 (1)
	9.9 n-1 次元球面上の一様分布とMaxwell-Boltzmann則 (2)
	9.10 二項分布と第一種ベータ分布
	9.11 Poisson分布とガンマ分布
	9.12 基本的な数学用語の大雑把な説明

	10 付録: 簡単なTauber型定理とその応用
	10.1 不定積分のTauber型定理
	10.2 Laplace変換のTauber型定理
	10.3 Wallisの公式と逆正弦分布
	10.4 x-x2+x4-x8+x16-x32+@let@token arc で x1 とすると?
	10.5 Laplace-Stieltjes変換
	10.6 Laplace-Stieltjes変換のTauber型定理

	11 付録: Taylorの定理に証明の仕方
	11.1 積分剰余項型Taylorの定理
	11.2 剰余項の絶対値の上からの評価とTaylor展開の具体例
	11.3 線形常微分方程式の解法
	11.4 微分剰余項型Taylorの定理


