HY < amDFMBREIE & Stirling DA

2016 £ 5 H 1 HAERL*

http://www.math.tohoku.ac. jp/ “kuroki/LaTeX/20160501StirlingFormula.pdf

H R
0 Lo 3

HFIE TR URL 254U Y0 — RTE 5, i 5 ClkEICHER LT IE2 K2 FETHD. 5
A1 H Ver.0.1. 5 2 H Ver.0.2: {EHRKD S L\ Stirling DARDHiZEMU . 5 H 3 H Ver.0.3: fix
BN, FFIZ Fourier D KEEARNIZEAT 248 %28M U7~ 5 H 4 H Ver.0.4: 7 A54i D Fourier Z#1D
Pk & Gauss B OFIHEOMNERZEMU . 5 H 5 H Ver.0.5: 340 OFTIEE Bk4 258 (2 17H). 5 H5 H
Ver.0.6: 77 A W EZEEL, SERD S U Stirling DRXAROBNRBBROHiZEMU 7~ (218 H). 5 H
6 H Ver.0.7: 77> ¥ BELD IEAEME & BN & BigRE NIT & B Re T 1 & A B 3 A58 P B 0D i HH D 81 X S 5l
D5 L\ Stirling ODARE WE U TEED Stirling DAREZELS LR E2B4BIMUZ (£24H). 547
H Ver.0.8: IEFEEE O MR ERER% cos(tr) O Fourier MEUERE % i > TEL HiEOM# % 8L 72 (&
25 H). 5 H 8 H Ver.0.9: Riemann-Lebesgue DOEMDHi & Fourier Z#D 73 Fl & Fourier #kELDE 53l
DUNHIZBET 2 a2 3800 (42 30 E). 5 A 9 H Ver.0.10: T4 O D B R 8 B O fif 3 & 3B (42 33 ).
5 12 H Ver.0.11: Laplace D f5ikIZ & Dl IEEHDFHR DML O & £ 0.1 23850 (237 H). 5 A 13 H
Ver.0.12(43 H): HHEDOKEI B A 2 TP IERSATELTE S Z & & Stirling DARDFEMBETH 5
WD TRV NEEBMU . BkZ BRIERSAITDONTOR S (5 9 i) Z3EMU 7z, Maxwell-Boltzmann Hil
DOEHEEIU 7= (5 9.8 ). 5 H 14 H Ver.0.13(46 H): MINWFHHE I A% FTIEL, MB RIDfiE# % #li7E U
72. 5 A 15~18 H Ver.0.14(50 E): ¥ ¥ ¥ 7IVIZET 2 W EK LR (I 73), Wigner DRI (I 74),
sin? B A HMERE - Tate PRUCEILE T2 (MFET75) OTAY MNE2EMUZ. ZHEMGEH-FER—X
A DBR (25 9.10 i) & Poisson 04 & 4 > ¥ A DBAGR (55 9.11 £i) Ol BT KMEHT RS 28 U 7=
Stirling DARD & V) > ¥ TIVERFEHOFHE DM (55 2.3 i) 28U 72, MAZFRY 25TEL~. 5 H 23
H Ver.0.15(57 H): ffi#.72% Tauber BUEH & Z DG ICBET 255 10 fi 280U 7. SR Wallis DA
Crx—a?+at—ab+210— . D /1 TOWHREEHO 2 D. Wallis DA RBIDWHHEZEENS ED & 51T
UTCTHIERAANHTRLINEMHR L THD. 5 H 24 H Ver.0.16(61 H): EH 10.4 DFEHHN D £ D 12 H M
725720 T, Stone-Weierstrass DZHAGTLUEEN SHELNDFHE 103 2B MU T, #FLESELA. K
IKEHEIBEUAZEBRLROTRYPEZS>TWDIEDLEbNS. MIZEMMNRETIEEEMEZ LA, 5 H 24 H
Ver.0.17(61 B): MR OFTIE. 5 A 25 H Ver.0.18(67 H): Taylor OEHDZERHDH: 512 55 11
ffi Z3BHNL 7 (iterated integrals 12 & D#HEH D SREADMIE (55 11.3 fi) 284). 6 H 3 H Ver.0.19(76
H): fIMWETIE &80, Laplace-Stieltjes 22U B9 2 Wi 258 1 TR A B B U & D Tauber BE FIZEI S
LM FEU WS 2B L 72 (56 10.5 &, 25 10.6 #i). Mz @4Emlz. 6 A4 H Ver.0.20(81 H):
Stirling-Binet D ARIZET2E 85 HiZBMU 2. TOHDFERD F L O DR TIXEINITDE 8.6
HiO®MIZHSD. 6 H 23 H Ver.0.20.1: 2D/ — hOWNFIFZMTEL. ZOBATTID /) — b O » AR
INTVEZLEFOHOERTTF 7Y ALTE W, 6 H29 H Ver.0.21(86 B): 1EM D AEIHDMER
IZBET 2 9.1, B 0.8, HL 9.9, EHL 9.12, EHL 9.14 ZXBHU /2. 6 H 30 H Ver.0.22: MIMARFTIEL
R 0.6 fie KIEICEZELZ. 7TH 1 H Ver.0.23(89 H): 9.7 Hi%#EMUZ. 7H 4 H Ver.0.24: £
T3HDOMNI AEGTIEL. 7 H 4 H Ver.0.25(91 H): AMR2EDERZHIZ L D H) HICEIT 556 9.5 fii
ZEMUZ. 7 H 30 H Ver.0.26(94 H): ZIHAA & Pearson D11 2 FlRFI & & LT IEH AT S
B 93/ZBMUZ. 8 H 27 H Ver.0.27(94 H): MMVMEIE LB, 9 A 11 H Ver.0.28(96 H): 5 3.1 fio
MY RBELZ.


http://www.math.tohoku.ac.jp/~kuroki/LaTeX/20160501StirlingFormula.pdf

—

[\

H &

AU IRHICET 2HOEBREENSD “EH”

AT DHmOFEERBEZRWZRINLDEH

2.1 Stirling DAXDFEH . . . ..
2.2 IEHULINZHT VDA DMEREERBOLSDER .. .. ...
2.3 HYIPMORERE L Fourier KEEAAXEZHWRWEIE . ... ... ..
24 HHEENKREIZLNA 2EN/MENEMROMMTELTE S Z & & DOBIR .
2.5 —ROGEOFOMRIREHIZET S KMEARM ...
2.6 TIENDAAOHULMEBREE ..o

Laplace DAEICEL 2 EH
3.1 HUVEHED Gauss M IS K DEMEMHEoZEE ..o
3.2 HUREHEBDA Y YEBE AW CHIEEHZER TS AL ... L.

WEARD Z L L Stirling DA

4.1 XNBHRDZ U\ Stirling OAXOZGUWEERA ... ..o oL
4.2 RFPARBEEANOIGHB] . . ..
4.3 MDD U Stitling ODAXOWE .. ..o

{$8%: Fourier O RENAI

5.1 Gauss DAEDIGE . . o o
5.2 —MRDLGE
5.3 Riemann-Lebesgue OEHE . . . . . . ..
5.4 Fourier ZHEDEFOIE . . . . ..o
5.5 Fourier fREXDEAFIDINE . . . . . ..o

{F8%: 77 9% D Fourier Z#2

6.1 EHRERXNZMS HIE ...
6.2 WHADE —DFEWD HEREM LTS Z e 2 i Gk L.
6.3 JHAFEDTHAETDIHIE . . . .
6.4 Cauchy OFEDEHZMES HIE . . . . . ... .

{F8%: Gauss EDDETE

71 [F—OERBED 2@ OMAFRERANZFE .
72 MREEREAMUZEXDEE ...
7.3 Jacobian 2O TIZTOEOEROEBIZ L ZEHE . . .. ...
74 HUNEEER—BHBOBEBRERNZGE .o
75 MMDSGIE L

F8%: H > VB

8.1 HUVBHEE ERRERBOBEBRA o
8.2 HNUNHEODMRIEREN . . . . . ...
8.3 IEMKBRNEODMERREREE . . . . ...
84 Wallis DR . . .. . .
8.5 Stirling-Binet AR (1) . . . . . . ...



8.6 Stirling-Binet DA (2) . . . ... ... L.

T8k BHRL2LBBESHICOWVT

9.1 IERIOAE . ..
9.2 AVUXDMHMETNA 2N . .. ..
9.3 ZIH/A & Pearson D 711 2 FeifiGt & & LRt IER D
94 FEREN—ZQME DA ..
9.5 MEDEDOERZHEIZ I DD TNIZONT L.
9.6 HMEBIOHE _FRN—ZDME FHoMm . ... .. ..
9.7 AV MMLE-FMEFE_FMOR—ZoMO-G . . .

9.8 n — 1 XIuEKH LD —E3 4 & Maxwell-Boltzmann 8] (1) . . . . . ... ..
9.9 n— 1 {XIuERE EDO—kD 4 & Maxwell-Boltzmann 8] (2) . . . . ... ...

9.10 DAL =00 .. ...
9.11 Poisson A& H YO0 . . o o L
9.12 HAW R FAHFEORMEZZN . . ... .. ...

10 fI8%: EEE /A Tauber U EIE & Z DA

11

10.1 AEMES O Tauber BEH . . . 0 .. ...
10.2 Laplace Z2#80D Tauber BUER . . . . . . ... ... ..
10.3 Wallis ODAREFIERLDAMA . . . . ..o oL
104 x —x24+x*—x8+x16 —x324+... Tx "1 L295&?
10.5 Laplace-Stieltjes Z2# . . . . . . . ... ... ... ...
10.6 Laplace-Stieltjes Z2#1D Tauber BUEH . . . . . . . ..

{F8%: Taylor DERICFEFADMLEA

11.1 B BERER Taylor DEEL . . . .. ...
11.2 FIREDMIAED EA S DFEAM & Taylor &R D H AR
11.3 $EMD AREROME ..o
11.4 MO RIARER Taylor OFEHE . . ... ... ...

fithm. Z D/ — b O AIRDGFT TR I N TN S:

http://www.math.tohoku.ac. jp/ "kuroki/LaTeX/20160616KullbackLeibler.pdf

48

48
48
48
50
93
o7
99
61
64
67
69
70
71

72
72
73
78
80
81
85

Z Dt C & Kullback-Leibler I5# & (#Mf T hBE—0D —1 £f%) & Sanov DEELZ > T
H 1), Sanov DEHN 5, Boltzmann K1 (e PE:), Gibbs 7346 (71 =)V, e PFiq; /1 7)
PR AL UTHARIZEDNS Z L Z2/RLTWD.

0

IELC&HIC

Stirling DA & 1%
n! ~n"e "V2mn (n — oc0)


http://www.math.tohoku.ac.jp/~kuroki/LaTeX/20160616KullbackLeibler.pdf
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EVDBERDEMARDZETHD. 2T a, ~ b, (n— o0) I& lim, .oo(a,/b,) =1 %
Hkd 5. L ORI
n! =n"e "V2mn (1+L+O(1)) (n — o0)

12n n?

AL TWSL 2D — M TIEETEANCH Y Y 04T S fR SR B Y & Stirling
DNRD B XNd Z e 2T 5. ZTD%ITkE % 2575 T Stirling DARX % EH 3
5. KEEIN DR R L R,

2D — N DOBLONEREE CIXBEEORBAEROMNZ1T8S. 2D /) — hOLRIETF
AT D Gauss B AP, AV Y BB, N— R &AM, Fourier fiftr APTIZR 2 Z &
EEMUCELN S BRIBROFETEDTHD. IO STOHTHED ST OHICHAL /-4
RBE2MFS ZeNL VDO THEIRTRELTRLWY. HEARWZRGHE U THLUWVE L ERDA
WZkIZ9 5.

% 0.1: Stirling DRI K B FEFEDIE L

’ n H n! ‘ A, =n"e "/ 2mn  (FRZE/n!) ‘ A (1+1/(12n))  (R#/n!)
1 1 0.92- . (7.78%) 0.9989 - - - (0.10%)
3 6 5.836 - - - (2.73%) 5.998 - - - (0.028%)
10 3628800 3598695.6 - - - (0.83%) 3628684.7 - - - (0.0032%)
30 || 2.6525-- x 10 | 2.6451--- x 102 (0.28%) | 2.6525--- x 102 (3.7 x 109
100 || 9.3326--- x 10%7 | 9.3248 .- x 101" (0.08%) | 9.3326--- x 10'°7 (3.4 % 1077)

F£0.1 2 ZNEDND XD, nte™™V2mn 12L& D n! OELDFEAEIX, n =3 DT
T 3%%%0(%07%J0@&%fi1%%@ofwé X 52 1/(12n) THIIET

5 LA BIIZNI K ZY, n=1 QBT TITEBIOFRAED 0.1% FEE L HHY 1200
[JAY
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e <1+12
Z D & D1 Stirling DARNIFFEROLELBAAR L UTIHEFEIEZTH D

):0.9989---%1.
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ef:r/rajafl

far(z) =4 Tla)me

3 HiE R &
2Gergd Nemes, New aymptotic expansion for the I'(z) function, 2007 (ZFEFEDIK 2 2T IA RO IR
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(IO THEFZZEURATH 5.
SAVSEBIE s > 01 UTI(s) = [y e "2 Hde LEHIND. HEDFFIZEI-oTI(1) =1 %,
AL T (s +1)=5s(s) ZREDIDT, 0 A LD n IZDOWTI(n+1)=n! 25,
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ZIZTar>0EHrvs \fﬁféﬁi&)é/\7i 2—TH2* UAFEEDZD a=n >0,
T=1DGEDHUIRHDAERD 7201 f(x) = fui(z) &<

e—xxn—l

falz) = Ty (z >0).

ﬁﬁfﬁz B f(2) TERBINDMHERER % X, LELLZLIZT S, HRLH X, OFY
EAH o2 \FM ST n 127855

Hn = E[Xn] = /(;Oo xfn( ) = F(?(Z)l) =n,
e A

= B[X}] — up, = n.

ZATREREIL Y, = (X — 1) /00 = (X, —n)//n DFHIE SHIETIERO0 & 11
BV | T OREREEEBU

e~ W) (\ny 4 n)n
['(n)

\/ﬁfn(\/ﬁy + n) = \/ﬁ

1850 ZOMRBEHRBMTy=0 b L

B e—nnn—l B nne—n\/ﬁ
8% . n>0NEHOLET(n+1)=n BROT, ZTHH n — oo T 1/V/2r IZPHKHT D
Z & & Stirling DA XD EALIEFMIZER D .
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E%EX@LT&Q@( ) jfb’C,n—M)o@é:%

/Ooosﬂ(x\;_n)fn( )dx:/ooo (W)Vnfu(Vny +n) dy—>/ \/%Zdy_

o(y) ZTIVEEE S(y) \OEMNIT R Z L& > T (TROLMREZERKID y 12 0 ZRA
TBHI L&),

e 1 n"e "\/n 1
Vafa) = Vi = gy e ()
2195, ZOFERIE Stirling DANARD KA = EKT 5.

PAED B DR CTHEREERBO y 120 2RAT 2 A7y FITE@HERIZE vy
THHd. ZOXFYy TEMEOZ-OIEHOBREHEE2 7oy 7Ry 7 AL UTCHAT
5D TIF7A L, FRIREH ORI E 2 W 23ISR 2 BN H D, TD K S ZRFEH
DFEHZ DN TITIRDFi %2 FTARLU W,

4o 1% shape parameter &, 7 1% scale parameter L IFENTWD 5 LW, H Y I DMHEDEY & HEkiEZ
NEN ar & ar? 127485,

SHEREEEL f(v) 2RDOMERLE X 1T U T, HIRHEP KA Eg (X)) = [g(x)f(x)de LEEX
1, S’Zi/?jfﬁ,u:E[X] LEHIN, DD 0% = E[(X — p)?] = E[X?] - p? tﬁ%*m&

% ﬁ%uxm%fﬁﬁTﬁmf()ma% HEREH Y 2 YV = (X —a)/b LD L, Blg(Y)] =
Jr9((x—a)/b)f(z)dx = [, g(y)bf(by +a)dy RDT,Y OMERIMELUL bf (by +a) 1285,
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2 AVIDHEOREERBZRAWZRRINSDEH

ATET TlXA OB E R 2 R R 75w 7Ry 7 A& UTHWT Stirling DA% “EH”
UZ. LU, 20 B IZIEEmEN AT vy TRdH o7z, TOX vy T2 572012
v, H DV B AL ) S R 5 B A 2 e BRI (TSR 28 FE AL D ¥ Fourier 25 4) D Fourier 22
BTRRTDILICESTIHHINDG Z & 2 BOHTBENRDH S,

Z OFITIEA >~ 5346 DOHERE B % Rtk R D Fourier £ TR DT AN E HWT,
EEEIZ Stirling DARZFEHT 57,

2.1 Stirling DA DEEEAR

H Y3 DHEREERE f,(z) = e 2" /T (n) (x > 0) ORPPERE (¥ Fourier Z5#1)
Fo(t) 1ZRD &S IZEHRI NG

F.(t) = ite - dr = —(1—it)z,.n—1 dr = )
(t) /0 e f(x) dz —F(n) /0 e T T =L

ZIT, BB EOEFZEL o IT/HLT

1 o 1
- / efattnfl dt —_
T'(n) Jo an

ERBZ o, ZORAIE Cauchy DFEDEH % i > TRESY.
Fourier DN A L V10,

e Tyl 1

T(n) 2«

00 ) 1 00 —itx
e (1) dt = c

Jul@) = o ) At

dt (x > 0).

ZOARI ZFRHTU £ 2L Stirling DRAXDIEHIZS U,
ZORANEY t=/nu LE#BRTDZILIZEST,

ne "y n [ et L e
Vinfa(n) = Tn+1) 27 ) . (L—qdt)m dt = %/ (1—w/\/_>

Stirling DAR%E FEHAT 5 720DI121E, 2D n — oo T 1/V21 IZPERT 2 Z L 2R3 IX &
V. D7D IR DB DR N & S

1 e log (1- 2\ —iuv/
og———— = -nlo — — | —iuyn
S0 /) T

X u2+ 1 u2+ (1)
=n|l—=——+o0|— —uy/n=——+=+o
vno 2n n 2

THFIE Z OFEHEE https: //V\ ww.math.kyoto-u.ac.jp/ nobuo/pdf/prob /stir.pdf % R THI> 7.

SHERDMWIINT A =R — n IZDOWTHEM 2R D Z & L RMEEENH 2D n ROFIZARDZ Z LT
FETHB.

9 Cauchy OB EHZMHHLR TERED. EillE fla) £EL L, f(1) =1 THOHWABEAITE -
T f'(a) = —(n/a)f(a) L72DZEDRDLMNEZDT, TORANMELND. EOFEEH o 1Zx9 2 ZDaAE
t=a/a LWV EBBDIZE > TAZIGEING.

WFourier O KER/A R DFEH DI DWW TILE 5 fid SHEE &,
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2.2, IERULI N2 T 2~ 73 AT DR B A D 2% mUDUR 7

U7ZR>T,n—o00 D& X

&Y, n—o00 DL E

n"e/n 1 [ eTwVn L[ e 1
(n) = ——— = — S — — RS T —
Vinfa(n) T(n+1) 2n¢/¥0(1—¢u/v%yzii__*2w - Y=

ERDBIENDOMNDBY. RBEDEFESTMRIZIEDFEE o IZXH LT
/ e~ v dy = var

BRIV 2T Stirling OARDEEH X v 7z

2.2 ERIEINTEAVITDHDEERZRERBDE KUK

MR BB f(x) = e %" ZHOMERERE X, L /L E Y, = (X, —n)/va
DT AR TRTN 0 & 1 IRZDTH- 7 (Rifliz R &), Y, OREREERII

ey ) et (L 4y )"

\/ﬁfn(\/ﬁy_}'n) = \/ﬁ F(n) = F(n) 1+y/\/ﬁ

W85, TLT,n—oo DX

mg(ewmy(1+g§%)n)::nbg(1+~§%)-—v%y
(L) e

BOT, n—o00 TeV¥1l+y//n)" —e V2B X5 1+y//n—1282.
ZAZ, IRDRANL T D Z & & Stirling OANIKFEMEIZZR S:

e V= ny 4 n)t R e~v*/2
I'(n) V21

TRDOD Y, OMEREERBUEETER DA OMERE LRI A RN 2 Z & & Stirling
DRAXIKFHETH D .

FT YA DN THER B D £ DR D L AL THUDMRBRE BEASEAZ L T % Z
& & Stirling OARIXF UEIIZHD.

Hpg2 Z3EBH U 72 1 U, 72 & Z21E Lebesgue DR EH % (i 21X LW,

22 AR Gauss A DAR [T e dr = T Tz =u/ya LEHPEREEHBTNIEOND.
Gauss ADARIEUFOE S ICUTHHAING. £ll% [ bBLE P = [T [ @) drdy ThH
D, 1213 2 = e ) D25 7 LM 2 = 0 THENA UNIPROFER] OWRFEE LRI D, T/
DET 0< 2z S 1IZBITLWHMIE —7log 2 TR D DT, TORMEIK fol(—wlogz) dz = —w[zlogz—z|{ =7
8%, WZAIZ T = /r. Gauss MO RRDOARGEBR L ZAIIHEARNHTRLZEZIATHY, LT
DEFRBHTHKDZ L ZATHD. UNLUEDOZEIINIDKEKETH 2 Z Wb hNIE, TDEI 2 TOW

HEABOMIC LD Z e NEMAR 7 BN TRIEHAP DN L. FHRIZRDDIE T TOE D% EREHE
LZDTIEELS, P DL%3IELAEZNSGTHD.

\/ﬁfn(\/ﬁy + n) = \/ﬁ
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Y,, ODHESR 4 A B B EHE TE 1514015 O HESR 5 1 BB 4% DGR % 2 & O MIE
Jf(n) QU & AR £ 512 LTRLND:

\/ﬁ /oo e—it(ﬁy—&—n) 1 /oo - —zt\f
: AN T .- wy__ €
Vs ) =0 | g =gy Ry
T [ _. 1
— e~ M2 dy = eV (n — 00).

21 J_ o V2T
BEDES T, Cauchy DFEEHL L DB

o0 o0 —0o0

ERBZEEHN.

ZDE DI, AV~ A6 OMERE BRI DO RMEE D Fourier 2112 & 2 Rm % i A 13
TR I D A PR D L X)L TOHIMBIREH 2 A A IR T 2 &N TE, TOREHRIZ
Stirling DR & [FfEIZE > TV S.

2.3 HUIHHEDOEFMERE E Fourier REEAI A A WA WAE
HUEHBOERELY ,

n!l=T(n+1) :/ e "z dx.
0
BAZEB%Z x=n+vny=n(l+y/y/n) IZ&>T y ITEHT DL,

n'—ne"\/_/ (1+%> dy.
WA
b= = h(y):{eﬁyuw/ﬁ)" (v > V),
e U v <~V

LB, ¢ = [T haly)dy &85 loghy(y) D y =0 1ZFF% Taylor EFIZEL ST
log h,(y) = —y2/2—|— o(1 )(n—>oo) ERBIENDOMNBDDT, limy o hn(y) = e V2 &7
52N bnd. XIHI

o

lim hn(y) dy:/ e V12 dy

n—o0

S FE L REIRDIERF D% RS 2 & BT ENUEY, limy, oo cn = V21 BEOND.
974 HH Stirling DA

I ! 1
m —— =
n—=00 Ne~N/21n

BERRN & bR < CHEABICHMI NG, 22 21, e~ D Taylor B % /A U TIHF S & 17
UTHAATES. B U<, WD f/(y) = —yf(y), f(0) =V2r 2L T2 I enbbEmrhd (£
WU TS Z IEH AL THIE D2 D). Cauchy DR EH % £ 2 X RN u + iy (u > 0) %
v>0 CEIMZZERMYE2FETULAOLFAL LS ICRAZHPEIELNDS.

Ly >0 T hy(y) S hi(y) =e V(1 +y) B, y S0 T holy) < e ¥"/2 BELLTWB DT, Lebesgue D
ARG % 2B IRT ZEMNTE S, Lebesgue DICREH Z DR TE | |yl £ M T h, P—FRIN
KEZZ L 2HVTRTILETES.




24. BHEWRIZAA 2RDHEVIERDIATELUTE S Z L EOMRK 9

NESND. Z DHHE T d NI Fourier B O RIERII B ETIZR RS,
FE 5 LR DIEFF 22 # % Lebesgue QIR EH TR 72D IZ1E

L (y) =
Taylor DEH LY, K y> —/n TLIZHD 0<0 <1 PFIELT,

2
Yy 3 1 " 1
Ly)=—%+Ay,  A=10(0y) = :
(¥) y 3! w (0y) 3vn(L+0y/y/n)? =0

2
ZED limy oo ln(y) = —42/2. DRI limy oo ha(y) = e V2 L B2 ZERNDND.
yS0DEE AP <0 BDTL(y) Se ¥/ LBRBDT, hy(y) < e v'/2

y =0 LIREL, [1(y) =log(eV(1+y)) & L,(y) (n 2 1) ZHIEL &S . £91,(0) = 1,(0)
Thb. TUTU(y) =—y/(1+y), I.(y) = —y/(1+y//n) DDREZHETZ L, /n 21
IV 14y 214y/y/nBOT, Iy 21y (y20) £83. YRIZ, y > 00D X
L(y) 2 1.(y) £8%. TRDS h(y) Shily) =e V(1 +y) £ 55,
INTRIREZENRIN

24 BHENMKELQHA2ELSGHVERITTEUTES I & EDER

WL RN AT D WERZ M n HORERER X, X, 1DEDT Y, = X+ +
X2 CEFBINIMERELY, OMERDMEZEHHE n DA 2T DH LTS

HHE n ORA 25N shape 28 a =n/2 Tscale X7 =2 DAV I FAHITZFEL.
FHZHEHE n O 1 2 FTes i OREREEHBUE

e_y/Q n/2—1

ey (y > 0)
fn/2,2(y) ={ T'(n/2)2n/? )

0 (y<0).

IZRY, TOFESEIETNT v n & 2n IZ8D. T8O,

0o ¥/ 2yn/2-1 ; ) ) e~ @i+ +al)/2 g J
/0 g(y)W y—/7L9(w1+-..+xn)—(27r)n/2 Ty da,.

COEEEZRTZOIE, AVINAOHEELID  n =1 OHE&EE2REEX+HTHS.
n=1DHEEDOFFEIIAREMNIZH Y AR L T(1/2) OBRBRZTOEDTHS. EEE 2 >0
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Tuo=y LEDEBZERTDHIILIZEST

oo ) e—%%/2 p ) 00 e~ y/2 y71/2 p 00 efy/2y1/271 p
BEDOFESTI(1/2) = 7 2Hio 7.

MatZOMATIK, HHE n 2 KRE<TD L, FA1 2 R/AMXFED n THEA 2n D
EMDAIZP S VEMNS ZERESHOENT WD, TOHREIZH V<3460 FLBRIRE
HZOEDTHD. TUT, #ifliCmRU L& DITERIL I N A 2~ 7346 ORER B L X
PSREHE ER A0 12 & RPUR T % L0 S KR & Stirling O ARIEFEME (A U S OFEHR) 20D
Tholk. U2 E OB LRDEIITHLEAD I LB DOND:

EHE n QA 2 i % RTINS 0, 08 1ITIERET 2 & & n — o0
T T DR L E A EHE (R LA DORESR B L BBUZIUR T % & W D e
WHWTELHOENT WD FERIE Stirling DAXNEFETH 5.

Y 5IHEH R L <o TWD A, Stirling DARIE n — 0o THA 2 FBOMMNIEH D
HIEDLKZEERUIEZERLTWS - oTHW.

2.5 —ROZEDHOBIREREICEEY B KB AR

— B D54 O FULMB PR E BT DWW T KM DS BRSNS B

X1, Xo, X3, .. (ML THEUWVERS A2 OWRLEHDFN THDLTEH. IHITTH
SIFFEY = E[Xy] 08 0? = B[(Xy — p)? = E[Xi> — p? 2RDOERETS.

Y, = (X1 4+ X, —np)/Vno? LB LY, OFEEHENRITNENO0 & 11285,
ZDEE n— oo DR T Y, OMERSMGATEY 0, 588 1 OFEHE I H 4612 ()72 7=
R C)INRT 2 &\ D DD HUMEREFETH 5.

LR DFHED 2D Xy & (X —p)/o TEIMRDZILIZTD. ZOXDITEIHAT
EY, 3EDLLRN. DX X, OFEHEFEITTNTN0 & 1IZRZDT, X, DFF
PEEE % o(t) = B[] &L L,

2

ﬂﬂ:l—%+uﬁ)

Y,=(Xi+ -+ X,)/yn £BLLY, OFEFLHBETNTNO0 & 11248, Y, D
MR RBIR IZIRD & D IZEHRE I NS

B[] ]ﬁlE[eitW] s

tz 1 " —t2/2
=({l——+o0|~— —e (n — 00).
2n n

W 212, Fourier D RKERAR K D 1Y, OMERELZEE f,(y) &

Bt/ /n)™ WAFES R 513 Y, (BT % Fourier KEEARDKERIXHBUZ 2 5 M8, WS THRVGAIC
IEHIEIZ R HIEDOINREEZR D ZLIZR5.
16—fiZid R LOMRAEIZRD.




2.6. IHZAT D HUO R E B 11

2781, 2K n — oo CTHEAEIERTI A O = 4 B2 B 4K

00 )
i e~ M e—t?/2 gy eV
21 J_ o V2

(PR 2.

2.6 “IEA®WOHOIBRER

PLETIIERDAD TEY)BRERTONGRE] IZD2WTIEREACMEHIAL Bno7z. 2
DEITIET D /U DV T ZIHIME 2 Gl O TR T S
X, MITHMMGT D HEREHD L X, g(X,,) OEAFHEIX

o) = 3 ot6) ()b

LEHEIND. ZITO0<p<l,g=1—-pThY, n FEDEHETHD LU, (}) IFIH
REERDT:

ny n! n " /n k. ek
(k) S pr @t s ; (k)x v
E[g(X,))] BB OWRTE < O IE TV X EE (TN AME) 6(x — a) dr %> B
5%

n

B0 = [ondn g =3 (7)ot - b

R k=0
ZD &I, ZHNMG OMERBEEHRE f,,(2) ETIVAEE(TNVEAUE) ZH>TRDOIN
5LBZEZHH, EE OB TIEAR B (LD EMICIEHIE) ITR>TUED. FFICHER
BEERBOPR 2 @0 E ORBOZRINKTERAD ZLIFTERIRD.

TD & D BIGE IR E RO K IR TR <, BIRHENEKE g — Elg(X)] O
INH % & 2 X LN,

BRI R Tl —MRDOEE ¢ (T2 Elg(X)] 2% DTIEAL, H2RHEED
BRI g 1IZBT 2 Elg(X)] 2%\, TORNBEGEDFHENS —BDEEZE WD K
DRIENEL TN,

T DOHRIFINSHERZE X ORI ox(t) = E[e™X] 2> 2 & ThHD. FtEp#ux
R ETHEICHSED 1 AN O—RREGEREIC R 5!

lox(t)| = |E[e™]| < E[|e™]] = E[1] =1,
gg@ﬂ#+m—w@ﬂziﬁﬁmﬁwﬁh—UHéEUJ“—lﬂ—+0(h%O)

BED 0 ~NOPER Tl Lebesgue DINHEH & FW 72, B g(x) 2

o) =5 [ g ds
™ —0oQ
VTR B IE ) R ER T O R E Z R D2 BEDRDH D.
BY A 77 OFIIET 205, B AadamiE LR,
WTFN A (TIVARNE) 6(x — a) do FEFEE f(2) 12HUT, [ g(@)d(z —a)de = g(a) 12&>T
EHBINTNDEERD.
0 Z DRIDOIKIZFHUNR & FFIEN D .




12 2. AU ORVERE 2 W Rm 0 5 DB
ERDINTVWAETEY, DL Bl LHADIEF 2T HILild>T

Blo(x)) = 5 | T B d = 2 [ Gtex(t)

o) o)

COAREY, HERLHH Y, LHERLB Y 12OWT, BHEEREE o, DB oy
2% SR L TS, Y122 5 22128 2B OB g(y) 1K LT E[g(Y,)] &
E[g(Y)] IDURT 5 2 & % 5t 52, BEBOURERZ 8 % &b — D55 & 00 v DI 52 B
ZOESBHTERING.

ER. MERZIY, ORHEREL oy, DB ¢ IZERIPURL TOTEPHRSED B ¢ 238
% HER Z ORI 8 > TO R WA TIRRERZR Y, IFHERZBUTICR U BV,
PR oy, DIHATTHEBEREE @ IZHRIDURT &8 51, FEEE ¢ & fFDMERAL
Y AFEL T, MERZBI] Y, VY IZFPURT 2 2 e MRL TR, 0

I AR O HULEIRER 2 R T D . “IHD M ORMEEEU
ox. (t) = BleitXr] = Zeitk (Z>pkqn—k

k=0
- n ; - % n
=D (k> (pe’)"q" " = (pe” +q)
k=0

BB, ZHMMDFFE DEIEENTI p, =np & 02 =npqg TH 2. DA ITHEREE
Xp — o Xp—mnp

o0 \/npg)

DIFEHFEFFIFTNTNO0 & 128D, TORMEREUL

Y, =

oy, (t)=E [eitYn} - E [e—itnp/meitXn/\/Tm]

_ e—itnp/\/nT)q(an(t/\/n—pq> _ e—itnp/\/TPlI (peit/\/nT?q + q)n
_ (peitq/\/nTJq_l_qe—itp/\/qu)n

L2352, X, OFMEERBOANEREETIC, X, —np = X, (p+q)—np = ¢X,, —p(n—X,,)
ZHWT, EEMIZ

oy, (t)=F [eitYn} -5 [eithn/\/We—itp(n—Xn)/\/qu]

_ Z pitak/\/ipd ,—itp(n—k)/\ /b (Z) pk qn—k
k=0

S (2) g iy
k=0

_ itq/\/npq —itp/\/npq n
(pe +qe )

272 2 g(z) PR T HNEZIDEE g(t) TIDE DI g(z) ZFRTES.

27 b ZIXH RGO RS

BREEEOIEHTIE, g(y) BABDEBTH 2 & 5 BZHFNFWGEITIORZ R U, TOMRE UT g(t) &
DIRNEED Y Z A (Bl 2 3H FER B DER) ICEENGEDORRE L.

24Bochner D EH.

Bz p=q=1/2D1 % ¢y (t) = (cos(t/v/n))".
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CEHETDHILETES. I

- 2
pett VL — 4 tpg 9t +0 (L) 7

Jnpqg  2n ny/n
- 2

—itp/\/Mpq _ 1tpq _]i L
ae 4 Vpqg o 2n Y ny/n

2RATDE

m=(1-L o))
P 2n ny/n
DT

lim vy, (t) =e
— 7, BYEEHI DA DHERLH Y ORpMEEREIE

. & 3 €_y2/2 2 2
py(t) = B[] = [ &% dy =e"/
—so V2T

I&), EER T T ATEENDEE g(y) IXD2NT

LRBDIELERED. DL

L k — np) (n> o 00 e Y2/2
lim piq" P :/ dy.
nﬁm;g < g ) \k _Oog(y) var Y

) MaSySbDEZEMN 1ITRY, TOITRVE X 0 IZRDIEBDOLEITIE

X — b —y?/2
limP(aén—np§b):/e dy.
n—0o00 . /npq o A /2T
PA BI040 OMERZE R X, OHSIREH TH 5.

3 Laplace DAZEICLBEH

HiEl & TIZHHA U 7= Stirling DA XOFEINZAE I A > < BRI (H >~ 5347) Y Gauss
*ﬁﬁj\ (IEMDA) TEBIND Z L ZHWIEHAZ L ZZA6NE. Gauss I L Dl %
Laplace DHELIESNZ EN3H 5.

3.1 AVTEHHD GaussT@aDICL BEUEFE>-EH

AV BB % Gauss B CEESELIT S Z £ 12X > T Stirling DRAXZRT D.
log(e *2™) =nlogr —x & x=n 'CTaylor@Eﬁ'é’ét

(x—=n)* (z—n) (z—n)!
2n 3n? 4n3
262 ZIIERBHEGEE® o Sy < b TEA 1 IZZEDTRVEF 0 ILRDEHR Y.

nlogr —x =nlogn —n — +




14 3. Laplace D HEIZ & 2 EH,

BOT, n WREZLE I =T(n+1)= [ e "a"dx
[e’e) _ 2 o]
/ exp (n logn —n — (z—n) > dr = n”e_"/ e~ @/ @n) g0 — premm/2mn

oo 2n

THEBPIND Z VDN D. PRI

nl ~n"e "V2mn (n — 00).

Z DELLDOREF % scilab THIK 2 & IZ &> TE- g% Y 1 v X — D L1017 THR S
ZEMWTES. ERIOBAEFIEY 7 N scilab IZDWTIREHEDY 1 — b 2 S U TAL .

DA EDFEIE T Stirling DA R DR T nhe ™, \/%@%M%“Wﬁ gn(z) = log(e *2") =
nlogz —x @ x =n IZHF S Taylor BEADEEIH L 2IROHIZHK L TWE Z &30 h
3. 3MOEIE [ yPe v /ody =0 BOTHFE LA

U\J:@ji?%%?fﬁﬁbf% L FHIEIHD 1/(12n) FTEH LU TAHAL S,

el A0 ABRESS & Y Y EBOBBRIEATO®@EY : k=0,1,2,... D& X

/ e’yQ/Qy% dy = 2/ e’y2/2(y2)k dy = 2/ e *(2x)
oo 0 0
= 2’%/5/ e~ k2 dp = 2521 (k + 1/2)
1-3---(2k—1
=252 2( )ﬁ:1-3---(2k—1)\/2ﬂ.

Fe ZUE, [Z eV Pdy = [% e vy dy = /2m,

/ v?/2 4dy—3\/ / e V2 6dy—li’)\/

INEDRAZELLFTHS.

HYXHBOBMARROBEDPZER v X n+vny=n(l+y/v/n) 2RATDL
) +1=/OO e~ dir = ple" / (Hi) dy.
n (n+1) i r=n"e"Vn NG Yy

RSO Z ¢,(y) LFEL &
2 y3 o 1
¢n(y)=nlog<1+7) \/_y—— 3\/_ 4n+0(5> (n — 00).
REBD o(1/n) DEBZE n ZWIT7/2EIIn 500 &FTDE 0IWTPETIETHD. WA

n 3 4
SN T R S O A 1
‘ ( +\/ﬁ) ¢ P (3\/5 4n+0 n
3 4 1 3 2 1
— e v2 (1 y Yy (Y —
‘ <+3\/ﬁ 4n+2<3ﬁ To\n

3 4 6
— V2 (1 Yy Y v l
© ( +3\/_ T T\ )

T3, Stirling DARDE 1 FIRIE E TOHERGEERH, U Vol. 31 (1979) No. 3, 262-263 Tl Wallis
DRRDKEEACIZ L > THE 1 MEHZGDS HEMEHINT VS, B 1 MIEEMN O Stirling ARD 5 U
WEEHIZ DWW T, S iE i, B A B4 5 Stirling O A XD YIERFER, 2% Vol. 36 (1984) No. 2,
175178 &\ SR D B . £E D SCHROfEF % L F TIESHIT U 7.


http://twilog.org/genkuroki/date-150709
http://twilog.org/genkuroki/search?word=scilab&ao=a
https://www.jstage.jst.go.jp/article/sugaku1947/31/3/31_3_262/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/

3.2. B DH Y v E WA E L CREIE % 384 5 5k 15

o(1/n) DB EEND n OFFEHTESD 1 OEOREIE y IOV THEBIZRD Z &
ICHEE L. AEEE e V2 OO —co <y < 0o IZPIFBBENIEZMNA D DT, ETHS
LTBBWEARIZE TR ELNG:

o) n o) 4 6
vy (1. Y ~ velq_ Y Y 1
/_\/ﬁe ( +\/ﬁ) dx /_ooe < 4n+18n dx + O —

_ Vo _3Vor 15m+0<i2)

An 18n
—\/_( +m+0(;>).

1 1
n!=n"e "V2mn (1+—12n+0(n2>) (n — o00).

CHTH IMIEE 1/(12n) PMME6N722 B 1HHIEE 1/(12n) &, n PRELE E, 0!l D
n"e "2 I K BIEBIDFEAIE n WK IR E X nl DIED 12n SO 1REIZRDZ I L %
BEHRLTWS

Wz Iz

3.2 HUIEHHOAVIEHHMERWEUTHEERZSTEYT 2 4H%

Laplace D2 & % Stirling DARDEEA & 2 D—#ALIZEI U Tl Gergd Nemes, Asymp-
totic expansions for integrals, 2012, M. Sc. Thesis, 40 pages D &t LU\, AR CEHT % 4
EOFEMIEZ DX D Example 1.2.1 IZHD. TIIZENTH D HiEEMH->TE, Stirling
DARDMIEIH 1/(12n) 2AHIIH/D I LMNTES.

RORAKEMD e 2ERL: FED a>0(a=00 2EL)ITHLT,

a 1 an I_‘
/ e M hdt = —/ e "2 tdr ~ L) (n — 00).
0 n Jo n’

t=x/n LEDEBZEBRLZ. ZORAXZMHRIL,

alf(sl) i OéQF(SQ) i
nst ns2

/e Hagt™ ™ +ant™ 4 ) dt = (n — 00)
0

D& D BEEDNHEEIC RS, g FHWT Stirling DA XD RY DHEIE 1/(12n) 25T
HED.
flz) =2 —log(l + z) (x > —1)

CRED, M2 E y=n(l+z) LEH#ETLZILIZEOT,
n!:F(n+1):/ e Yy dy
0

:/ e "M (1 + x)"” ndazzn”“e"/ e @ g,

1 1

BEROFHEHS RRICLTRELNG.


https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf
https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf

16 3. Laplace D HEIZ & 2 EH,

SIZENZ c>0&8 <05 8IiZ&oT

n' 00 1
— = / e @ dy +/ e D dg,
ntTte™"n 0 0

BLE flo) =t BULKIE f(—z) =t LR ERZERTEIIE, BODEMN ETHIL
EIIZBRDZESTHD.
JMIENWHRER I L 2 MR L KD, f(x) = 2 —log(1 + z) DEEHEUE

l_x
1+2 14z

flx)=1-

BDOTx>0T fllz)>0&8Y,-1<z<0T flr)<0&Bd. flx)ldax=0T
BAKME f(0) =0 2Kib, o > 0 THHFAKMNL, 2 < 0 THHFABPADTD. PRIz >0 &
1<z <0DTNTNT ¢t = f(z) IZHEE 2 =2(t) 2FD. 2 =2(t) DEFELSTD
DI Z D 72D,

=o'+ Bt + 3% 4.
£ BT

2 $3

t:f(x):x—log(l—l—x):%—§+%

WRALUT?, a, 8,7y 2 ROTAHLDS. EBRIZRATD &,

a2 0[3 62
t:?t+<aﬁ+?)t3/z+<0z7+7+a2ﬁ+o¢4>t2+~-

A% R U T o, B,y Z3kdd &,

2
05:\/57 ﬁzga Y=

2135, §2D0b

2 2
x:\/§t1/2+§t+\1/—é;t3/2+---

LBELL fla) =t 2%%. x>0 THEIORREZTOEEHANDS. 2 <0 TIE /2 %
—t1/2 TEIMZ, fs Wz & —x CEAIMZALFREZHANVDS. 405

2 V2
— 1/2 = vV eu3/2
x =2t St 5t
EBELLE f(—2)=t B2 LEDETNTNDHEIZENT, BT

dz — @ $/2=1 4 gtlfl + \/_E
dt 2 3 12

PLED 2 DODBAET t OBEIROIEIZIE —1 208D S . HEfEHIEE S /-

B2 4L

2| < 1 12812 Taylor JBH log(1 + 2) = 2 — 22/2 + 23/3 — 2% /4 + - - 3R IC K < fHibNhD.
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fla)=t EMALBEBEBRTLZLIZE>T, n—s00 DEE

/ e (@) dxz/ e_"t@ dt

> V2 2 V2
_ —nt [ V%, 1/2-1 | “,1-1 , V“4,3/2-1 .
/0 e (2 t +3t + 122& + dt
_VR0(1/2) 2r(1)  V2r(3/2)

- 2nl/2 3 T 12wz T

V22 Vo

T2 3 T T

LRD. BRI T(1/2) = 7, T(1) =1,1(3/2) = (1/2)T(1/2) = /7/2 Zffio72. £ 5 —
FOBEBIZDOWTE, f(—z) =t EHEPERH=ZEBRTLILIZL>THRIZLT, n —
DL x

T opl/z 3n ' 24n3/2
e85 . UED2ORLEDED L, n DBEELSD 1 DIENPTRTEFy IV, RN
Bohbd:

/1 Cnf(—a) Vor 2 Wor
€ dr =
0

nl 2w m+0(1)

nntle—n — pl/2 + 12n3/2 nb5/2

ZHUFIRD LD IZEHEZIEIND:

n! =n"e "V2mn 1+L+O 1 (n — 00).
12n n?

(n — 00).

INTH1DOFIEHE 1/(12n) & Laplace D AETRD S5ND Z Do 7. 82 OFHIE
HPARES [FERRICLU TRDHND.
FER. DEOFEIZENT “4+...7 EFONEHPIIOWTHEENBETHDS. TDOI L
ZUA T OFHEHZ RviZhng.

1 tk
141 + * +( ) +( ) 141
BDT
et T(1) TI(2 I'(k o etk gt
/ — ( ) o (2) —I—-”—l-(—l)kl%—l—(—l)k/
o 14t n n n 0 1+t
o 1 (k—1)! et dt
= 2 g (=) S _1k/ )
Syt pra i e) T

FOERTIEIZDOL BHOEFNSLEE “+...7 LG LU THRAZ. < EORIFELWY
ARZEN,

XAl L (E=1)!
_ -1 k—1
/0 1+t ;( ) nk

FEFEORKRTELONARTIEAY. ZERLIEAUIEEARIZKRER n LU TEI
RUBWPOETHD. “+---7 O I RN 2 FHkT 2 LRI D2D0TIEARL, “A
PEAI+RIARIE” 2 RKT 2 LRI L THENRIT XN TR, 0
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4 YEAR®D S L L Stirling DA
Stirling DARITIR & [FHETH %
logn! — (n+1/2)logn +n — logv2r  (n — o).
&Y, MOFNERNENND
logn! =nlogn —n + o(n) (n — 00).
ZIZToln)ldn TESHBIINn —s00 £TDHL 0ICNKRTIEZZERTD. ZNEID

HiCIIEARD 5 LW Stirling OARXEIERZ LI12T5. ZOARTHAUZLL T THH
B EDITHEWZEIHT A 2 N TX B0,

4.1 THERD S L\ Stirling OAXD 5 L LNEERA

BB f(0) 1220T f(k) £ 7 f@)de £ fk+1) BELLTVEOT,
f(1) 20 %73 BFBEMEE f(x) IZD0T,

f(1)+f(2)+---+f(n—1)é/1nf(x)d:c§f(1)+f(2)+-~-+f(n)-

Wz
/1 Fe)de S F)+ @)+ + fn) < / F(e)de + fn).
Nz f(r)=logz IZHEMATH L&

/ logzdx = [xlogz — x|} =nlogn —n+ 1, logl+log2+ -+ logn = logn!
1

DT
nlogn —n+1<logn! S nlogx —n+ 1+ logn.
ERAY2)>
1 <logn! —nlogn+n =1+ logn.
L7ZR>T

logn! =nlogn —n+ O(logn) =nlogn —n + o(n) (n — 00).

Z 2T O(logn) & logn THIDZ L HFRIZBD LD BEZERL TS,

O T O E RAUEDDS £ 512 o(n) DA IE Ologn) TH2 = L LAMTES. = 2T Oflogn)
X logn CTHEIS>ZBICERIZEDZEEZEKRLTWD.
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4.2 KEAABEBEANDIGAHG

FHBI D 5 U Stirling DARE S &, an {85 bn [HHL2 M E DO (“IHG
B) OXEUL

log (ZZ) = log(an)! — log(bn)! — log((a — b)n)!

= anloga + anlogn — an + o(n)
— bnlogb — bnlogn + bn + o(n)
— (a —b)nlog(a —b) — (a — b)nlogn + (a — b)n + o(n)

a

a
= nlogm + O(n)

D WPRIZ

b

1 an 1/n—>1 S — (n — o0)
g 1, Ogbb(a—b)a—b n — 00).

G Ln _ i (an)! t/n _ a®
wheo \bn) T abee \n)l((a—b)n)l) T th(a — byt
9212 an AN S bn HED MAEDEDED n FtRD n — co TOMPRIF —HREG
BHORDDFHED (kn) % K THEEIHMAIZHEOND.
Z DOFER % MHZNFIROF T RD 1988 HEDEF D A Z R TS 2 AT E 5!

1/n
i (25) sk &,

n—oo mUn

TROL

Z OISR DI

3/(1'2) _ 3% _ o

22/(111Y) 24 16’
AR E fE> 72 NI, 79 Stirling DARZ M S LAGIRIT DMEEE R, TOHIZE
BREFOHPANTEIRIT D Z L 2R L DR Ebhb.

FR. ETRULAEZE LY,

on\ " 22
im (") = 2 =22
n—oo \ N 1111

ZHUFIRZFEERLUTWD (o(n) & n THID L n— oo T 0 IZPKRT D &®):

2
( n) = 92neo(n) (n — 00).

n

Wallis DRZ (5 8.4 Hi)

()= oo

X T OREEAIZIZ >TSS, [


https://www.google.co.jp/search?q=%E6%9D%B1%E5%B7%A5%E5%A4%A7%E5%85%A5%E8%A9%A6%E5%95%8F%E9%A1%8C+1988+%E6%95%B0%E5%AD%A6
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FR. RLKRTIX 1968 FICEIRDIEEZ H LT D & D72

lim %c/gnpn ki k.  (BAE 2

n—oo

ZOMEEL IS MIIE A X1 Stirling DAXTH L. &Y —fRITIREZRED:

N1/n
lim —((an)) =q%
n—00 ne

AN ALY e

((an)HV™ 1

log = —log(an)! — alogn
n

na
1
= —(anloga + anlogn —an + o(n)) — alogn
n
=aloga —a+o(1)
= log(a®e™®) + o(1).

13V Stirling DARZ X IFERIIRE DR 2 @B OHMHN TR 2 £ 5 IZHHHE

ULCTARMEZLTWBDELEDNS.

4.3 XWEHIRDZ L W\ Stirling DA DU E
DUILRTDERERED. HIEK c WEILELT,

1
logn!:nlogn+§10gn—n+c+0(1) (n — 00).

DRTIRIORARZFH U & 55

[

B 4.1 BiCREBA U 726 8K D 5 U Stirling DA R E EDOARDE NI (1/2) logn DIH
CEBIH ¢ ZMFITMATHRLTWS L IATHD. TNOLDHEHT T A7 7IXIRD
@Y. [Mlogrdr = [zlogr —z]f =nlogn—n+1% k=1,2,3,...,n— 1 IINTLES
& [k—1/2,k+1/2] x [0,log k] DEFDIRM & KK [n—1/2,n] x [0,logn] DEHEDH
log(n — 1)! + (1/2)logn = logn! — (1/2)logn TELLT UL, BHARIZ (1/2)logn DI
bNd. ILI, TNLDORAWOHMEGLHE {(z,y) [1S2<n, 0=y <logz} D
EWEERES AT X, [[logrdr & RAMDOHMBDBAIDAEDN n — co TH D EH

WINGRT 5 Z enibnl), EBIHEBELND.
log o IXEFHEIHKE R D TIEDER oy, B %

k+1/2 1 1 k
ap = log x dx — = log k, Br = = logk — log x dx
k 2 2 k—1/2

CEDDIEMMNTESL. ZDLE,

n—1

1 n 1 "
logn!——logn—/ loga:dszlogk+—logn—/ log x dx
2 1 p 2 1

=—o1+Pr—as+ 3=+ Bt — a1+ Bn.

SUERL ¢ 8 log/2m TH 2 ZLIXEHMITH 2, Wallis DARZH XL ¢ =V2r THD I L E2RES.


http://d.hatena.ne.jp/gould2007/touch/20071127
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ZORKRFM n — oo TPRTDZ L EZRLUZW.

logz MEIZMTHDZ L XY, BH] oy, By, o, B, s, ... WHGHIEADT D Z LA3DNY
logz DEEEN © — 00 TOWXNKTZZ L&Y, ZOHEINX 0 IZNEKETZZ 2 E DO
5. WRIZEDRMRHMIE n — oo TWHTZ32. TOINHEE a L FEEZ, c=14+a 5L
E.n—so00D&ZE

1 " 1
logn! = §logn+/ logzdx + a+ o(1) = nlogn + §logn—n—|—c—|—0(1).
1

c=log\2r ThdZ &% Wallis DARX (BES.4Hi) 2FHoTIHL £ 5. nl = nntl/2e eceol)
% Wallis DR

22 (nl)?
Ve =l G

WRAT D L,
22nn2n+16—2n€26 e

n—roo 2201220+l e=2nce /5

WZIZ e =21 THD.
2T Wallis DR % 2K, M EAKD S U\ Stirling DARZHR TSI L I2L-> T,
HEH D Stirling DA n! ~ n"e "2mn BWEHEND T EDDNR-S 7.

5 {1$%: Fourier ® REZAT

B REE % 92 DE DIZARWAY, Fourier D KA DFEHOBIIE I DWW THAL £ 5.
BREL f(z) (XL TZ D Fourier 24t F(p) %

Fo) = [ e pa)ds

oo

CEDD. DL ZEB FIIOVWTHYAEMEZIEL TEL &, TS U 2 EY 2=
kT

f@) =5 [ e Fwa

WKL S 5. 23 7% Fourier D KEEANT & IS,

5.1 Gauss DHmDIHFE
a>0Thd&l,
fla) = e
LB X, F(p) 1&T D Fourier ZMiTH2Z 45, ZDL &

F(p) = / ePre2?/(20) g0 — o=P*/(2a7) /oq

[e.9]

320 LLEDEB TR I Nz 0 1R 2 EHMA T a, DED B A 350 (—1)F Loy BIGRT
5. (MU B & 125 A0



22 5. fI#k: Fourier D KHERA
NEGIELND?. ZORNRT 2, a DENTNE p,a ! DNGERILTDEILIZEHST

/ e~ P eP?/ (207 dp — ¢72*/(20)\ /o411

oo

PEoND. LED2ODEREEDED &,

f@) =5 [ e Fw)dp
WELND. TRDL f(z) = e /20 (ZDWTIE Fourier D KEEA R L TV 5.
—fIZ f(z) IZDWT Fourier D KEEA XA L THIUR f(z) 2 ETBEIL TR LN
LEEL f(x— p) IZDWTH Fourier DKERAADNEZL TS T ENAGITRING. FE
BX, F(p) % f(x) O Fourier £#t& 3% &, f(x — p) O Fourier ZH#id

/ P f(x — p) dx = / eP@E) £ (") da! = PP F(p)

[e.e] —00

W80,

L —ipx ipp - e~ p(z—p) — _
5 | e e Ep)dp = o F(p)dp = f(z — p).

PALEIZE ST, flx —p) = e @ w?/(20) L’)b\f% Fourier D KA RXMWKL T B Z & A
Doz,

W Fourier Z#45 & O Fourier Z2#1OKIEME &V | f(x — p) = e~ =10 DO IO
FRIZRINZ DWW T E Fourier D KERAXD LI L TS Z &3 Dnd 3

5.2 —MRDIFE
a >0 128 UTHEE pu(z) %

1 2
— —z?/(2a)
pa(l’) \/%6
EEDD. T pu(x) >0 & ffooopa(x)dx =1 %~ LT\Wd. TUTHIHIDRERIZ
& 2T, pa(z — p) 13 Fourier DKEEAR%Z 72 LT\ 5.
BE f(2) (SR U TS fo() % po & DEAAARIZ & > TEHE f.(z) 2EDD:

fule) = / " pala — ) f(y) dy.

—00

IZ DWW T Fourier D RERARXMDENL L TS, FERE, f,(z) D Fourier

R = [ empae= [ ([ empa - i) st dy

33Cauchy DR EB % H 5 5%, e'P” D Taylor JEH % RA U CTHBIR S S HIE, 0 & ALDE U
RHBRZHHZ U TS e 2D HER EHBDOHETESIERETETHS.

MYLEDOKE 12T D& D BRI O R TERDOIND. L72h-> T, Fourier DKEEARDFEHH DA
BRI INTR T LTS EARED.

35 f,(x) & Fourier O KEENRMEL U TSI po (v — p) DEA f(p) TOERGHERDT, ZHid
FEAEHLENTHD.
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DT

1 00 ) 0 1 o0 . © /
—1ipT — i —ipx ipx I !
e Fu(p) dp /_Oo (27r /_Ooe (/_Ooe Pa(z" —y) dw) dp) f(y)dy

_ / " el — ) ) dy = (o).

oo

2 DOHDE ST py(x — p) IZDWT Fourier DRKILARMNEALT S I & 2ffio/z. XI5

ANONE

F.(p) = / éPe= /2 f () dy = e~ P12 F (p)
L5 pzIz

1 o 1 e

1 —ipz _ - —ipz ,—ap?/2 [ ‘
= o(p) dp o ] € (p) dp
U7Z=hoT
1 > —ipx _—ap? >
o | e P = [ e =)t dy = L)

ELE F(p) WaJfER 72 51X, Lebesgue DINHEH K V) | /2301 DWW T

}ng(g% /_ . e~ e/ F(p) dp = % /_ . e P F(p)dp

MEZD. HEF, B f(x) ITOVWTHEYBERAEZRELZEE, a— 0 D& I fo(x)
A R FER TR f(x) (RG22 & 2 RN, f(r) BEAE YR K T Fourier
BY T IR/NE- i BNSRa \Y SVARY S

T 2, fIFARP O x THAGZ LIRET D, HD M > 0 PMFELT |f(y)—f(2)]
My eR)&Zd fFRIZe >0 %205 56> 0WFELT|ly—z2] £ &
S5 |fly) — flo)] £ /2 %8B, BHE p, DEHEEY, a > 0 2+/NIL<TdHL
Jyapss Pal® —y)dy S e/(2M) 2782 226D D. BLEDRHEDE LT

ful) — F(a)] = \ | e =)0 - 1) dy\

< / pale — )| () — f(@)] dy
g
<[ mle-widyr [ pue-yrdy
ly—z|<6 ly—z|>0
E e
< Z — —
= 5 + 2]\/[]\4 €.

ZAT limg o fo(z) = f(x) PRI N/,
BHITEMBIT BRI OVTIRIROBRIEZZETITHTS.
36 Z U B AAATED W Fourier Z2#03% Fourier 2#ADFIIZE LW & ORIFARIGEIZT IR,

Tpa(z) D a— 0 TORRT-DT T 7 %HIHE, po(z) #3 Dirac D7)V X (FBEE) 12 R LTWD
EOTHRZ M, TNEIFLALHLNEZEE25.
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ORI, MR AN, SIREE (1996), xii+324 H, E1fi 3,800 M.

EH TP AERRITHFIR A DR ZE T Lebesgue Fi43 i >° Fourier f#NTIZ DWW THIER U 7~
FUOLNRWVEE ) TREHRTHY, MFOREOHRTEMBNERE 7 ) T RO
TRBWPEEATRDIEEE >, EOZEREN 2016 4£5 H 3 HEAERYINFTH Y,

TV ITMHEDOODN R EHAUNFIZALBRNI L IZE TERSRILTHD.

5.3 Riemann-Lebesgue D EIE

flz) & R J:O)Tﬁﬁ:l\ (B ThHhd 4D ZDe X, D Fourier £ f(p) =
Jo e f () da IEERBEEREUIC R |p| = 00 T O ATHUBRT 2. KT

o0

lim e P f(x) dr =

Ipl—=o00 J o

Z Nid Riemann-Lebesgue DER (V —v > - IR—=TDEH) LIEIENTND.
f(p) DRI Lebesgue DINHAERI - Lo TRIND . FE, [ehr—1||f(z)| < 2|f(z)]
THD |f(x)] IEHEDRDT,

rf<x+h>—f<x>|g/R|eM—1|rf<:c>|dx—>o (h—0).

INT f OMEREARX Nz
Riemann-Lebesgue O € BEDFEIF I B BEX S BE B BS C© LY BRI ND Z e nH
EEBIZELND. KM I =|a,b ET1IZRY, TOINTO0 ICRDEEHE 1; LEL L,

. b ) —ipb __ _—ipa
1(p) = / e PP dx = %
a —1p

BOT, T1(p) = 0 ([p| — 00). — OIS HEI BT BHERIEZZNE Y US>,

BR EOFHBKET [L|f(2)de < co 2/~ FTEDE R LOWMYEMLITR. WHKHEDOERZ
HIB RO AEUFO &S ICEZT LW, IZF'EEJ I = [ab] HUT L ET LAY [ OIT 0 LBDH
e 1 LEL. Bo EXE L 2B J:O’Cz_lallj ERINDHBIIBEHB L TIEND. B
BB ORMEIIME AT T — fjfﬁﬁbfzb') FHARIZ AR NVZER % 737, Va&"mﬁ f=>" aly,,
I = [az,bz] a; <b DR [, f( dx_z? 1041( z a;) LEBTDIELNTES. BB éﬂzﬁu fn(2)
& [ [fm(z) = fu(z )|dx—>0(mn—>oo) % i 7= & Cié:/ué:’d_/\'C@xeRl DNT f,(z) UK
LT3 <‘:4)§i'§"é. (ﬁﬁ%@ﬂiﬁfﬁ%li}:/uE‘b\f:éﬁﬁﬂﬂﬁj‘égﬁﬁﬁﬂéﬁiﬂé1t%&ﬁﬁi‘é.) ZDEXE
flx) = limn_>OO fn(z) THHE f(x) ﬁfﬁié (L[Xﬁb&b‘ BII5 f OMEIMERIZRDOTEL). ZDOLE
| [o fm(2) do — [; folz dx|<fR|fm ()|dm—>0(mn—>oo)7&0)fffn dr 1 n — oo TIL
KI5, %@HX%S’B@@’S’ Jg f(x) dx 2:£< \.O)JZOQT*Q f(x )’ETF%T%U:[@/\TCJ:D XHIZED
L x |fR\fm |dx—fR|fn |dw| §fR|fm z) — fo(z)]dz — 0 (myn — 00) THHDDT, fR|fn x)|dz
FHBROMEIZPUERL, [ |f(2)|dr < oo £RALL TS,

39Lebesgue DPREH & IR DFEFRD Z K'C“f)é. o RIEEAENZBFT f TR % AR RS T
HY, HEABAEE ¢ 20 TTRTD n IZDNWT |f,] £ @ %ﬁﬁf:a‘%@bi‘ﬁr?éa%, fn OPERGED
f %_ﬁ‘iﬁT?ﬂl BY, BD [y folz)de in—>oo T [o f(2)de \ZWORT 2. ZOEBIZIER IR 20D
TZHELAD e ffibhd.


http://www.amazon.co.jp/dp/4000054449
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5.4 Fourier Z#2DER 2 FDUNR

N>0&75%.
R EOARESEEL f D Fourier 24 f(p) = 7 e f(y) da 1T LT,
| R SR
_ = ipT
(@ =5 [Ty

% Fourier Z#D N HMELIES. N FHOFHIKIRD & S IZEE I ND:

(@ = [~ (5 [ ennan) say

[ee) ezN(x—y) o 667“\](17?”
= d
/_ W

:/Oo sin(N(z — y))
—00 ‘ T(Ji—y)
= [ o)+ s - )y

_ l/omsm(Ny)f(ny)Zf(x—y) dy.

™

f(y)dy.

4DOHDHE STy % v+y THBEMNA, sin(Ny)/y WMBERBTHD L Z&flio7.
§ >0 ZMERIZWD. y 20T (flz+y + fla—y)/y FAETITHS. PRI
Riemann-Lebesgue DEM K V) |
> )f(x+y)+f(w—’y)

li in(N
g, sy

dy = 0.
U7d3>T N ¥OH sy(f)(x) BN — oo TPERT D Z L &,

4 —
%/0 Sin(Ny)f(%Ly)Jyrf(x Y 4y

M N — oo CTPERT D Z EIEXEMEIZRY, ZNONPEET 2 L I ZNODMHIE—HT .
L EDFER % Riemann O BFTEEIE & FES.
PLEDFER % f(r) = e /2 DBAITHEMT S Z 212X 5T Dirichlet &9 (51 ) 2

L) DR
R .
sinx T
lim dr = —
R—o0 0 x 2

RAHEATES. f(z) =e 2 £ BL. ZOL X HWoHTOHELY, f(p) = e ?/2V21
ThD

lim sy (f)(z) L /_ N e f(p) dp = f(a).

N—oco 21

W Z1Z, Riemann OEFIMEEH%Z 2 =0 OHBEIZHEHATD L, EED 6 > 0 1IZD2WT

1 /7 2e~Y*/2
lim sy (f)(0) = lim —/ sin(Ny) ‘ dy =e 2 =1.
0 Y

N—oo N—oo T
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5 2 N ) —y2/2 _ 1
lim / sin(NVy) dy + / sin(Ny)e— dy | = T
N=oo \ Jo Yy 0 Yy 2

FEADHEH DFESY & Riemann-Lebesgue DFEME D N — 0o TOIWZIHT S, ULM->T

5 .
hm/wdy:w
0

N—o0 Yy 5
IHICy=a/N ERREBELTLHILIZLLT,
N§ _: R -
T lim Smxdx: lim Smxd:v.
N—oo /g X R—oo /g z

Z D & 512 Dirichlet #43 DA XX Riemann D JFArMEE R & Riemann-Lebesgue D & H &
e~**/2 D Fourier ZHDEHEN HHEHN B,

Dirichlet S DARTHEPZE R %2 a > 012D ax TEBL, Wil%E £1 5952
EIiZE-oT

R .
i [OSREE) pCLT s0, EERER).
R—oo /g T 2
TRDHIRMWKALL TV d:
n /2 (a>0),
lim sin(az) dr =140 (a=0),
R—oo /) T
—7/2 (a<0).

Dirichlet B D ARIZZ DI TEHIND Z & N\,
R EDOTREDEE f & 2 e RIZHLT, D 5>0 BWEFEELT

(flx+y) + fle—y)/2 - f(x)
y

MO0 <y <6 CHFESIZRD A SIEY Fourier 210D N H2FID 2 (ZH 12 MEIE f(2)
IR %

lim sy(f)(z) = f(a).
ZOHFIFETHRREZZ L EZEDE D LA ITENPNS. Riemann DFATHEEH &Y, T
HOI>0IZDOVWT, N 500 DX

0 X xr —
sN(f)(x):%/O sin(Nz) L4 “’)Zf( Y 4y + o(1).

Dirichlet @D RNADFEAHEL Y, N — 00 D& X

5 o 5
f(z) = lim 2/0 sin(Vy) dy f(z) = %/0 sin(Ny)% dy + o(1).

N—oco 7 Yy

A0 BRI % i 72 3FHE H 5.
A7 D&AEIE Dini D&ELIFENT NS,
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Wz Iz

(1)) = ) = 2 [ sin(ovy R LEZINEZTE gy o)

BLE [(fla+y)+flz—y)/2— f(x)]/y B0 <y < 6 TAMD%A 5IX Riemann-Lebesgue
DEMEY , HiIE N =00 TOIWNERT S, TNTRIREIZEDRINZ.

B5.1. ARSI f R x THAFARERSIE, +3/NSR 6> 01220,
[(flz+y) + flz—y)/2— f@)]l/y T 0 <y <d THAIED.
U235 T f PO ATBEA R 2 2B WT, limy o sn(f)(z) = f(x) DKL T B. 0

Bl 5.2, AR B f DIED R © (2B S EE S DMK

fla=0)=lmflz—e).  fla+0)=lmf(z+e)

PEAEL, f(z) = (f(x+0)+ f(x—0))/2 THRDLEETS. IHITH 2 IXBIFBELD
MR R
f’(x—()):?{r(l)f(m—ﬁ)_—ef(x—o)’ f,(ﬁo):l%f(xw);f(wo)

DEAETDERETD. 208X, +/NIB §>012D0T,
(fle+y) +fl@—y))/2 - f(z) 1{ﬂx+w—f@+0) flz—y) = flz=0)

Y Y

Y 2
X 0<y<d TARIZRZRS. UEDMH->T

i sw(1)(@) = Jim o= [ v i) dp = g = LD S0

N—00 N—oo 2T J_n 2
L3%. [
$15.3. a > 1120 U TEEL fo(z) ZIRD KL DIZTEDD:
1/(2a) (—a<z<a),

fo(r) = 41/(4a) (z = *a),
0 (x < —a £ a < x).

j/;(p) _ i /a i g e—iap _ elap _ sin(ap)'
2a J_, —2iap ap

BRI TH S . W 212 Fourier ZHD N HDFIIIRD L S I12785:
1 . sin(ap) 2 [y sin(ap)
_ ixp —
sn(fa)(z) = o /_Ne ” dp 27m/0 cos(xp) » dp

1 Nsin((a + x)p) + sin((a — z)p)
B 27ra/0 P

dp
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IND N — oo TOMERIK 2 DD Dirichlet B OHD 2ma 57D 1 12745, 1 DHD
Dirichlet B3 &z > —a DL F 7/2 128D, 2 = —a DEZT 0 IZARYD, 2 < —a DET
—m/2 1274, 2 DH® Dirichlet 3l <a D& E 7/2 18D, o =a DEE0RY,
r>aDEE —7/21T85. TNHOMIF —a<2<aDEE g llBY), 2=da D& T
T2 X8, e < —a Felda<z DEZT0IZRD. DRI

]\}L{I})o 3N(fa> = fa(x)

ERDIEDNDND. 0

5.5 Fourier fREXDERDFIDINR
BAF, fIE R EOREM 27 2RDOHBTHY, 0 a2 <27 THEATHD EIRNET D.
ZD& X f O Fourier fR%¥ a, (n € Z)

1 2

— —iny d
b= g ) dy

EEEIND. EOEE N (T LT, k% f O Fourier kD N HoH & IER:

N

sn(f)(@) = > ane™,
n=—N
N HAFNIIRD K S IZERINDG:

1 27 N )

sn(f)(x) = 2—/ ( Z em(x—y)) fly) dy
™ Jo n=—N
1 2m Gi(N+1)(z—y) _ o—iN(z—y)

= % 0 Gi(x_y) 1 f(y) dy

1 27 iN+1/2)(z—y) _ o—i(N+1/2)(z—y)

T on 0 eilz—y)/2 _ o—i(z—y)/2 f(y)dy
1 (" sin((N +1/2)(z —

5 ), e e
1 [ sin((N +1/2)y)

Cor / sin(y/2)

_ 1 [Tsin((N+1/2)y)
o)y sin(y/2) (flz+y)+ flz —y))dy

L. y/2 [ty + flz—y)
= ;/0 sin((NV + Uz)y)sin(y/?) y dy.
5OHDESTy % v+y CEIMZA sin(ax)/sin(fz) WMERETH D Z L 2ffiv, X5
126 D HDF S THAD B D A i % o 72

limyo(¢/sint) = 1 (IZERETIUL, BoH4Hi& o <EABRKIZUT, N HaROPCRIZ
B3 2 HUUDFERMEOLND Z & BDON 5.

Dirichlet #873 DRARDRD D ITIRD AR Z D8 1 XN T

1 [*sin((N +1/2)y)
2 0 sin(y/2)

flz+y)dy

dy = sn(1)(0) = 1.
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(ZIERE D B D LA L A & Y

l/ sin((N 4+ 1/2)y dyzl.
T Jo sin(y/2)

sn(1)(0) = 1 DOFEEFIFIRDE Y :

N 1 2T ] N
(O = 3 5 [ ey = 3 =1,
n=—N n=—N
e7 =1 DIAD e D0 NS 2r FTOEONHAD Z L 2o/,
EORXZE[HES &,

B l Tsin((N +1/2)y)
O

T
D RIT LD sy(f)(x) PDEREY,

y/2 2f(x)
sin(y/2)

dy f(z) = % /0 "sin((N +1/2)y) dy.

y/2 (fe+y)+ flz—y)/2 - f(x)
sin(y/2) Y

LA DR DD BELD sin(N + 1/2)y) DA OEHTIE § £ y < 7 TAEABEDT
Riemann-Lebesgue DEH LV, § > 0 (20 U T,

sv(F)(@) — fla) = 2 / "sin((V + 1/2)y) dy.

™

Nhféo/;Sin((NJr1/2>y)siny(/;/2) (f(:r+y)+f(r;— V2= 1) Qg
WZIZ, N 300 D& X,

sn(f)(z) = f(x)

_ %/jsm(w“m)y)smy(/j/?) (f(fc+y)+f(9;— /2= 1) gy,

WZIZ0<y<d T
(flr+y)+flz—y)/2 - f(z)
Y
PHFED R OIE N — 0 T sy(f)(z) — f(z) A0 TR U, limy oo sn(f)(2) = f(x) DK
NGB ENDMNE. ZORMEMMENLT D OO/ R+ 2R MOFEE 545 LFEKT
H5.

6 [I8k: HU A9 %H D Fourier Z#1
t>0 IR UTIROAADKLL TS

o —a?/)
/ I = (+)

ANADPENLL TN Z 2 HBDHIETRTD.
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6.1 EBARAEMFEDFE
BRI w=u(t,x) ZIRD XD ITEDS:

o—2/(20)
u(t,z) = :
V2t
Z D u=u(t,z) FRATGHRADEARMIZZ->TND:
Up = =Ugy, lim f(x)u(t,z) de = f(0)
2 t—0

2

ZIT f(o) WERBESERTH D, u— ull,r) PESEAE AT I LIRS O3

BTEDITIRINDG. BFHOMBOFEHNIEERIZE 52 HIOKRD D IZENTHD.

WAIZ, Ut,p) = [ e Pu(t,z)de B &,

ot 2 0x? 2/ ox? 2

— 00
2OHDEFESTHABD Z 20782/, XI5

hm U(t,p) = lim e_ipxu(t7 r)dr = e~ — 1.

t—0

U7 oT
Ult,p) = e /2

YRBIENDNE. TNTAR (x) ARI N,

6.2 M’ E—DEMDARBAZR L TWVWBRI &%/ AHE
HiioREE2ZDOE S &,

R — _1 —px — 4 —ipr _—
apU(t,p) /_OO( iz)e”"Pu(t, x) dx zt/ e axu(t,:c) dx

—00

- —it/ (%e‘im) u(t, r)dx = —it/ (—ip)e P u(t, z) dx

= —tpU(t, p).

2 OHDEET uy = —(x/t)u £, 3O HDEETHRAMN & Mo/, X5IC

U(t,()):/OO u(t,z)de =1

00 ) 2 o0 92, —ipx 2
QU(t p) = 1/ e‘deaE = 1/ 86—u(zﬁ,at) dx = —p—U(t,p).

YRB. INEEYD Ut,p)=e P2 2RI ONE. ZOHETHIE u(t, ) HE

FRROERETHD Z L2 FHT 12T,



6.3. MEBIFED CTEIET D Hik 31

6.3 IEHESTCTEtEIT2AHE

LLE t =1 DHAEDAR (x)

0 ) —x2/2 )
PRINEBEDBIE, o, p £TNTN 2/VE, \/—p’C%@’é‘é EIZEST—D > 01
BB AR (4) BFENE. DRICAR (x) &R T OIIBAR (rx) ZFEITAUEFHT

H5.
X 5T sin(pr) FAEBARDT [ e 2sin(pr)dr =0 LRD. DRI

/ e~ cos(px) du = e /> 2

RIS THS. LD cos(pr) 12T D Taylor-Maclaulin JEFE % A A U 72 (2 BT
NTDILIZE>TIDARERED.
Wefls, £9° [ e "2 dr BFRLU &S MORMICEST

/OO e—z2/21,2n dr = /OO (_e—x2/2>/x2n—1 dr

o0

= / e (22 do = (2n — 1)/ e 222 .
ZAZINIIZ n =10,1,2,... 1T LT
/ e dy = (2n —1)---5-3-1V2x (2 )' V2.
NS !

2DOHDESIXELD TR 2n---4-2=2"! Z2NFDILIZLE>TEHELNDS.
LETHEMUZEREZHNS L,

[e'e) oo e 2n
—z2/2 ( _ —x2/2 . n(pl‘)
e cos(px) dx / e (—1)"———dx
/_OO e HZ:O (2n)!
X . 2\n ) ) > 2 2\n )
:Z( ) / e ” /2332"d:v22—( r/2) Vor = e P2/,
(2n)! J_o ~ nl

6.4 Cauchy ODBEQTEEZFED AL

BEMF 2> T2 ANTHAIUTFE LU OVEBHIEBER N B S DO T, LD TIEKR
MEIZFHRE 29 5. Cauchy OB EHZH S L FEH p ITH LT

/OO e~ @Hip)?/2 gy — /OO e 2 dy = \/2r

—00

LRBDILERED. DRI

o0 o0

TR (k%) DRI NIz
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7 {I8%: GaussFEODDETE
IRDNARDER %A BREFFHDOHH Z i L £ 5
I:= /OO e dr = /T

ZORARDEAVE ZA (REHR L Z2) IXMERDOLE A A Z RO OE A E R
DFFIBIZZSTWBZETHD. EBEOFFHTIX

I? = // e~ @) gy dy =
]RQ

ERT LIRS,

7.1 E—DOFED2BY DBELRT-EEVEE

P = [fon e @) dudy i 2 = @) QNLRD Y T 7 LV 2 = 0 1B E N2
FORBEERDOLU TS, TORBEIEET 2 OWEH O n(—logz) 2 0< 2z <1 TH
NTBHILIZEoTHEROOLENG. DRI

1
I? :/ m(—logz)dz = —7[zlogz — 2§ = .
0

BT ZOHENREEHTH 5.

7.2 WERERICLDZEFHE
x=rcosl, y=rsind &MEEEHT S L,

2T 00 —r2 %
"= // e~ ) dy dy = / d9/ e rdr =om | & =T.
R2 0 0 —2 0

2 DHDE S THMRBEFEZEELD Jacobian 23 r 1285 Z e = ffio/-. £ L <IE

dz A dy = (cos@dr —rsin@df) A (sinfdr + rcosfdf) =rdr A df

BROT, K={(r0)|r>0 0<0<2r} &BLL,

2T [e'e)
I’ = // e~ @) g A dy = // e rdr Adf = / d@/ e rdr =m.
R2 K 0 0

42, = o=@ 49) 12 = 22 402 LB L 2 =1(—logz) LB B.
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7.3 Jacobian #FH T ICT OB EHDERICL BEHE

DAFRD &S IZEHAET 2 MO DIEF 3L 1 ZBROERFE S DA% > T Gauss o %
HHETX 5.
=ztanf IZE>T y NS 0 ITHEDER LT D &,

de x?

dy = 22+ y* = 2%(1 + tan?0) =

cos2 6’ cos2 0

£,

I* = /Oo /OO e~ @ +y?) dy | dx = 4/00 /Tr/2 exp _x_2 0 du
0 0 0 0 cos20 ) cos?6
2 =00
/2 00 2 ™/2 | €Xp _ﬁ
— 4 exp (-2 )~ gz ) do =4 ___E___jﬁ) a0
0 0 cos20 ) cos?f 0 -2

x=0

/21 17

— 4 “df = 4=~ = 7.
4 2 20— "

3 DOHDE S THERYDIEF R %275 > 7~.
y=at lZ&>Ty "6 t ICHEDPERELT D2 LIZ& > TAREMIZE UFHEZ E17

THILHETES:
/00 e~ (@) dy) dr = 4/00 (/OO g~ (1419)a? a:dt) dx
0 0 0
00 0o —(1+t2)2? =0
/ e~ pdy ) dt = 4/ R
0 o | —2(1+1¢%)
< dt ~ T
= 2/0 i 2[arctant|g® = 25 = .

3 DHDES TR DT M E 1778\, 6 DHDES T arctant OEEHA 1/(1+¢%) T
HdILEMo,

12

dt

|
A

=0

T4 AVTEHHER—YHBOREBREARAWLEGE

HIE Tl Jacobian 23 THRZAR W 1 DS DEIFE 5 D A% FW T Gauss FE 57 % Gt
B HEEHALZ. TN LD BRHIEICE ST, U v N—2EHDOEK
RE 1 EBOES DEBFRS DAL FHWTIEAYT S Z &N TET, 2DOBEBRANDRH] 2%
HLUT Gauss BEADEZFHAET DL HTED. ZOHONEIZHIHONED AL
ThdLEZOND. #HatF T b2 HEREERHEDOFLBRIZIEAT V¥ PR — &
BRI % 52 D857 OB BOND (B9 H). 72056, HEHFITHIENH 2 5 1
Gauss D DEHED b & UTH Y Y& R—ZEEUIZDWTEZATE W Z AWR)
BNRRWEEEZEZOLND.

Bt =tan DL F dt/df =1+ tan? = 1 +t> DT, § = arctant OBEKEIL do/dt = 1/(1 +2) IZ7%
5. TOI LMD, arctant = [, dt/(1+12) L BB I LEDND.
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5,p,¢ >0 (6 U IXFEHNIEDEFZEE s,p,q) 1T LT,

oS 1
[(s) = / e 2t dx B(p,q) = / P 1 —2) Ny
0 0

WEOTHYYEHB T (s) ENXN—XEHE B(p,q) WEHEI DM
HABEAIZELOTI(s+ 1) =sl(s) THDZEPDOMNY, T(1)=17EDT, 0L EDE
BnllHUTIn+1l)=nl &85,
Gauss B2 T 1& T(1/2) IZ5F L\

oo oo 75—1/2 0
I= 2/ e dx = 2/ et dt = / e 't at = 1(1/2).
0 0 2 0

2DOHDEST =t Bz, LB >T I(1/2)? = 1 % i T E L Gauss 25
ARETELZ LIRS,
R—=BHEIILL T D & 5 BEHDOFRREFD:

w/2 ) tp_l dt 1 9] du
_ 2p—1 9 in2¢—1 — = .z
B(p,q) = 2/0 cos™®™ 6 sin“? 0 dl = /0 (e /0 T atryre’

v=cos’f =t/(1+1), t =ul/P LEBEWUZ. 3DOHD (BRED)XRD p=1/2 DHE
DRI DS t 7348 DWER B LD IR THH I N, 2 DHOEX RO T F
FAADMERBEEFBOZRTHEAINDS. T(1/2) D Gauss B & D FROY 7 BRI
T IERD AR OMER B BRI DOZ R THAI N, TV YERBOEZXDWBEI L 2 7
OB ERBOFRRTHAING. ZOXDITHY YEHBE RX—ZEHUIFFERHAIZ L
R X N2 WER AT % B9 2 72 DIZTIXMEHD BRI R > TV D (55 9 ffi).

KRzl ORR &Y B(1/2,1/2) =7 LRI eWbnd. WRIZ, ELE

L(p)l'(q) =T(p+q)B(p,q)

PRINEB DI, T(1/2)2 = B(1/2,1/2) = 7 8% 2 L WbIs. UIhSo>T Gauss B
SDFHFNIHT VL RXR—ZEHBEDHNZDEBRAZRTZLITREIND.

N EELE R—ZEED DN 7ZDREBRRNIX 1 OB L O EF DR A%
fHoCHAMBETHD. LR TEDOIZ L 2 HBICHAL LS. & A ITHLUT, 2,y 7' A
ZAIZTESMHEMN 1 IZHRY, THPND L JITED 0 127482 2,y DEEE 1a(z,y) &F

Uz s L SADRBEREZBOML AR S, LT TR ER I OV TIZERDL R,
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[ SR

/Oo 2P (2 — )T 1dz) dx
/

Loco(z, 2)e *2P (2 — x)7! dz) dx
/ Loco(z, 2)e?aP (2 — 2)7! dx) dz

/e 2P (2 )qldx) dz

0

/ e (2P 2 — )qlzdt> dz
0

szldz/trw1_@q%ﬁ:F@+®B@ﬂ)
0

2OHDE S TCy=2—a CEHES U, 4 DHOE S THADIEF 2L, 6 DHDE
5T o=zt EIEBESL.

7.5 MDAEE

D FFIEIZ DWW TIE Hirokazu Iwasawa, Gaussian Integral Puzzles, The Mathematical
Intelligencer, Vol. 31, No. 3, 2009, pp. 38-41 ¥ & U Steven R. Dunbar, Evaluation of the
Gaussian Density Integral, October 22, 2011 =2 U TAKL .

8 fI&k: HYvEEK

BITAHTHY THBUZODOWTHBIZESI U2, LR TR I Cldfai cximno 20
VREHEBOMWEIZOWTHIAL XD

8.1 AV THHHEEKEBMOERRN
HTAMTRUZ I(1/2)? = B(1/2,1/2) = 1 IZIROBELBARDORHNRGETHD:

™

[(s)I'(1—s)=DB(s,1 —s) = Sn(rs)’

ANRIZHEBOFIHERHS. 1 DHDOHEIE sinz & T'(s) OMEFR TR R



http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf

36 8. Ik H v ~EEK
2D HIETHBY. 22T v I Euler 8

: 1 1 1
y=lm |(-+=-4---+——logn
1 2 n

n—oo

Thd. INoDRANZEDD L,

F(S)[‘gl - _ F(S)(_i)r(_s) _ s(_—ss) H [(1 n %) <1 B %)} _ sin7(T7r8).

n=1

2 DOHDHIEIFIROER D 2 BE RN EZHONTHATLIZ L THS:

0 755—1

dt.

W@FQ—SN=B@J—3%:/

o 1+t

0<s<1THhHDEHEEL, 0<e<l< RIZFUTEZDROEN KK Z C vEL:
EF9 e MS R EFTELTITHED. RITEFBVH LOF K ZEFLETLERE R OHJF
FEKKEFFEID T1LATS. TUT R 25 ¢ £ETE>ISHED . RBICEFE R LD
Fedh e 9258 c OME L2IFIHD TLATES. Z0&E [ 2 tdz/(1+2) 1
2 dz/(14+2) D 2= —1 TOHEBOD 2mi £FTHEL N

/Zs_l dZ . TS
= —2me"".
c 1+z

e—=0,R— 00 DIREZEZD I LIZLLT [ 2 dz/(1+2) & [Tt dt/(1+ z) B
LTNEED 2 {5 25 WFERIFLNI L E D05

s—1 d ) 00 ts_l dt
/ < < _ (1 _ 627”5)/ ]
C 1 + z 0 1 +1

NED2ODERZ KT SZ2I12L>T

B(s.1 ) /°° 5= ldt  —2mie™ 271 T
’ o 1+t 1 —e2mis  emis — =7is  gin(7s)

COMAE t=us B LITE>Ts™ [Tdu/(1+u/*) IZERTED. DRIZ, IR
DRRE/FONILZ LITRD:
du s

B(1+s,1—s)=sB(s,1-3)= N '
(1+ s, s) = sB(s, s) /0 14+ ul/s  sin(rs)

CORKRZEERTIELETES. R>1Thde L, HRAVPH L2 HENS RETE-
G HEA, RIZIFEHE D IZAE 27s Z T [EHLL T Re™™ ETHEAR, TINOFRETE >
TR E C LEHS L, [ de/(1+2Y) 1E dz/(1+2%) D 2z =€ IZBIT2H
B —se™ D 2mi F5IZFE LU <, R — oo DIERT [ dz/(1+ %) & [ du/(1 + ul/*) 2
HTNEGD ™ fGEFIN7ZEDIZFEL T D RIZ

/°° du —2mise™s 2718 s
0

1+ ul/s 11— e2mis  gmis _ g-mis sin(7s)
BT(8)T(1 — 5) = 7/ sin(ns) &I L THWT (72 & ZIXEEMT 2 HAEBHITRED), HY VK
WO MRFEREFN S sinz OMRFEMEMZEHTLILETED.
4625 OISR MDA % KGRI DI 1T 5 L 2™ f5I272 5.
s 0% 2 & 2T fEUTEARELEN, dz & 2™ fF12h 5.
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EED R E U RICHAREN L <BHOND DO EFH % 1 A 280 B EED
2mi IR INHTH D,

BRI EHIFEHE L T BB DOIFIZDOWTIE, AR TG (AiE )
D5 (201267 H) 2 BT 9TOTDH. EEHEGRDO G721 TIER <, BRI R
OMBEDFEUWEREADOTETHIZBI > TWDIDIXERKZ LTS,

8.2 HYIYHHBOERREERHA

B f(s) (s > 0) EL T D 3 DDl 27~ LTV L iET 5
o [EfEME: f(s) >0 (s> 0),

o HEEFN: f(s+1) =sf(s) (s> 0),

o SHBUMHE: log f(s) 1E s >0 D FIZNMAKKTH 5.

Z D 3 DDFM2 72 T EEBUIIR D LR & D

FO) = ) i s (520) ()

FRZT(s) WED3IDDFEME T(1) =1 2720 T2 Z N5, Gauss DA

nlns

C6) =l Sy

DAL L TEY, ED3DDEM%7Z U TOSEEIL (s) DBEBHEIZRD Z b bnd.
PAETHRARZZ & RGFHL LS.
9, () DMIRDO S FRE O - < DELTE L NS HEIE

s(s+1)---(s+n)

lim
n—00 nlns
IR ST A 2RTD.
s(s+1)---(s+n)
nlns

S S S
- 1 _> <1 _> o (1 _> _Slogn
s( + 1 + 5 + - e
=s (1 + %) e’ <1 + g) €T (1 + i) 6_%es<1+%+”'+%_log”)

14+5+---++—logn & n — oo T Euler E# v IZHRT 2. DRI [T, (1+s/k)e”

Mn— oo TPERT D Z L2 REIEL . - OBEREREKE (1+2)e” -1 IEHEM 2=0
TMNDFERMEFFODT, (1+2)e 7 =1+0(2%) (2 = 0) &85, PRIT (1+5/k)e/k =
1+0(s?/k?) (k — 00). Zavdk D) fEIRAE T12 (14 s/k)e/k BIUR T 2 Z e d¥bond. &

& o: N
TGt M CRall) JEPETN | (1 3) ]

n—00 nlns

B ) FBFEDHBRDT, 1+1/2+ -+ 1/n—logn = flnﬂda:/x —logn =log(n+1) —logn = 0
THO 1/ (n+1) £ [T de/e =log(n+1) —logn ROT, 1+1/2+ -+ 1/n — logn 134 552 B
PGB WWRITIERT 5.


http://www.amazon.co.jp/dp/4000051717

38 8. ik A~
W TR 519, AL OB 1/0(s) 15 L 25 AR
1 = s
— S 2 —s/n
e I[+2) e

% Weierstrass DA & LR, HUDMERFEIIEZED s € CITRUTINRT 5.
PLEIZ K > TR R I NZMRDOFE %2 F(s) £EL 2 &I 5:

nln®
F(s) = i .
&)= G D G
oL
IS |
F(s+1) = lim —= e = sF(s), F(l)=—"_ =1.

nsoos+14+ns(s+1)---(s+n) (n—i—l)!:

WAIZHEETDH D (x) DRR f(s) = f(1)F(s) (s >0) Zmd2DIZIF, 0<s<1DEE
£(s) = F(VF(s) L5852 2 R EFHTHB.

RIZ, f(s) OEMEMEENBUNMEZ VT, 2L EDEE n & 0 < s < 1IZDWT, f(n+s)
DRKEI% f(n—1),f(n), f(n+1) ZHOT EF» 5T 5 4A%EX

(25) s smra 2 (L) r) 0<s<n @)

fn—1) f(n)
ERTD. IS ISR g(s) 1k a<b<c LT
g(b) —g(a) _ g(c) —g(a) _ g(c) —g(b)
b—a ~ c¢c—a — c¢c—b

Zii /2 LTV, TNDERET% g(s) = log f(s), (a,b,¢) = (n,n+s,n+1) IZHEHAT
%L,
log f(n + s) — log f(n) <log f(n) —log f(n +1).
s

AN (a.0,0) = (n—Lon,n+s) ICHAT R &,

log f(n +s) —log f(n)
log f(n) —log f(n—1) = p :

PUED 2 ODREREBILUET & f(n + 5) DI () BHEHNS.
Fln+ s) DR (#) 12 f OBEEERZHAL &>, f OBEBEERE Y

f(}l(j;)l):m f(s4+n)=(s+n—1)---(s+1sf(s), f(n)=(n-1)f1)
BENHAIL TS, (#) OFENTn & n+ 1 KEXMAD L,

f(0)nln® <

nsn!f<1)g(n+5)(n—1+s)~..8f<8)a 8(8+1)"'(3+n>

f(s).

VZOMRE 1/T(s) DEHLTDILETES. ZOHETHNERMNS 1/T(s) WEZFH KT
EZRINTEY, T(s) DN s =0,-1,-2,... DAIIHD L EHWHIZRD.
SO % Hi I VK EBINZHI H 23725 5
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(#) DHEF3 &
f(s) < f()(n—1)n? _n+s f()nln?
T s(s+1)---(s+n—1) n o s(s+1)---(s+n)
DEzEeddl
f(1)nln® < <S)<n+s f()nln®
s(s+1)---(s+n) ~ n s(s+1)---(s+n)

&Y, RUEDPS L (x) BMELND.

Y EED 3 ’)0)%44: (EAEME, BREE R, BN M) 22 U TnWa Z e ZFEH L &
5. IEMEMEIRER (s) = [ e 2" Hda JZ U HIENTH Y, EBEERFH ORI E ST
BHIGEHI NG . ﬂ;&lﬁ@%ﬂ“\jt T g(s) =logl(s) &HELEF, ¢"(s) 20 Zm
XA THD. &) —MBITIKODED C:ﬁ% B BHEL f(s) IZTH LT g(s) =log f(s) &
BLE J'(s) 20 &BBIELERTD:

b
f(s):/ S P@+0() g

22T ¢(z),¢(x) XEBMERETDH Y, s (BT DAL SO AIAREZ L lE U T
<. (a,b) = (0,00), ¢(z) =logz, P(x) = —x —logax DEEF f(s)=T(s) &&B". 2D
L, g(s) =log f(s) LB L

y_ APt
74 2

ZAWZ 2 — ff" <0 2RBIEEO. f(s) DEZELY,
b
F)N +2f"(s)A+ f(s) = / WD (N2 4 2(2)A + ¢(2)?) dar

b
- / S () 4 ()2 da = 0.
1T 2 S0 BB RHT T(s) BAENTH B

\_X/L’Cﬁ VRO Gauss DN & HEEREFHEAINAZZ IR 5.

flig. AETHPLZH Y YERBUIEEY 5 Gauss DA XDEERA Elij? VT DE D
TIF&R <, EMENBUNTH Y BB E [F U REEE 2 i 72 SIS U CRE I /2D T
Holz. MPTERINAZAT YV EHEIZET S Gauss DARE U FD & 512U TEHENIC
AL S 2B TES. W n°B(s,n+ 1) IZDWVT,

n’I'(s)I'(n+1) n*n!
[(s+n+1)  s(s+1)---(s+n)

1 n t n
n’B(s,n+1) = ns/ N1 — 2)"dr = / 5! (1 - —> dt
0 0 n

5a,b) = (0,1), ¥(z) = logz ¢(x) = tlog(l —x) D& X f(s) = B(s,t) £%%. B(s, t) £ s D
EUTHEMIZARS., WRIZ F(s) =T(s+t)B(s,t) & s DL bfﬂiﬂlﬂl B%. F(s+1)=sF(s),
F(1) =T(t) DT F(s) =T'(s)['(t) THDZ <‘:7b>7b7b>é ZOEDTH Y IEHBORFEMN T ICE>THY
VB N—ZEBOBFBRAZIEITLEI LB TES.

n*B(s,n+1) =

THhD
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2DOHDFES T o=t/n BV WA, n—>00 DEFE,

n*n! "o t\" *
= t? 1—— dt — t° dt =T1'(s).
s(s+1)--(s+n) / ( n) / ‘ (s)

BHEDATY TRHOFETIHRTS 2 L b TS, 34l (4) & f(s) = D(s) DBEAITHE
45 0<s<1DEE

I'(s+n+1)~nT'(n+1) (n — 00).

AVSEBOEBERLY, TNIMEED s >0 THILZL TS, DRI

n°n! ~ n°T(s)(n+1)
s(s+1)---(s+n) TI(s+n-+1)
D&, AV EEBOIEMENE, AN, BRI & DR RN I & T, m8

E’\JCZﬁ‘/VT?ﬁLE@‘T% Gauss DR % (bf;b‘?fﬁﬁﬁﬁﬁ@ﬁ%) (EY RS 1 ARY
PLEIZ&E 2 TIROARGFHI N Z L1278 5:

— I'(s) (n — 00).

lim n°*B(s,n+ 1) =I(s).

e
L0

nsn! 1 = s 1
Clo) = fim Bl 1) = i Sy oy = g T () )

n=1

ZZT v ZEuler EHTHD.

8.3 IEXEHIDERFEEREHH

V< B D R R DIGH & U T sinz OMREFEMAZIHAL LS. B OIE
P21z FHOCRE I N2 T Y & N — R D B £ & RN & - CRE X T
BN — ZEHE L IR DR &

I'(s)I'(1—s)=DB(s,1 —5) = —

— 15, FT VO IR EMER & V|

1 1 > 52
P =s) ~ Tty ~ 11 (1 B n_) |
LEZILIRYT D L,

o 2 oo 2
sin(ws):wsH<1—%), sinz:zH(l—#).

n=1
ZD&DIZ, sin(ms) = 71/(T(s)(—s)[(=s)) ZRDTH Y KD MR TR 2 5 E5%
B D FERRERBRAS R O N DTH S,
SHEBEIEI S E S L.
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KRR D IR TR R B % B R 9 720121, sin 2 DX EINS cot = DI 1 EUE R

1 1 1
tzy ==
v +Z<z—mr+z+n7r)

n=1

= R 2 HOTEER U, ERNCE S U &0, U EEARE TBER) © 235
HZzR&.

PAF T, HEEMNT T3 7% <, Fourier Sk D HER % {f > T IEXENE D IR A=A % A
BITGD TRk E W be*oﬁ

9 2 OEE cos(tr) D —1 < x < 7 TOMED Fourier MAEEFZ KD, I 05
cot(mt) DI FEEBMNE S NG Z & ZRT D ¢ D Fourier fREIE

1 T y 1 e—inxeitac =7
n — —inx l X d
@ 2m ) c 27T |:Z(t - n) :|:c_—7r
B (—1)"(6’” — e~ _( 1)nsin(7rt) 1
B 27i(t — n) B T t—n
BT, et @ Fourier MEUEBHIX
N N n ,INT
itx (_1) €

e N—o0 t—n
N

n=—N n=—
sin(rt) |1« e emine
— - —1)
T t+;< ) (t—n+t+n)
sin(7rt) (1 & 2t cos(nz) =~ 2nsin(nx)
— - —1)
T t+;( ) ( t2 — n? o t2 — n?

278 %, W AT cos(tr) D Fourier MREUE R I

cos(tz) — sin(7t) [1 N Z(_l)th Cos(nx)]

T t 12 —n2

n=1

2%, LERoT,

7 cot(tz) — 7 cos(mt) _ % i 2t 2t cos(nz)

sin(mt) 2 _p2

D ¢z — 7 TOMPZIND Z L IZL2T,

[e.e]

1 2t [~ 1 1
t(rt) = = = ==z
™ cot(mt) t+Z;ﬁ—n2 t+§:<t—n+t+n>

n=1

#1357, sin(nt) OB 7 cot(mt) IZFFLWVDT,

d sin(7t) 1 1 =/ —1/n 1/n
at 8wt ;(t—n+t+n) ;(1—t/n+1+t/n

S3PLN TR Rk U R W AY, Fourier FREDIPERIZ DWTILE 5.5 fii & 2R &.
Sy DML cos(tr) D —n <o <7 TOMEZ AW 20 TR %%C:Tiﬁﬁbff%%ﬁ’b%@ﬁﬁﬁﬁ t(x)
@ Fourier ##il e % A 5. cos(tx) D 0 <z < 2r TOMEZ A 2r THRT DO TIEH AN LIZEEE L.

oo

1 2t
%5coth z = —icot(—iz) &V, coth(rt) = —im cot(—mit) = Tt Z oS

cﬂlﬁ

n=1
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Wiild% t=0M"nbt=s ETHNTD L,

o 05— 3 (o (1 2) e (1 2)) e [ (1- )

n=1 n=1

U3 T, IRBMEH N2

P ()

n=1
sin DEERFREI & > VEHBOEBRFEREFAOARNEADTHS Z & 23,
1/(T(s)I'(1 —s)) & sin(rs) Z2HETDH I LIZL>T

L

L)1 —s) =

sin(ms)

ZzrtEd. TSI T(pT(q) =T(p+q)B(p,q) % 1 ZEOET OEEF T & B0 DIET
HOAEHOCTEDIGIHTE S 2823 21E, ROAXREB/LNG:

1 00 ys—1 00
thdt 1 d
sin(7s) 0 o L+t s)y 1+ul/s

INSDRAFZENP—DEIMTENIMEFOLRNIBOLNS LD IIB>TND.

8.4 Wallis D AT
IRDOARNIE Wallis DA & IEIENT WS
oy [\ o
nh—r>1<>lo (2n)! n_ﬁ’ e (n) ~ N

Wallis DRAXDHE AW E Z AIEMHERDNEFRPBBDLLOMETRDOINT D LA
Tdhd. Wallis DRRXIEHT Y Y EHEIZBET S Gauss DARIT s = 1/2 2RATHIEES
Nnd:

VT =T(1/2) = i n'/onl
™= = 11m
W2 =l a1 a2 0
2ntipnl/2p) 2ntlnl/2p) 2"n!
= lim = lim
n—sool-3---(2n+1) nocl1-3---(2n+1)2-4---(2n)
22n+1n1/2(n!>2 22n(n|)2 2n1/2 22n(n|)2
n—oo  (2n+1)! n—oo  (2n)! 2n+1  n—oo (2n)ly/n

RDARLH Wallis DR LIFIEN TV S:

st 2n - 2n s
II@n—n@n+1):§'

n=1

o0 2
b . _ s
%0sinh 2z = isin(—iz) & ¥, sinh(ns) = 7s I I1 (1 + n2> .
n=
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0‘1
S
o

ZOARIFRDOART s =1/2 LB IFIEE

o (5) =0 ) S0

8.5 Stirling-Binet DA (1)
DAR Ol IZIX E. T. Whittaker and G. N. Watoson, A course of modern analysis
(1927) MHEDEIEELTH S, ZDOARIFHRA B KR AKX KEIZEH > T B IR 125

LWARTHD.
H Y B DRI % T« 7T < B (digamma B L FECY, o(s) L RDT:

P(s) = d%log I'(s) = T(s)

IHITT A HYEHEBDEERE ' (s) %2 MY H Y B (trigamma BEEL) & FER,
7V < B SRR SRR B (Weierstrass D) & V),

ot - g5 o (142) 2]

n=1

ZZTydEuler EBTHS. MUZENBAITEDEIILIZL>TRZNED:

w<s>=%10gr< ):_V_E_Z{n—lks_ﬂ'

n=1
IHICE S —FHEMMA TS L
RN =
¢<S_§+nln+8 _n:
ZDOEDITUT, Y YHEBDEBRERERMNS, T+ BRI B Y Y~ B DR

DIBERBPEOLND.

PAROHBIET ¢« Y < BEIZBET 2 ARE R MU T, logl(s) 1ZB9 % Stirling-Binet
DARERTIELTHD. BESTHIERFIRIZZ DM, WEAMIZIZT « 7T BB DH
DERFNS T4 Y XEBOBMARRRE/T, TNERFS LT logl(z) DERRERFD
EITORMEFETDHD.

9", Buler DS ERA




44 8. fIfk: A<k
ZmRTD. Euler ERDERIC 1/k = folxk_ldx & logn = ["du/u RAT D&,
[ n 1 n 1 n
v = lim ——logn] = lim [Z/ xk_lda:—/ d_u]
n—o0 k‘ n—00 1 0 1 u
) n 14 .\ n n
= lim / -z dx — du]—h [/ Mdy—/ d_u}
n—oco | Jo 1—=x 1 n—00 Y )
— lim / 1- (1 —u/n) d / du}
n—oo LJo 1 u
— lim / 1—(1—u/n / u/n ]
n—oo L 0 1
1 1—e 4 oo —u
:/ ¢ du—/ 6—alu
U
1 oo —u 1 00 7u
[ [ ][ L
ON\0 s U 5 N0 A
1 oo —u [e'e) oo —t
zlim{/ / —du]—liml/ dt — / —dt}
oN\0 AU 5 N0 5 1—e¢ —t ) t
= lim ( — —) dt
SN0 Js 1—e™t t

00 e—t e—t
_/0 (1_et—7) .

1 DHD% 5 (E Euler €DERTH Y, 2 OHDF S THEADRAZITEY, 3 DHDE
BCEEBIOM 1+ 2+ +amt=1—-2")/(1—2) 2ffio/z. IHIZ4DHDOEST
BDEBOES y=1—2 21780, 5 DHOFESTILIZ y=t/n LB E, 6 ODHDES
TOMNH 1 ETOEDEL 125 co FTOREDZ DT 7. 6’)5@%’?750)%5326;}: n — 0o
DIERPIN DRI Z>TND ZLITERE L. 92HOESTO<A=1-e?<$§
LHEV W0HEDOEST N0 DX [{duj/u=1log(3/(1—e?) =0 LBBIL%
o7z MMMEHDESTIOHDED Cu=1—et B, 2O0HDOEDP TCu=t &P
Wz
IZ, Euler @O FRRAMMT NS T 1 H Y YEHBOBES R RN

b(s) = %bgf(s) :/0 (% - 16__;) dt.

ZRTD (Gauss 2Lk 2T 4 A Y YEHBOMBRESERR). T« H YV B OB B
T, LT U 7z Euler B8ORS FR & < HbHNdAA

l_i OO —ctys—1
cs_F(s)/O e ldt (Rec > 0) ()
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Ds=1DEEE c=s,s+nn \ZHEHAUZEREZMHED &,

0(s) = - logT(s)

3DOHDEST

—t —nt
eft + 6721‘/ + P + ef(nfl)t e i’
1—et

et _ e(s—i—n)t

e—st + e—(s-i—l)t + e—(s+2)t 4ot e—(s-i—n—l)t _ - -
— 67

2ffiol. ZNTT 1 AV YEBOMEDFRRANGEHI N

UTFOBEEIET + A Y YEBICET2AREMA U T logl(z) T2 2X%155 2
EThHs.

I TAR

o —t __ =zt
/ £ —° at= log 2 (%)
0 t

ERULTHID. Eil%z f(z) £ELE, f(1)=0ThD, fi(2) = ;7
T f(z)=logz £B %,

ETHHLUET A Y IEHBOBEARRANT s=2+1 BT, DD 2 DH
DIED 7T et 2T 5B &

w(z+1):d%10gr(z+1):/ooo (e—_t— ! ) dt.

t et — 1

e tdt =1/z %D

T S EDBETIHMU AR ZEMT D &,

* feTH et </ 1 1 .
w(z+1):logz+/0 (t _et—1> dt:logz—/o ( ; et—l)e bdt.

—ﬁm fO)=1/(e—1) &BLE f(—t)=—ft)—1 &V 1/2+ f(t) IXFHEKIZRD.
HIZ1/2—1/t+ f(t) I ¢t=0 TEANIZRY,

1 1 1 t 3 1o

5 T w112 720 T 30200

YRBZEEDING. LB 1/t {53 0 <t <o THRTHS. ED p(z+1) D
FHRORH OFEMDHB U2 LS 12T 2012,

©1 1
S dt = —
A 2°¢ 22

+0(t") (x)
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(A doRa

dlogl'(z +1) 1 < /1 1 1 u
)= ——=1 — — - — - “dt.
w41 dz ng+22 /0 (2 t+et—1)e

log['(2) =logl =0 ZDT, ZOX%E 1 06 2 ETHENTD L,

1 /71 1 1 —zt _ —t
oul(e-+1) = slog= 1+ glog= o+ [ (4 oy )

logT(z +1) =logz +logT'(z) &V,

1

1 o0
logF(z):zlogz—z—i-l——logz—l—/ (——
2 . \2

~+ | =
—_
N~
('0‘

N

R

|

Q)

o~

QL
~

AL DT 2 FHITS S 72812

EBLUT(1/2) =7 &V,
1 1
log /7 = 5—1—](5) —1(1).
—H,I(1) DEHENTt % t/2 TEIM|MR DL,

/1 9 1 dt
I]_ = _ — = _t/2_
1) /0 (2 t+et/2—1)e /

1 * /1 t/2 dt o fe=t/? 1 dt
[ - — [(1) = / _ — € eit/Q— — / € — -
2 0 t et—1 t 0 t et—1/t

ThHdN6, ST I(1) DEBERDHGEMHS &,

/ 1 _/°° e~ t/2 1 +e_t e‘t+ et \ dt
2) /o t et—1 2 t et—1/)t

DT

det? et U2 et et2/g oot
At t 2 t ’
e ?)2 —et et let/2 — et

t 26t 2 t
ICHEETNIE 1(1/2) OFFEE (x) IKRETI 2 2L DN5:

1 —tj2 _ —tt= 1 0o —t _ ,—t/2 1 1 1 1
[(_>:_{u} -|——/ Ldt:—+—log—:§—log\/§.
t=0 0

2 13 2 t 2 2 2



8.5. Stirling-Binet MAZ (1)
L7ZR->T,

—I(1) = —% —1I <%) +log /7. = —1 +log v27.
UEZzxzEdd L,

1 2
logl'(2) = zlogz — 24+ 1 — Elogzjt](z) —I(1) :zlogz—z+log\/—ﬂ+l(z).
z
logT'(z+ 1) =logz +log'(z) &V,
logI'(z + 1) = zlog z — z + log V2712 + 1(2).

I(z) DEHENZHETD L

/1 1 1 dt
I(z) = = —at
(2) /0 (2 t * et — 1) ‘%

47

Z DR OHRE T BB DFEIRDAMD 1/t 1513 0 <t < oo TERTHD. DAIIHDIE

DFER M WFELT Rez > 012BWT I(2) IZ ENSIRD K S IZFHTI N5

° M
Iz)| €M “Ret g — —
sy [ el

ZAE 2> 012U T,

1
10gF(z+1):zlogz—z+log\/27rz+0(—> (z — o0).

z
Z 1T Stirling D23
F(z+1)=z¢*V212 (1 +0(1/2)) (z = o0)

ASFAEIA X 7. & DRI (#) & ($) & V),

I(z)—/ooe‘” i—i+ v +O(t% ) dt
—Jo 12 720 30240
(1) T(3) I'(5) 1
= — o=
12: 7202 302405

27
1 1 1 1
_ L o= .

122 3602 | 12605 (27) (2= o0)

ERAN 2R

1 1 1 1
T(z+1) = e V2 — - _
(z+1) ==z% 7rzexp<12z 360z3+126025+0(z7)> (2 = )

Rz
L(z+1) =z *V2nz (1 + é +0 (%)) (z = )

IR 1/(12n) /6N
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8.6 Stirling-Binet DA (2)
HIEiORERIFUATO LS ICE L DOENS:

logT'(z+ 1) = zlog z — z + log V272 + I(2),

< /1 1 1 dt
[ — - - —zt 77
(2) /0 (2 the"/—l)6 t’

1 1 t 3 1o
-3t = ————+ + O(t").

et —1 12 720 30240

1
2
ZDO/AF E. T. Whittaker and G. N. Watoson, A course of modern analysis (1927) @

12 - 31 HiT “Binet’s first expression for logI'(2) in terms of an infinite integral” & (X
NTWDS. AR TIX12 - 322 ENTH S “Binet’s second expression” =L LS.

Thb,
I(z) = 2/ arctan(t/z) .,
0

627rt —1

L0 AROFE BT S
EXMF

9 fIgk: BRABRERDHICDOWVT

9.1 IERDLH
ROTERBEETITER I NDMEED % FH p, 8 o DIEBI A & FEN:
o—(@—p)?/(20?)

o r)dr = ———— dx.
e (@) V2ro?

¥ 0, 2 EL 1 DIER AT & FFHEE R A & ISR

BEM ST BRHERE X, Y WNZNT N s [y s ER 0-%(7 O’% D EHSAIZ LD
DEE X +Y WP i+ py, D 0% + o DERSAIC LS.

9.2 AUIDWmENA2FE D

IR DKEREERITER I NS MER DA % shape a > 0, scale 7 > 0 DH VI DL
R3S

e~ "/get et (x)T)" dx .
() (x > 0).

fa77($) dl’ = W df[' = F o

FEE 2 =ar, X ar? THY, a2 0 D& IHRHMEIF 2 = (a— 1)7 IZHD.
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R T~ O OREBREIIIRDIBIZ 8 S

1 S
T (a) /0 et/ dg = (1 — irt) ™

FEHIT 2 72121 L (1) = dar(1 —itt) pr(t) ZREETATHDS. TDI LT
DEDIZUTRIND:

ap ") = it 7ac/7— 2% dr = / ztz 72/7— d
()l = [ e r= et [ (e da

—iT <0, 4 ) T /°° 0
_ ite ,—x/T dr = —z/T e d
1—m¢A o\ e atde =2 | S

— it OO ite —x/T afld — it ap ¢
L%ﬁA eHert et dr = g T (@) pra(t).

1 2ODEFEZTHARL S TOMD 217\, 4 DODFESTHAMD 2> 7.
RiVE BB D IE 2 HIRDEEVER 2 HITE P ND.

Pr.a (t) =

BEM MNIARERER XY DZENTN shape ayx, oy, scale 7,7 DA VI D3AHIZU /-
MH L X X +Y & shape ax +ay, scale T DAV BAEIZ L0,

NA2FDHE HA 2HHA0 (P A0 1 F AR HEORNRLGETHD. T48DH, shape
n/2, scale 2 DH VI 3Ai% HHE n DHA 2D (* 246) LIFS:

e—x/an/Q—l e_I/Q (I/2)n/2 dx
Joar2(®) 40 = Sy = T T w

HA 2EHAITEHBE n IZOWTHEEEZED.

EE 9.1 (BREERDPAENO LA 2FEDAENTOND T &). HERLE X\, Xy, ... IFHAT
[ DMEREHINTH Y, EXIHEEERIAIILUAEND IRETD. TOLIY =
X2+ + X2 I3EHHE n OFA 2FHMIZL DD,

EEER. 2 REIX T+ TH B!
B () = const. [ flape 2y dy
INERTD. 0
E[f(Y)] = E[f(X} +---+ X})]

1
7T n R™

2 /2/ f —r /2rn—l dr
ﬂ- n
_ / f 6 y/2 n—1)/2 71/2dy

27'(' n/2

_ 2 /2/ f e —y/2 n/2 1dy
7Tn

3OODEST r= /a2 4+ +22 LBE R ITEITDMIMEEERED n — 1 IRGTHAL
B _EOWUNERLE ldr @ﬁk&é & ’5:@‘«\, — 1 VOTHAERHIDHIMZ A, &
BN ADDDEFEGT r=y"2 dr = (1/2)y 2 dy LBz 0
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FR9.2. LEDFREIZE ST, n— 1 IROGHEAERHEOHM A, (ZBILT,

DAL TSI ERINAZI LIRS, ZHXE IR TOREMREE —H LT3, []

9.3 %IED%HE Pearson DH A 2FRETEE L RITIERDH

K = (Ky,...,K,) \FZHEZAE RS METIAN Y NVEEREZRTHE L TDH. 4D
bopi>0, 3 pi=1THdEU, FEf k... ke CHUT, K = (ky,... k) 72D
RIE, b BT RTIADEET S k=n DL ¥

n!
PIK = (kyyo k) = fm g oo

THY, ThPSDE T 0 THD LT 5.

$9.3(4430). 1556 FCOANFAUHRTHLIZ Y1 I0% nHSo57/28 XITi D
HRHZRHE K, LRbDTE, K= (Ky,...,Kg) ldr =6, p; = 1/6 DZIHNAIZL /-
MWD, —MDOLIHSAEL FRIBRIZHFET S 557, B

TER DB 1127225 2 L IXLHEH

m!
Yoo gty = )"
kytothp=m LT
EZIXMERTE S, ZHEEHIIZIHEH L [FAROZ Z A TItlHI NS . € U< IXZIHE
M2 Wz m (ZBY 2 IRNETREF I 5.

n! e
ki+-+kr=n ' "

3OHDESTLIHTH % /> /2.
K; D8 02 = np;(1 — p;) I8 %:

n!
E[K(K, -1)]= > mplfl e prhi(k = 1)
kertetkp=n 1 T

=n(n—1)pi(pi+ - +p)" ?=n(n—1)p;,
o} = E[K}] — 1 = E[Ki(K; — D)) + i —
= n(n - 1)]7@2 + np; — 712]9? = npz'(l - pi).

2 OHDESTLHEH 2> 7.

STHERZBDFFRII YA 202 55T L L E-STWL EHB UG WL RS REHII o533 71es
73 TR D2 EZEBoTE IO, A B ER OMREREHEZ 5 Z L idkkcz THE 2525
CEYREUEFEEESTEN.



9.3. ZIH/04 & Pearson D 711 2 Tekhigt & & LR IER O A0 51

27&] 0)&% Kz el Kj @;j\:ﬁﬁ Ci 045 = 043 = —NP;P; C:fd:éi

n!
oij = B[K;Kj| — pip; = Z mplfl e pykiky — g
k1+-+kr=n L r

=n(n — 1)pip; — n’pip; = —npip;.
3OHDES TLHEH 2> 72,
UM o TR MVEHERZER X = (X,,...,X,) &

K; —np;
np;

Xi:
CEDDE, X; OFFE 0128, pHd

np;(1 — p;

pii:—( ):1_pi:1_\/pi\/pi
np;

IZRYi£ ] DEE X, L X; OIESEE

—NnpiP;j

pijzpjiZW:—\/E\/p_J
8%, $RDY X = (Xi,..., X,) OHEEIEGTH P = [p;) &
v
P=E+ad", a=|:
Vr

D8 D. 22T EFRAITHITH Y, of 1FFNRT NV a OEETHD. Y pi=1
Y, a IRHALNRY NVIZR D, FIRTZ M v e RTIZH U T,

Pv=v—{(a,v)a

X a ODEZHEMAD v DERHHIZKED (r =3 ODHBEOMEHFHNTHAL). 2T
Euclid NfEZ (, ) &FN 2. P BRAANT ML a OELZHEBANDOERPH 2RI T D
THITHEI MO, P2P=P LBY PDOIVIMWNr—112K85IENONE.

E# 9.4 (Pearson DA A 2 TEFE). LHSMAIZ U AN HREH K = (Kq,...,K,)
DO E F DIRDMERE % Pearson DH A 2 THETE & FEA:

r

Y = XT:XZ? = Z—(Ki — i)
=1

i1 np;
ZHEHA 2EDHIZU NS MERETIEZR W, UL UIRDEENPHKILL TS, []

EIE 9.5. Pearson D A1 2 FHfEEII n - 0o CHHEE r—1 DA 2FEHMHIZULEZND
THERZSHUT (59) PR 557,

58 Z DAERIE Pearson D A1 2 FhREIEN n — oo THA 2 FHAMIT U 7203 HERLEIT (55) PURT 2
ZLERTEZODDF—IIRD.

PO Z DFERIZ & <BEDHN TS Pearson DA 2 FAREDIEFEIZZ>T WD, 2D/ — M ZOHiz G
L&D &l 28iiE, AMBPRHEIZOHERIFICIE Tn DRI RE X, £S5 U T Pearson D71 2 Fffigh
BENA 2EDAETIEULTEOON] IZHETIHFANPLZNEI D IZRAZNO6THS.
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SERR. ZARGTIR D FFDBIRE B L O X = (X4, ..., X,) (&F 0, SEdL 0 8AT5I8 P
DLRTCIERDAIZ (59) DURT D, LN ->T, X = (Xy,..., X,) P 0, 48t 8
15 P 2R DL IRGGIEMAMEIZ U 208D & &,

Y= X7
i=1
NEHEE r—1 O 2FSHFEIZUEZND 2 2 RBIEL V. TDOI L 2RTZOHICITR
DO—NBMEZ "X+ THS. 0

AR 9.6. N MVERERAZR X = (X41,...,X,) P FH 0, UL 8T8 P % FK>%
RCERDAIZU NS E PP=P D POIVINs BoIE Y =5 X2 I3H
HEE s DA 2/-AOAMHIZULZDD .

SEBR. — MR B BT PIAXSENFRTAICR 5. P2 =P 551X P OEAMHEIZ 0 & 1
WZRY A1 OEEEE POT 73 —8T 5. WRIIHDERITH U PFELT,

UTPU = U™'PU = diag(1,...,1,0,...,0).

S

Zi = Zr: Ujin
j=1

EBL.IDEE X =(Xy,...,. X)) 2D Z=(Zy,...,Z,) NOEHUIELREHZ DT

Y = XT:XE = XT:ZE
i=1 i=1

MERAL U, EATH U O &Y,

E[Z;Z)) = Z i B1X; Xy |uw = Z WjiPjkUkl =

jk=1 jk=1

TR % o 1R D75 & TIARHMEILERE B | 2HL5R 92 L A EDEIRZMUTD &L S
IZELZEMNTE S

{1 (1<i=1Z5s), ©

0 (ZTOMDEGE).

[Z1 Zr]z[)ﬁ XT}U,
Ell: [Zl--- ZJ —UTE || : [X¢ . x|lu

= UTPU = diag(1,...,1,0,...,0).

S

OZPoThiH MBI AEELE 1 RTChiH OB B & D L TRE I N5 . §RDBRMERED n — oo
WSIERA A ORFER AU IR 5 2 & 2R iE &,
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AR (&) &V, Zy, ..., Z BHSLIE DA TR 2 AEHEE DI U, Zoya, ..., 2,
X0 ICHEERDTIVAY] ﬁ‘ﬁ LAl5Z 8 (MR1T 2y =-=2,=0LR5IL)

MWHnd. WAITER 9L &Y
Z 2=7 4+ 77 (almost sure)

WFHEE s DA 2B/AMAIZUZDD. TNTRINIZENRIN. N

AR 9T (ZRTIERDM). JEEDEEHEZ R D r IRDENFTH A TR LT, R fED
MERER X = (X4,...,X,) D 0, 2EEL D EATE] A DL UGTIERAHEIZ L5 &
&, TORMERBINRDOIIZ R L THIHLEERTED:

B —exp (<50 40) (R (*

ZZT(, ) IR OE#EEuclid NEETH2D. ZDAXAIVTHIUEDBUELDEATS] A A
A TR TEZIRTGERDPHANER I ND

BEMIAGEL LT A=00DLE X 13 (0,...,0) ICBZFOFIVENHIILENS.

op>0,...,0 >0, A= diag(al,...,as,() 0)DEXE X X TSI TH Y,
= 1,...,5 W95 X, 13 0, 78K o? @IE%E PN U0, i =s+1,...,r X
T35 X X0 ICBERDTIVASAHEIC beom

*HI“OD BIFERZHIZ L >TTO LD RGEIIRET 5. FHUEREDOIEFATEN TS
A %45y 5(#%53\ 1.8 ﬁJk%’)%{ﬁzmHﬁﬁ%’E#ﬁTT% ENbND.

A PRSI, R EOAFHERBE f(z) IZ22WT,

Blf(X)] = ﬁ [ s@e (nama)) d

&%, ZIZTdx 1Z R LD Lebesgue HIETHD. ZDELE (x) BRI TDHILIF A%
ERTHTHALTE I LIZE>TRIND. ]

9.4 HB_ER—IDHEt D

IROMERBEEHBCERINDMERSAZ/INTA—E— , >0 2FRDOE_FEN—X
5347 (Beta distribution of the second kind ¥ U < I Beta prime distribution) & FES:

1 xa—l

fap(z)de = Bla.f) 0+ ) dx (x > 0).
B>126IFEEE of/(B-1) 128D, 8> 2 ROIFHFEIE (a(a+8-1))/(B-2)(8-1)?)
’Eé
2N — AN DOMERBE LRI v = 12/y (v > 0) 2 RALT, #ERNME —00 <
t < oo IZHRIRY D &, MEREEEKBUIIRDIVIZ R S:

~ t2 1 t2a 1
N Zdt = dt
Tap (7) v v*B(a, B) (1 +12/y)o+h
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n>0IHUT, a=1/2,8=n/2,y=n D& E ZOMREEKHLTERINDMHERSD
MEEHBEEn DOt AAEEER. T80, HHE n O t 54 LIFIROMEREERBTE
HEINDMHERDPHEDZ L THS:

t2 —(n+1)/2
Gu(t) dt = (1 - —> it
n

1 ~ I'((n+1)/2)
n2B(1/2,n/2)  /nrl(n/2)"
HEEE n Ot DOV ENEE TNTN py,, 02 EELS &L

(y
(y
)

Cnp =

_ 2 _ M
=0 (n>1), 0= "> (n>2).
W28 %, HHEMEBRXOMET ¢ M IFEEERSMAICPOET S, BHE 1 Ot 2461
Cauchy D EEMEEINTE Y, FEEERO S HE K72 R\OHER AR O HAIFIZ 72 > T
W5, HHE 2 Dt 5AEIEFEE 0 2500, 2#UISERKICR 5.

Eﬂ9&FEEﬁﬁﬁtﬁ42%ﬁﬁ#btﬁﬁ# SNdZ &) Z,Y IFMa A hER
BETHY, Z IFEREERDAEIZUZ2D, Y IZEHE n O 2FS/HIZL NS LK
ETD. ZDLE

WSHEEE n Dt DAEIZ UMD,
ZEER. RERETIETFDTH S

Eﬁﬂﬂzcmﬁl/xﬂ®<l+§>wHW2ﬁ.

—00
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fo"ﬁ(x)dx_B(a,ﬁ)x "1 —2)tde
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WEIRD LS IZESEIND:

(m/n)m/Q xm/Z—l
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o Jo

= 4/ d@/ dr g(rcosf,rsin) e r2P+9)=1(cos §)2P~ 1 (sin §) 2
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/ / < (z 24y? )x2p71y2q71 dx dy

/2
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0
FiZ gly/x) =1 D& E XY
w/2
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0

ERDIENDND.

EEEED BELTHBODIGE y=axtand IZX>T y 25 0 ITEPEREELHT D L,
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4/ / gz, y)e g Ly201 o dy
0 0

) /W/2 W0 /oo irg ( r ’ rtand ) e_rzrg(p_,,_q)_l (tan 9)2q—1
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PERTH DBV EITIZ FOBIEHH 3
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il S50 22 1 B AU
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/ g(2)p(r)dxy - - / . 3)/2dz/ " Lp(r) dr/ duw'.
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2OHIE (1-2)=(1+2)(1—2) LRBOML, 2=2t—1,dz =2dt EEBEWHRTDH
EThH5:

1
o = / 2(n—3)/2t(n—3)/22(n—3)/2(1 _ t)(n—3)/22 dt — 9" 2R n—1mn-1 .
S 2 72
ZNTRITREZ NI ANTRINEZ.
BIFEEM & U T, YV EED duplication formula £ 6NTWAH L 2ERLTHZ
2. (n—1)/2 ZEEDEDER s ICEIHATE ¢, D@ OFIRIFHZLL TN S:

/_1 (1= 22V ds = B1/2,5) = 221 B(s,5).

1
NR—REHBINZH T HERATD L
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2s—1

ﬁ
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2 DR D
« gpl2)de = L E (cl<z<l).  TH0, 512
(2 de = - 2 : 70, 53 :
z=sinf ZRATD L, %d& (—m/2 S0 S 7/2) &—BRAAEIZRD (L7 VAT, W
ZAVCBMAAHBIE 1/2+0/7r =1/2 + (arcsinz) /7 (-1 < 2 < 1) T4 S, #HIEXK
BB TR D DT ZOAMIFHMEL S A L IFIENL ™.

['(2s) =

T(s)T(s +1/2).

o g5(2)dz = %dz (c1<2<1). 0, K 1/3.
2 YRICERTH] ED—FR DA DR 5% 8 5 HAR EANDOH L~ IZR D .

« () de = 2VT=Fds (“1<2<1). 0, 4K 1/4
T

"Legendre’s duplication formula (FAERD EDEEE n 1259 2RD Gauss’s multiplication theorem 2
*%4 bExXnd:
nns—1/2

(QW)(nfl)/2

728 ZIE T(3s) = 335~ 1/20(s)(s + 1/3)I'(s + 2/3)/(27).

RINGIEFAEE R X ORI RIGETHD.

BXYy VTN ERPVFEITDEE, b—ZNVTHBLEL TOREDREDE X DRMMNSEITEL TWD
IRBED K D E X DRI % 51\ 725G B O MR AR 13058 5 12 HMAL T 2 LW IEROE IOEMN < Z e IS
TWa., ZAUIHEFER L IEIEN T WD, WEE DA OMERE SR BULTIGIOE IFEREL<RY, B
AD 0 fHEINY K85, W22, WIEKEANIEE Sk L T 2 I & &L T 2 RERE 0 25 o ol
30 MBEICEESTICREILSARDEADBNE NS ZE2EKRLTWS, YV INFERLIEIDHE
ERBIIZE S HISTVRIXTTHD. HADMART, BoHHT ), AKIT 2D T2 DN,

[(ns) = I(s)L(s+1/n)T(s+2/n)---T(s+ (n—1)/n).
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ZORMIEHFHI T L IFEND ™.
z=—cosf ERAT 2L, sin? ﬁ'éﬁj\?ﬁ sin?0df (060 < 7) 12227,

n>40r% g.(2) 1375 7R OTEIC RS . FHEENE 0 THOBIZU T TRT
;5 2 1/n 2% 3.

" DIEE 0 TH D IR—REE H VI EHBOBRE L OH Y Y B DEK
W#ﬁ&U%kwy4n—wm—l—vnt&épt#b#é.%Qvt%ﬁﬁtjz
DR 1 n 128D 2L ErtEd:

C

1
1
cnl/ 22(1 _ 22)(n73)/2 dz — c,:l(cn — Cpyo) =1 — n__ 2
-1 Cn+1 n

TIT22IT1-(1-2%) 2RATBEIREEITo 7=
V" = /n 2 3 0, 8K 1 ORERZEBUT AR | T O FlE B RS

2\ (n—3)/2
dn y‘ _dy - L 1—y— dy
Jn) vn Jnen n

8% . n—ooDeF v=(n-1)/2 5L,

2\ (n=3)/2 2\ —3/2 2 n/2
2
(1 — y_) — (1 — y_) (1 — M) Ly V2
n n n/2

2 \/7v
Ve, =2+ 1227 B(u,v) ~ Vor 22 2V on

v 22w

TR DA IZATHIERNZ B 1) 2 FEA O DA HE BT 5 Wigner OFMRICEHLONS. N RERNFRT
ST % RO HERZS N M TR LB [T, e M/ 2d My, [, e M/ 2d My \ZHHIL T2 L ARE L
T VA NBFENTMTI] M OEEHEOHEES G E2EZD. TOLE, AT —)VEBIZ L > THEMN 1/4 124
B EDITHIRILT B &, TOMRMMIE N — oo THE 1/4 OEHDAMIPERT % &5 DAY Wigner D
FHHEITHS.

A I B HOOBRE I B 1T B IR SE & U TE LN S B RERN A TH S, =& 21, Bl
M, &R & T DI, SERVOTIETR R (ZIKF, 2013.10) IZfREAH 5.

TStk - Tate FRRICZ OB O NN EE T 5. kil - Tate PR LIE THHEEAR EER I N BEEREE
R 7= RGP HIRR D FZEBALE p DOABRA ETOFELOMB2»S p+1 2510\ T 2,/p THI-THLNDE
DDA sin? BINAEIZRD ] L0 D NED 1960 ERUITHNLICH R INAZFRTH D, BIUETIEEE IR
IINTVD 5LV, R=TORIEDFHEREIZ DN TOMERE (2008) DMEEIZE & E o MBI D D.

RS REKDOMAE D & 512 TERE sin? PR 2FKE U 20D TE, #97588, Dedekind 7 BI%E
e sin2-F 4], 25 16 MIECFESL Y VAR Y D A HEHZAKY (2005) IZFEL. YK FE ZRKFEREE - L HR5E
FAIANI Y a—R—TilEATVD Z L 2 EFEAELICE T H—FT U TiELAZ L SIZDWT [ UK
DHZHEERP SO THETAN, EWVWD LBz, TNT, BHABER, &N - B2 EOE&P
XFEHEEBT DI LIRS -DTHD] LENTHD. TO [DUEKROHZEHE] ORMAERIZE ST
[ sin? P FER I N/,

SU((2) EDO—# 4 (Haar JIE) 2 5FE I NS SU(2) OILAFEARD M EODARI sin? FI/3AH1Z
K%, TOHBIIUTO®EY . A SU(2) DIEEIF —1 < tr(4)/2 <1 T—EICRKHM I bN5. (—ikiC
GLMD@jyﬂﬁbLm%ﬁﬁ®i®§“%i%@%%%ﬁﬁC?@b%lﬁﬁt ) TR
5N3.) Ae SU(2) I ()ﬁ%ﬁﬁ*ﬁé%@&SU:S%j@twﬁﬁ#ﬁm%tfS3#bR4
D 1 RTED B ANDFEIZ L TWD. TOZ D SU(2) LD —EDHMZT DB RRD 2 1
2B B M iﬁﬁtrfzﬁ ?5( I sin? BAFHIZRD IR bND.

%%'Mm%miFﬁ@ﬁ%k@ﬁﬁ%&%%t@“ﬁﬂ@ﬁﬂb%fﬁpgt’EbﬂéSUU

HARSEEDY 3 RotEKH 93 = SU(2) EO—HA AN OFEEIND NMIZLAEN>TND] EWVWIFETHD
t&aﬁé.


http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.ias.edu/~rtaylor/
http://www.math.ias.edu/~rtaylor/
http://www.kurims.kyoto-u.ac.jp/~gokun/R=T.html
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
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LB8B0. BmHDFHHET Wallis DAR LY
2 2 —1
Bly,v) = I'(v)? 22vl'(v+1)% 2 (21/) 2\/mv

T T(2v) 2T2v+1)  v\v v 2%

Y5 RMorET. LEMNST, Y IE n — co OB CREIMEEM A2 U 72h8S
REBUIINKT 5

a2 - —y%/2
hm— (y) lim (1 y/n) _ ¢ .

DlE%FEDD &, Iy OFFEGHRE gy) IZD0T,
-1 ‘ e Y /2
Ca ﬁsnflg(yz) deon —>/Rg(y) or W (m=roo).

2T, VST ={(y1, . yn) ERT Y+ +yi =0} IFEE 0 O n— 1 IRoGERE
ThY,C, IFZTDREORHEETH Y, dw, I FTDEKE EOHBEERZTHD. ZODREHRIZ
Y2 1E Maxwell-Boltzmann Bl & U T K< HI SN TV 5.

9.9 n— 1 RITEEALD—kDHE Maxwell-Boltzmann 8 (2)

RO CIRERE i D n— 1 ROGCERIE LD —RRAE D x; Sl DS ORBERAEHE E R 7
MIZRDZEZFEHL =
[FERD FIET, B /n D n — 1 IRJEEKIE EO—BD A D m IRITER 73 ZE N DS 52 M
m (kjﬁ@fﬁ/éﬂifﬁﬁ\?ﬁc INRTZZLERED. MR TZOMEZ HEICHEL TEL.
RIEiDFL S % TD F £85I Sk,
n—m— 1 PouBAERE S = { (Tpgr, - vn) |22+ a2 =1} OTHEESR
Tdo EEI =\ 2l + 1 CEE v, .., T, 7)56 r&n—m—1IRGH
ALERTH B D FEREDMIZ A A % &

dry A -+ Ndxy, =" Yoy Ao Adx, Adr' A dw'.

I, o r = /ai a2 CEBERTDE = \r2 =2 — - — 22 D
or'/or =r/r'~1 7LD T,

dry A - Ndxy, = r(r? — 222 qg Ao Ada, Adr A d
BB (i=1,....m) 5 zi=x1/r (i=1,...,m) (IEEEWHT D L,
dry A ANday =" N1 =22 — o = 22) =22 g0 Adr A du

U 72230 T, BROWFR 2 R B B p(r) 1T LT,
/ 9(z1, .y zm)p(r)dey - - - dzy,

:Cfg)_l/ 9(217---72m)(1—2%— —Z;)("*m*Q)/del---dzm. (%)
4422, <1

e, = fil(l — 2 /)24y RDT, FIED lim,eo(l — y2/n)=3/2 = ¢ V*/2 5% ED
limy, oo /R Cp = V21 ZELL I ETE. EBE, TO UV ES S,
TN EDFHHEZWIZ/ZE5 2 8 I& > T, i Wallis DARZEIHTL 2L HTE 5.
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(n)~ 1 - n—1 /
o = " p(r)dr dw
0 Sn—m—1

Thd. LOLEMMABALLTm=008a%2%25L V=153 ek
W, p(r)=e2/2m)2 T B I LIZE 5T, n— 1 RICHEALERE O HREIZ

oo ) -1 271/27.‘_71/2 27rn/2 77,7Tn/2
_ n/2 n—1_—r?/2 _ — _
[ =y ([Tt an) = e = R = T
ERHREIND (dw 1& n— 1 IRoTHALERTE 571 DHIMESR). IRORXZ M > /e

/ e 2 gy = / e_t(Qt)(S_Q)/2 dt = 25/2_1F(s/2).
0 0

BAZER% r2/2 =t rdr =dt, r* Ydr =r2rdr EEBTNIEZONANRELND. LA

&Y, [ p(r) dr IEEIC 0 — 1 YOLEABRE OWROBENZ 22 Z L bhd. L
725 T,

(9
(9
)

mo J—i (n—m — 1 RGCEALERE DR
_%bfi@l A DIBFTHIERTH B
R FPTFDE S IR I BT

24.422,<1
= / t;1/2 . .t:n1/2(1 —ty— e — tm)(n—m—2)/2 dty - - - dt,,
t; >0, E:’il t; <1
I'(1/2)"I'((n —m)/2)
I'(n/2) '

2OHDEST 2 = /1; EEBEBRL, BBEOESTIROAREZM>72: p; > 012 L T,

r < -Tpm B
(p1) -+ T(pmia) =/ T gy — e VPTG
F(pl + e +pm+1) t;>0, Z:’Lll ti<l

FE D GIRE T Y e N—= 2 HBOBRE o <FAKTHD. & LIFALE
B(plv"'apm+1> c‘-)-El< t?

B(p1, ..., Pmt1) = B(p1, .-, Pm—1,Pm + Pms1) B(Pms Pmt1) (B)
MIRALGT D2 NS, IeiECHEAT2 2L ETED. B t, = (1 -t — - —tp1)u
W&o Tt, 6 u IZEBEHRTZ L

B(plv s 7pm7pm+1)
1
:/ dtl---dtm_l/ du
>0, 7 <1 -1
t{’l_l .. .tﬁlm:ll_l(l —ty == tm_l)Pm+Pm+1—1qu—1(1 _ U)Perl—l'

By =m+2 DX T = 7m/2 T (m)2 + 1) 1E m R HEAERKD KRS L.
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ZhEY) EOAR (B) BRLTE I LB b0,
AR (%) £V, N7 NVIERERZE (27, Z0) OB R R

(215 oy zm)dzy - dzy, = cg’f)_l(l — 22— 22 g dey,

Thb.
&Y, o>0HLT, (VL) = Ve (2, Z0)) oReskB UL

1 m (n—m—2)/2
2
(1 o E y) dyy - - - dym

n—m-—2
2

1
ROT Y™, ) i — 0o Tm IRFTEDEBSAIZ U 72055 RN IUffE =255
RT3, $ARDb,

1
—/ 915 - Ym) dwy,
Cﬂ(\/ﬁ(j) VnoSn—1

1 I ~— ,
— (202)772 /Rm 91, -y )exp( 52 §1yz> yi---dy

22T, VoS ={(y1,...,un) ER" | yi+ - +y2 =no’ } IF¥EE /no D n—11K
THRETH Y, Co(Vio) X TOREDRAEMCTH Y, du, 1£7 OIRE LOFRIERTH
5. ZHUIYHERIZ X Maxwell-Boltzmann Rl & UT I <HIGNTEY, 28 o? 14X
I D Boltzmann EBE kT 72 LRI 5.

9.10 ZIESHEFE—BR—9 9%

0<p<1&9d. niFFEADBKETHD LT L. MREMERLE B,, W37 A—4—
n & p OZIHJMIZUEZMND LiE

P(B,, = k) = (Z)pk(l —p)"F (k=0,1,2,...,n)

MG DI L THDEEDD. FHHEpEIEZZENTN np & np(1 —p) ITRY | KK
X ElePra] = (pel + q)* £7%85. ZHBMIFINT A =R — n (ZBHU THEMZFD.
WAIZHOMREHR I Y p 2—CDFEE n 2RESTDE, (B, —np)/+/np(l —p) &
BEYEEHI AR IZ U 2D fERE R TIERI NG .

IR L E AR R A OBERIFA IO Y |

D(s+1)=sl, () =s!/(t(s—t)) LHEIZLIZTD L

t

(N CEY s ) PN
B(Oz,ﬁ)_(oz—l)!(ﬁ_l)!_( + 8 1)(

1y 2 I TIR AW D LI &
80y (") HITARA n THNLTIRARWAS, n — oo (DREIE TR A FEHE R4 12K T 5.

a+5—2>

a—1
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BODT, INT A= — a,B >0 2R DE—FEN— X 7341 DRt 55 % B EUd

a+ -2
a—1

Fuatp) dp =+ 5= 1) S 0<p<)

LRINB. FE of(a+ 8), HEIE (aB)/((a+ B)2a+ B+ 1) LAY, a,8>1 D%

SERHEME p=(a—1)/(a+8—-2) IZHRZ2DTH>/-.
WRIZa+B-2=n,a—1=k D& X FE—FN—X5HOMHEREEHRHIL

n

festn—rr1(p)dp = (n +1) (k;

)ﬁﬂ—ka@7 0<p<1)

ERY) EEMEIE p=(k+1)/(n+2), 7BUX (k+ 1D(n—k+1))/((n+2)*(n+2)), &
B p = k/n 1272550

AEDKERN S, AWB & n BINEKL T £k BIS>7/2& & AW BICHOMERIZ/ ST A —
B—=Na=k+1,8=n—k+1DE-FRX—ZFHIZU/ZN>TND &ART EEHZ
Z NN,

9.11 PoissonD &AM
B R R Ny D38 A—& — \T > 0 @D Poisson 73462 L7203 &%

G_AT(AIUk
k!

MR T DI THDEEDD. L REIEELHEH AT 12425, T IFHIET S RHD
EX%, N IFRARROZ D) ICENLRERIEZ S RBOMAEZ ZHRL TS, Ktk
Bld EletNr) = XD ¥ 2% Poisson D4 1% AT IZDOWTHEEMZ KD, I
DBRERE D AT 2 KX T2 L, (Nap — AT)/VAT IZEEHEER D12 U 7285 ek
ZRTEMINS.

Poisson 4348 & 77 > < 34 DBEARIZLA N DIE Y .

IRDOMEREERBMCTERINDMERD A% shapea =k +1 >0, scale T =1/T DAV
DAL ERDTH > 7

P(Nar = k) = (k=0,1,2,3,...)

€_AT<AJUk
k!

SEIE N = (k+1))T, 28dE (k+1)/T? 1220 ) BSEIE N\ = k/T 127259,

ZOZ Mo, T BARFEOBITENLRERN k BRI o728 61F, BALRF D72
WCENRFERIEZ B RIEOEIAME N OREE MM shape a =k + 1, scale 7 = 1/T DAYV
NOMIZUEMR O TV EARTIENHFIZEHNRZ ENDND.

Srrr17(A) dXA = dA (A >0).

81k ~np (n — oo, p IZ—%) &R 5IX, n — co TFIME L BHAMEIE p IR U, 28U% 0 ([ZPERT 5.
S2ILA% AT /9 A DS
8k ~ AT (T — 00, M Id—5E) B 56X T — oo T L& BHMIE N\ TR U, 280E 0 1IZHERT 5.
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9.12 EFRBLEFREDKRMITRERA

TSR AT 7 DIIFHE (T4) % A5 X ¢ B B B | AT 272 LTna5,
o ElaX + Y] = aE[X] + BE[Y] ($E1E).
o f20K&5IE E[f(X)] =0 (BIHE).
o E[1] =1 (Bk LS.

ol INEFOWEEIPENRYDIENEZD.

WERZR X OFYAE (HIFHE) DIFEET DL IX B[|X|] <00 B2 ZELTHD. TOD
L& ux =LEX] 2 X OFIEE U <IZHIFHE L TR X O px WMFET D & &,
(X — px)? OFEHfEE X OREREIES, 0% ERDOU, DTSR oy % FEHEfRE & I
SR AR ERERICRD 2D HY R D.

LLE BX[] <00 B5IEX D r IROE—AYV MWMEETDLEN, E[X] %2 X O
FIRDE—AYREED. X D LIRDE—AY ME X OFY ux = E[X] THY, 2 kD
E—AY MIDWT E[X?] = 0% + u% BOT 0% = E[X?] - E[X]?> £%5.

MERER X T U T ox(t) = E[e™] & X OREREE RS, FrtkEud ¢ 1220V T
—RRERE BRI R D R U W IER A BUIMER D0 2 Fr D%, MERER X, Y 2
A UHERD 2RO E, X ~Y EELZ2IZTS.

X ODrRELFDE—RAY MINIRTHEET D & F, FERE ox (1) 1& ¢ =0 T r [
sarggizny), oW0) = BIX (k=0,1,....r) &3,

X Y I3 HEEARO DI Z R OWREHTHD L 95, 2D F Cauchy-Schwarz
DAEREY, B[|(X — pux)(Y — py)] S oxoy ERZDT, oxy = E[(X — px)(Y — py)]
M well-defined (28D, |E[(X — px)(Y — py)]| S oxoy £%%. oxy & X & Y D5
BEIESR. pxy = oxy/(oxoy) # X & Y OMBEFRE L IER. HHERBOMSEIZ 1 IF
IZ8%.

FEABUIAZARILTD TR FIVOREL ISR L, HBRENE TR MVDHWED
g% 0 LESLED cosh) ITRHIBULTWD, HEREB X % FH0 01282 L5 Il
EVATBHIU 7 X — uy B MVOBEMIITH Y, E(X — ux)(Y — py)] HSREEOHML
MTdhd L EIFET I, BRBEETHEAZ I NG RTEITLD.

WERER D X; PHALTH D LIL, iy, .0, DEVIZRRD & X

Elfi(Xi) - fo(Xi)] = ELf1(XG)] - BIf(X3,)]

WAL T B L THD (fp 2HIFERERERE). X &Y W RL6IFE X &Y OHtsy
B e AHERRREE 0 12785 2%, AT U RV,

Sz (O, F, p) LD X & HEREB IR, AR X 12 [, X(2) p(de) ZHEIED
P T IRHEER B L PO B ] & RDT.

SORER AR & I IHERZEM] (Q, F,p) EOEBUATTHIHE X : QR DI THD. R D Borel HAES
ATKRUT ux(A) = u(XHA) LEDDZLIZE>T, R EOMRAE ux WEED. ux &HEREH
X OWERDHEER., £ LE ux M Lebesgue MIEDHE f(z) L RRIND L X, f(x) ZHEREH X
DOHEREEFR L TR, R EOAHIB g(z) ICHLT X & g D&BE g(X) L EL. g(X) BHEREHIC
2%, glx) WAEFEBBEED & ¥, g(X) OHIFFHEIX Elg(X)] = [pg9(z) px(dz) EEDINDG. X D%
BERE f(x) DFAET D85 Elg(X)] = [ 9(2) f(z) dx.
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Dy 13T A= — >0 Z2ROMREBTHLL L, X ~D,, Y ~Dg THY, X,V
I THBETD. ZOLE ELE X +Y ~ Doy WENET D & X, D, ORI
FEEMEEROEED.

WEREB Xy, ..., X, PIHSITHDEE, oxirnx, = [[mp ox, DRYLT D, WA,
¢Yp, = ¢* WKILT DI L &, D, DHERDMIIHENZROZ LIXFEETH .

10 {I8%: fGEAQ Tauber HEE & ZDIHAH

10.1 AEHESD D Tauber BUEIE
FIE10.1. f(t) Xt > 0 CTEHEI N EMEETH ORI F 72 I3 HFBINSC LT3
EIREL, a,a >0 ThHdETDH. ZDL X

/Oxf(t)dtwaxa (x — 00)

R 5IEST,
1

f(z) ~ aqx™™ (x — 00)

WAL Y B . (2 OFEERDORIZATIR D RDWL 2 LA ¢ THR LZEEZ LTS

FEER. 97, f PHARADTH I GEEED . f BWEFARDEBTHL L LD, LED
c>1IZ/RUT,

o f(t)dt— [y f(t)dt

PP LG i (OK)

A

(1)

cr— x—clx
Dk % qro! TEID &,
S E@dt [y F() dt o fyde [ f)dt
axr® ar® < F@) o e axr® (2)
c—1 = aret T 1—ct ‘

WA 200 9B LITLDTH,

o _ 1 1 — ¢

c - < lim infM < lim sup f(z) < c_ (3)

c— z—oo  qr®T! 200 ™t = 1 —c71
TIHITeN\(1E9TDILiZE-T

a < liminfM < limsupLﬂU)1 < a
z—o0 QLY r—o0 ALY
2195, WA
lim f(z) = q, 2FY  f(z) ~aaz® !t (z — 00).

z—o0 qro—1

86y <o/ BHIE f(z) = f(2!) WBNLT B I % THFHED] LIFATWD. FHEEVIARTED LS
1292 720120% TIEMEE] IR EINE LNARWD BEIZEDLETIDEDIZMATNS. THHE
B 2OV TEAREADEE 2 W THLETTESLLSAKTHS.

8TF(z) ~ G(z) (x = o) IE limy oo (F(2)/G(z)) = 1 2EH®RT D

8 [VFf(t) dt ~ ac®z® (x — o00) EHND.
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INT f PEFABADDBEITRTREZD tfﬁfﬁfﬂt.

I f RRFEIMOGE 2 RkE S . f BREFEAMNOEEIZIE (1),02) TRE SO E %
WU ZZFER N B NS, W AIZ, (3) T liminf & hmsup %X@D’C, ANEZSDME %
WCUZZAERMNMEOND. ZDZ LITERETNE, f BWHEFAEIMOEGE ISR T R I EERE

BIZEoND 2 e bng. 0
B a, ICRUT f(n) = an &2 TEE F(t) 2EYIEDSD 2 212 &> TROME
PELND.

% 10.2. ay, az, as, . .. FIEMEEG THRFEAD £ 2 FHEFEMLTHDE L, 0,0 >0 TH
595 ZDOLE

n
Z ag ~ an® (n — o0)
k=1
AR~
Ay ~ aan®” (n — o0)

ANE RYAL RSN 0

10.2 Laplace Z#:D Tauber B FiE
Stone-Weierstrass D% HAGLBUEREY 2 FIWT ETIRERTD.

=8 10.3. o(y) IEPAXME [0,1] O FEEAMEIHBTHD & L, gly) IZFXE [0,1]
FDOBRET 5 c € (0,1) TOAREGETHOD ST i@&f%é%@f%é & U, MipR
glc£0) =lim~gglcte) WEAETDERETD. ZOLE MFERD > 0ITH/HLT, %
A P(y), Qy) T

||/\

P(y) = g(y) = Qy) 0§

y)dy < / 9(y)(y) dy,

o\
i‘i
|I/\

/01g< o) g/@( Yolo)dy /lg<y>¢<y>dy+g

W2 TEDOPFETD.

SERR. Sl 2 i S IEAEE Q(y) DFEDAE FEIEE . (g(y) DRDVIT —g(y) %
% 2 0UE Ply) DIFAEL RINDG.) X512 g(c—0) < g(c+0) E LT L. (g(c—0) =
g(c+0) BHIE gly) DRDOVIZ g(1 —y) 2F AN L. )

o(y) FIAHTHEAEIARDOT N = [ |6(y)|dy = [, 6(y)dy LB L, N < o0 &%
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PARXE [0,1] EDOARED KA o(y) %
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< lim sup M/ e Mgle ™) f(t)dt < / e Qe )t at
z\0 a 0 0
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el <e @ &t <1 /x IZAMETHY, t<1/z DL X e””tg(e’ H=1¢8Y,t>1/z D
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DI B. (H Y W@ﬁf%é@ﬁi%?@&%%%hib#é) 0
2Pl E D Stone-Weierstrass D % IH AT BLE B % {d 5 10074 5751 Jovan Karamata (2 X 5.




10.2. Laplace 22D Tauber B B

7
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AN D RVAC RSB N
EHE 10.4 D Stieltjes T2 IIZIR D@ Y 9,
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ﬂm:/:e%ﬂQN% (22, 0)

0
AN
at®
['(a+1)
MIEALT B ]
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a
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4 DOHDFESTHTARIZ2-4---(2n) =2"n! 272, I HIZ
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Ay = —— ~ = n D).
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B ZD0EE RELY min{k,n—k} = oo IZBNT
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Z OWMER DA IEIHLD (2,y) = (1/2,0) THEMN 1/2 OMEA EO—ks5M% o il EIZH
FUZEDIZFEL.

Z D & 512 Wallis DA AT DL ZFE ORE N S W EE TR S . £ LT Wallis
DA REDFHEZEE) L Tauber FLOEH (R 10.7) HHHTHKD. —INR 1IRTT ¥ X L
4 — 27T DM ERIERNE T D & D RS THEHI NG,

WERGIER & 1E TEARE U <IZHRHED 0 THRO SR ZFD & D BFE SN O H
%é@“é LIRTET VA LD F—27IZBWT, Fa & ) HRIZE £ > T2 ORI OHEH &

A PSR T SRR R DR TR AR (PR G B 1 WSRO Z & TH 2. WiIEK
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9545 10.2 HiXH 10.6 Hi T L 72 X 1 7D Tauber BUEHIE Wallis DARD —f{L72 & ABE5.

96%% U < I& Frank Spitzer, Principles of Random Walk, Springer GTM 34 (1964) M2 20 fi% 2 &.
FRIZZ D pp. 225227 H7- D) 2 BT HIEZ D) — N OEBERDLDIZIETTHS.
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VLRI Z DRIEDIZELE% Peter Duren, Sums for Divergent Series: A Tauberian Adventure, 2013-10
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https://www.uam.es/personal_pdi/ciencias/dragan/respub/Duren_Tauberian_Talk_2013-10_UAM.pdf
https://twitter.com/genkuroki/status/734774669069287424
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BERLIE BIX[2 Y <1+ BX2] =14 f1an ERBNETHS:

B[IX[*" = E[Lx< (X)X + BlLxz (X)X 7]
S 1+ Bllxz (X)X P S 1+ E[|XP"] = 1+ pa.
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WD 2T, NEFE (#) OWHERNER S, HD r >0 BEELT,
X = 2F
B =Y msy (e <)
k=0

WRALT D, DT enD X ORI Ele™X] (t e R) WE—A Y Mebh b —EIZ
WED LD, HERDGIET ORERBN O —FERIIRED DT, NEFRE (#) D
INHCEED 0 TRVWARLIE, E—AY NabIlk > THERD AN —BIICHRE D Z 2%
Moz, N

10.6 Laplace-Stieltjes Z#:(D Tauber & FiE
78 10.13. 1, p 1% (0,1) EOER Borel HIETHD L U,

1

1
lim y’“un(dy)Z/ v uldy)  (k=0,1,2,..)
0 0

n—oo

BRTZLTVR EETS. 20X u({y)) =0 ERBTRTDE y e (0,1) ICHNT
Tim 12, ((0,9]) = p((0, )

LR85 FRbL, AEGERFAIERDERZ D & F(y) = 1,((0,9)), Fly) = n((0,y]) &%
DBE, F PEGRICRDZTRNTOR y e (0,1) IZBNT

lim F,(y) = F(y)

n—oo
BB,

SERR. p,, p WEBRHETHD L LRED k=0 DHELY, HEEH C > 0 BEE
LT
pa((0,1)=C (n=1,2,3,...),  w(0,1))=C

YRB. REEY, TRTOSHEREK p(y) 1I2OVT

1

1
tin [ pw i) = [ pnti) k=012, 1)
DAL LTV,
FEREIZe>0 ZWoTHEET S.
€ (0,1) & pu({a}) =0 ZfiHE~ZLTVWDEL, 0 < § < min{a,1 —a} EIRETD.
p({a}) =0 &Y u(0,a) = p((0,a]) = F(a) £%%. R LOEGEE g5(y), hs(y) ZIRD
EDITEDD:

1 (y = a—09), 1 (y = a),
W)= (a—y)/d§ (a—6<y<a), hy)=<1-(y—a)/d (a<y=Za+)),
0 a<y), 0 (a+6<y)



86 10. g% fEELZ Tauber BIEH & ZOhnH

XLIZRDEDIZEDS:

ZDEE, LLRMEIN LT WS
0=gs5(y) < g(y) = h(y) < hs(y) =1, lim g5(y) = g(y), lim hs(y) = h(y).

W Z 1T Lebesgue DYHERL & 11((0,a)) = p((0,a]) = F(a) &V

1

lim i 95(y) p(dy) = Fa),  lim i hs(y) pu(dy) = F(a).

WRIZF5 60 >0 2/NI<H>T,

/0 95(y) p(dy) — F(a)| < e, / ho(y) p(dy) — F(a)| < e 2)

L7825 EDITTE 5. Stone-Weierstrass D IHAGTAUEIRIZ & > TR % 1§ 72 9 2 JH A A
Ply) & Q(y) BHEAET B 2 L A5 10,

P(y) = gs(y) = g(y) = h(y) = hs(y) = Qy),

P(y) —gs(y)[ =, Q) —hs(y)[=e  (ye(0.1)).
DOk E
[ P ) £ pa(0.0) = Fu@) = [ Q) ) 8
[ Prmtan ~ [ ostwuta)| < = 0
Qi) — [ st )| < 6

D212 (3) T (1) VB

n—oo n—o00

/0 P(y) p(dy) < liminf F,,(a) < limsup F(a) < /0 Q(y) u(dy).

LIAM, (2),(4),(5) &V e >0 2NILTBL [ Py) p(dy) & [ Qy) p(dy) 1F <5
TH Fla) ITEML. W AIC
ILm F.(a) = F(a)

EBBIENDNE. TNTRINET I LHIRI N 0

103Stone-Weierstrass DZHAGELIEEL L Y, [P(y) — (95(y) —€/2)| S /2 (y € (0,1)) &7/ 9L HAK
B P(y) BEIET 2. Qy) 2D\ TEFKR.
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#110.14. EOFEIZEWT F MMEERE y T F,(y) 2 F(y) KWGRT2 2 %2R
M, F(y) WAERRRTIE F,(y) 23 F(y) IZPORT 2 LIFRS 8. 728 21  a € (0,1),
0<e<1l—alZNUT, @Kl b F.(y) L AHEBHE F(y) %

0 0<y=a)

0 O<y=a
Flyy=qw—a)e (a<y<a+e) F(y)z{l §< 1;
a >
1 (a+e=<y<1), =Y
EEDD &
1 1 a+e 1 (a + €)k+1 _ ak+1 1
k _ kg _ k _ kK
/Odee(y)—g/a y" dy ) . , /Ode(y) a
Y735 MDT
lim de :/ Y dF (y
e\0 0
K@U,aﬂ%@yéﬁ“)éﬁwfhm“ (y) = Fy) %%, LML F.(a) = 0,
F(a)=17%80DT y=a TIEZTIBELZ. B

78 10.15. F,(x), F(z) I3AEGHHFFEHRDHEBT 2 =0 TOIZRDZEDTHD LT 5.
IDEE, FPREIBNITHUT, [[Fe™MdF,(z) (n=1,2,3,...) & [[Te?dF(z)

HIROMIIE L, . .
lim / e AF (z) = / e P ()

ML L TWB R HIE, B F PR T RTOR 2> 0 1I28WT

lim F,(z) = F(x)

n—oo
L%,

BERR. 11, 11 pn((a, b)) = Fo(b) — F(a), p((a,b]) = F(b) — F(a) (a < b) Ziii/= 9 Borel
@Jﬁ“ﬁfa@é t*«;‘é REELY, 5 0> 0IZDVWTA, = [Fe T p,(de) 2b& A=
I e p(de) \ZERDOMEI RS JE [, i % [in(de) = e py(de), fi(dz) = e~ 7" u(dx)
c‘:ﬂidbé c‘: un((O 00)) = Ap, 1((0,00)) = A 8D, pip, p DROVIZ i, 0 ZFERZDZ
EAT p, p FERPETHDEMMEL TR, TOEE BHEW y=e"I12&>T, Z
DFIFEIZEH T 2D (0,00) LOREZ (0,1) EOREICBIT S AR 1013 1IZETEDS. [

EF 10.16. B L(z) 2 2 — oo IZH 1T DIBEBNEH (slowly varying function) TH 2D &
&, AEED ¢ >0 12U T

. L(cx)
~Y f‘ p—
L(cz) ~ L(z) (x — o0), ERAY.)= lim I02) 1
MWEALLUT WS ZETHD. 2L 2K (logx)’ IFEEFKHTHD. 0

B 10.17. F(z) & 2 =2 0 IZB 17 2 Ak A HIFE I GEEAD) M TH Y, F(0)=0 %
WELTWREDTHY, a>0 THBEU, L(x) 1F z— oo ILBITIBELHHIMTH 5
L9455 I

M()) := /OOO e MdE(x) ~ AT LAY (AN 0)
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ANY~S
P M(z71) r*L(x)

O Tar) “Tary 7
ANDAVACIESS
SERA. A G(z) %

:L.Oz
— > —
G(z) Tatl) (x 2 0), Gx)=0 (x<0)

EREDDE >0 LT

e “CdG(x) = —/ el dy = / el dt = ¢
| =Tt Jy (o) Jo

MKALT D, 2DOHDEFEST z=t/c LBV
c>00D&E M\ OEREZEEIZET DMREELY,

M(cA) oA L(c A7) o [T _a
MY ~ L) ~c _/o e “dG(x) (AN 0).

X512 M) OEHEELY,
My 1< © L (F/N
M) :Mm/o ¢ dF(’”:/o ‘ d<M<A> )

. o —Ccx F(J"/A) . * —CX
/1\1{% i e d(—(/\) ) —/0 e ““dG(x) (c>0).
U722 T, #lidE 10.15 & V),

Wz

F(z/\) () = z°

oy Wty @20
YRB. ThADY
F(z/)\) ~ ]‘f (A)xa) (AN 0).
r=1 BI N\ %o TEIMALILIZEST,
Hﬂ”?ﬁi%”&?ﬁﬁ (= o0)
NELND [

11  {F$%: Taylor DEEICGEEADEA

[(B9850)=(Taylor B ik & T)+(RIAH) ) OFADAAE Taylor DEEBE 5.
DI TlE Taylor ODEHDEL D FEHIDWTEHAT L. ZOMOWEIZIFFIZH L.

-
—



11.1. P FIRIEE Taylor O EH

11.1 FBERFRIBEE Taylor DEHER
B R I N RIRIE % £ D Taylor OE BRI

T / o) dny

Z AR R UAWD Z L IZE > TREHARETH 510 FEEE, Thil

[ fan) de
£(@) = f(a) + () / "y + / " day / Y ) das.

Z 2 CHEIMOMHEZ S 9 72D1

/: dxy / [ (w2) day = / (/x f"(xg)dxg) dzy

EWVWDHEIHEHNE IHIC

(XAUNC R

F(22) = f(a) + / ) das

AT D L

£(@) = f(a) + f(a) /dm1+f” /dxl/ dx2+/dx1/ dxg/m P () das.

SICE UEZ & 5 —Ei ) KT &

f(x) = f(a) + f'(a) /ilxl + f"(a) /;iarl /:iixz + f"(a /dxl/ d:zrg/ drs + Ry
Ry = / da, / dx, / dxs / " O (xy) day.

PAEDFHE % i 0 AUSIFINAN IR DR G D Z 3D 5%

-1

Tp—1
flx Z k) /dxl/ dzs - - / dzy, + Ry,
k,_

Rn:/ / dxs - - /n dx,,_ 1/ f(")(xn)dxn.

R, ZFIRELIES. LA EOFHE TS OMIEME L Mo TR,

WOHR DR X A D BB

89



90 11.  f+8%: Taylor DEEIZFEA DS

FIREUADZIRFENIUAT O X D IZJEFIZ (IRZIZ—D EOAXZMS Z L I2L>T)
RAIEIHEINS:

/dxl—x—a,
T _ 2
/dxl/dx2 /(wl—a)dx1:($ 2@)’
(g —a)? r—a)?
/d$1/d$2/dx3 /a(12)d1’1:( 3!)7

Te—1 x1—a)k ! x—a)k
/d.Tl/ CZ.TQ / d.ﬁlﬁk / (1k — 1))| dxl = %

r>a D& E ZOFBERERIE K IRITLHARDEKRED k! 50 1 #FKL TS

o k=10D&E FADMEIFED {z1]aSm Sz} ODRIIIED.
o k=20 ¥ FREDDMEIZIEN (a,a), (z,a), (v, z) ZFFOEM _FL=MF
{(zr,22) [aSas = a1 S}

DM, §2DLHIELFOHE (v —a)? D¥EDTHD. LRIl RDZHMAIE, 20 2 14
BT (21, 10) DAEONTHATENDTHS. T AL ERE RS 72
C:‘i T § T %(ﬁf:‘—é— (1'1,1'2) C:Ob\f%ﬂt‘ﬁﬁbﬁﬁﬂﬁb\b‘@b‘

o k=3 DL ¥ FXHESOMEIXIEM (a,a,a),(x,a,a),(x,z,a), (x,z,z) ZHKEDOVUHAK
{(v1,20,23) |a S a3 =19 S 11 S0}

DIRTE, TRDOHINFROEE (x —a)® D 3! 2D 1ITRD. 3 5D 1IRDH
HIE, 23 S 2y S oy 21727 (21,29, 03) DAIZDVWTHEASTEINOLTHD. LA
HWEIKDIKFEZ 1G5 72DI21E 23 S 29 £ 27y ODLUANDIEFIZIHA THNDGTRXTD
a < 2y, 29,05 < 2 IZDWTHED ULARITIURN TR, 21, 29, 25 DIEEUL 3 fHZRD
TZTNHDAENRFGFDREEL 3 ED HD.

o WDk DHAELYULLEAKTH D, FRFH OHIETE
(@,0,0,...,a),(L,0,a,...,a),(2,2,a,...,a), .., (T,2,T,...,2)
ROk IROTHAR
{(z1,29,... 7)) |a<an < ... Sap<a S}

DIEFEIZE D . 21, 29, ..., 2, DARFGORENL k! 3B RO TEIRFED O kIR
TENETRDAETE (v —a)* D K 53D 11128 S,

105 5 g0y, = fT, DUIEAROD k IEHR% k YE B (simplex) & IR,



11.2. FIRHEOMIHED L2 5 DFHM & Taylor EH D 2 A& 91

LU EICE > T Taylor RADERDDEHICERNRONSERGARICA oL 205,
1 D k BIOBIRED OFERIE & IRTCSLSRDOEED k! 730D 112785 DTHEHT k! 238
Hd.

UEDFED:

x Tn—2 Tn—1
R, = /dxl . / dxn_l/ f(”)(xn) dx,,.

INEFESFRIERID Taylor DFEEBEFERZ & 129 5.

AR ROEDIZEZTE LW, n BOEEK ) (2) &2 n BZFXRESTHIL f(z) A
LNBIETTHD. UL, BOEHREERTNUX 2 1220V T n—1IRUTFTDHEMEL D
ZLITRD. TORER, LROL D BAANELND:

f(I) = Qo —l—cu(x— a) +a2(x _a>2+"'+an_1(x— a)n—l YR,

ZIT R, FEDXDIZEEINZ fO(2) & n BIBREALAZEDTHD. ZORD
Ml% k=0,1,...n—1HMALTCar=a EBFIEXR, »ORKDIIHIL0IZRDDT,
f®(a) = Klay, D505, 805 ap = fW(a)/k! TH 5.

PAEDFHROHSIE, BRI f(z) = D02 an(r — a)F EBWTHHLZ D K U
LCTa=a BT LIZEDT ap ZIRETDHIKLEUED, BIARE R, ORI
25> TS DT Taylor AEELD AN B0 2 5 72 F v THE U R,

Z D & D IZRIRIER & D Taylor OFEHIE Tn BEOEKE ) (2) &2 n BIBIRESTH
FH LD flz) WEOENDIETE] LWIIEFICE LB RERLNLREIRFLNDD
Thd. N

11.2 FRIEOIEIMED LA S DOFLH & Taylor B D EAH!
FIRE R, " n—00 TOIWZIERTEIHLIE

=1
kgk_ ZL'—CL

MEANLT D, TNEHE f Dz =a 2B} D Taylor B & FER00,

FIRHEHDOKEZX %2 ENSFHEIT 2 72OIIFRD LS I2FiE L. £ R >0 2H-
T,z OFLEFHZ |2 —a| S RICRETD. LT, HD M, >0 T |[fW(2)| £ M,
(lJt —a| S R) ZWi723TEDEEMITIED. TDLE

Tn—2 Tn—1
Az, 1/ dz,,

&85 DT, M,R"/n! — 0 72 51X Taylor B [z —a| £ R IZEWT f(z) IZ—HRIK
5. FIREDBARNZILZDE D & D RREOHMXAED > S DR (R) DSH3& <
ﬁ#’)ﬂ’bé

6x =0 1281} 2 Taylor R % Maclaurin JEFH L FERZ L 235 5.

_ M, |z — a|™ < M,R" R)

[ Bl = n! - nl

di[fl




92 11.  f+8%: Taylor DEEIZFEA DS

72 & Z1E M, RN n OFEREFEE 22 513 Taylor BBIFINK T 2 (A"R™ /n! — 0).
ZTDIEMNH, e, cosx, sinx D Taylor BEAMNED X D74 a, 2 IZDWTEHEIZIHT B
ZEMEGIHENDOEND:

" > . x2k x . l'2k+1
— — -1 i = —1 .
a8 ;( TS T ;( oy

m&i
[
& L0

M, OMRHEED n! & [F URREDLEIZIE Taylor BFHIE [z —a| <1 T f(z) (IZIERT
5. 2eZF fla)=1+2)* DL ¥,

fP@) =ala=1)-(a—n+1)(1+2)*"

BROT, ZD f D x=0TODTaylor JBRIE |z| <1 TPHKT D Z & b»nd. FERIZLT
f(z) =log(l+ ) ® x =0 TO Taylor BRI |z| <1 THRHRT DI L300 5.

[o.¢] o k
(L+a) =Y ((;)xk (Jz| <1),  log(l+z) Z ) 19” (|z| < 1).
k=0 =1

IROD Taylor BHHE & <flibNd:
= z*
—log(1 — x) Z? (|z] < 1).
INZiRL AKX

Li, (x Zk— (Jz) <1, r=1,2,3,..))
k=1

TREHEINDEE Li,(z) 1% r IROZ BN (polylogarithm, IR Y 1 2) L IEZH
TWd. T Lig(z) W& dilogarithm GEFRA A 1O 2) & Liz(z) O¥EIZIE trilogarithm (@
D BY) EEENT NS, 2Dk X

dLi,(z) Li,_i(x)
dr x

BODT, ZENBEBUX

Li, () / da:r /‘”3 d:zrg/ drvy / / dxy % dx,
s 1—x; 1— 2 29 Z,

<1< <zr<T

dl’l

(r22), Lil(x):—log(l—x):/om

1—.231

EERERBENRRINDG. 2 OHOEE T 0< <1 2{KE L. YLEZE&HOESD & Riemann
DY —REHD 2 DL EOEER r 2B TR MEORE D RRVELND:

ad dry dzo dx,
:E _LT —= ... =2,3,4,...).
¢(r) 1 / / 1= xy Ly r ’ )

n= 1 O<z1 < <xr<1

MY GEEE BIAR I T U £ 572D T, Taylor DEHDFEIZREA 5.
KOG E, FRHED R, OFAMN (R) 25> THIUZ 3 BD 720, %IJ,%IE R, %%
KA TG L, 1EDOEA TRRTIAADDHL2OTENEZRNALTE IS, flHD/-



11.3. ¥ EMS AR DML 93

Hale LIRELES (a2 2 OBEERETHS). R, DBERHENE o < 2 < 2y <
S S ThREBBATHE D LI LRSS, 1, 12k DR & —BAMUI S &

R, —/ F (/d:v1/ dzs - / iza:nl) dz,, = / £ (z x_x”); (G

2DOHDFE ST 1 OFRMEDH (n— 1) IRTGLFIRDERED (n — 1) 3D 18D LD
FEOFTHIAL AER 2 H > 7.

11.3 EEEE2ARIXNDOEE
RO R EEZ S
dU (t)

dt

22T A(t) REATRMEESERECCH Y, U() IRIIEANE H1THI0 E S F BRI T
3. ZOWNHTRRITIKEFAMETH B

— AWU®), U0 =E.

t
0
B % Bt A 7230 1 Taylor DEBL 2 GEHI U 72356 L FARRIC Z DX 288 1) 58 UV g

PELNTIRILIZENITTTHE. ZORT Lt DFNTNE t,t, ICEIHZ /-
REZORNBHIIRATD L,

t t t1
Ul(t) :E+/ A(tl)dt1+/dt1/ A(t1) A(t2)U (o) dts.
0 0 0
A UEEZE S —Ei) IR &
t t t1
U(t) = E+/ A(tl)dtl—l—/dtl/ A(t1)A(ty) dts + Rs,
0 0

Ry — / dt, / dt / ® A Alt) Alt)U (L) dbs.

[FRR AR YD) R & IR DRI L T2 2 EWhhd:
te—1
Z/dtl/dtg / A()A(Ly) - - - A(ty) diy + R,
0

R, = / dt, / dty - /O T A Alty) - AT (1) db

FIXIND n — co DR THD HFERDMED

Z/dtl/dtQ /Otk1A(t1)A(t2)mA(tk)dtk.

TEOND Z L 25t s, BIOHOD Al BAXAE t OIERIILATND 2 LITEEE &
RFNEERE T | ZIRDOEDIZED B:

TA() - Altk)] = Alto) - - Alto)),

~+
A

v

V

- Zlok), O € Sk



94 11.  f+8%: Taylor DEEIZFEA DS

ZOFRFIEDE ETEDRARIFIRD LS IZEIEIND:

U(t):kz_()%/o /0 TA(ty) -~ - A(ty)) dty - - - dty..

X LITRINC T] | 2B E RO 2 L 2 RIS NERO £ 5 ICBSEI NS

k

[e.e]

2o (o)

k=0

Ut)=T —T [exp /0 t A(s) ds

ZORDORARIIYHOBREZ ETHRING.

DA B Cfifan U 78 H oy R RO #REEIX Picard DB AEOR ARG ETHD. §
BHOHLLLEDHIEITIEREOGEIZEHEHHATES. 2D &K S IZ Taylor DEMDZIRFES
(2 & BEEIHIEZ H > T, S E Y R A DZBIRMRATEIZ & B REES 3 <IN
KEAS U, THIZ Picard DFRRAEIZET—RILING. 2D &S ZHHN S Taylor
DEH % ZFIRFES TREH T 2 HIEOMMIIMEY IZEE RN Z L Ebnd.

11.4 WA FRIEE Taylor DEHE

BIRFE D TR I N RIRIE R K5 D Taylor DEHEZ K> TWBZIFTHRSZRWIEXTROD
72D, % < DX CRIRIEZ MEOEKRBTRRTEIARNE K<L TWDEDTHEHFIZ
AL THID.

Cauchy OFHEDER :  FEEB F, G A TRETHD F(t) # G(a) THhDOHEEN
RNV (F,G) M altDHNETHRUTOIZELSRNESEa &t DHVEDHDE
it T

BT EDONEFERET S,

ZDREHAANL T B Z A, xy EHEIZ (F(s), G(s)) OEEOHIERZ # T, 55 (F(a), G(a))
R(F(t),G(t) ZA5SNEMEEENR Y NVDSTEATIZR B At DIFAE% ERIICH
B Z & 2 HERTNITE T I D725 5. BEZRFEHIZIE Roll DEHITZ 5 A3, fl A
I TEBIZIHONRER ] AR LU THERNERS.

FIHIE LT f 234 B ARERGE ZHRBD.

Gt = 1) - fl@) - F@t - a) - @ S - L

F(t)=(t —a)*

£B<. Fla) = F'(a) = F"(a) = F"(a) = 0, G(a) = G'(a) = G"(a) = G"(a) =0
TEEUAMS, Cauchy O FIMEDOEE Z R4 IHEHT2 L, 0 & t DHWEDH DT

107Roll DL [EAX M EO KD R AME & S/ MEZ D] CWIFERNSHES. B L <IX Roll D
EHLZ BT TICEBEIIRDE D ICEATEL. s i3 a &t ODVEZEEDE L, 5 (F(a),G(a))
ERU(F(1),G(t) ZFESERR ¢ 2O ED R (F(s), G(s)) ~NOHEENRKICE DL s =t PFET
5. ZOEIHEENRY MV (F/(t1), G (t1)) PEMR L ISTATILRDE I 2 RmES.



11.4. 5 BRI Taylor O 2 EBE 95

ti,ta,t3,ty CUARNZHZTEDDEENRINDS:

50 - 1@ - @) - ) - /@ S - S
(t —a)t

f/<t1) . f’(a) f”(a) (tl . a) f///(a) (tl ; CL)
= A(t, — a)?

f”(t ) f”(a) _ f’”(a)(tg _ a)

4. 3(t2 - CL)2

_f"(ts) — f"(a) x
4-3-2(t3 — a) -
_ﬂ%h)
Y

BRI T RZMD U TIROFBZD t; ZRATIEHEZREDELZZTTHS. DA
EIiZEoTa bt OHNVEOHZERL, T
t—a)? t—a)?
1) = fla) + fa)t—a)+ @) S g,
t— 4
R4 _ f(4)(t4)< 4'0)
=725 E DODFENGHINZ. TN T 4 BIS FTRER B EBUZEE 9 2 M0 BIARTERL D
Taylor D EBLAEERH X 7%
SIZ EDOFHRFDS UAME 2FBHDFESDAHL () D t — a TOMLRIE

1o () = (@) 1

4l t£l—>a ts —a B 4!f (a)
WZRB5 4l a b t DHWEIIHBDT, t va Tty —a &EBRDILIIEETL. 2
X EDOFHEDHFERDAD t — a TOMFRIZEL .

t— t—a)?

1) - f@) = @t —0) - @S - @S

s t—a) = /7@

IR EFETH B

(z—a)?

f@) = fla) + fa)(t —a) + f(a)—;

+f%@9%;ﬁv+ﬂ“wﬂ”;@ Fol(t - ).

ZAVT 4 By WTRE A BEUZ B9 D “small order” E!Taylor DEMEFEHTE /2.
ME&E4< I_JE@LL/’C [ 2% n [ ATREZR & 1F

Z f t — a k Rm R — f(n)(tn> (t — a)n

08 LE f A C* #B 51 limy_,, f@(ty) = fB(a) ERZDT, SUANE 2 OHDESOHDEES
BBEZN. UL, ex ik fO otk 2 eI, fId 4 B TEEZ L EL TW A Z T E o720
TES LARFUEN TR B 7.
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WY a &t DHVEDFE t, DIFAEAFEHTE D, WA [t—a|l S R, |f™(s)] £ M,
(]s—al £ R) &5IF

M,R"

n!
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