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4 1. HYIOAIZET L 0MEREHED 5 D “EH?

EVDBERDEMARDZETHD. 2T a, ~ b, (n— o0) I& lim, .oo(a,/b,) =1 %
Hkd 5. L ORI
n! =n"e "V2mn (1+L+O(1)) (n — o0)

12n n?

AL TWSL 2D — M TIEETEANCH Y Y 04T S fR SR B Y & Stirling
DNRD B XNd Z e 2T 5. ZTD%ITkE % 2575 T Stirling DARX % EH 3
5. KEEIN DR R L R,

2D — N DOBLONEREE CIXBEEORBAEROMNZ1T8S. 2D /) — hOLRIETF
AT D Gauss B AP, AV Y BB, N— R &AM, Fourier fiftr APTIZR 2 Z &
EEMUCELN S BRIBROFETEDTHD. IO STOHTHED ST OHICHAL /-4
RBE2MFS ZeNL VDO THEIRTRELTRLWY. HEARWZRGHE U THLUWVE L ERDA
WZkIZ9 5.

% 0.1: Stirling DRI K B FEFEDIE L

’ n H n! ‘ A, =n"e "/ 2mn  (FRZE/n!) ‘ A (1+1/(12n))  (R#/n!)
1 1 0.92- . (7.78%) 0.9989 - - - (0.10%)
3 6 5.836 - - - (2.73%) 5.998 - - - (0.028%)
10 3628800 3598695.6 - - - (0.83%) 3628684.7 - - - (0.0032%)
30 || 2.6525-- x 10 | 2.6451--- x 102 (0.28%) | 2.6525--- x 102 (3.7 x 109
100 || 9.3326--- x 10%7 | 9.3248 .- x 101" (0.08%) | 9.3326--- x 10'°7 (3.4 % 1077)

F£0.1 2 ZNEDND XD, nte™™V2mn 12L& D n! OELDFEAEIX, n =3 DT
T 3%%%0(%07%J0@&%fi1%%@ofwé X 52 1/(12n) THIIET

5 LA BIIZNI K ZY, n=1 QBT TITEBIOFRAED 0.1% FEE L HHY 1200
[JAY

V21 1
e <1+12
Z D & D1 Stirling DARNIFFEROLELBAAR L UTIHEFEIEZTH D

):0.9989---%1.

1 Ao HmICEAT BHOEEEENS D “EH”
HY DAL ITIROMERBEEH B CEBINDIMERNIHDOI L TH D

ef:r/rajafl

far(z) =4 Tla)me

3 HiE R &
2Gergd Nemes, New aymptotic expansion for the I'(z) function, 2007 (ZFEFEDIK 2 2T IA RO IR
MdH5. =& 21 Nemes DA

1 1]" 1 1 "
n+ —— | - \/27mn"e"\/27m(1+ ++"'>
12n — 15 e

| —
" 1 1202 " 144004
-

(IO THEFZZEURATH 5.
SAVSEBIE s > 01 UTI(s) = [y e "2 Hde LEHIND. HEDFFIZEI-oTI(1) =1 %,
AL T (s +1)=5s(s) ZREDIDT, 0 A LD n IZDOWTI(n+1)=n! 25,
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ZIZTar>0EHrvs \fﬁféﬁi&)é/\7i 2—TH2* UAFEEDZD a=n >0,
T=1DGEDHUIRHDAERD 7201 f(x) = fui(z) &<

e—xxn—l

falz) = Ty (z >0).

ﬁﬁfﬁz B f(2) TERBINDMHERER % X, LELLZLIZT S, HRLH X, OFY
EAH o2 \FM ST n 127855

Hn = E[Xn] = /(;Oo xfn( ) = F(?(Z)l) =n,
e A

= B[X}] — up, = n.

ZATREREIL Y, = (X — 1) /00 = (X, —n)//n DFHIE SHIETIERO0 & 11
BV | T OREREEEBU

e~ W) (\ny 4 n)n
['(n)

\/ﬁfn(\/ﬁy + n) = \/ﬁ

1850 ZOMRBEHRBMTy=0 b L

B e—nnn—l B nne—n\/ﬁ
8% . n>0NEHOLET(n+1)=n BROT, ZTHH n — oo T 1/V/2r IZPHKHT D
Z & & Stirling DA XD EALIEFMIZER D .

AYIPHEPHEEZHE LTSI &Y, HLMREMZEHTELDT, R ED
E%EX@LT&Q@( ) jfb’C,n—M)o@é:%

/Ooosﬂ(x\;_n)fn( )dx:/ooo (W)Vnfu(Vny +n) dy—>/ \/%Zdy_

o(y) ZTIVEEE S(y) \OEMNIT R Z L& > T (TROLMREZERKID y 12 0 ZRA
TBHI L&),

e 1 n"e "\/n 1
Vafa) = Vi = gy e ()
2195, ZOFERIE Stirling DANARD KA = EKT 5.

PAED B DR CTHEREERBO y 120 2RAT 2 A7y FITE@HERIZE vy
THHd. ZOXFYy TEMEOZ-OIEHOBREHEE2 7oy 7Ry 7 AL UTCHAT
5D TIF7A L, FRIREH ORI E 2 W 23ISR 2 BN H D, TD K S ZRFEH
DFEHZ DN TITIRDFi %2 FTARLU W,

4o 1% shape parameter &, 7 1% scale parameter L IFENTWD 5 LW, H Y I DMHEDEY & HEkiEZ
NEN ar & ar? 127485,

SHEREEEL f(v) 2RDOMERLE X 1T U T, HIRHEP KA Eg (X)) = [g(x)f(x)de LEEX
1, S’Zi/?jfﬁ,u:E[X] LEHIN, DD 0% = E[(X — p)?] = E[X?] - p? tﬁ%*m&

% ﬁ%uxm%fﬁﬁTﬁmf()ma% HEREH Y 2 YV = (X —a)/b LD L, Blg(Y)] =
Jr9((x—a)/b)f(z)dx = [, g(y)bf(by +a)dy RDT,Y OMERIMELUL bf (by +a) 1285,
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2 AVIDHEOREERBZRAWZRRINSDEH

ATET TlXA OB E R 2 R R 75w 7Ry 7 A& UTHWT Stirling DA% “EH”
UZ. LU, 20 B IZIEEmEN AT vy TRdH o7z, TOX vy T2 572012
v, H DV B AL ) S R 5 B A 2 e BRI (TSR 28 FE AL D ¥ Fourier 25 4) D Fourier 22
BTRRTDILICESTIHHINDG Z & 2 BOHTBENRDH S,

Z OFITIEA >~ 5346 DOHERE B % Rtk R D Fourier £ TR DT AN E HWT,
EEEIZ Stirling DARZFEHT 57,

2.1 Stirling DA DEEEAR

H Y3 DHEREERE f,(z) = e 2" /T (n) (x > 0) ORPPERE (¥ Fourier Z5#1)
Fo(t) 1ZRD &S IZEHRI NG

F.(t) = ite - dr = —(1—it)z,.n—1 dr = )
(t) /0 e f(x) dz —F(n) /0 e T T =L

ZIT, BB EOEFZEL o IT/HLT

1 o 1
- / efattnfl dt —_
T'(n) Jo an

ERBZ o, ZORAIE Cauchy DFEDEH % i > TRESY.
Fourier DN A L V10,

e Tyl 1

T(n) 2«

00 ) 1 00 —itx
e (1) dt = c

Jul@) = o ) At

dt (x > 0).

ZOARI ZFRHTU £ 2L Stirling DRAXDIEHIZS U,
ZORANEY t=/nu LE#BRTDZILIZEST,

ne "y n [ et L e
Vinfa(n) = Tn+1) 27 ) . (L—qdt)m dt = %/ (1—w/\/_>

Stirling DAR%E FEHAT 5 720DI121E, 2D n — oo T 1/V21 IZPERT 2 Z L 2R3 IX &
V. D7D IR DB DR N & S

1 e log (1- 2\ —iuv/
og———— = -nlo — — | —iuyn
S0 /) T

X u2+ 1 u2+ (1)
=n|l—=——+o0|— —uy/n=——+=+o
vno 2n n 2

THFIE Z OFEHEE https: //V\ ww.math.kyoto-u.ac.jp/ nobuo/pdf/prob /stir.pdf % R THI> 7.

SHERDMWIINT A =R — n IZDOWTHEM 2R D Z & L RMEEENH 2D n ROFIZARDZ Z LT
FETHB.

9 Cauchy OB EHZMHHLR TERED. EillE fla) £EL L, f(1) =1 THOHWABEAITE -
T f'(a) = —(n/a)f(a) L72DZEDRDLMNEZDT, TORANMELND. EOFEEH o 1Zx9 2 ZDaAE
t=a/a LWV EBBDIZE > TAZIGEING.

WFourier O KER/A R DFEH DI DWW TILE 5 fid SHEE &,
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2.2, IERULI N2 T 2~ 73 AT DR B A D 2% mUDUR 7

U7ZR>T,n—o00 D& X

&Y, n—o00 DL E

n"e/n 1 [ eTwVn L[ e 1
(n) = ——— = — S — — RS T —
Vinfa(n) T(n+1) 2n¢/¥0(1—¢u/v%yzii__*2w - Y=

ERDBIENDOMNDBY. RBEDEFESTMRIZIEDFEE o IZXH LT
/ e~ v dy = var

BRIV 2T Stirling OARDEEH X v 7z

2.2 ERIEINTEAVITDHDEERZRERBDE KUK

MR BB f(x) = e %" ZHOMERERE X, L /L E Y, = (X, —n)/va
DT AR TRTN 0 & 1 IRZDTH- 7 (Rifliz R &), Y, OREREERII

ey ) et (L 4y )"

\/ﬁfn(\/ﬁy_}'n) = \/ﬁ F(n) = F(n) 1+y/\/ﬁ

W85, TLT,n—oo DX

mg(ewmy(1+g§%)n)::nbg(1+~§%)-—v%y
(L) e

BOT, n—o00 TeV¥1l+y//n)" —e V2B X5 1+y//n—1282.
ZAZ, IRDRANL T D Z & & Stirling OANIKFEMEIZZR S:

e V= ny 4 n)t R e~v*/2
I'(n) V21

TRDOD Y, OMEREERBUEETER DA OMERE LRI A RN 2 Z & & Stirling
DRAXIKFHETH D .

FT YA DN THER B D £ DR D L AL THUDMRBRE BEASEAZ L T % Z
& & Stirling OARIXF UEIIZHD.

Hpg2 Z3EBH U 72 1 U, 72 & Z21E Lebesgue DR EH % (i 21X LW,

22 AR Gauss A DAR [T e dr = T Tz =u/ya LEHPEREEHBTNIEOND.
Gauss ADARIEUFOE S ICUTHHAING. £ll% [ bBLE P = [T [ @) drdy ThH
D, 1213 2 = e ) D25 7 LM 2 = 0 THENA UNIPROFER] OWRFEE LRI D, T/
DET 0< 2z S 1IZBITLWHMIE —7log 2 TR D DT, TORMEIK fol(—wlogz) dz = —w[zlogz—z|{ =7
8%, WZAIZ T = /r. Gauss MO RRDOARGEBR L ZAIIHEARNHTRLZEZIATHY, LT
DEFRBHTHKDZ L ZATHD. UNLUEDOZEIINIDKEKETH 2 Z Wb hNIE, TDEI 2 TOW

HEABOMIC LD Z e NEMAR 7 BN TRIEHAP DN L. FHRIZRDDIE T TOE D% EREHE
LZDTIEELS, P DL%3IELAEZNSGTHD.

\/ﬁfn(\/ﬁy + n) = \/ﬁ




8 2. NN DORMEREZ W ZRER»5DETY

Y,, ODHESR 4 A B B EHE TE 1514015 O HESR 5 1 BB 4% DGR % 2 & O MIE
Jf(n) QU & AR £ 512 LTRLND:

St (/i \/_ e~ it(vny+n) p I e itvn
" - t - —u
JalVny +n) = / =i 2%/: A=y *
1 [~ 2 1 2
— — e MW 2 dy = e v /2 n — 00).
21 J_ o V2T ( )

BfE D% ST, Cauchy DR ER L 13
/00 e~ M2 dy = /OO e~ (PR 2 gy — o=V /00 e 2 dv = eV 22

o0 o0 —00

ERBZEEHN.

ZDE DI, AV~ A6 DR E E RO RHEB D Fourier Z2#112 & 2 R % i 2 1F
TR L E D PR D L ROV TOHMERE 2 A Z 1 RT Z N TE, TOFRERIE
Stirling DAR & [FfEIZE > TV S.

2.3 HUIHHDEHMUEEE Fourier REAR & HWARWAE
HYXHBDEREIY,
n!:F(n—i—l):/oo " du.
0

BAZERZ x=n+vny=n(l+y/y/n) IZ&>T y IIEHT DL,

n‘—ne”\/_/ (1—1—%) dy.
Wz
L hy) = {e—ﬁyuw/ﬁ)” (y > V),
"Twenyn " 0 (y < — V).

LB, o= [T haoly)dy £7%B%. loghy(y) D y =012 % Taylor BHIZEL ST
log h,(y) = —y2/2+0( ) (n—00) £82ZEMNDNDDT, lim, e ha(y) = e V2 L7
52 ENbnd. IHI

o0

lim hin(y) dy:/ eV /2 dy

n—o0

LS FES L RBIRDIERF D% RS 2 & AT ENUEY, limy, o0 cn = V21 BEOND.
97205 Stirling DA

|
lim —————— =1

n—00 ne="\/21n
WEHND . ZOHETHNIX Fourier T DRI M ETIZ LR LA D.

BRI 2 H DR CTHERBIHEIPING. & ZIE, e O Taylor BRI Z A U CIHIIFE S % F217
UTHIHHITES. © UL, M8 f/(y) = —yf(y), f(0) =21 2Hi-LT0WR I EnbeEMIND (£
W72 L T2 2 IFH AR THIEDN D). Cauchy DD EI 2 Z XK RN u + iy (u>0) %
v>0 CEIBADIERMEIZETLUAZDOLHEU LD ICRZDMHEIMELNS.

Ly >0 T hy(y) S hi(y) =e V(1 +y) B, y S0 T holy) < e ¥"/2 BELLTWB DT, Lebesgue D
ARG % 2B IRT ZEMNTE S, Lebesgue DICREH Z DR TE | |yl £ M T h, P—FRIN
KID2ZIELEHOVTORTIEETES.




24. BHEWRIZAA 2RDHEVIERDIATELUTE S Z L EOMRK 9

2.4 BHEMNMNKEILHA 2ESHINERSGETEHELUTET R EEDOEBR

BT HE IE RIS RERAH n (HORERAI X, X IDE 2T Y, = XP - 4
X2 L REEINIMEREBY, OWERDIAZHBE n ODAA 2TRDHLIFS.

EHHE n QN1 2304 shape 28 a =n/2 Tscale B’ 7 =2 DAV I FHIZZFEL.
FRZE R n DA 2 A ORERE BB

e—y/Qyn/2—1 .

T(r /9\on/2 >
fn/2,2(y) - F(n/2)2n/2 <y )a

0 (y =0).

ZRY, ZTOFEERBIIENT N 0 L 2n 128D, TRDD,

00 —y/2,m/2—1 —(23+-+22)/2
0 I(n/2)2/? WO n (2w )2 ! "

COHEREEZRTEZOIIE, AVIYDMOFEEELY, n =1 ODEAEEZREE+THTHS.
n =1 DHBEDOFHFEITIARENZH Y AFES & T(1/2) OBBRZOEDTHD. EBE, 2 >0
Tao=y LEDEHZERTLHIILIZEST

00 ) e—a:2/2 p ) oo e—v/2 y—l/2 p oo e—y/2yl/2—l p
BAOSET T(1/2) = /7 &lio7.

Mt ZDOMATIE, HHE n 2 KEIL<TD L, W1 2EWL/MHITFEIN n THED 2n D
EHAHIZP > DEMN S ZENISHMOENT NS, TOEEIIHN V¥ 54D HMEIRE
HZDOEDTHD. £UT, B TR U2 KD ICIEFULI N AT >~ 5346 DR R FE A
SR A1 4 DR B &\ 5 5L L Stirling OASIFE (7 U ZEX OEH) 20
ThHolz UERFLEDDIEIRDEDIZEZEZRD I DND:

EHIEE n DA 2040 % ZEAEW TS 0, 788 LIZIERET 2 & & n — o0
T T DT F 2 FE BB EEHE TE B 53 A0 DS 28 FE B BT DR 97 % & S #RE S
WHBWTELHOENT WD FERIE Stirling DARE[FETH 5.

B DIIHEHF %2 L <H->TWB AL, Stirling DARIEn — oo THA 2 LN IER D
MEDS IR I EZREKRL TS L > THu,

2.5 —RRDIFGEDFOEREIRICEET B KB AR

— R DI O HUBR IR R BRI DWW T RMEHIZ ORI IR 5.

X1, Xo, X3, .. (M THEUWERS A 2R OWRLEBDIN THDHLTEH. IHIZTH
SIEEY = E[X,] E9 0 = B[(Xy — p)?] = B[X3)?2 — 12 2 HDO L IRET 3.
Vo=(X1+ +X,—np)/Vno? B LY, DFEHENRIEZNTN 0 & 11285,
ZDELE n— oo DERT Y, OWERSAIEY 0, DB 1 OFEHETE B A2 (HY) AR
k) DR 2 05 ODSHLMIRERETH 5.



10 2. AU ORVERE 2 W Rm 0 5 DB

LR DHRD 2D X, % (Xy —p)/o TEIMZLILIZTEH. ZOXDITESIHAT
LY, 3EDLS5RN. ZDOLE X OFHEFBUITNTN 0 & 1 IZK85DT, X OF
VR % o(t) = B[] L #L &,

t2
ﬂw:1—§+oW)

Y, = (X1 4+ + X,)/vn £BLEY, OFHERREZTNTR0 L 124D, Y, O
RO R IZ D & 5 IZFHE I B

1o [ e - o ()’

k=1

t2 1 " —t2/2
l1—-—+o — e (n — o0).
2n n

P 212, Fourier DIEARE D10 Y, ORERBEES f,(y) 1&

1 [~ t\"
fnly) = ﬁ/ e My (%) dt
W22 23U n — oo THREMEIE M43 A D 3R % K 4K

00 )
i o~ ity o—t3/2 gy — e v/
21 J_ o V2T

(PR 2!

2.6 ZIE2HmDHOERREER

PAETIIHERDAD THEY)BRERTOPGR] IZOWTIEFEAEMEHIAL AN o72. =
DHITIEZ D I DWW T IEH A ZHNZ W T RHEEIZEA S 5 18,
X, MZHEDG T OMREBD L X, g(X,) DIAFHEIX

==j£:g(k)<z>zfq"k

LREHRINDG. 2ITO0<p<lg=1-pTHY,n FEDBKTHD LU, (}) 1T H

R RO
; n| n - n .
<k):m (z+) zz(k>xky ;

k=0
E[g(X,)] 2B DR TEL ZOIIET IV RER (TIVEHE) §(x —a) de &6 5 BER
H3:
n
Bl = [onds, g =X (1)t b
k=0

ot/ /)" AETRA 7 BIE Y, 1T 3 Fourier KA RO RIZEEIC A 24, AR TRVEAIC
WHIEIZ ) HIEDOPUR2E 25 2 LIl85.

6 —fIZiE R EORERHIIEICRS.

RGBT ISEY R REIRTOINKR 2 ZE X D2 BENDH D,

By 477 OIS 24, BEREmIT LR,

VTN (T IV AWE) 6(x — a) do FEFEE f(2) 12HUT, [ g(@)d(z —a)de = g(a) 12&2T
EBINTVWDEEZD.




2.6. IHZAT D HUO R E B 11

ZD &SI, TS OMEREEEI [, (x) XTIV AEE (TN ARE) & fioTRbIN
2 EEZ LN, BEOKBCIEA < BEE (&Y EHICIXE) 128> TUES. FHCHER
EERBOPR 2 @HE ORBOKRINKTEAD I LT TEIRIRD.

ZD & 5 BGE IR EEHO L SR TR < IFHENEE g — Elg(X)] O
WK % # 2 AUE 0.

BRI R AT, OB ¢ 1283 Eg(X)] 28> OTRAL, H2RHAEHD
His g 12T 2 E[g(X)] 28\, TORBIBEEOFEN S —ROBEEEL LD &
DRIENELITThND.

Z DHILFI D TERZEI X OFRERE ox(t) = E[e®™] 2> 2L THh 2. FriEEBUL
R ETHEIZHOSED 1 DU DO —FREGE R U R 5

lox(t)] = |E[e™]| £ E[[¢"Y]] = E[1] = 1,
sup |ox(t + h) — ¢(t)| = sup ]E[e”x(e”h -] =FE [|eihX — 1]] — 0 (h—0).
teR teR
BED 0 NOPER T Lebesgue DYNHEH 2 FW /2. B g(z) 3
@) =5 [ g
g(@) =5 | €5
ERDINTVWALTEY ZOLX Bl LEADIEFR2XHMTDHILI&>T

Elg(X)] = = /mau)E[e“X]dt L[

:% » :% .

J(t)px(t) dt.

ZOAREY, HEREHH Y, LHERER Y 1ZO0T, FEEBS oy, 2RIERE oy
A RIPOR U TS, Y72 27 5 22128 ENDERDOBEE g(y) IR LT Elg(Y,)] &
Elg(Y)] IZIRT 2 Z & 2325, BEHERZK 2 50— RO 56 O HoD R E HL
ZO&> B TENMEING.

TR MERLEY, ORERE ¢y, D o IZRRIPER LU TOTHIABDEE ¢ 23d
B MERZI ORI 8 2> TR WG E IR Y, IFHERZBUIPCR L B, K

PEEIF] oy, DEACCHBER BIM o 1 AR B 1 518, R o % FFORERAKL

“IES A DO HROMRIRE R 2 RE S . IHOAE DR EEUE
ox. (1) = E[eitXn] _ ;0 pith (Z) pkqnfk

. n 3 — 7 n
= (k> (pe")"q" " = (pe" +q)
0

k=

20Z DFRIDOINFIZFIINR & IEIEN S .

722 20F g(z) BWEBAEBTHNIXZBDEE g(t) TZDEDIT g(x) 2RRTED.

27 L ZIXERBEGERBRDES.

BEBROFEHTIE, g(y) P2ABDEHETH D &5 BFENGOEE PR E R L, TOMEE UT g(t) Bk
VIRV D7 F A (Bl ZIXEFERHBDOES) ILHEEFNILEDOMEREEL.

24Bochner DEH.



12 2. AV DAADOREREZ 72 RR 2 b DEH,

BB, ZHMMDFFE REIEENTI p, =np & 02 =npqg THD. DR ITHEREE

In v/ 1pq)
DT LI TNEN 0 L 1128 Y, T ORERI
oy, (t) =E [eitYn} _E [efitnp/\/nimeitXn/\/qu]

_ efitnp/\/nToqgoXn(t/\/n—pq> _ efitnp/\/nipq (peit/\/nTJq + q)n
_ (peitq/\/rpq + qefitp/\/nipq)”

L7252, X, OFEERBOARNEREETIZ, X, —np = X, (p+q)—np = ¢X,, —p(n—X,,)
ZHWT, EEMNIZ

Py, (t) = E [¢] = B [eltaXn/vipie=ite(n=Xn)//npa]

_ Z pitak/\/pd ,—itp(n—k)/\/7pq (Z) pkqn—k
k=0

S () o
k=0
= (peia/VTPL . geitp/VPa)"
YEETHILETES. ZhIZ

. 2
peitq/\/npq =p+ itpq _ % +0 (L) 7

Jnpq  2n ny/n
: 2
—itp/ g _ ,_ _WPg _ ptT 1
g¢ 4 Jnpq  2n +0 ny/n
ZRATDHE
t)y=(1- ﬁ +0 o ’
Prallt) = 2n ny/n
DT
—t2/2

lim ¢y, (t) =e

n—00
— 73, BHEIE R A9 D HERZE Y DREBIBUE
A o —y?/2 )
oy (t) = Ele"Y] = e’ dy = e /2,

o V2
INEY, #EYRT T AIEGENDEE g(y) IZD20T

lim Efg(Y,)] = E[g(Y)]

n—oo

LRDIELZRED. DL

n

, k—mnp\ (n\ 4 . /°° e V2
lim P = dy.
H)okz:%g ( npq) (k)p q )=y

BELZEp=q=1/2DLE gy, (t) = (cos(t/y/n))".
26 2 DIGEITITAFREREER o Sy < b TEN 1 IZTEDTHRVE X 0 ILRDEHER Y.



13
) MaSySbDEZEMN 1IZRY, TOITRVE X 0 IZRDIEBDLEITIE

, X, —np ) /b e V)2
lim PlaS —<b) = dy.
n—o00 ( - \/npg T o V27
PAEMSZIH A OMERZE X, OHFLMBIREHR TH 5.

3 Laplace DAZEICLBEH

A & TIZEHA U 72 Stirling O AR OGERIZAERIZ T > < B (T 2 < 4347) 2 Gauss
*ﬁﬁj\ (IEFD M) TEMI NG Z &2 HWGEHZ L Z A 50105 . Gauss I L DML 2
Laplace DHELIESNZ & N3H 5.

3.1 EHED Gauss B ICL B a2 F>/-EH

AV BB DME % Gauss B CHEBEEMLIT S Z £ I12 & > T Stirling DAXZ/RTD.
log(e™®z") =nlogx —x & x =n T Taylor BT % &

(x—=n)  (&—=nP (z—n)*

nlogx —x =nlogn —n — o + S
BOT, n WREZLE I =T(n+1)= [ e a"de M
/OO exp (n logn —n — (@ ;nn)2> der =n"e™" /00 e~ @/ @n) g0 — pre=m/2mn
TIEMIND ZeDbnd. PRIz
n! ~n"e "V2mn (n — 00).

ZDEBORET % scilab THiK 22 IC &> TE- 2l %Y 1 v 2 —Di 11 7 TR
ZEMTE S, ERIOBUEFTEY 7 N scilab IZDWTIREHDY 1 — b 2 S U TAL .

PAEDFEHE T Stirling DARF DK F- ne ", v2mn DENTND g, () = log(e *a™) =
nlogx —x O x =n IZHBF S Taylor BEADERIHE 2IROIHIZHEL TS Z EhHn
5. 3MOIEIE [ yPe v /ady =0 BOTHE LA,

A ED SR L T 1 AHEHED 1/(12n) FTEHELUTAL ST

WM A AR LAY I EHBOBRIZATOEY

00 00 1/2
/ e 20 dy = 2/ e () da = 2/ (Qt)k\/_
oo 0 0
= 2’%@/ e~HF 2 gt = 2FV/oT (k4 1/2)

1-3---(2k —
= 2kV/2 2( )ﬁ:1-3---(2k—1)\/2ﬂ.
2T—IMF, Stirling DARDH 1 FIARIEE TOMEFWEEH, % Vol. 31 (1979) No. 3, 262263 Tl Wallis
DRRDIEEAN L > THE 1 fEHZ ML FENRHINT VD, 8 1 fHEHEAN X O Stirling AXRD 5 U
WEEHIZ DWW T, S iE i, B A B4 5 Stirling O A XD YIERFER, 2% Vol. 36 (1984) No. 2,
175-178 LW D XA H . & DXERDEF % LR TIESEZIZ L 72,



http://twilog.org/genkuroki/date-150709
http://twilog.org/genkuroki/search?word=scilab&ao=a
https://www.jstage.jst.go.jp/article/sugaku1947/31/3/31_3_262/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/

14 3. Laplace M 5712 & 28,
f: (‘: Z‘i, fjooo 6712/2 dr = ffooo 67372/21'2 dr = \/%’
/ —20% dr = 3v/2m, / e"/?25 du = 15V/2r.

IN6DRAZELLFTHES.
VB DM FRDOBDZER 2 12 n(1+2/y/n) 2RATD L

nl=Tn+1)= / T dx

—“/%F/ O+vanm

€T n
~n"e "/n e‘ﬁx (1 + —) dx n — 00).
: = (n > )

n

R IR DX Z o, (x) EFEL &

¢n(9€):”10g<1+%)—\/ﬁxz—%2+%—£+o<%) (n — o).

5gt: 0) o(1/n) DFIIE n ZNFERICn > 00 DL 2| S1 T O IC—HRIERTS.
WRIT |z £ 1 IZEWT—HRIZ

e VT 1+ $ n—e_”Z/QeX z* —$4+0 1
N P 3v/n  4n n

—6—7»‘2/2 1+x_3_9c_4+1 :C_3 2+0 l

N 3vn  4n o 2\ 3n n

(1 z? x4+ " o 1
B 3vn  4n  18n n))’

o(1/n) DIMAIZEEND n OFEBEESD 1 OHOBREIE v IZDOWTHBKEUIIRDS Z
LITHEER L. FHEHEE e T2 0D —1 <2 <1 TORMIMADZDT, ETHMLT
BWEARIZE > TR ELNS:

1 n 00 4 6
7\/777,1 1 —I ~ 79:2/2 1 - _I ’ 1
/—16 ( +\/ﬁ) dx /_Ooe ( 4n+_18n dr + O >

_ /o 3@ 15v/21 o(i)

4n 18n n?
—Vor (14— o[-
N 12n n2) )

n! = n"e "V2mn (1 o (;2)) (n — o).

12n
INTHEIFIEE 1/(12n) BRSNS B 1HHEH 1/(12n) &, n BPREIBRLEE 0l O
n"e "2mn IZ KB ELDEEIE n BRIBREE n! OfED 12n DD 1BEIIRDZ L%
=L TWS

WwZ Iz

28 EIR DA IETHE [RIRRIC Fohd.



3.2. HYUSEBON Y EEE AW /E I CTHiEIEZ ZHE T 5 ik 15

3.2 AVIYEEBOHAYITEHZRAWGEUTHERZEEY 5AE
Laplace D /EIZ & % Stirling DARDEEA & T D—#ALIZEI U Tl Gergd Nemes, Asymp-
totic expansions for integrals, 2012, M. Sc. Thesis, 40 pages D3 aE LU\, AR CEHBHT % 4
EOFMIZZ OFwX D Example 1.2.1 iIZH 2. T IIZEHEWTH D HiLkZEH>TEH, Stirling
DARDHHIEIH 1/(12n) 2AHIIH/D I LMNTES.
RORARZEMD L 2EZL: EED a>0(a=00 Z2EHL) ITH LT,

a 1 an F
/ e Ml dt = — / e "2 tdr ~ (5) (n — 00).
0 n Jo

s
t=a/n LRAEREERUE. ZOAREHAI,

a1'(s1) N asl'(s2)
nst ns2

/ 6—nt(a1ts1—1 + a2t52—1 R ) dt = (n — OO)
0

D& D BEHEMNAEEIZ RS, g VT Stirling DARDRM DOMIEIE 1/(12n) 215 T
ALD.
B f(z) %

f(z) =2 —log(l + x) (x > —1)

CRED, MAZEEE y=n(l+z) LEHRTLIILIZLOT,

nl=In+1)= / e Yy dy
0

= / e "1+ z)"ndx = n”“e”/ e @ g,

1 1

LI Z >0 <0l B22iz&oT

n' 0 1
— :/ e /@) dx+/ e D dy,
nhTie"n 0 0

LY fo)=t BULKIFE f(—2) =t LEDALBEZEIHRTINE, BMOOEN ETHIAL
IR ZESTHS.
FERIZENPHRER I L 2R L LD . f(x) =z —log(l + z) DEHEUL

1_:1:
142 14z

flx) =1

BOTz>0T flle) >0&RBY, -1<x<0T fllz)<0&%Bd. f(x)ldxz=0T
BAKME f(0) =0 2FH, x > 0 THFAMWMU, 2 < 0 THHFABDT L. PAIZ >0
1<z <0DTNTNT t = f(z) FYPEHK z=2(t) 2FD. v =2(t) DFEFLELTOD
ROFENZFANRD 720D,

z=at'? + Bt + 32 4.
EHWNT
3 !
ER

22
t:f(x):x—log(l—l—x):?—


https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf
https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf

16 3. Laplace D HEIZ & 2 EH,

WRALTY, a,8,7y 2 RDTAHALD. EBRIIRATD L,
2 3 2
t= St <a6+%)t3/2+ <a7+%+a25+a4)t2+---

A% i U T o, B,y kDb &,
05:\/57 ﬁzéa Y=

2155, ThhHL /s
p)
_ 1/2 , 4 V4. 3/2
=2t +ot+ gt
Bb. x>0 TRIDEREZZTOEEH VS, 2 <0 TlE V2 %
SIZx % —x CEIMZ-RERZHWS., 4206

2. V2
= V212 - St 32
r=v2 TR

LBLE f(—2) =t LBB. B EDTRZTADEEIIB VT, BT

LB fla) =t
2 CEXHA, X

dz — @ $/2=1 4 gtlfl + \/_§t3/2*1 4+ ...
dt 2 3 12
A ED 2 DDEET t OBEIROEIZIE —1 fFOENNRH S . HEfFIE S /2.

fla)=t EHNEREBERTEZLIZE>T, n> 00 DL FE

o0 o0 d
/ e @) dy = / e_"t—w dt

_ /OO ot (\/75 #1/2-1 + %tll + gt?ﬂl + .. ) dt
_ \/§r(1/2)<+.2r(1)_+ »/fEF<3/2)+

2nl/2 3 12n3/2
Vor 2 \2rm
:2n1/2+3_n+24n3/2
ERD. mBRIZT(1/2) =7, (1) =1,1(3/2) = (1/2)I'(1/2) = /7/2 Zffio/=. £ 5 —
FOBEBIIDOWTEH, f(—x) =t LEAEBZE#LTLH I LIZEI>THRIZLUT, n — o

DX
i) gy V2T 2 V2T
0 C2nl/2 3n 0 24n3/?

e UED2O02RLEDED L, n DEHFESD 1 DHENTRNTHFy oIV, RN

"ond
n! V2 27 1
nitle—n  pl/2 T 12n3/2 +0 (n5/2) (n = c0).

CHFIRD LD ICEZIEIND:
1 1
| — NN -
n! =n"e "V2mn (1+12n+0(n2>) (n — 00).
. 92 DMIE

ZHNTH 1 OFIEHE 1/(12n) § Laplace D AIETRD 5NE Z &b h o /2.

THEARE € ﬂi‘% IZLTROLEND.

H1} % Taylor B log(1 +2) =2 — 22/2 + 23/3 — 2t /4 + .- TR ICI DN D,

Bzl <1}
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AR U EOEEIZEWT “+...7 EEVEHEDIIOVWTREEENBETHL. TDOI L
ZEAFDEHEHR 2 RNEDn 5.
b
14+t

p t
1+t

=1—t+t =+ (=D (-1)

2T

emtdt  T(1) TI(2) w1 L (k) L [ ek dt
= — -1 S -1
/0 1+t n n? ot (D) + (=) /0 1+t

o 1! E—1)! o gmnttk
0

n  n2 14+t
FEOBRTIEIZDOLS BROEFNSLEE “+...7 LG LU THRAZ. < EORIFELWY

AR,
o eint dt _ > k—l (k: -
A 1+t_g¥l) nk

WEAEOBEEKETCELWARTIEHARWY., BELRLIEALIZEARIZRER n IR LTHIYL
RWUBOMOLETHD. “+---7 OFDIE R 220k T 25 L MIRTL2DTIEARL, “A
BRI RIARI” 2 EK T 2 LR L TEP A TN T80, 0

1)!

4 YHEMR®D % L L Stirling DA
Stirling DARNIZIX & FETH %
logn! — (n41/2)logn+n — logV2r  (n — o).
INEY, IROFFOFERNE NND:
logn! =nlogn —n+o(n)  (n— o0).

ZZTo(n)ldn THOZBEIIN 500 &FT2E 0INERTIEEZEKRTS. ZNEZD
I CIETHEMRD S L\ Stirling DRAREIERZ L1285, ZONANTHIVUILA N T
T2 EDITHENIZFHAT S Z LN TE B,

4.1 FHERD S L\ Stirling DA D5 L WNEERA
HEARMEE f(2) 12WT f(k) £ [T f(e)de £ flk+1) PESZLTVR DT,
f(1) 20 %Z /=9 B IMEE f(z) 12DV,
f(1)+f(2)+---+f(n—1)§/1 @) de < F) + F@)+ -+ f(n).
Wz Iz . .
/1 f(a)de < F(1)+ F2) -+ f(n) < / Fe)di + f(n).

O T O E RAUEDDS £ 512 o(n) DA IE Ologn) TH2 = L LAMTES. = 2T Oflogn)
X logn CTHEIS>ZBICERIZEDZEEZEKRLTWD.




18 4. XNEIRDZ U\ Stirling DA

IN% f(x)=logx \ZHEHAT DL

/ logzdr = [xlogx — z]} =nlogn —n+ 1, log1l+1log2+---+logn = logn!
1

RODT
nlogn—n+1=<logn! <nlogx —n+ 1+ logn.
ERASP)>
1 <logn! —nlogn+n <1+ logn.
L7zh>T

logn! =nlogn —n+ O(logn) = nlogn —n+ o(n) (n — 00).

ZZT O(logn) i logn THIDEEFRIZKD LD BREZEIRL TS,

4.2 KEAABEBEANDIGAB

SFHB D % U Stirling OARE S &, an (85 bn [HEL2 M E DO (“IHE
B) OXEUL

log (ZZ) = log(an)! — log(bn)! — log((a — b)n)!
= anloga + anlogn — an + o(n)
—bnlogb — bnlogn + bn + o(n)

— (a —b)nlog(a — b) — (a — b)nlogn + (a — b)n + o(n)

a

= nlog W + O(Tl)
LB, WPAIT
an\ /" ab
lOg (bn) — lOg W (n — OO)

ERAN PR

a

lim (an> v = lim ( (an)! >1/" - ¢
n—oo \ bn n—oo \ (bn)!((a — b)n)! b(a — b)e—b’
I B an AN 5 bn fHHD FHAGDOEDED n TMD n — co TOMBRIT —IHLRBEE
BORDHTHED (kn)! % K THEEBIZEOND.
Z DGR & ZIXIRDE T RD 1988 FEDOEFED Ak [z R TR 2L BN TE 5!

1/n
nm(“aﬂ 2k &,

n—oo mUn

Z OROfEIE
3/(1122) 3 o7
2/ 2816
AR % fE 5 72 A&, &9 Stirling DARE > L 55T BMEE % X, Z0BICH
ERCEDRFN TR 2 2 L AR L 07 L ibNS.


https://www.google.co.jp/search?q=%E6%9D%B1%E5%B7%A5%E5%A4%A7%E5%85%A5%E8%A9%A6%E5%95%8F%E9%A1%8C+1988+%E6%95%B0%E5%AD%A6

4.3. XNERRD S L\ Stirling DA RNDWE 19

AR ETRULAEZE &Y,

om\ /" 92
im (") = 2 =22
n—oco \ N 1111

ZHERZZRL TS (o(n) tdn THDE n— oo TOIZPIRT L E):

2
( n) = 9% e0(n) (n — 00).

n

Wallis D2 (5 8.4 #i)

()2 o

X T DREAIZZ>TNS. 0

R W TRTIE 1968 FITEXDMEEZH L TWD KD 72

lim ~ /Py BRDE. (BRI 22 )

n—oo M
Z OREE B S T IE R XL Stirling DARTH D, LD —KIZIRERES:
N1/n
lim M =ae
n—00 n%

BERLIE

((an)))t/

log
na

= —log(an)! — alogn
n

= —(anloga + anlogn — an + o(n)) — alogn
n

=aloga —a+o(1)

= log(a®e™) + o(1).

o131 Stirling DR % 1 2 145 1778 2 855 % B ESCEO RPN TG 3 & > 12 J8
UC AR LTV 2072 L Bbha. 0

4.3 THERD S L\ Stirling DAL DHE
BUTKRT B L WERES. HBEH ¢ WEIELT,

1
logn!:nlogn+§logn—n+c+0(1) (n — 00).

UPFRTIEZDORAZGHL L 53

B 41 HiCREIA U 726 U D % L Stirling DA R E EORARDENE (1/2) logn DIH
CEBUE ¢ NI MATHEBLTWS L ZATHD. TNOLDHELT T A T 7IXIRD
@Y. [Mlogade = [zloge —a]f =nlogn—n+1% k=1,2,3,...,n— 1 IINTIES
& [k—1/2,k+1/2] x [0,log k] DEDOIRM & R [n—1/2,n] x [0,logn] DEHEDH

SUERL ¢ 8 log/2m TH 2 ZLIXEHMITH 2, Wallis DARZH XL ¢ =V2r THD I L E2RES.


http://d.hatena.ne.jp/gould2007/touch/20071127

20 5. fI&%: Fourier D KEE/A R

log(n — 1)! + (1/2)logn = logn! — (1/2)logn TELLT UL, HIRIZ (1/2)logn DI
bNd. ILI, TNLDOERAWONMEGLHE {(z,y) [1S2<n, 0=y <logz} D
EWZERES AT UE, [[ogrdr & RATMDOHEMBDMBHIDED n — co TH S EH
WZICR 2 Z &by EBIHHFONDS.

log z | HFIMBKER D TIEDFE oy, B %

k

k+1/2 1 1
ap = log x dv — = logk, Br = =logk — log x dx
k 2 2 k—1/2

CEDDBIEMNWTED. ZDEF,

n—1

1 " 1 "
1ogn!——logn—/ 10gmdm=Zlogk+—logn—/ log x dx
2 1 p 2 1

=—o1+Br—as+ 3 — -+ Bt — an1 + Bn.

ZDRARFND n — oo TRIRT D Z & 2R UV
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HDF>0I1ZDOVWT, N300 Dk X

0 xXr xr —
aﬂﬂ@y:%[;mmeﬂ +w;f( Y 4y + o(1).

Dirichlet B3 D RAXDFEHEL Y, N — 00 D& F

5 5
f(z) = lim z/0 sin(Vy) dy f(z) = ;/0 sin(Ny)% dy + o(1).

N—oo T Yy

0 T Tr — — X
() = ) = 2 [ sin(avy) PRI HEZINEZIE gy o)

HELE [(flr+y)+ flw—y)/2— f(@)]/y 2’0 < y < § TAIFEZD A 5 1F Riemann-Lebesgue
DEFEEY, HLIE N - 00 TOWKPRKT D, INTRINESZELARINE.

B 5.1, AR B f A o THATEEASIE, FANIR 6> 01200,
(Fx+y)+ fx—y)/2— F@)]/y 1H 0 <y < CERICAS.
Lt T f A WTRER A 2 1BV T, limy e sy (f)(2) = f(z) PIRIZT 5. 0

B 5.2, AR B f DIED R © 2B SEA» S OMR

flo—0)=lmf(z—c),  fle+0)=lnflz+e)

PEEL, f(x) = (f(z+0)+ f(x—0))/2 THIDERETD. ISHITM 2 BT ELAD
iR
/ _ . fla—e) = flz-0) : _ o flete) = flz+0)
'z —0) =lim — . fl+0)=ln 5

PIFET D ENETD. ZD& X, +H/NIR6>012D0TC,
(flz+y) + flz—y))/2 - f(x) 1[ﬂx+w—f@+0) flx—y)— f(z —0)

) Y

Y 2
X 0<y<d TERIZRD. LR->T

fx+0)+ f(x—0)
2

lim sy(f)(z) = lim L/Neimf(p) dp = f(z) =

N300 N-vo0 2
LR85, ]
$15.3. a > 1 12 UTEHE fo(z) ZIRDEDIZEDD:

1/(2a) (—a <z <a),

fa(x) = ¢ 1/(4a) (2 = *a),
0 (x < —a /2 a < x).



5.5. Fourier f&EX DI/ FI D UK 27

DR

f;(p) _ i /a i g e—tap _ etap _ sin(ap)'
2a J_, —21ap ap

ITEHEBTH B . WP 212 Fourier BHLD N D FUIIRD L D275
N N .
sxlhe) = o= [ ™ gy 2 [ con(any ™ g
N 2ma ),

2r J_ ap p
_ 1 /N sin(a + 2)p) +sin((a — 2)p) ,
- 2ma J, p b

IND N — oo TOMPRIX 2 DD Dirichlet B2 O D 2ra 7D 1 12745, 1 DHD
Dirichlet B3z > —a DL F 7/2 18D, 2 = —a DEZT 0 IZARYD, 2 < —a DEF
—7/2 1274, 2 DH® Dirichlet 3l e <a DEZF 7/2 128D, 2 =a DEZ 0 A,
r>aDEE —7/2 1785, TNHLOMIF —a<z2<aDEEF g llBY), z=da DL T
7218 < —a FlFa<z DEZT0IZRD. DRI

]\;EI})OSN(fa) :fa<m)

YRHIENDND. [

5.5 Fourier fREDER 2 FIDUNK

BUR, fIE R LR 2r 2R DB THY, 0 < 2 < 21 THMDTHD LIRET 2.
ZD & X f O Fourier (R a,, (n € Z) ¥
1 o —in
S L

EREFRIND. EOFEE N IZHLUT, (7(% f @ Fourier #&ZLD N 53 F1 & FEIN:

— E an eznx
n=—N

N HAFNFIRD E S IZER I ND:
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DFFIBIZZSTWBZETHD. EBEOFFHTIX

I? = // e~ @) gy dy =
]RQ

ERT LIRS,

7.1 E—DOFED2BY DBELRT-EEVEE

P = [fon e @) dudy i 2 = @) QNLRD Y T 7 LV 2 = 0 1B E N2
FORBEERDOLU TS, TORBEIEET 2 OWEH O n(—logz) 2 0< 2z <1 TH
NTBHILIZEoTHEROOLENG. DRI

1
I? :/ m(—logz)dz = —7[zlogz — 2§ = .
0

BT ZOHENREEHTH 5.

7.2 WERERICLDZEFHE
x=rcosl, y=rsind &MEEEHT S L,

2T 00 —r2 %
"= // e~ ) dy dy = / d9/ e rdr =om | & =T.
R2 0 0 —2 0

2 DHDE S THMRBEFEZEELD Jacobian 23 r 1285 Z e = ffio/-. £ L <IE

dz A dy = (cos@dr —rsin@df) A (sinfdr + rcosfdf) =rdr A df

BROT, K={(r0)|r>0 0<0<2r} &BLL,

2T [e'e)
I’ = // e~ @) g A dy = // e rdr Adf = / d@/ e rdr =m.
R2 K 0 0

42, = o=@ 49) 12 = 22 402 LB L 2 =1(—logz) LB B.
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7.3 Jacobian #FH T ICT OB EHDERICL BEHE

DAFRD &S IZEHAET 2 MO DIEF 3L 1 ZBROERFE S DA% > T Gauss o %
HHETX 5.
=ztanf IZE>T y NS 0 ITHEDER LT D &,

de x?

dy = 22+ y* = 2%(1 + tan?0) =

cos2 6’ cos2 0

£,

I* = /Oo /OO e~ @ +y?) dy | dx = 4/00 /Tr/2 exp _x_2 0 du
0 0 0 0 cos20 ) cos?6
2 =00
/2 00 2 ™/2 | €Xp _ﬁ
— 4 exp (-2 )~ gz ) do =4 ___E___jﬁ) a0
0 0 cos20 ) cos?f 0 -2

x=0

/21 17

— 4 “df = 4=~ = 7.
4 2 20— "

3 DOHDE S THERYDIEF R %275 > 7~.
y=at lZ&>Ty "6 t ICHEDPERELT D2 LIZ& > TAREMIZE UFHEZ E17

T52LETES:
4/ (/00 e~ (@) dy) dx = 4/00 (/OO e~ (1+1%)2? a:dt) dx
0 0 0 0

00 00 00 —(14t2)22 177

= 4/ / e~ (2% 0 g ) dt = 4/ £ B
0 0 o |—2(1+12?)

< dt ~ T

= 2/0 i 2[arctant|g® = 25 = .

3 DHDES TR DT M E 1778\, 6 DHDES T arctant OEEHA 1/(1+¢%) T
HdILEMo,

12

dt

=0

T4 AVTEHHER—YHBOREBREARAWLEGE

HIE Tl Jacobian 23 THRZAR W 1 DS DEIFE 5 D A% FW T Gauss FE 57 % Gt
B HEEHALZ. TN LD BRHIEICE ST, U v N—2EHDOEK
RE 1 EBOES DEBFRS DAL FHWTIEAYT S Z &N TET, 2DOBEBRANDRH] 2%
HLUT Gauss BEADEZFHAET DL HTED. ZOHONEIZHIHONED AL
ThdLEZOND. #HatF T b2 HEREERHEDOFLBRIZIEAT V¥ PR — &
BRI % 52 D857 OB BOND (B9 H). 72056, HEHFITHIENH 2 5 1
Gauss D DEHED b & UTH Y Y& R—ZEEUIZDWTEZATE W Z AWR)
BNRRWEEEZEZOLND.

Bt =tan DL F dt/df =1+ tan? = 1 +t> DT, § = arctant OBEKEIL do/dt = 1/(1 +2) IZ7%
5. TOI LMD, arctant = [, dt/(1+12) L BB I LEDND.
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5,p,¢ >0 (6 U IXFEHNIEDEFZEE s,p,q) 1T LT,

oS 1
[(s) = / e 2t dx B(p,q) = / P 1 —2) Ny
0 0

WEOTHYYEHB T (s) ENXN—XEHE B(p,q) WEHEI DM
HABEAIZELOTI(s+ 1) =sl(s) THDZEPDOMNY, T(1)=17EDT, 0L EDE
BnllHUTIn+1l)=nl &85,
Gauss B2 T 1& T(1/2) IZ5F L\

oo oo 75—1/2 0
1:2/ eﬁmz2/ et <ﬁ:/ e 't at = 1(1/2).
0 0 2 0

2DOHDEST =t Bz, LB >T I(1/2)? = 1 % i T E L Gauss 25
ARETELZ LIRS,
R—=BHEIILL T D & 5 BEHDOFRREFD:

w/2 ) tp_l dt 1 9] du
_ 2p—1 9 in2¢—1 — = .z
B(p,q) = 2/0 cos™®™ 6 sin“? 0 dl = /0 (e /0 T atryre’

v=cos’f =t/(1+1), t =ul/P LEBEWUZ. 3DOHD (BRED)XRD p=1/2 DHE
DRI DS t 7348 DWER B LD IR THH I N, 2 DHOEX RO T F
FAADMERBEEFBOZRTHEAINDS. T(1/2) D Gauss B & D FROY 7 BRI
T IERD AR OMER B BRI DOZ R THAI N, TV YERBOEZXDWBEI L 2 7
OB ERBOFRRTHAING. ZOXDITHY YEHBE RX—ZEHUIFFERHAIZ L
R X N2 WER AT % B9 2 72 DIZTIXMEHD BRI R > TV D (55 9 ffi).

KRzl ORR &Y B(1/2,1/2) =7 LRI eWbnd. WRIZ, ELE

L(p)l'(q) =T(p+q)B(p,q)

PRINEB DI, T(1/2)2 = B(1/2,1/2) = 7 8% 2 L WbIs. UIhSo>T Gauss B
SDFHFNIHT VL RXR—ZEHBEDHNZDEBRAZRTZLITREIND.

N EELE R—ZEED DN 7ZDREBRRNIX 1 OB L O EF DR A%
fHoCHAMBETHD. LR TEDOIZ L 2 HBICHAL LS. & A ITHLUT, 2,y 7' A
ZAIZTESMHEMN 1 IZHRY, THPND L JITED 0 127482 2,y DEEE 1a(z,y) &F

Uz s L SADRBEREZBOML AR S, LT TR ER I OV TIZERDL R,
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[ SR

/Oo 2P (2 — )T 1dz) dx
/

Loco(z, 2)e *2P (2 — x)7! dz) dx
/ Loco(z, 2)e?aP (2 — 2)7! dx) dz

/e 2P (2 )qldx) dz

0

/ e (2P 2 — )qlzdt> dz
0

szldz/trw1_@q%ﬁ:F@+®B@ﬂ)
0

2OHDE S TCy=2—a CEHES U, 4 DHOE S THADIEF 2L, 6 DHDE
5T o=zt EIEBESL.

7.5 MDAEE

D FFIEIZ DWW TIE Hirokazu Iwasawa, Gaussian Integral Puzzles, The Mathematical
Intelligencer, Vol. 31, No. 3, 2009, pp. 38-41 ¥ & U Steven R. Dunbar, Evaluation of the
Gaussian Density Integral, October 22, 2011 =2 U TAKL .

8 fI&k: HYvEEK

BITAHTHY THBUZODOWTHBIZESI U2, LR TR I Cldfai cximno 20
VREHEBOMWEIZOWTHIAL XD

8.1 AV THHHEEKEBMOERRN
HTAMTRUZ I(1/2)? = B(1/2,1/2) = 1 IZIROBELBARDORHNRGETHD:

™

[(s)I'(1—s)=DB(s,1 —s) = Sn(rs)’

ANRIZHEBOFIHERHS. 1 DHDOHEIE sinz & T'(s) OMEFR TR R



http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf

8.1. MY EE L FEB OB 35
2D HIETHBY. 22T v I Euler 8

: 1 1 1
y=lm |(-+=-4---+——logn
1 2 n

n—oo

Thd. INoDRANZEDD L,

F(S)[‘gl - _ F(S)(_i)r(_s) _ s(_—ss) H [(1 n %) <1 B %)} _ sin7(T7r8).

n=1

2 DOHDHIEIFIROER D 2 BE RN EZHONTHATLIZ L THS:

0 755—1

dt.

W@FQ—SN=B@J—3%:/

o 1+t

0<s<1THhHDEHEEL, 0<e<l< RIZFUTEZDROEN KK Z C vEL:
EF9 e MS R EFTELTITHED. RITEFBVH LOF K ZEFLETLERE R OHJF
FEKKEFFEID T1LATS. TUT R 25 ¢ £ETE>ISHED . RBICEFE R LD
Fedh e 9258 c OME L2IFIHD TLATES. Z0&E [ 2 tdz/(1+2) 1
2 dz/(14+2) D 2= —1 TOHEBOD 2mi £FTHEL N

/Zs_l dZ . TS
= —2me"".
c 1+z

e—=0,R— 00 DIREZEZD I LIZLLT [ 2 dz/(1+2) & [Tt dt/(1+ z) B
LTNEED 2 {5 25 WFERIFLNI L E D05

s—1 d ) 00 ts_l dt
/ < < _ (1 _ 627”5)/ ]
C 1 + z 0 1 +1

NED2ODERZ KT SZ2I12L>T

B(s.1 ) /°° 5= ldt  —2mie™ 271 T
’ o 1+t 1 —e2mis  emis — =7is  gin(7s)

COMAE t=us B LITE>Ts™ [Tdu/(1+u/*) IZERTED. DRIZ, IR
DRRE/FONILZ LITRD:
du s

B(1+s,1—s)=sB(s,1-3)= N '
(1+ s, s) = sB(s, s) /0 14+ ul/s  sin(rs)

CORKRZEERTIELETES. R>1Thde L, HRAVPH L2 HENS RETE-
G HEA, RIZIFEHE D IZAE 27s Z T [EHLL T Re™™ ETHEAR, TINOFRETE >
TR E C LEHS L, [ de/(1+2Y) 1E dz/(1+2%) D 2z =€ IZBIT2H
B —se™ D 2mi F5IZFE LU <, R — oo DIERT [ dz/(1+ %) & [ du/(1 + ul/*) 2
HTNEGD ™ fGEFIN7ZEDIZFEL T D RIZ

/°° du —2mise™s 2718 s
0

1+ ul/s 11— e2mis  gmis _ g-mis sin(7s)
BT(8)T(1 — 5) = 7/ sin(ns) &I L THWT (72 & ZIXEEMT 2 HAEBHITRED), HY VK
WO MRFEREFN S sinz OMRFEMEMZEHTLILETED.
4625 OISR MDA % KGRI DI 1T 5 L 2™ f5I272 5.
s 0% 2 & 2T fEUTEARELEN, dz & 2™ fF12h 5.
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EED R E U RICHAREN L <BHOND DO EFH % 1 A 280 B EED
2mi IR INHTH D,

BRI EHIFEHE L T BB DOIFIZDOWTIE, AR TG (AiE )
D5 (201267 H) 2 BT 9TOTDH. EEHEGRDO G721 TIER <, BRI R
OMBEDFEUWEREADOTETHIZBI > TWDIDIXERKZ LTS,

8.2 HYIYHHBOERREERHA

B f(s) (s > 0) EL T D 3 DDl 27~ LTV L iET 5
o IEfEME: f(s) >0 (s> 0),

o BEEEA: f(s+1) =sf(s) (s >0),

o SHBUMHE: log f(s) 1E s >0 D FIZNMAKKTH 5.

Z D 3 DDFM2 72 T EEBUIIR D LR & D

FO) = ) i s (520) ()

FRZT(s) WED3IDDFEME T(1) =1 2720 T2 Z N5, Gauss DA

nlns

C6) =l Sy

DAL L TEY, ED3DDEM%7Z U TOSEEIL (s) DBEBHEIZRD Z b bnd.
PAETHRARZZ & RGFHL LS.
9, () DMIRDO S FRE O - < DELTE L NS HEIE

s(s+1)---(s+n)

lim
n—00 nlns
IR ST A 2RTD.
s(s+1)---(s+n)
nlns

S S S
- 1 _> <1 _> o (1 _> _Slogn
s( + 1 + 5 + - e
=s (1 + %) e’ <1 + g) €T (1 + i) 6_%es<1+%+”'+%_log”)

14+5+---++—logn & n — oo T Euler E# v IZHRT 2. DRI [T, (1+s/k)e”

Mn— oo TPERT D Z L2 REIEL . - OBEREREKE (1+2)e” -1 IEHEM 2=0
TMNDFERMEFFODT, (1+2)e 7 =1+0(2%) (2 = 0) &85, PRIT (1+5/k)e/k =
1+0(s?/k?) (k — 00). Zavdk D) fEIRAE T12 (14 s/k)e/k BIUR T 2 Z e d¥bond. &

& o: N
TGt M CRall) JEPETN | (1 3) ]

n—00 nlns

B ) FBFEDHBRDT, 1+1/2+ -+ 1/n—logn = flnﬂda:/x —logn =log(n+1) —logn = 0
THO 1/ (n+1) £ [T de/e =log(n+1) —logn ROT, 1+1/2+ -+ 1/n — logn 134 552 B
PGB WWRITIERT 5.


http://www.amazon.co.jp/dp/4000051717
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IR 210, ALOEREA 1/T(s) I L0205 AR
1 ~ S
. s 2 —s/n
REI, [

% Weierstrass DA & LR, HUDMERFEIIEZED s € CITRUTINRT 5.
PLEIZ K > TR R I NZMRDOFE %2 F(s) £EL 2 &I 5:

nln®
F(s) = i .
&)= G D G
oL
IS |
F(s+1) = lim —= e = sF(s), F(l)=—"_ =1.

nsoos+14+ns(s+1)---(s+n) (n—i—l)!:

WAIZHEETDH D (x) DRR f(s) = f(1)F(s) (s >0) Zmd2DIZIF, 0<s<1DEE
£(s) = F(VF(s) L5852 2 R EFHTHB.

RIZ, f(s) OEMEMEENBUNMEZ VT, 2L EDEE n & 0 < s < 1IZDWT, f(n+s)
DRKEI% f(n—1),f(n), f(n+1) ZHOT EF» 5T 5 4A%EX

(25) s smra 2 (L) r) 0<s<n @)

fn—1) f(n)
ERTD. IS ISR g(s) 1k a<b<c LT
g(b) —g(a) _ g(c) —g(a) _ g(c) —g(b)
b—a ~ c¢c—a — c¢c—b

Zii /2 LTV, TNDERET% g(s) = log f(s), (a,b,¢) = (n,n+s,n+1) IZHEHAT
%L,
log f(n + s) — log f(n) <log f(n) —log f(n +1).
s

AN (a.0,0) = (n—Lon,n+s) ICHAT R &,

log f(n +s) —log f(n)
log f(n) —log f(n—1) = p :

PUED 2 ODREREBILUET & f(n + 5) DI () BHEHNS.
Fln+ s) DR (#) 12 f OBEEERZHAL &>, f OBEBEERE Y

f(}l(j;)l):m f(s4+n)=(s+n—1)---(s+1sf(s), f(n)=(n-1)f1)
BENHAIL TS, (#) OFENTn & n+ 1 KEXMAD L,

f(0)nln® <

nsn!f<1)g(n+5)(n—1+s)~..8f<8)a 8(8+1)"'(3+n>

f(s).

VZOMRE 1/T(s) DEHLTDILETES. ZOHETHNERMNS 1/T(s) WEZFH KT
EZRINTEY, T(s) DN s =0,-1,-2,... DAIIHD L EHWHIZRD.
SO % Hi I VK EBINZHI H 23725 5
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(#) DHEF3 &
f(s) < f()(n—1)n? _n+s f()nln?
T s(s+1)---(s+n—1) n o s(s+1)---(s+n)
DEzEeddl
f(1)nln® < <S)<n+s f()nln®
s(s+1)---(s+n) ~ n s(s+1)---(s+n)

&Y, RUEDPS L (x) BMELND.

Y EED 3 ’)0)%44: (EAEME, BREE R, BN M) 22 U TnWa Z e ZFEH L &
5. IEMEMEIRER (s) = [ e 2" Hda JZ U HIENTH Y, EBEERFH ORI E ST
BHIGEHI NG . ﬂ;&lﬁ@%ﬂ“\jt T g(s) =logl(s) &HELEF, ¢"(s) 20 Zm
XA THD. &) —MBITIKODED C:ﬁ% B BHEL f(s) IZTH LT g(s) =log f(s) &
BLE J'(s) 20 &BBIELERTD:

b
f(s):/ S P@+0() g

22T ¢(z),¢(x) XEBMERETDH Y, s (BT DAL SO AIAREZ L lE U T
<. (a,b) = (0,00), ¢(z) =logz, P(x) = —x —logax DEEF f(s)=T(s) &&B". 2D
L, g(s) =log f(s) LB L

y_ APt
74 2

ZAWZ 2 — ff" <0 2RBIEEO. f(s) DEZELY,
b
F)N +2f"(s)A+ f(s) = / WD (N2 4 2(2)A + ¢(2)?) dar

:/ s¢>(w+¢(x()\+¢( )) dx > 0.

a

ZITf2—ff"<0 L85, RHTT(s) BT HD.
\_X/L’Cﬁ VBEED Gauss DN R FEMEF O IEHINAZZ L IR 5.
@E.thﬁ%btﬁ/VI&~@?éGw%@Aﬁ®£%iﬁ/7@ﬁ%@%®
TIEAR L, IEMERENTH Y v B e [\ UREE & 36 72 T EUTd U CRE I 2D T
Hol. MO TEBINZH VY EEIZEET 2 Gauss DARZLAFD L S I L THEEMWIZ
FEHT S22 HTES. W n®B(s,n+1) IZDWVWT,

n’I'(s)I'(n+1) n*n!
[(s+n+1)  s(s+1)---(s+n)

1 n t n
n’B(s,n+1) = ns/ N1 — 2)"dr = / 5! (1 - —> dt
0 0 n

5a,b) = (0,1), ¥(z) = logz ¢(x) = tlog(l —x) D& X f(s) = B(s,t) £%%. B(s, t) £ s D
EUTHEMIZARS., WRIZ F(s) =T(s+t)B(s,t) & s DL bfﬂiﬂlﬂl B%. F(s+1)=sF(s),
F(1) =T(t) DT F(s) =T'(s)['(t) THDZ <‘:7b>7b7b>é ZOEDTH Y IEHBORFEMN T ICE>THY
VB N—ZEBOBFBRAZIEITLEI LB TES.

n*B(s,n+1) =

THhD
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2DOHDFES T o=t/n BV WA, n—>00 DEFE,

n*n! "o t\" *
= t? 1—— dt — t° dt =T1'(s).
s(s+1)--(s+n) / ( n) / ‘ (s)

BHEDATY TRHOFETIHRTS 2 L b TS, 34l (4) & f(s) = D(s) DBEAITHE
45 0<s<1DEE

I'(s+n+1)~nT'(n+1) (n — 00).
HVBBOEHEREY), ZNIMEED s >0 THIZLTWD. DRI

n°n! ~ n°T(s)(n+1)
s(s+1)---(s+n) TI(s+n-+1)
D&, AV EEBOIEMENE, AN, BRI & DR RN I & T, m8

E’\JCZﬁ‘/VT?ﬁLE@‘T% Gauss DR % (bf;b‘?fﬁﬁﬁﬁﬁ@ﬁ%) (EY RS 1 ARY
PLEIZ&E 2 TIROARGFHI N Z L1278 5:

— I'(s) (n — 00).

lim n°*B(s,n+ 1) =I(s).

e
L0

nsn! 1 = s 1
Clo) = fim Bl 1) = i Sy oy = g T () )

n=1

ZZT v ZEuler EHTHD.

8.3 IEXEHIDERFEEREHH

V< B D R R DIGH & U T sinz OMREFEMAZIHAL LS. B OIE
P21z FHOCRE I N2 T Y & N — R D B £ & RN & - CRE X T
BN — ZEHE L IR DR &

I'(s)I'(1—s)=DB(s,1 —5) = —

— 15, FT VO IR EMER & V|

1 1 > 52
P =s) ~ Tty ~ 11 (1 B n_) |
LEZILIRYT D L,

o 2 oo 2
sin(ws):wsH<1—%), sinz:zH(l—#).

n=1
ZD&DIZ, sin(ms) = 71/(T(s)(—s)[(=s)) ZRDTH Y KD MR TR 2 5 E5%
B D FERRERBRAS R O N DTH S,
SHEBEIEI S E S L.
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KRR D IR TR R B % B R 9 720121, sin 2 DX EINS cot = DI 1 EUE R

1 1 1
tzy ==
v +Z<z—mr+z+n7r)

n=1

= R 2 HOTEER U, ERNCE S U &0, U EEARE TBER) © 235
HZzR&.

PAF T, HEEMNT T3 7% <, Fourier Sk D HER % {f > T IEXENE D IR A=A % A
BITGD TRk E W be*oﬁ

9 2 OEE cos(tr) D —1 < x < 7 TOMED Fourier MAEEFZ KD, I 05
cot(mt) DI FEEBMNE S NG Z & ZRT D ¢ D Fourier fREIE

1 T y 1 e—inxeitac =7
n — —inx l X d
@ 2m ) c 27T |:Z(t - n) :|:c_—7r
B (—1)"(6’” — e~ _( 1)nsin(7rt) 1
B 27i(t — n) B T t—n
BT, et @ Fourier MEUEBHIX
N N n ,INT
itx (_1) €

e N—o0 t—n
N

n=—N n=—
sin(rt) |1« e emine
— - —1)
T t+;< ) (t—n+t+n)
sin(7rt) (1 & 2t cos(nz) =~ 2nsin(nx)
— - —1)
T t+;( ) ( t2 — n? o t2 — n?

278 %, W AT cos(tr) D Fourier MREUE R I

cos(tz) — sin(7t) [1 N Z(_l)th Cos(nx)]

T t 12 —n2

n=1

2%, LERoT,

meos(mt) 1 & n 2t cos(nz)
t(tr) = AT 2
™ cot(tr) = sin(mt) t ; 2 —n?
D ¢z — 7 TOMPZIND Z L IZL2T,
1 — 2 1 (1 1
t(mt) = — 2 -
reot(rt) = 5+ 3 t+;(t_n+t+n>

#1357, sin(nt) OB 7 cot(mt) IZFFLWVDT,

d sin(7t) 1 1 =/ —1/n 1/n
at 8wt ;(t—n+t+n) ;(1—t/n+1+t/n

S3PLN TR Rk U R W AY, Fourier FREDIPERIZ DWTILE 5.5 fii & 2R &.
Sy DML cos(tr) D —n <o <7 TOMEZ AW 20 TR %%C:Tiﬁﬁbff%%ﬁ’b%@ﬁﬁﬁﬁ t(x)
@ Fourier ##il e % A 5. cos(tx) D 0 <z < 2r TOMEZ A 2r THRT DO TIEH AN LIZEEE L.

oo

1 2t
%5coth z = —icot(—iz) &V, coth(rt) = —im cot(—mit) = Tt Z oS

n=1

cﬂlﬁ
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Wiild% t=0M"nbt=s ETHNTD L,

o 05— 3 (o (1 2) e (1 2)) e [ (1- )

n=1 n=1

U3 T, IRBMEH N2

P ()

n=1
sin DEERFREI & > VEHBOEBRFEREFAOARNEADTHS Z & 23,
1/(T(s)I'(1 —s)) & sin(rs) Z2HETDH I LIZL>T

L

L)1 —s) =

sin(ms)

ZzrtEd. TSI T(pT(q) =T(p+q)B(p,q) % 1 ZEOET OEEF T & B0 DIET
HOAEHOCTEDIGIHTE S 2823 21E, ROAXREB/LNG:

1 00 ys—1 00
thdt 1 d
sin(7s) 0 o L+t s)y 1+ul/s

INSDRAFZENP—DEIMTENIMEFOLRNIBOLNS LD IIB>TND.

8.4 Wallis D AT
IRDOARNIE Wallis DA & IEIENT WS
oy [\ o
nh—r>1<>lo (2n)! n_ﬁ’ e (n) ~ N

Wallis DRAXDHE AW E Z AIEMHERDNEFRPBBDLLOMETRDOINT D LA
Tdhd. Wallis DRRXIEHT Y Y EHEIZBET S Gauss DARIT s = 1/2 2RATHIEES
Nnd:

VT =T(1/2) = i n'/onl
™= = 11m
W2 =l a1 a2 0
2ntipnl/2p) 2ntlnl/2p) 2"n!
= lim = lim
n—sool-3---(2n+1) nocl1-3---(2n+1)2-4---(2n)
22n+1n1/2(n!>2 22n(n|)2 2n1/2 22n(n|)2
n—oo  (2n+1)! n—oo  (2n)! 2n+1  n—oo (2n)ly/n

RDARLH Wallis DR LIFIEN TV S:

st 2n - 2n s
II@n—n@n+1):§'

n=1

o0 2
b . _ s
%0sinh 2z = isin(—iz) & ¥, sinh(ns) = 7s I I1 (1 + n2> .
n=



42 8. Nk 7TV <K

0‘1
S
o

ZOARIFRDOART s =1/2 LB IFIEE

o (5) =0 ) S0

8.5 Stirling-Binet DA (1)

DAR Ol IZIX E. T. Whittaker and G. N. Watoson, A course of modern analysis
(1927) MHEDEIEELTH S, ZDOARIFHRA B KR AKX KEIZEH > T B IR 125
LWARTHD.

H Y B DRI % T« 7T < B (digamma B L FECY, o(s) L RDT:

P(s) = d%log I'(s) = T(s)

IHITT A HYEHEBDEERE ' (s) %2 MY H Y B (trigamma BEEL) & FER,
7V < B SRR SRR B (Weierstrass D) & V),

= s s
logI'(s) = —vys — log s — ; [log (1+ E) — E] .
ZZT v EEuler EWTHD. MAZENBD T DI LIZE>TIREHD:

w<s>=%10gr< ):_V_E_i{n—lks_ﬂ'

n=1
IHICE S —FHEMMA TS L
RN =
¢<S_§+nln+8 _n:
ZDOEDITUT, Y YHEBDEBRERERMNS, T+ BRI B Y Y~ B DR

DIBERBPEOLND.

PAROHBIET ¢« Y < BEIZBET 2 ARE R MU T, logl(s) 1ZB9 % Stirling-Binet
DARERTIELTHD. BESTHIERFIRIZZ DM, WEAMIZIZT « 7T BB DH
DERFNS T4 Y XEBOBMARRRE/T, TNERFS LT logl(z) DERRERFD
EITORMEFETDHD.

9", Buler DS ERA
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ZRTD. Euler EBDEEIC 1/k = folxk_ldx & logn = ["du/u RAT D&,
[ n 1 n 1 n
v = lim ——logn] = lim [Z/ :Ek_ldm—/ d_u]
n—oo k n—00 =1 Jo 1 U
_ N n 1 _ . n n
= lim / 1o dr — du}_ lim [/ il Gt ) (1=y) dy—/ d_u}
n—oo | Jo 1—x 1 n—00 Y )
— lim / 1- (1 —u/n) d / du}
n—oo LJo 1 u
— lim / 1—(1—u/n / u/n ]
n—oo L 0 1
141 _ _—u 0o —u
:/ L-e du—/ 6—alu
u
1 o —u 1 0 o—u
ol el [ [
5\0 s U 5 N0 A
1 oo —u oo oo —t
zlim{/ / —du]—liml/ dt — / —dt}
oN\0 AU 5 N0 5 1—e¢ —t ) t
= lim ( — —) dt
N0 Js 1—et t

00 e—t e—t
_/0 (1_et—7) .

1 DHD% 5 (E Euler €DERTH Y, 2 OHDF S THEADRAZITEY, 3 DHDE
BCEEBIOM 1+ 2+ +amt=1—-2")/(1—2) 2ffio/z. IHIZ4DHDOEST
BDEBOES y=1—2 21780, 5 DHOFESTILIZ y=t/n LB E, 6 ODHDES
TOMNH 1 ETOEDEL 125 co FTOREDZ DT 7. 6’)5@%’?750)%5326;}: n — 0o
DIERPIN DRI Z>TND ZLITERE L. 92HOESTO<A=1-e?<$§
LHEV W0HEDOEST N0 DX [{duj/u=1log(3/(1—e?) =0 LBBIL%
o7z MMMEHDESTIOHDED Cu=1—et B, 2O0HDOEDP TCu=t &P
Wz
IZ, Euler @O FRRAMMT NS T 1 H Y YEHBOBES R RN

b(s) = %bgf(s) :/0 (% - 16__;) dt.

ZRTD (Gauss 2Lk 2T 4 A Y YEHBOMBRESERR). T« H YV B OB B
T, LT U 7z Euler B8ORS FR & < HbHNdAA

l_i = —ctys—1
cs_F(s)/O e Ldt (Ree > 0) ($)



44 8. Ak HY <
Ds=1DEEE c=s,s+nn \ZHEHAUZEREZMHED &,

0(s) = - logT(s)

3DOHDEST

—t —nt
eft + 6721‘/ + P + ef(nfl)t e i’
1—et

et _ e(s—i—n)t

e—st + e—(s-i—l)t + e—(s+2)t 4ot e—(s-i—n—l)t _ - -
— 67

2ffiol. ZNTT 1 AV YEBOMEDFRRANGEHI N

UTFOBEEIET + A Y YEBICET2AREMA U T logl(z) T2 2X%155 2
EThHs.

I TAR

o —t __ =zt
/ £ —° at= log 2 (%)
0 t

ERULTHID. Eil%z f(z) £ELE, f(1)=0ThD, fi(2) = ;7
T f(z)=logz £B %,

ETHHLUET A Y IEHBOBEARRANT s=2+1 BT, DD 2 DH
DIED 7T et 2T 5B &

w(z+1):d%10gr(z+1):/ooo (e—_t— ! ) dt.

t et — 1

e tdt =1/z %D

T S EDBETIHMU AR ZEMT D &,

* feTH et </ 1 1 .
w(z+1):logz+/0 (t _et—1> dt:logz—/o ( ; et—l)e bdt.

—ﬁm fO)=1/(e—1) &BLE f(—t)=—ft)—1 &V 1/2+ f(t) IXFHEKIZRD.
HIZ1/2—1/t+ f(t) I ¢t=0 TEANIZRY,

1 1 1 t 3 1o

5 T w112 720 T 30200

YRBZEEDING. LB 1/t {53 0 <t <o THRTHS. ED p(z+1) D
FHRORH OFEMDHB U2 LS 12T 2012,

©1 1
S dt = —
A 2°¢ 22

+0(t") (x)
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(A doRa

dlogl'(z +1) 1 < /1 1 1 u
1) = =1 - - — — zdt.
w41 dz ng+22 /0 (2 t+et—1)e

log['(2) =logl =0 ZDT, ZOX%E 1 06 2 ETHENTD L,

1 */1 1 1 et
logF(z—{—l):zlogz—z+1+§logz—|—/0 <§_¥+€t_1)6 te

logT(z +1) =logz +logT'(z) &V,

1

1 o0
logF(z):zlogz—z—i-l——logz—l—/ (——
2 . \2

~+ | =
—_
N~
('0‘

N

R

|

Q)

o~

QL
~

AL DT 2 FHITS S 72812

LB T(1/2) = J7 &V,
log\/_:%—l—l(%) —1(1).

—H,I(1) DEHENTt % t/2 TEIM|MR DL,

© /1 2 1 dt
I]_ e _ — = _t/2_
(1) /0 (2 t+et/2—1)e /

1 * /1 t/2 dt o fe=t/? 1 dt
[ - — [(1) = / _ — € eit/Q— — / € — -
2 0 t et—1 t 0 t et—1/t

ThHdN6, ST I(1) DEBERDHGEMHS &,

/ 1 _/°° e~ t/2 1 +e_t e‘t+ et \ dt
2) /o t et—1 2 t et—1)t

DT

ZZT
det? et U2 et et2/g oot
dt t 12 t ’
e ?)2 —et et let/2 — et
t 2t 2 t

ICHEETNIE 1(1/2) OFFEE (x) IKRETI 2 2L DN5:

1 et/ ot et emt2 1 1. 1 1
I(z)=-|—"" S T =4 Clog - = = —log V2.
(2) { / ]t_o +2/0 / 3t glosy =5 —log2
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L7ZR->T,

—I(1) = —% —1I <%) +log /7. = —1 +log v27.
UEhzfddl,

1 2
logl'(2) = zlogz — 24+ 1 — Elogzjt](z) —I(1) :zlogz—z+log\/—ﬂ+l(z).
z
logT'(z+ 1) =logz +log'(z) &V,
logI'(z + 1) = zlog z — z + log V2712 + 1(2).

I(z) DEHENZHETD L

/1 1 1 dt
T — - = —zt_'
(2) /0 (2 t i et — 1) “

Z O OB BB OFEIMDOANMD 1/t 515 0 <t <o TERTHD. DRIIHDIE
DFER M WFELT Rez > 012BWT I(2) IZ ENSIRD K S IZFHTI N5

o M
Iz)| €M “Ret g — —
sy [ -

ZHUE 2> 01T LT,

1
10gF(z+1):zlogz—z+log\/27rz+0(—> (z — o0).

2
Z 1T Stirling D23
F(z4+1) =z *V2rz(1+0(1/z2)) (z = 00)

ASFAEIA X 7. & DRI (#) & ($) & V),

I(z)—/ooe‘” i—i+ v +O(t% ) dt
—Jo 12 720 30240
(1) T(3) I'(5) 1
= — o) =
12: 7202 302405

27
1 1 1 1
_ L o= .

122 3603 12605 (27) (z = 00)

ERAN 2R

1 1 1 1
D(z+1) = 2% *V2rz exp | — — .l _
(241) =2 =P <122 36023 12602° © (27)> (z = 00)

Rz
L(z+1) =z *V2nz (1 + é +0 (%)) (z = )

IR 1/(12n) /6N
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8.6 Stirling-Binet DA (2)
HIEiORERIFUATO LS ICE L DOENS:

logT'(z+ 1) = zlog z — z + log V272 + I(2),

/71 1 1 dt
[ — - - —zt 77
(2) /0 (2 the"/—l)6 t’

1 1 t 3 1o
-3t = — — o+ +O(t").

et —1 12 720 30240

1
2
ZDO/AF E. T. Whittaker and G. N. Watoson, A course of modern analysis (1927) @

12 - 31 HiT “Binet’s first expression for logI'(2) in terms of an infinite integral” & (X
NTWDS. AR TIX12 - 322 ENTH S “Binet’s second expression” =L LS.

Thb,
I(z) = 2/ arctan(t/z) .,
0

627rt_1
EWS RADFEHZ HIET S .
ZXT

9 fIgk: BRABRERDHICDOWVT

9.1 IERDLH
ROTERBEETITER I NDMEED % FH p, 8 o DIEBI A & FEN:
o—(@—p)?/(20?)

o(r)dr = ————dx.
fua(@) Wi

¥ 0, 2 EL 1 DIER AT & FFHEE R A & ISR

BEM ST BRHERE X, Y WNZNT N s [y s ER 0-%(7 O’% D EHSAIZ LD
DEE X +Y WP i+ py, D 0% + o DERSAIC LS.

9.2 AUIDWmENA2FE D

IR DKEREERITER I NS MER DA % shape a > 0, scale 7 > 0 DH VI DL
R3S
e—r/Txa—l B e—Z/T

_ e, e (/) dw
ﬁ””“‘r@wd T@) =

FEE 2 =ar, X ar? THY, a2 0 D& IHRHMEIF 2 = (a— 1)7 IZHD.

(x > 0).
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RMEES T~ amORERBIZIRDIEIZR S:
Tal}(a) /OO et/ dg = (1 — irt) ™
0

FEHIT 2 72121 L (1) = dar(1 —itt) pr(t) ZREETATHDS. TDI LT
DEDIZUTRIND:

ap ") = itx 7ac/7— 2% dr = / ztz 72/7— d
()l = [ e r= et [ (e da

—IT >0 itr —x/T T > —z/T 0 ey
: / 8:1:(6 e Mz dr = _ / e py dx

Pr.a (t) =

T 1—irt 0 1—irt Jy
1T > ite —x/T ,.a—1 1T «
— d f— F . t .
L%ﬁA et dr = T T (@)ena(?)

1 2ODEFEZTHARL S TOMD 217\, 4 DODFESTHAMD 2> 7.
RiVE BB D IE 2 HIRDEEVER 2 HITE P ND.

BEM MNIARERER XY DZENTN shape ayx, oy, scale 7,7 DA VI D3AHIZU /-
MH L X X +Y & shape ax +ay, scale T DAV BAEIZ L0,

NA2FDHE HA 2HHA0 (P A0 1 F AR HEORNRLGETHD. T48DH, shape
n/2, scale 2 DH VI 3Ai% HHE n DHA 2D (* 246) LIFS:

B e—a:/an/Z—l B e—:L’/Q(x/2)n/2 dr
PO = G M T T T
HA2EAOMIFEEBEE n IZOVWTHAEMZHD.

EE 9.1 (BREERDPAENO LA 2FEDAENTOND T &). HERLE X\, Xy, ... IFHAT
[ DMEREHINTH Y, EXIHEEERIAIILUAEND IRETD. TOLIY =
X2+ + X2 I3EHHE n OFA 2FHMIZL DD,

EEER. 2 REIX T+ TH B!
B () = const. [ flape 2y dy
INERTD. 0
E[f(Y)] = E[f(X} +---+ X})]

1
7T n R™

2 /2/ f —r /2rn—l dr
ﬂ- n
_ / f 6 y/2 n—1)/2 71/2dy

27'(' n/2

_ 2 /2/ f e —y/2 n/2 1dy
7Tn

3OODEST r= /a2 4+ +22 LBE R ITEITDMIMEEERED n — 1 IRGTHAL
B _EOWUNERLE ldr @ﬁk&é & ’5:@‘«\, — 1 VOTHAERHIDHIMZ A, &
BN ADDDEFEGT r=y"2 dr = (1/2)y 2 dy LBz 0
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FR9.2. LEDFREIZE ST, n— 1 IROGHEAERHEOHM A, (ZBILT,

DAL TSI ERINAZI LIRS, ZHXE IR TOREMREE —H LT3, []

9.3 %IED%HE Pearson DH A 2FRETEE L RITIERDH

K = (Ky,...,K,) \FZHEZAE RS METIAN Y NVEEREZRTHE L TDH. 4D
bopi>0, Y g =1THdL, FE k... ke THUT, K = (ki,... k) £ 7255
R, b IR THEADOEBTY kh=nDL ¥

n!
PIK = (kyyo k) = fm g oo

THY, ThPSDE T 0 THD LT 5.

$9.3(4430). 1556 FCOANFAUHRTHLIZ Y1 I0% nHSo57/28 XITi D
HRHZRHE K, LRbDTE, K= (Ky,...,Kg) ldr =6, p; = 1/6 DZIHNAIZL /-
MWD, —MDOLIHSAEL FRIBRIZHFET S 557, B

TER DB 1127225 2 L IXLHEH

m!
Yoo gty = )"
kytothp=m LT
EZIXMERTE S, ZHEEHIIZIHEH L [FAROZ Z A TItlHI NS . € U< IXZIHE
M2 Wz m (ZBY 2 IRNETREF I 5.

n! e
pi = EK;] = Z —uplfl cpyky = npi(pr 4+ )" = ;.

k- k
ki+-+kr=n

3OHDESTLIHEH 2> /.
K; D8 02 = np;(1 — p;) I8 %:
!
BIKi(K; —1)] = Z — e Dk (ki — 1)

p
... k|
o Rl ]

=n(n—1)pi(pi+ - +p)" ?=n(n—1)p;,
o} = E[K}] — 1 = E[Ki(K; — D)) + i —
= n(n - 1)]7@2 + np; — 712]9? = npz'(l - pi).

2 OHDESTLHEH 2> 7.

STHERZBDFFRII YA 202 55T L L E-STWL EHB UG WL RS REHII o533 71es
73 TR D2 EZEBoTE IO, A B ER OMREREHEZ 5 Z L idkkcz THE 2525
CEYREUEFEEESTEN.
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27&] 0)&% Kz el Kj @;j\:ﬁﬁ Ci 045 = 043 = —NP;P; C:fd:éi

n!
oij = B[K;Kj| — pip; = Z mplfl e pykiky — g
k1+-+kr=n L r

=n(n — 1)pip; — n’pip; = —npip;.

3OHDESTLIHEMZ > /2.
UM o TR MVEHERZER X = (X,,...,X,) &
K; —np;
np;

Xi:

EREDD Y, X; DX 0I1ZRY, gk
i(1—pi

o= PP e

np;
IZRYi£ ] DEE X, L X; OIESEE

L L N el
Dij Dji n\/p_z\/p_] \/ITZ\/p_J
8%, $RDY X = (Xi,..., X,) OHEEIEGTH P = [p;) &
VD1
P =FE+aad”, a= :
VDr

D8 D. 22T EFRAITHITH Y, of 1FFNRT NV a OEETHD. Y pi=1
Y, a IRHALNRY NVIZR D, FIRTZ M v e RTIZH U T,

Pv=v—{(a,v)a

X a ODEZHEMAD v DERHHIZKED (r =3 ODHBEOMEHFHNTHAL). 2T
Euclid NfEZ (, ) &FN 2. P BRAANT ML a OELZHEBANDOERPH 2RI T D
THITHEI MO, P2P=P LBY PDOIVIMWNr—112K85IENONE.

E# 9.4 (Pearson DA A 2 TEFE). LHSMAIZ U AN HREH K = (Kq,...,K,)
DO E F DIRDMERE % Pearson DH A 2 THETE & FEA:

r

Y = XT:XZ? = Z—(Ki — i)
=1

i1 np;
ZHEHA 2EDHIZU NS MERETIEZR W, UL UIRDEENPHKILL TS, []

EIE 9.5. Pearson D A1 2 FHfEEII n - 0o CHHEE r—1 DA 2FEHMHIZULEZND
THERZSHUT (59) PR 557,

58 Z DAERIE Pearson D A1 2 FhREIEN n — oo THA 2 FHAMIT U 7203 HERLEIT (55) PURT 2
ZLERTEZODDF—IIRD.

PO Z DFERIZ & <BEDHN TS Pearson DA 2 FAREDIEFEIZZ>T WD, 2D/ — M ZOHiz G
L&D &l 28iiE, AMBPRHEIZOHERIFICIE Tn DRI RE X, £S5 U T Pearson D71 2 Fffigh
BENA 2EDAETIEULTEOON] IZHETIHFANPLZNEI D IZRAZNO6THS.
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SERR. ZARGTIR D FFDBIRE B L O X = (X4, ..., X,) (&F 0, SEdL 0 8AT5I8 P
DLRTCIERDAIZ (59) DURT D, LN ->T, X = (Xy,..., X,) P 0, 48t 8
15 P 2R DL IRGGIEMAMEIZ U 208D & &,

Y= X7
i=1
NEHEE r—1 O 2FSHFEIZUEZND 2 2 RBIEL V. TDOI L 2RTZOHICITR
DO—NBMEZ "X+ THS. 0

AR 9.6. N MVERERAZR X = (X41,...,X,) P FH 0, UL 8T8 P % FK>%
RCERDAIZU NS E PP=P D POIVINs BoIE Y =5 X2 I3H
HEE s DA 2/-AOAMHIZULZDD .

SEBR. — MR B BT PIAXSENFRTAICR 5. P2 =P 551X P OEAMHEIZ 0 & 1
WZRY A1 OEEEE POT 73 —8T 5. WRIIHDERITH U PFELT,

UTPU = U™'PU = diag(1,...,1,0,...,0).

S

Zi = Zr: Ujin
j=1

EBL.IDEE X =(Xy,...,. X)) 2D Z=(Zy,...,Z,) NOEHUIELREHZ DT

Y = XT:XE = XT:ZE
i=1 i=1

MERAL U, EATH U O &Y,

E[Z;Z)) = Z uy B[ X5 Xy Jup = Z UjiPjkUkl =
Gk=1 g k=1
WA % M R0 4751 & CHIEHEIEIE B %3RS 5 L U QAR RO &>
ICELZIENTES:

{1 (1<i=1Z5s), ©

0 (ZTOMDEGE).

[Z1 Zr]z[)ﬁ XT}U,
Ell: [Zl--- ZJ —UTE || : [X¢ . x|lu

= UTPU = diag(1,...,1,0,...,0).

S

OZPoThiH MBI AEELE 1 RTChiH OB B & D L TRE I N5 . §RDBRMERED n — oo
WSIERA A ORFER AU IR 5 2 & 2R iE &,
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AR (&) &V, Zy, ..., Z BHSLIE DA TR 2 AEHEE DI U, Zoya, ..., 2,
X0 ICHEERDTIVAY] ﬁ‘ﬁ LAl5Z 8 (MR1T 2y =-=2,=0LR5IL)

MWHnd. WAITER 9L &Y
Z 2=7 4+ 77 (almost sure)

WFHEE s DA 2B/AMAIZUZDD. TNTRINIZENRIN. N

AR 9T (ZRTIERDM). JEEDEEHEZ R D r IRDENFTH A TR LT, R fED
MERER X = (X4,...,X,) D 0, 2EEL D EATE] A DL UGTIERAHEIZ L5 &
&, TORMERBINRDOIIZ R L THIHLEERTED:

E [ei<t’X>] = exp (—%(t, At)) (t e R"). (%)
ZZT(, ) &R OE#E Euclid N T®H 5. ZDAX A IV THIURSEILSEATH] A 3

A CHR < THSUEERMEDEHIND
BEMMABEE LT A=00L X X 1Z(0,...,0) KAEHOFILA M ULENS .

o, >0,...,0 >0, A = diag(al,...,as,() 0)DEXE X X TSI TH Y,
= 1,...,5 W95 X, 13 0, 78K o? @IE%E PN U0, i =s+1,...,r X
T2 X, Z0ICBEERDT VAT beJ‘O

#H’“O) BIREREBIZ LS TED LS BIGEIRET S, FHERDIAFENITS
A %4} 5(#&63\ (18 ﬂk?#’)%{kmﬁfﬁﬁfﬁﬁ‘ﬁfj—é WD,
A WA S5IE R EOAFEGEE f(x) I2DOWT,

Blf(X)] = ﬁ [ s@e (nama)) d

&%, ZIZTdx 1Z R LD Lebesgue HIETHD. ZDELE (x) BRI TDHILIF A%
ERTHTHALTE I LIZE>TRIND. ]

9.4 HB_ER—IDHEt D

IROMERBEEHBCERINDMERSAZ/INTA—E— , >0 2FRDOE_FEN—X
5347 (Beta distribution of the second kind ¥ U < I Beta prime distribution) & FES:

1 xa—l

fap(z)de = Bla.f) 0+ ) dx (x > 0).
B>126IFEEE of/(B-1) 128D, 8> 2 ROIFHFEIE (a(a+8-1))/(B-2)(8-1)?)
’Eé
2N — AN DOMERBE LRI v = 12/y (v > 0) 2 RALT, #ERNME —00 <
t < oo IZHRIRY D &, MEREEEKBUIIRDIVIZ R S:

- 2 1 $2a-1
N Zdt = dt
Tap (7) v v*B(a, B) (1 +12/y)o+h
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n>0IHUT, a=1/2,8=n/2,y=n D& E ZOMREEKHLTERINDMHERSD
MEEHBEEn DOt AAEEER. T80, HHE n O t 54 LIFIROMEREERBTE
HEINDMHERDPHEDZ L THS:

t2 —(n+1)/2
Gu(t) dt = (1 - —> it
n

1 ~ I'((n+1)/2)
n2B(1/2,n/2)  /nrl(n/2)"
HEEE n Ot DOV ENEE TNTN py,, 02 EELS &L

(y
(y
)

Cnp =

_ 2 _ M
=0 (n>1), 0= "> (n>2).
W28 %, HHEMEBRXOMET ¢ M IFEEERSMAICPOET S, BHE 1 Ot 2461
Cauchy D EEMEEINTE Y, FEEERO S HE K72 R\OHER AR O HAIFIZ 72 > T
W5, HHE 2 Dt 5AEIEFEE 0 2500, 2#UISERKICR 5.

Eﬂ9&FEEﬁﬁﬁtﬁ42%ﬁﬁ#btﬁﬁ# SNdZ &) Z,Y IFMa A hER
BETHY, Z IFEREERDAEIZUZ2D, Y IZEHE n O 2FS/HIZL NS LK
ETD. ZDLE

WSHEEE n Dt DAEIZ UMD,
ZEER. RERETIETFDTH S

Eﬁﬂﬂzcmﬁl/xﬂ®<l+§>wHW2ﬁ.

—00

INERTD. a,=1/(V2r2VT(n)2)) LB L,

_ Z —a - - z 6—z2/26—y/2 n/2—1 >
E[f(T)]—E[f<\/m> —a [ (/mf<m) y d)dy

ee oo z 2
= a, f e~ (ytz )/2yn/2—1 dz | dy
A (2 (m)
(/ F(t) 1+t2/n)y/2 (n+1)/2— 1dt) dy

ap, 2/n n _
\/_ f(t) </ —(14t?/n)y /Zy( +1)/2 1dy) dt
—00 0

n+1)/2 o0 2\ ~(m1)/2
:2<H/H$;&mei[mﬂw(l+%> ' dt.

ZIZT,20DODESIIEEEHIME A 2EAOMDEBENSH/OLENDS. 4 DHDEST
& 2z =t\/y/n LBz (22 = yt?/n, dz = y'2dt/\/n). 6 DODEFEZSFTIRONNEHi-> 7=

9] ] s—1
/ e—ayys—l dy — / e = (f) _JI — Q_SF(S) (04, S > 0)
0 0

o
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(n—1U2/o* BHHE n—1 DA 2RSMIIUDN, T, IFEHHEE n—1 D t DI
L7d>. (U, 20 RELE) 0

FR9.10 (T, DHEA). EOEHDOFEDE LT, EIM,] = pu, E[U?] = 0® £7%8%. p, o*
&7 N NRHEFTYI (population mean), l%.ﬁj\ (population variant) & FEIEAV, M,
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BAAOBAENL Y, M, 13F p, 508K o /n OIEBRIHEIZUEZNS. DA
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Un/V/n
(ZH L DR ZE N
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YN

iﬁ“ﬁfb%ﬁﬁ#ﬁ WZU7EDS. EThRAEZZ I, Z, OO BOREMNEERA o % BB

B LN RREERFAE U, TEIHZS L, EEEHAATIEES, HHE -1 D ¢t
PANZUEENH EDIIRBLENWDS L ThHhD.

REMDHE 02 DO > TS GEITIIEEIER DA ICRD Z, 2R D)W, TO5TH

2 Z, RV, T ft%l@ﬁ%& o2 DD Y ITRERIN 215 5 172 M4

U2 #RAT DL, BEREDMIZIER DALY BEBHIRND t SAHEIZR>TLULEDIDTH

%. [

AR 911 (BEHEDOAREA ¢t pAIMREERSATEUINDE I E).n— 00 T

tz —(n+1)/2 t2 —-1/2 t2 1 n/2 )
<1+—) :(1+—) (1——+O( >) — e /2
n n n?

c‘_’.fd\é@f H EH SRR R D RRFRC ¢ 7341 O iff 5 45 W B8 AR HE TE AR 2 A1 D ife o 2 FEE B A
PR 2. HHENPRE R ¢t 2EIMEEER DA TEMUIND. N

T 0.9 DIH. BEADIE X, % X, —p CEIMAZLICE->T, u=0Thd L
RETE%. BFTI =0 OBEDARERS.

EF X, Xo, . BISIAS G RRERERIITH Y | &4 B 0 LAROH o2 %
Fio LR L, IR TH 2 LT IZ EORED - ENERZMERANES. (+) O
£312 M, U, 255, (U, 20 £ LTH<.)
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V,=vnM,= X1+ +X,)/vn £BL. ERHEREER (X1,...,X,) &Y, &8
CRIDOIERERZEER (Yr,...,Y,) I[CHEEEBRTE 2. 2oL SLHADEHEL LT

S-S v
k=1 k=1

WAL LTV 3520 T,
D (Xp = M,)? =) (XF = 2M X + M2) =Y X7 —2M, Yy Xj, +n;
k=1 k=1 k=1 k=1

n

n—1
=S X2 —nM? = ZYk Y2=>) v2
k=1

k=1

5T, BEEEAMDML &Y BV =0% £L725DT,

n n—1
E) (Xpe=M,)’| =E|> 2| =(n-1)
k=1 k=1

LRBEILEDONED. TNEY EU2] =0 BB DS, LEORIE X, H
EHAHETHLTERIZLTVS.

PUR T, Xy 7252 0, 5K 0 OERAEIZLAERS LGEL & 5.

IO L X ERDHEOMEREEFIOL LY, Y, 725 LRSI R Y, &% BT 0,
B 02 DIEBHAIZUID5. DRI

k=1

n
n—1
k=1

el RvAN ) I 2 R )

n—l ZYk

WWHEE n—1DOhA 2EDAIZRD. U >TEH IS &Y

M, —u
o/vn _ M, —p
(n—1)U2/a2>  Un/\/n
n—1
PEHEE -1 Dt MRITULERD 2 bbb, 0

EE .12 (ERDEHD t DHEHB/OLND & (FE9.9) D—Mkib). MERLK D X,
(s=1,...,r k=1,...,n,) IFHITHY, & s T&IT X,y 2BIFFEE p,, 78K 02 DIE

6LY,, (RIS 2 BALA 2 M/( 1)/V/n 2 GDERESREMED, TOEREZRICHET 2 5
SR MAUE L, (V.. Y1) 13 Y, (RSS2 B2 L O SR 22 L0 i A A KRR 2 5

Y, OERINZERY H DB wfi%95ﬁ%ﬁ%ﬁ&
C2ERAEIT ) IVAD 2 /AR ND.
63y, ZHHORVEBENEE CIDHE2HRATIZLERGTHS.
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HAEIZUENOTWESEIRETD. DL X

1 & 1
Ms = Xs 5 U2 = Xs - Ms 27
Ng ; i ong—1 Z( i )

= k=1

Z(MS_MS) r n. —1 r 1 Ns
Z:ELTT_,ieégzngzggym—Mﬂ

o s=1 S k=1

n
s=1 %

. Z
n = Ng, T = —n——
; VY/(n—r)
EBLE, TIXHHE n—r Ot HMHIZUZHD,

SEBE. SEFL 0.9 DIFAI& Y, M, & U2 I3MSTITR Y M, 13 p,, D8 02 /n, DIEH
AU (ng — 1)U2 /o2 IFEBEHE ny— 1 OAA 2FHAIZLZND L nbh
2. B2 Z & YV IIMICB S, ERAROEEEE Y, S (M, — uy) 1$FH 0, 5
S (0% /ng) DEBRDAEIZU DD DT, Z IFEREERIEICLADD. HA 2 JfH/HD

BHAMELY Y FHHE n—r DA 2FAMIIUZDD. WAIZ, EHIS LY, T IZH
HEn—7r Dt BHIILEIRD. N

EOFEEE s =2,y =, s = —p1, 01 = 09 DEBEIEAT S Z LI2E > TRORN
EEBIIELND.

%9.13. MERLZH Xop (s=1,2, k=1,...,n,) ZHIIMLFEZHAETH Y, FHE p, 588 o
DIERAEIZU D2 T 0D ETDH. 2D X

Ng 2 Ng
M= 3 X V=SS (K- M)
k=1

s=1 k=1
B M, — M,
1.1/ ¥
n1 No ny + No — 2
EBLE, TIFHHE ni+ny—2 D t HAEIZULZMD, [

9.5 FNREOHDERETHICLIZEYFEWNIZDOWT

X1, Xo, .. ASMNI R DA BRHERELINTH Y, TNZNDFEIE 0 THEUE 02 TH D
CRET D0, DL EYA X n OFEAR X,,..., X, OEAREY X, L RIEDHE U2

— 1< J— —
Xp==> X, U= _1§:Q%—X02
[t n k=1
HBELE ol = =02 =02 BOIET OEBFHDHTHEHD 0 ¥ ¥ IV U, Z IFREMSER 02 D

BHRIKSICHETE2RICAD Z L IHERY L.

65 Z DFEFRII DD LD IERAEIZ U EDD 2 003 Y FIVDFEERE LN E S R 5 E D DOMAEIZfH
Hhd.

COSERMY 1 £ 0 DIFEITIE Xy & Xj, — p CEIBATEINIRAKTH 5.
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CEHZIND. ILIZIRMBENLLTWE Z LIZHEEY &
D
k=1

MERER Y,,....Y, ZBIRDEIIZEET S:
iixkzﬁfn,
n

Y. = X; — kX k=1,2,...,n—1).
k — m(Z k+1> ( )

nxn 78 A= lay] 2

(1 1 1 - 1 1] 12 ]
-1 1 1 - 1 1 1/v6
) 0 -2 1 - 1 1 1/v/12
o 0 0 -3 - : :
1 1 1/y/n(n+1)
0 0 0 —(n—-1) 1| | v

LiEDB LY, HOERI
}/j = Zain
=1
YD, X LI A RESGITH S Z L EbNBT. DRI Y agan = 6y K
NG HDT

ZYf = Z apiay XpX; = Z5kszXl = lez
i=1 i,k,l k,l k=1

E[YkYZ] == Z akiale[Xin] = 0'2 Z ak,;a“&j = 0'2 Z Al — 026kl-
73,3 i, =1

PEDRAZHD &,

n n n—1
Soxp-nX, =Y v-v2=> v.
k=1 k=1 k=1

WwZ Iz
1 n ) 1 n—1
U? = X2 —nX' | = Y2,

6Tt AA DSBFIATHNI IR D Z & 2 EHMRTES. 23175 A OEBRDEMOIFHIDFINR T NVi-bHH
HWIERTD I L 2MERT L.
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AMEDHED n—1HOFD n—1 DHD 1D TEIT-. X 51T

n—1

1 1
EWﬂ:n_1§:EMﬂ: 1m—1m%:ﬁ.
k=1

HELE X, ZHMWMNLTEY 0, D8 02 DIEMAGEIZL R >TWEERLIE Y, 726

‘rbﬁifqzi’] 0, 8 02 DIEMADAIZU DD ZEERGIHEND LD, ZDHEITIE

=Y, /v/n &FE¥ 0, DER 02 /n DIEBDAEIZ U220 (n — )U2/o? = S Y2 /o?
iﬁﬂﬂ}# n—10D01 ZFDAMEIIUZ2D, THNHITHNIZRS.

9.6 F—REBELIVE_RBR—IDHE F oK

ROMERBEHB CEBRINDIMEDHZ/NTA =L — a,>0 2RDOE—-FER—X
4347 (Beta distribution of the first kind € U <IZBIIN—& 34f) LIS

fap(x)dr = 11— 2) e (0<z<1).

B(a, )"
FE 2 = af(a+ B), BEE (af)/(a+ B)*(a+B+1)) 128, o, >1 D& SEHHH
Xr=(a-1)/(a+p-2) II85.

—FEN— R DA OMERBEET v 12 v/(1+2) (z>0) 2RATIL

T dx 1 ol
o (52 Th o~ e e @20
ERD. INEE NI HOMHREEHETHS. BHEORFT 1 —2/(1+2) =
1/(1+x) Z2flio7.
IHIZ, mn>0&U, BN — XM OMERFELEBD © (2 me/n (x> 0) ZRA
THE, FEFERBRIZULT,

mz/n (m/n)de 1 (mz/n)*  dx
fous (1 +mx/n) (1+mz/n)2  B(a,B) (1 +mx/n)*t? z (z>0)
ERD. INEX, a=m/2, 8=n/2 DEZT IROVIZES:
m/

B(m/2,n/2) (1 + max/n)(m+n)/2 o

CDOWERBEH M CTEBINDHERDGAZINTA—Z—m,n D F DA ERFER. I8T A —
84— m,n O F HEOFE Y 58 ETNEN i, 02, L 2,

mn

s 2n*(m+n—2)
(n > 2), 0m7”_m(n—2)2(n—4) (n>4)

'um’":n—Q
2%,
X PNTA=B—mn D F ZHZUERDBOIE (mX/n)/(1+mX/n) 1F/8T A—
B—m/2,n/2 DE—FEX—ZFHEIZUEZND, mX/n 13/NTA—=8—m/2 n/2 DFE_
BAN—=Z MU0,
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T 9.14 (HhM 2 LDHEDHS F BB ONB &), MV RHERLR Y, Z BnehTh
EHHE m,n ONA 2FHHEIILEND & &,

_Y/m
= I

WENTA—=R—mn D F DAEIZUEDRD. U”RoT, Y, Z; HBNLE DA R HERER
ThHY, FAPEEERDAEIZU N L X,

v (i Y2) /m
(>oimi Z7) [
3NN TA—"—m.n D F DAHIZUIZDD.
SERR. RO FERIFEFCEO TR EEH I NSELND. BREDOXEREZ RT 2OIZIE

(ma /n)™/? dx
E[f(X)] = const. / f(z 1—i—mx/n) /2 1

ERTIE L. a = [2007/2D(m/2)D(n/2)] ! L BL &,

swronn = ()] = [T ()5 (o) oo san) o
- / (/ f(x) 1+m$/nz/2( :Bz)m/Z ' ST/2— 1mzdx> dz
a/o f(x) (<$>m/2/0 —(1+ma/n)z/2 ,(m+n)/2-1 dz) d%

= tmsap (P o [ g () (1 )
0 n

n T

3DODEFT y/m = (z/n)x £EBW/= (y = (mx/n)z, dy = (m/n)zdzx). 5 DODEFT
RD—ME R AR 2o 7z

o) 00 s—1
/ e dy = / e’ (é) % =a °T'(s) (o, s > 0).
0 0

INTRIARNEIZEIFRINAZ, IHI

gminy/2p (M AN 2P ((m ) [2) 1
2 ~ 20020 (m/2)0(n/2) — B(m/2,n/2)
INTHERTIREZ NI ARTHERIN. []

RN — R DA OMREEHRBUZ v = 12/n, a=1/2, B=n/2 ZRALEZEDIZH
HE n Ot DAOHRBEEEHBIZIRLEZDOTHo7-. TOZENLHERER T PEHHE n
Dt PFEIZUENO LI T2IINTA—Z—1,n D F SAHEIZUEPN, T2 1385F7 A—
A—n,1 D F DLEIZUEND T eWbnd. ZOEKT T 046 I3AREIZ o e E
MN1DEGED F 2ETHZDI DN,

ZOZCRUTOLDICEHENBHEIZL > TEHNID S5ND. F D46 OMERZE R
WEIRD LS IZESEIND:

(m/n)m/Q xm/Z—l

B(m/2,n/2) (1 + ma/n)mtn)/2 dzx.

Gmn(z) dx =
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m=1%KRATDL,
-1/2
gin(x) dz = \/ﬁB(ll/Z,n/2) i ;/n)(”“)/? dz.
o= ZRALT, 0z —oo <t < oo IZHEAR U 72 D D=5 B IE:
1 dt
VnB(1/2,n/2) (1 + 2 /n)+0/2
285, ZAUE t DA DMERFEEEEL g,(t) dt 12T 5.

Gra ()t dt =

9.7 AVIHDHEFE—TBEE_BEOR—YDHDOER
H Y REE L RX— R EBR OB

L(p)T(q) =T(p+ q)B(p,q)
OB ORI TIEHUTALS. 22T

o) 1 0o a—1 d
(s) = / e"r*Vdr,  B(p,q) = / N1 — )T dt = / (“—“
0 0 0

14 w)ots

N— G B(p, q) DRHIH DZR ORI BEUSA BN < — 2 4347 D e R
BChH Y, BEDRAORHS BEIIA BN =R — X DI OB ERETH .

B—RER—IDWMEBRTIRTZRICETAE v=2t,y=2(1-1t) LEHEHTDH L

/ / f(z,y) e_(“y)xp_lyq_ldx dy
o Jo

/ dt/ dz f(zt, 2(1 — t))e Z2Pte =1 (1 — ¢)77 1,
WA, 6ELE fla,y) = fla)y) DL L THND R 5

/ / f (E) e—(w+y)xp—1yq—1 dz dy
0 0 Y
1 o0 t
— / dt/ dz f (—) e Pl (1 — )0t
0 0 1—1¢

=T(p+q) /01 ! <1L—t) =11 — )7 dt.

:@i‘%ﬁlii%ﬁ%%B%L\T%*?F$N~ﬁéj\iﬁﬂi5b‘é ft/(1—t)) OIIFHEIZ—309 5. ¥
flx/y) =1 DX T(p)(q) =T(p+q)B(p,q) L2 eWNOND. IHITt/(1-t)=u
73‘73\7?)*9 t=u/(14+u) £HL

/ / ( > —(wty) =1 Yy dx dy

=T(p+q) /Ooo f(uw) <1iu)p_1 <1iu)q_l (1 jlruu)2

uP~t du

=T(p+q) /Ooof(U)(1

+ u)pta
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ZORRITEBE 2RO THE FER—Z MBI D f(u) OMAHEIC—BTD. F 94
3 AR — A DD AT —IVEER DT, ZHUIAT —IVEBDENZRNT, F 24
WEITAMAHEIZ LU TV EARTIELETES.

BIBAR—IDNMERARTIRFEERICHTAE v =uw (E2>T o 256 u ITHDE
BeZhydL,

/ / flz,y)e” T p~1yt=l g dy
0 0
= / du / dy f(uy,y)e” Tuvyrra=iye—t,
0 0

IO (1+uy=2F80by=z/(1+u) IZ&2T y 2o 2 IIEPLHELHT D L,
/ / fla y)e” eyt~  da dy
0 0

00 00 —1
— / du/ de f | ——, = e LLL du :
0 0 l+u 14+u (14 w)rta

ZZT flx,y) = f(z)y) EIRET D &,

o7} (o) 0 —1
T\ —~(aty), p-1,q-1 _ / uP" du
/0 /0 f(y)e o drdy =Tt |

ETHERAREZHEIZE ST, ZHUIAT —IVEBOENZRWT, F 246128105 f OBIfF
EIZ =L TCVWBEARTIELETES.

U EDFHBEIZ L ST, HY /AT U 0D PN R HERE D L IX 5 R — R 54612
U7D3D Zehbnd. U TIEBRDIEIZU 20D ST B HERZBOMIE AT >~ I U
2D, INoDY Y TINBEEEEDLED L, EEOMGE A 2F/OM0, t 946, F 240
DBEBRBERIZEONS.

AETH S O E B -0 WIS NOBEGRED 5

rry=t:(1—t)=wu:1

T,y WA YOO LR, ¢ 135 —FER— X DA OO ER, u 135 A= Z D
MR TH 508,
XSIZHYYEHBOBD R ROBOERD « 2TNTh 22 [ZESIHZ 2R

I'(s) = 2/ R
0()0

MOMEFELT, 2 =rcosh,y=rsinf LU X y=xaxtand LEDEH = LT LT
AHETL LI E o TEARBE AV RRE OBREHEICRDS.

SSHEF I EOFEFIZG(I TS, R—=Z KO ZFEHOR R E FHFIR N Ko7 (2016 F7 H 1
H).



62 0. fHk: Bex BRERAAIZDONT
WMBEEZDIGE v =rcosl,y=rsind ZX > THSEH % MPEEEHRT D &
4 / / gz, y)e TPl 20 g gy
o Jo

= 4/ d@/ dr g(rcosf,rsin) e r2P+9)=1(cos §)2P~ 1 (sin §) 2
DRI g(2,y) = gly/z) DEF

/ / ( (22+y2 )x2p71y2q71 dz dy

/2
I'(p+q)- 2/ g(tan #) (cos §)* ' (sin 6)271 db.
0
FiZ gly/x) =1 D& E XY
w/2
B(p,q) = 2/ (cos 0)*~!(sin 0)21~* do
0
ERDIENDND.
EEEED BELTHBODIGE y=axtand IZX>T y 25 0 ITEPEREELHT D L,
4/ / g(z, y)e™ 207t dg gy
o Jo
w/2 00 o o
= 4/ d@/ dx g(z, z tan ) e~ Htan”0)e” . 20400 =1 4oy 0)20-1(1 4 tan?4).
0 0

IHIo=r/VI+tan?0 T o 0O r NP EREZ LT D L,

4/ / gz, y)e g Ly201 o dy
o Jo

/2 00 _
L [y Y e

0 0 V1+tan26 1+ tan?6 (1 + tan?g)rta—1

DRI g(2,y) = gly/z) DEF

/ / (2 +y? )x2p—ly2q—1 dr dy

/2 (tan §)%a—1
=T 2
(p+a) /0 gltant) o e gy

A EDKERIE ETRD 7 MEREEB DG ED AN EFE U EDTHD. BELRLIE

(tan )21
(1 + tan? §)rta-t

ARIFAIIZ tand = sinf/cosd ZRALTERED L, HiLIZ

= (cos §)*~*(sin 9)?7 1.

1 tan2 6

2 .9

cos’ = ———— sin“ = ———
1+ tan26’ 1+ tan?6
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ZRALTERES. BEOARIFZEDOATHHLUZ ¢t =u/(1+u) IZHIRLTHS. B
DEZHEDHNZIZIXLAFOBEBRRH 5

x:y=-cosf:sinf =1:tané.

ZOBRIE, zy DGR TL LY b EETEMHLUAZ z:y=t: (1—t)=u:1
WHRIGLTWD (t =sin?6, 1 —t = cos? 0, u = tan?0).

9.8 n— 1 RFTHKELED—H5 % & Maxwell-Boltzmann 8l (1)

iﬂi@@ﬁﬁﬁﬁﬁ?%é&bjﬁz¢X% + X2 7™ = X,/R, 5K,
b@a x(zM .z -1 mﬁzifﬁﬂ%mﬁk@—%ﬁ%ﬁ 2B fEeREE 2™ o
il S50 22 1 B AU

gn(2)dz = (1 — 22324, (—l<z<1),

1
1 n—-1 n—1n-—1
= (1= 20, =B - =2"RB
c /_( z%) dz 5 5 5 g

1

W25, UK, IhERTD.

n — 2 WOLHALERIE S"2 = {(z9,...,2n) |25+ -+ 22 =1} OHBERZ dv' &F
=3+ 422 EEE 1o, 1, MO & n— 2 RIGHRALERTE O REREORLIZ

%ﬁ’#fj@"?é &, ¥ r’ D n— 2 IRFCERI DO MEREIX »2 IZHHIT 25D T,

N(k

dry ANdxo A -+ ANdx, = " 2dey A dr' A dw'.

XD, ¢ WD =12 a2 CEBEBT D = 22, o Jor = /1 &
DT,
dry Aday A -+ Nda, = r(r? —22)" 2 dey Adr A dw.

BB o1 D 2= /r ITEREHT D &

dry Adzg A -+ Ada, =111 — 22324z Adr A dw'

U722 T, R" OB FRRHERE LI p(r) (2L T,

/ g(2)p(r)dxy - - / . 3)/2dz/ " Lp(r) dr/ duw'.
n 0 Sn—2

BAD2DOMBOMZE ¢, bES L,
1
Cn = / (1— 2324,
-1

cn B 2BYDHETEHRELUED. 1 D8I 2 = t1/2, de = 712 dt)2 L EBEMT B Jilk
Thd:

! ! 1 n—1
%:2/X1—£W3Wd¢:/t1ﬂu—wm@ﬂﬁ:3(ﬂ ).
0 0 2 2

O LDATY flo,y) = fly/z) LELTHLAREES s LRAL,
T0 2 0 f A AR REHE E IR E R 3 5 SLEO» B BRI E— RS 2 BB R BB
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2OHIE (1-2)=(1+2)(1—2) LRBOML, 2=2t—1,dz =2dt EEBEWHRTDH
EThH5:

1
o = / 2(n—3)/2t(n—3)/22(n—3)/2(1 _ t)(n—3)/22 dt — 9" 2R n—1mn-1 .
S 2 72
ZNTRITREZ NI ANTRINEZ.
BIFEEM & U T, YV EED duplication formula £ 6NTWAH L 2ERLTHZ
2. (n—1)/2 ZEEDEDER s ICEIHATE ¢, D@ OFIRIFHZLL TN S:

/_1 (1= 22V ds = B1/2,5) = 221 B(s,5).

1
NR—REHBINZH T HERATD L
D(1/2)T(s)  2%7'T(s)?

D(s+1/2) I'(2s)
ThabL T(1/2) =7 &V,

2s—1

ﬁ
ZDRAUF (Legendre’s) duplication formula & IEZN TN,
2 DR D
« gpl2)de = L E (cl<z<l).  TH0, 512
(2 de = - 2 : 70, 53 :
z=sinf ZRATD L, %d& (—m/2 S0 S 7/2) &—BRAAEIZRD (L7 VAT, W
ZAVCBMAAHBIE 1/2+0/7r =1/2 + (arcsinz) /7 (-1 < 2 < 1) T4 S, #HIEXK
BB TR D DT ZOAMIFHMEL S A L IFIENL ™.

['(2s) =

T(s)T(s +1/2).

o g5(2)dz = %dz (c1<2<1). 0, K 1/3.
2 YRICERTH] ED—FR DA DR 5% 8 5 HAR EANDOH L~ IZR D .

« () de = 2VT=Fds (“1<2<1). 0, 4K 1/4
T

"Legendre’s duplication formula (FAERD EDEEE n 1259 2RD Gauss’s multiplication theorem 2
*%4 bExXnd:
nns—1/2

(QW)(nfl)/2

728 ZIE T(3s) = 335~ 1/20(s)(s + 1/3)I'(s + 2/3)/(27).

RINGIEFAEE R X ORI RIGETHD.

BXYy VTN ERPVFEITDEE, b—ZNVTHBLEL TOREDREDE X DRMMNSEITEL TWD
IRBED K D E X DRI % 51\ 725G B O MR AR 13058 5 12 HMAL T 2 LW IEROE IOEMN < Z e IS
TWa., ZAUIHEFER L IEIEN T WD, WEE DA OMERE SR BULTIGIOE IFEREL<RY, B
AD 0 fHEINY K85, W22, WIEKEANIEE Sk L T 2 I & &L T 2 RERE 0 25 o ol
30 MBEICEESTICREILSARDEADBNE NS ZE2EKRLTWS, YV INFERLIEIDHE
ERBIIZE S HISTVRIXTTHD. HADMART, BoHHT ), AKIT 2D T2 DN,

[(ns) = I(s)L(s+1/n)T(s+2/n)---T(s+ (n—1)/n).



9.8. n— 1 {RJuEKMHA ED—HRIT 4 & Maxwell-Boltzmann HI (1) 65

ZORMIEHFHI T L IFEND ™.
z=—cosf ERAT 2L, sin? ﬁ'éﬁj\?ﬁ sin?0df (060 < 7) 12227,

n>40r% g.(2) 1375 7R OTEIC RS . FHEENE 0 THOBIZU T TRT
;5 2 1/n 2% 3.

" DIEE 0 TH D IN—REE TV EBOBRE KON Y ﬁ@T
W#ﬁ&U%kwy4n—wm—l—vnt&épt#b#é.%Qvt%ﬁﬁtjz
DR 1 n 128D 2L ErtEd:

1
1
cl/ 21— 220 = 7 (ep — cppo) = 1 — O _ 2
_ n

n
1 Cn+1

TIT22IT1-(1-2%) 2RATBEIREEITo 7=
V" = /n 2 3 0, 8K 1 ORERZEBUT AR | T O FlE B RS

2\ (n—3)/2
g (Y - L (v ay
vn) vno ne, n

8% . n—ooDeF v=(n-1)/2 5L,

2\ (n=3)/2 2\ —3/2 2 n/2
2
(1 — y_) — (1 — y_) (1 — M) Ly V2
n n n/2

2 \/7v
Ve, =2+ 1227 B(u,v) ~ Vor 22 2V on

v 22w

TR DA IZATHIERNZ B 1) 2 FEA O DA HE BT 5 Wigner OFMRICEHLONS. N RERNFRT
ST % RO HERZS N M TR LB [T, e M/ 2d My, [, e M/ 2d My \ZHHIL T2 L ARE L
T VA NBFENTMTI] M OEEHEOHEES G E2EZD. TOLE, AT —)VEBIZ L > THEMN 1/4 124
B EDITHIRILT B &, TOMRMMIE N — oo THE 1/4 OEHDAMIPERT % &5 DAY Wigner D
FHHEITHS.

A I B HOOBRE I B 1T B IR SE & U TE LN S B RERN A TH S, =& 21, Bl
M, &R & T DI, SERVOTIETR R (ZIKF, 2013.10) IZfREAH 5.

TStk - Tate FRRICZ OB O NN EE T 5. kil - Tate PR LIE THHEEAR EER I N BEEREE
R 7= RGP HIRR D FZEBALE p DOABRA ETOFELOMB2»S p+1 2510\ T 2,/p THI-THLNDE
DDA sin? BINAEIZRD ] L0 D NED 1960 ERUITHNLICH R INAZFRTH D, BIUETIEEE IR
IINTVD 5LV, R=TORIEDFHEREIZ DN TOMERE (2008) DMEEIZE & E o MBI D D.

RS REKDOMAE D & 512 TERE sin? PR 2FKE U 20D TE, #97588, Dedekind 7 BI%E
e sin2-F 4], 25 16 MIECFESL Y VAR Y D A HEHZAKY (2005) IZFEL. YK FE ZRKFEREE - L HR5E
FAIANI Y a—R—TilEATVD Z L 2 EFEAELICE T H—FT U TiELAZ L SIZDWT [ UK
DHZHEERP SO THETAN, EWVWD LBz, TNT, BHABER, &N - B2 EOE&P
XFEHEEBT DI LIRS -DTHD] LENTHD. TO [DUEKROHZEHE] ORMAERIZE ST
[ sin? P FER I N/,

SU((2) EDO—# 4 (Haar JIE) 2 5FE I NS SU(2) OILAFEARD M EODARI sin? FI/3AH1Z
K%, TOHBIIUTO®EY . A SU(2) DIEEIF —1 < tr(4)/2 <1 T—EICRKHM I bN5. (—ikiC
GLMD@jyﬂﬁbLm%ﬁﬁ®i®§“%i%@%%%ﬁﬁC?@b%lﬁﬁt ) TR
5N3.) Ae SU(2) I ()ﬁ%ﬁﬁ*ﬁé%@&SU:S%j@twﬁﬁ#ﬁm%tfS3#bR4
D 1 RTED B ANDFEIZ L TWD. TOZ D SU(2) LD —EDHMZT DB RRD 2 1
2B B M iﬁﬁtrfzﬁ ?5( I sin? BAFHIZRD IR bND.

%%'Mm%miFﬁ@ﬁ%k@ﬁﬁ%&%%t@“ﬁﬂ@ﬁﬂb%fﬁpgt’EbﬂéSUU

HARSEEDY 3 RotEKH 93 = SU(2) EO—HA AN OFEEIND NMIZLAEN>TND] EWVWIFETHD
t&aﬁé.


http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.ias.edu/~rtaylor/
http://www.math.ias.edu/~rtaylor/
http://www.kurims.kyoto-u.ac.jp/~gokun/R=T.html
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
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LB8B0. BmHDFHHET Wallis DAR LY
2 2 —1
Bly,v) = I'(v)? 22vl'(v+1)% 2 (21/) 2\/mv

T T(2v) 2T2v+1)  v\v v 2%

LBBIEEMSRT. LAntoT, V" I n — oo ORI THIMEERIAATIC L 72055 e
SR IHT %

a2 - —y%/2
hm— (y) lim (1 y/n) _ ¢ .

DlE%FEDD &, Iy OFFEGHRE gy) IZD0T,
-1 ‘ e Y /2
Ca ﬁsnflg(yz) deon —>/Rg(y) or W (m=roo).

2T, VST ={(y1, . yn) ERT Y+ +yi =0} IFEE 0 O n— 1 IRoGERE
ThY,C, IFZTDREORHEETH Y, dw, I FTDEKE EOHBEERZTHD. ZODREHRIZ
Y2 1E Maxwell-Boltzmann Bl & U T K< HI SN TV 5.

9.9 n— 1 RITEEALD—kDHE Maxwell-Boltzmann 8 (2)

RO CIRERE i D n— 1 ROGCERIE LD —RRAE D x; Sl DS ORBERAEHE E R 7
MIZRDZEZFEHL =
[FERD FIET, B /n D n — 1 IRJEEKIE EO—BD A D m IRITER 73 ZE N DS 52 M
m (kjﬁ@fﬁ/éﬂifﬁﬁ\?ﬁc INRTZZLERED. MR TZOMEZ HEICHEL TEL.
RIEiDFL S % TD F £85I Sk,
n—m— 1 PouBAERE S = { (Tpgr, - vn) |22+ a2 =1} OTHEESR
Tdo EEI =\ 2l + 1 CEE v, .., T, 7)56 r&n—m—1IRGH
ALERTH B D FEREDMIZ A A % &

dry A -+ Ndxy, =" Yoy Ao Adx, Adr' A dw'.

I, o r = /ai a2 CEBERTDE = \r2 =2 — - — 22 D
or'/or =r/r'~1 7LD T,

dry A - Ndxy, = r(r? — 222 qg Ao Ada, Adr A d
BB (i=1,....m) 5 zi=x1/r (i=1,...,m) (IEEEWHT D L,
dry A ANday =" N1 =22 — o = 22) =22 g0 Adr A du

U 72230 T, BROWFR 2 R B B p(r) 1T LT,
/ 9(z1, .y zm)p(r)dey - - - dzy,

:Cfg)_l/ 9(217---72m)(1—2%— —Z;)("*m*Q)/del---dzm. (%)
4422, <1

e, = fil(l — 2 /)24y RDT, FIED lim,eo(l — y2/n)=3/2 = ¢ V*/2 5% ED
limy, oo /R Cp = V21 ZELL I ETE. EBE, TO UV ES S,
TN EDFHHEZWIZ/ZE5 2 8 I& > T, i Wallis DARZEIHTL 2L HTE 5.
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(n)~ 1 - n—1 /
o = " p(r)dr dw
0 Sn—m—1

Thd. LOLEMMABALLTm=008a%2%25L V=153 ek
W, p(r)=e2/2m)2 T B I LIZE 5T, n— 1 RICHEALERE O HREIZ

-1
00 211/2 n/2 2 n/2 n/2
/ dw = (2m)"? / e 2 dry = " S —_
gn—1 0 27/2-1(n/2)  T'(n/2) T(n/241)

CREIND (dw id n— 1 IROCHALERIE S" DHEIMER). IROAXZ o7z

/ e 2 gy = / e_t(Qt)(S_Q)/2 dt = 25/2_1F(s/2).
0 0

BAZER% r2/2 =t rdr =dt, r* Ydr =r2rdr EEBTNIEZONANRELND. LA

&Y, [ p(r) dr IEEIC 0 — 1 YOLEABRE OWROBENZ 22 Z L bhd. L
725 T,

T
—

Jordw  (n— 1 ROERAERE DR
Tomord’ — (n—m — 1 UG ERE D I RR)
_Mﬁi&c DBFEIFERTH 5.

FH A EUT O &S ICE I NB T

o =

24.422,<1
= / t;1/2 . .t:n1/2(1 —ty— e — tm)(n—m—2)/2 dty - - - dt,,
t; >0, E:’il t; <1
L(1/2)"T((n —m)/2)
[(n/2) '

2OHDEST 2 = /1; EEBEBRL, BBEOESTIROAREZM>72: p; > 012 L T,

r < -Tpm B
(p1) -+ T(pmia) =/ T gy — e VPTG
F(pl + e +pm+1) t;>0, Z:’Lll ti<l

FE D GIRE T Y e N—= 2 HBOBRE o <FAKTHD. & LIFALE
B(plv"'apm+1> c‘-)-El< t?

B(pi,. .., Pmt1) = B01, - s Dm—1, Pm + Pt 1) B(Dms Pt 1) (B)
ML T DI EMNE, A TIIIHT 2 2 TX 5. FEB ¢, = (1=t —- —tpm1)u
W&o Tt, 6 u IZEBEHRTZ L

B(plv s 7pm7pm+1)
1
:/ dtl---dtm_l/ du
>0, S < -1
t{’l_l .. .tﬁlm:ll_l(l —ty == tm_l)Pm+Pm+1—1qu—1(1 _ U)Perl—l'

By =m+2 DX T = 7m/2 T (m)2 + 1) 1E m R HEAERKD KRS L.
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ZhEY) EOAR (B) BRLTE I LB b0,
AR (%) £V, N7 NVIERERZE (27, Z0) OB R R

(215 oy zm)dzy - dzy, = cg’f)_l(l — 22— 22 g dey,

Thb.
&Y, o>0HLT, (VL) = Ve (2, Z0)) oReskB UL

1 m (n—m—2)/2
2
(1 o E y) dyy - - - dym

n—m-—2
2

1
ROT Y™, ) i — 0o Tm IRFTEDEBSAIZ U 72055 RN IUffE =255
RT3, $ARDb,

1
—/ 915 - Ym) dwy,
Cﬂ(\/ﬁ(j) VnoSn—1

1 I ~— ,
— (202)772 /Rm 91, -y )exp( 52 §1yz> yi---dy

22T, VoS ={(y1,...,un) ER" | yi+ - +y2 =no’ } IF¥EE /no D n—11K
THRETH Y, Co(Vio) X TOREDRAEMCTH Y, du, 1£7 OIRE LOFRIERTH
5. ZHUIYHERIZ X Maxwell-Boltzmann Rl & UT I <HIGNTEY, 28 o? 14X
I D Boltzmann EBE kT 72 LRI 5.

9.10 ZIESHEFE—BR—9 9%

0<p<1&9d. niFFEADBKETHD LT L. MREMERLE B,, W37 A—4—
n & p OZIHJMIZUEZMND LiE

P(B,, = k) = (Z)pk(l —p)"F (k=0,1,2,...,n)

MG DI L THDEEDD. FHHEpEIEZZENTN np & np(1 —p) ITRY | KK
X ElePra] = (pel + q)* £7%85. ZHBMIFINT A =R — n (ZBHU THEMZFD.
WAIZHOMREHR I Y p 2—CDFEE n 2RESTDE, (B, —np)/+/np(l —p) &
BEYEEHI AR IZ U 2D fERE R TIERI NG .

IR L E AR R A OBERIFA IO Y |

D(s+1)=sl, () =s!/(t(s—t)) LHEIZLIZTD L

t

(N CEY s ) PN
B(Oz,ﬁ)_(oz—l)!(ﬁ_l)!_( + 8 1)(

1y 2 I TIR AW D LI &
80y (") HITARA n THNLTIRARWAS, n — oo (DREIE TR A FEHE R4 12K T 5.

a+5—2>

a—1




9.11. Poisson 346 & H > <X 5040 69

BODT, INT A= — a,B >0 2R DE—FEN— X 7341 DRt 55 % B EUd

a+ -2
a—1

Fuatp) dp =+ 5= 1) S 0<p<)

LRINB. FE of(a+ 8), HEIE (aB)/((a+ B)2a+ B+ 1) LAY, a,8>1 D%

SERHEME p=(a—1)/(a+8—-2) IZHRZ2DTH>/-.
WRIZa+B-2=n,a—1=k D& X FE—FN—X5HOMHEREEHRHIL

n

festn—rr1(p)dp = (n +1) (k;

)ﬁﬂ—ka@7 0<p<1)

ERY) EEMEIE p=(k+1)/(n+2), 7BUX (k+ 1D(n—k+1))/((n+2)*(n+2)), &
B p = k/n 1272550

AEDKERN S, AWB & n BINEKL T £k BIS>7/2& & AW BICHOMERIZ/ ST A —
B—=Na=k+1,8=n—k+1DE-FRX—ZFHIZU/ZN>TND &ART EEHZ
Z NN,

9.11 PoissonD &AM
B R R Ny D38 A—& — \T > 0 @D Poisson 73462 L7203 &%

G_AT(AIUk
k!

MR T DI THDEEDD. L REIEELHEH AT 12425, T IFHIET S RHD
EX%, N IFRARROZ D) ICENLRERIEZ S RBOMAEZ ZHRL TS, Ktk
Bld EletNr) = XD ¥ 2% Poisson D4 1% AT IZDOWTHEEMZ KD, I
DBRERE D AT 2 KX T2 L, (Nap — AT)/VAT IZEEHEER D12 U 7285 ek
ZRTEMINS.

Poisson 4348 & 77 > < 34 DBEARIZLA N DIE Y .

IRDOMEREERBMCTERINDMERD A% shapea =k +1 >0, scale T =1/T DAV
DAL ERDTH > 7

P(Nar = k) = (k=0,1,2,3,...)

€_AT<AJUk
k!

SEIE N = (k+1))T, 28dE (k+1)/T? 1220 ) BSEIE N\ = k/T 127259,

ZOZ Mo, T BARFEOBITENLRERN k BRI o728 61F, BALRF D72
WCENRFERIEZ B RIEOEIAME N OREE MM shape a =k + 1, scale 7 = 1/T DAYV
NOMIZUEMR O TV EARTIENHFIZEHNRZ ENDND.

Srrr17(A) dXA = dA (A >0).

81k ~np (n — oo, p IZ—%) &R 5IX, n — co TFIME L BHAMEIE p IR U, 28U% 0 ([ZPERT 5.
S2ILA% AT /9 A DS
8k ~ AT (T — 00, M Id—5E) B 56X T — oo T L& BHMIE N\ TR U, 280E 0 1IZHERT 5.
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9.12 EFRBLEFREDKRMITRERA

TSR AT 7 DIIFHE (T4) % A5 X ¢ B B B | AT 272 LTna5,
o ElaX + Y] = aE[X] + BE[Y] ($E1E).
o f20K&5IE E[f(X)] =0 (BIHE).
o E[1] =1 (Bk LS.

ol INEFOWEEIPENRYDIENEZD.

WERZR X OFYAE (HIFHE) DIFEET DL IX B[|X|] <00 B2 ZELTHD. TOD
L& ux =LEX] 2 X OFIEE U <IZHIFHE L TR X O px WMFET D & &,
(X — px)? OFEHfEE X OREREIES, 0% ERDOU, DTSR oy % FEHEfRE & I
SR AR ERERICRD 2D HY R D.

LLE BX[] <00 B5IEX D r IROE—AYV MWMEETDLEN, E[X] %2 X O
FIRDE—AYREED. X D LIRDE—AY ME X OFY ux = E[X] THY, 2 kD
E—AY MIDWT E[X?] = 0% + u% BOT 0% = E[X?] - E[X]?> £%5.

MERER X T U T ox(t) = E[e™] & X OREREE RS, FrtkEud ¢ 1220V T
—RRERE BRI R D R U W IER A BUIMER D0 2 Fr D%, MERER X, Y 2
A UHERD 2RO E, X ~Y EELZ2IZTS.

X ODrRELFDE—RAY MINIRTHEET D & F, FERE ox (1) 1& ¢ =0 T r [
sarggizny), oW0) = BIX (k=0,1,....r) &3,

X Y I3 HEEARO DI Z R OWREHTHD L 95, 2D F Cauchy-Schwarz
DAEREY, B[|(X — pux)(Y — py)] S oxoy ERZDT, oxy = E[(X — px)(Y — py)]
M well-defined (28D, |E[(X — px)(Y — py)]| S oxoy £%%. oxy & X & Y D5
BEIESR. pxy = oxy/(oxoy) # X & Y OMBEFRE L IER. HHERBOMSEIZ 1 IF
IZ8%.

FEABUIAZARILTD TR FIVOREL ISR L, HBRENE TR MVDHWED
g% 0 LESLED cosh) ITRHIBULTWD, HEREB X % FH0 01282 L5 Il
EVATBHIU 7 X — uy B MVOBEMIITH Y, E(X — ux)(Y — py)] HSREEOHML
MTdhd L EIFET I, BRBEETHEAZ I NG RTEITLD.

WERER D X; PHALTH D LIL, iy, .0, DEVIZRRD & X

Elfi(Xi) - fo(Xi)] = ELf1(XG)] - BIf(X3,)]

WAL T B L THD (fp 2HIFERERERE). X &Y W RL6IFE X &Y OHtsy
B e AHERRREE 0 12785 2%, AT U RV,

Sz (O, F, p) LD X & HEREB IR, AR X 12 [, X(2) p(de) ZHEIED
P T IRHEER B L PO B ] & RDT.

SORER AR & I IHERZEM] (Q, F,p) EOEBUATTHIHE X : QR DI THD. R D Borel HAES
ATKRUT ux(A) = u(XHA) LEDDZLIZE>T, R EOMRAE ux WEED. ux &HEREH
X OWERDHEER., £ LE ux M Lebesgue MIEDHE f(z) L RRIND L X, f(x) ZHEREH X
DOHEREEFR L TR, R EOAHIB g(z) ICHLT X & g D&BE g(X) L EL. g(X) BHEREHIC
2%, glx) WAEFEBBEED & ¥, g(X) OHIFFHEIX Elg(X)] = [pg9(z) px(dz) EEDINDG. X D%
BERE f(x) DFAET D85 Elg(X)] = [ 9(2) f(z) dx.
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Dy 13T A= — >0 Z2ROMREBTHLL L, X ~D,, Y ~Dg THY, X,V
I THBETD. ZOLE ELE X +Y ~ Doy WENET D & X, D, ORI
FEEMEEROEED.

WERZR Xy, X, AW TH DL X, oxpoix, = [y 0x, BRLT D, DRI,

¢Yp, = ¢* WKILT DI L &, D, DHERDMIIHENZROZ LIXFEETH .

10 {I8%: B8 Tauber BUEE & F D0 A

10.1 AFEHESLS D Tauber BIEIE

I 10.1. f(t) 1Tt >0 TEFR I N/ IEMHEEET 2D BFHEA £ 72 IE MO LT\ d
EIREL, a,a >0 ThHdETDH. ZDL X

/Oxf(t)dtwaxa (x — 00)

75 IEY,
a—1

f(z) ~ acx (x — 00)

MBS T 5. (2 ORERORIZHHRORDOTLZ KR 2 THH LAKE LTWS.)

FEER. 97, f PHARADTH I GEEED . f BWEFARDEBTHL L LD, LED
c>1IZ/RUT,

— [y f@t)at < fo 0 f(t) dt. )
cr —x r—clz
Dk % qro! TEID &,
o fwdt [ f(t)dt Jo Fyde 5T f) de
axr® ar® < F@) o e axr® (2)
c—1 = axel T 1—c! ‘
WZIZx =00 &8935 LITLDT,
a1 < liminf ——~ fl@ ) < lim sup f(a:) < L= (3)
c— z—o0  ar® rooo AT T 1 — ¢

X5z e 1EdTBZLIz&oT
M@ S

a = liminf —+= < limsup T S
r—oo QT 00  ATYT

lim f(ai)l = q, 2FY  f(z) ~aaz® !t (z — 00).
z—00 ar®
86y <o/ BHIE f(z) 2 f(2)) PR T DI L% THFRED ] LIFATWS., FEBED IHENTED LD
295 7200121 TIEINEE] LSRR ENE LAV, HEIZADETIDLD IZIEATVS. THH
B 2OV TEAREADEE 2 W THLETTESLLSAKTHS.
8TF(z) ~ G(z) (x = o) IE limy oo (F(2)/G(z)) = 1 2EH®RT D
8 [VFf(t) dt ~ ac®z® (x — o00) EHND.
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INT f PEFABADDBEITRTREZD tfﬁfﬁfﬂt.

I f RRFEIMOGE 2 RkE S . f BREFEAMNOEEIZIE (1),02) TRE SO E %
WU ZZFER N B NS, W AIZ, (3) T liminf & hmsup %X@D’C, ANEZSDME %
WCUZZAERMNMEOND. ZDZ LITERETNE, f BWHEFAEIMOEGE ISR T R I EERE

BIZEoND 2 e bng. 0
B a, ICRUT f(n) = an &2 TEE F(t) 2EYIEDSD 2 212 &> TROME
PELND.

% 10.2. ay, az, as, . .. FIEMEEG THRFEAD £ 2 FHEFEMLTHDE L, 0,0 >0 TH
595 ZDOLE

n
Z ag ~ an® (n — o0)
k=1
AR~
Ay ~ aan®” (n — o0)

ANE RYAL RSN 0

10.2 Laplace Z#:D Tauber B FiE
Stone-Weierstrass D% HAGLBUEREY 2 FIWT ETIRERTD.

=8 10.3. o(y) IEPAXME [0,1] O FEEAMEIHBTHD & L, gly) IZFXE [0,1]
FDOBRET 5 c € (0,1) TOAREGETHOD ST i@&f%é%@f%é & U, MipR
glc£0) =lim~gglcte) WEAETDERETD. ZOLE MFERD > 0ITH/HLT, %
A P(y), Qy) T

||/\

P(y) = g(y) = Qy) 0§

y)dy < / 9(y)(y) dy,

/01g< o) g/@( Yolo)dy /lg<y>¢<y>dy+g

W2 TEDOPFETD.

SERR. Sl 2 i S IEAEE Q(y) DFEDAE FEIEE . (g(y) DRDVIT —g(y) %
% 2 0UE Ply) DIFAEL RINDG.) X512 g(c—0) < g(c+0) E LT L. (g(c—0) =
g(c+0) BHIE gly) DRDOVIZ g(1 —y) 2F AN L. )

o(y) FIAHTHEAEIARDOT N = [ |6(y)|dy = [, 6(y)dy LB L, N < o0 &%
%. gly) 10,1 EEREDT, 5 M >0 T |gly)| < M (0 <y<) & B It b OB
s,

EEIZe >0 2HL5.

o\
i‘i
|I/\

SOPHIX ] b oD R DM BB 2 TH A T —RRIE L X 1% &\ D EBE.
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¢ KD 6 > 0 12U, gly) 2EBT 2 EEEBEL g5(y) KDL S IED B
9(y) 0Sy<c—9),
9s(y) = { max{a(y —¢) + g(c+0),9(y)} (c—=d=Zy=<o),
9(y) (c=y <)

ZZTa=(g (c+0) g(c—=19))/6 THY, aly—c)+glc+0)=aly—(c—0))+glc—9)

ThdZliFEEt Lk ©&LY
-M=gly)Sgsly) M (0=y=s1)

BTV S. gs(y)o(y)| = Mlo(y)] (0 =y = 1) 2D limso95(y)d(y) = 9(y)o(y)
(y # ¢) 72D T Lebesgue DINHEH L Y |

1 1
tim [ astw)ot) du = [ aw)ots) dy.
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BEER. F(x) = [“e™f(t)dt LB &, RE F(z) ~ a/z® (x \,0) &V, k=0,1,2,...
WX LT,
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~ G e, T o)
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B a, IZHUT f(n) =a, ZWZITEE f(t) ZHEYNTEHRT S I IZE>TELLL
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PEOND. (1—e®~x (2N 0) THDILIZERET X))
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U7223> T, [EEDZIHAKY p(y) 1I2DWT

— x* () (#0)
% JH A BT %L
() = 0 (0=sy<e),
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4 DOHDFESTHTARIZ2-4---(2n) =2"n! 272, I HIZ

n+1/2
n+1

D2 a, IFEEEFRDBEIITH D, (1—y)/2> 0 jay" =1 8D TR 0.7 2 AT
22 LIZESoTIRMELNS:

1 [2n 1/2-1 1
C‘":ﬁ(n) ~ TR v o)
AL Wallis DR & IFEIEN TV S5,
WEREDANHETRE —DDNNE—=VIZDODWTEHIAL &S5 . ZTD 72O EMEES] a, 1E
Wallis DA R DWHEZEH) a,, ~ 1//7n (n — 00) Zifi7z LT EARE L, pur = artn_
B ZD0EE RELY min{k,n—k} = oo IZBNT

Apy1 = Ap < Ap.

1 1 1 1 1
pn’kN;\/k‘(n—k‘) o /E(l_ﬁ)E

EBBHDT,05a<bS1ITHLUT,
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TR EEE 71 (2(1 — 2)) Y2 doe DVED D RERD AL EEA A LIFENT NS, 20
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1 (" 2 (V' dy 2

;/0 —t(l——t:;/ — 2:%arcsm\/5.
Z OWMER DA IEIHLD (2,y) = (1/2,0) THEMN 1/2 OMEA EO—ks5M% o il EIZH
FUZEDIZFEL.

Z D & 512 Wallis DA AT DL ZFE ORE N S W EE TR S . £ LT Wallis
DA REDFHEZEE) L Tauber FLOEH (R 10.7) HHHTHKD. —INR 1IRTT ¥ X L
4 — 27T DM ERIERNE T D & D RS THEHI NG,

WERGIER & 1E TEARE U <IZHRHED 0 THRO SR ZFD & D BFE SN O H
%é@“é LIRTET VA LD F—27IZBWT, Fa & ) HRIZE £ > T2 ORI OHEH &

A PSR T SRR R DR TR AR (PR G B 1 WSRO Z & TH 2. WiIEK
fEUODHEHHC» EDRY R UWEENBEIZRS. MR 1/2 TEAIZL ATy T4
QHME T VALY A — 7 I 2 EREIOGAETI X, flAGHOERIMIZPP I L
WERRR B EIZ R 29 2 2 TIREDOFOmAEIAERICIE U nwZ 22T 5.

9545 10.2 HiXH 10.6 Hi T L 72 X 1 7D Tauber BUEHIE Wallis DARD —f{L72 & ABE5.

96%% U < I& Frank Spitzer, Principles of Random Walk, Springer GTM 34 (1964) M2 20 fi% 2 &.
FRIZZ D pp. 225227 H7- D) 2 BT HIEZ D) — N OEBERDLDIZIETTHS.

TR T ¥ A D A — 2 O ERKIERI OFERA I B AS D B A IR, feRamai & A8k, 20030525
UK EE [Z 0 X L0 4—2 <) ZARED L HA (2004) O 1 ZE2 S U THRLW. IRED
FHIADPZNZEDIEFIY—E2ZABMBIERTENE R LU VDT, BEEIFEIDANIZIZBETIOHTES.
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VLRI Z DRIEDIZELE% Peter Duren, Sums for Divergent Series: A Tauberian Adventure, 2013-10
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https://www.uam.es/personal_pdi/ciencias/dragan/respub/Duren_Tauberian_Talk_2013-10_UAM.pdf
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f@)=z+2'0+z+22+2°)+ 20+ 4+ +2) +--
=z+ (@' +2°+ 2% +2") + (20 + 2T )
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5). I 56T Fx) 3HEGADT F(r) = F(z +0) = lim F(z + ¢) L TW S,
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5.
100 (1) HSEFHFEWA £ 1 o S 2/ B 5IE Flz) < F'(x) BBRALLTVWD Z L Th 5.



10.5. Laplace-Stieltjes 2 # 81

F(x) (29 % Lebesgue-Stieltjes Bi47 &
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w(dx), v(dr) DTNTN%E e u(dx) /A, e=* I/(dx)/A ’C%‘&*]@‘Z.é EiZ&oT &
v IFHERJETHDLRETED. ZOLE AERED s = 0 12 L TENSOD Laplace &
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ROMGE—BERIZREINS.

S BAEHE EFADAGD E IRDE— AV N py 1F o =eVth EEREMT L 212L5T
0o ke—(logx)2/2 dax

_— l’—_
He= | N \/27r/

2
ok /2

ehy+k? o—(y+k)?/2 gy

— - —y2/2 dt — k2/2

7 ) e e
CEMEI N, IKE kO 2 IR DB ORI TRHIIWEKRT LI LW bnd. (£0D
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Tim 12, ((0,9]) = p((0, )

LR85 FRbL, AEGERFAIERDERZ D & F(y) = 1,((0,9)), Fly) = n((0,y]) &%
DBE, F PEGRICRDZTRNTOR y e (0,1) IZBNT

lim F,(y) = F(y)

n—oo
BB,

SERR. p,, p WEBRHETHD L LRED k=0 DHELY, HEEH C > 0 BEE
LT
pa((0,1)=C (n=1,2,3,...),  w(0,1))=C

YRB. REEY, TRTOSHEREK p(y) 1I2OVT

1

1
tin [ pw i) = [ pnti) k=012, 1)
DAL LTV,
FEREIZe>0 ZWoTHEET S.
€ (0,1) & pu({a}) =0 ZfiHE~ZLTVWDEL, 0 < § < min{a,1 —a} EIRETD.
p({a}) =0 &Y u(0,a) = p((0,a]) = F(a) £%%. R LOEGEE g5(y), hs(y) ZIRD
EDITEDD:

1 (y = a—09), 1 (y = a),
W)= (a—y)/d§ (a—6<y<a), hy)=<1-(y—a)/d (a<y=Za+)),
0 a<y), 0 (a+6<y)
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XLIZRDEDIZEDS:

ZDEE, LLRMEIN LT WS
0=gs5(y) < g(y) = h(y) < hs(y) =1, lim g5(y) = g(y), lim hs(y) = h(y).

W Z 1T Lebesgue DYHERL & 11((0,a)) = p((0,a]) = F(a) &V

1

lim i 95(y) p(dy) = Fa),  lim i hs(y) pu(dy) = F(a).

WRIZF5 60 >0 2/NI<H>T,

/0 95(y) p(dy) — F(a)| < e, / ho(y) p(dy) — F(a)| < e 2)

L7825 EDITTE 5. Stone-Weierstrass D IHAGTAUEIRIZ & > TR % 1§ 72 9 2 JH A A
Ply) & Q(y) BHEAET B 2 L A5 10,

P(y) = gs(y) = g(y) = h(y) = hs(y) = Qy),
|P(y) — gs(y)| S e, Qy) —hs(y)| = (ye(0,1)).

DL X
/01 P(y) pin(dy) < p1a((0,a]) = F,(a) < 01 Q) pin(dy), 3)
/01 P(y) p(dy) — /Olga(y)u(dy)’ < Ce, (4)
OlQ(y) p(dy) — /0 1h5(y),u(dy)‘ < Ce (5)

D212 (3) T (1) VB

/0 P(y) p(dy) < liminf F,,(a) < limsup F(a) < /0 Q(y) u(dy).

n—oo n—o00

LIAM, (2),(4),(5) &V e >0 2NILTBL [ Py) p(dy) & [ Qy) p(dy) 1F <5
TH Fla) ITEML. W AIC
ILm F.(a) = F(a)

EBBIENDNE. TNTRINET I LHIRI N 0

103Stone-Weierstrass DZHAGELIEEL L Y, [P(y) — (95(y) —€/2)| S /2 (y € (0,1)) &7/ 9L HAK
B P(y) BEIET 2. Qy) 2D\ TEFKR.
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#110.14. EOFEIZEWT F MMEERE y T F,(y) 2 F(y) KWGRT2 2 %2R
M, F(y) WAERRRTIE F,(y) 23 F(y) IZPORT 2 LIFRS 8. 728 21  a € (0,1),
0<e<1l—alZNUT, @Kl b F.(y) L AHEBHE F(y) %

0 0<y=a)

0 O<y=a
Flyy=qw—a)e (a<y<a+e) F(y)z{l §< 1;
a >
1 (a+e=<y<1), =Y
EEDD &
1 1 a+e 1 (a + €)k+1 _ ak+1 1
k _ kg _ k _ kK
/Odee(y)—g/a y" dy ) . , /Ode(y) a
Y735 MDT
lim de :/ Y dF (y
e\0 0
K@U,aﬂ%@yéﬁ“)éﬁwfhm“ (y) = Fy) %%, LML F.(a) = 0,
F(a)=17%80DT y=a TIEZTIBELZ. B

78 10.15. F,(x), F(z) I3AEGHHFFEHRDHEBT 2 =0 TOIZRDZEDTHD LT 5.
IDEE, FPREIBNITHUT, [[Fe™MdF,(z) (n=1,2,3,...) & [[Te?dF(z)

HIROMIIE L, . .
lim / e AF (z) = / e P ()

ML L TWB R HIE, B F PR T RTOR 2> 0 1I28WT

lim F,(z) = F(x)

n—oo
L%,

BERR. 11, 11 pn((a, b)) = Fo(b) — F(a), p((a,b]) = F(b) — F(a) (a < b) Ziii/= 9 Borel
@Jﬁ“ﬁfa@é t*«;‘é REELY, 5 0> 0IZDVWTA, = [Fe T p,(de) 2b& A=
I e p(de) \ZERDOMEI RS JE [, i % [in(de) = e py(de), fi(dz) = e~ 7" u(dx)
c‘:ﬂidbé c‘: un((O 00)) = Ap, 1((0,00)) = A 8D, pip, p DROVIZ i, 0 ZFERZDZ
EAT p, p FERPETHDEMMEL TR, TOEE BHEW y=e"I12&>T, Z
DFIFEIZEH T 2D (0,00) LOREZ (0,1) EOREICBIT S AR 1013 1IZETEDS. [

EF 10.16. B L(z) 2 2 — oo IZH 1T DIBEBNEH (slowly varying function) TH 2D &
&, AEED ¢ >0 12U T

. L(cx)
~Y f‘ p—
L(cz) ~ L(z) (x — o0), ERAY.)= lim I02) 1
MWEALLUT WS ZETHD. 2L 2K (logx)’ IFEEFKHTHD. 0

B 10.17. F(z) & 2 =2 0 IZB 17 2 Ak A HIFE I GEEAD) M TH Y, F(0)=0 %
WELTWREDTHY, a>0 THBEU, L(x) 1F z— oo ILBITIBELHHIMTH 5
L9455 I

M()) := /OOO e MdE(x) ~ AT LAY (AN 0)



woE (z71) (z)
Mz~ x*L(x
F@~ 5030 ~ T+ 1
AN RYAC RSB
SERR. G G(2) %
xa
G(z) = (x20), G

EREDDE >0 LT

87

(x — 00)

=0 (z<0)

) a [e%e) c
—cx dG — —czx ,a—1 dr =
A e dGl) ma+n[:€ CoMTT

MKALT D, 2DOHDEFEST z=t/c LBV
c>00D&E M\ OEREZEEIZET DMREELY,

M(cA) oA L(cIA!

—Q o0
el dt = ¢
@LA

) —a > —cx
MO ~ Ao L) ~c _/o e “dG(x) (AN 0).

X512 M\ OEHLY,

= st o= =45

kgoweaw(gggy):iémecwgm) (c> 0).

Wz

U235 T, fliE 10.15 &V,
F(z/\) () = %

oy ~ W=y @20
YR85, Fabb )
F(z/)\) ~ Af(A)”) (AN 0).
r=11BI \N%2 2! TEIHRDZLIZLHT,
Flz) ~ M(z™) x*L(z) (2 — 00)

Tla+1) T(a+1)

11  {F$%: Taylor DEEICGEEADEA

-
—

“1d Taylor DEMDEL D FEHIDWTHIHT S,

(B0 =(Taylor FEBHOrh )+ (AT ) OFADARE Taylor DEBE 5.
DHiIT

ZDORONFIFIFEIZH L.
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11.1 FBERFRIBEE Taylor DEHER
B R I N RIRIE % £ D Taylor OE BRI

T / o) dny

Z AR R UAWD Z L IZE > TREHARETH 510 FEEE, Thil

[ fan) de
£(@) = f(a) + () / "y + / " day / Y ) das.

Z 2 CHEIMOMHEZ S 9 72D1

/: dxy / [ (w2) day = / (/x f"(xg)dxg) dzy

EWVWDHEIHEHNE IHIC

(XAUNC R

F(22) = f(a) + / ) das

AT D L

£(@) = f(a) + f(a) /dm1+f” /dxl/ dx2+/dx1/ dxg/m P () das.

SICE UEZ & 5 —Ei ) KT &

f(x) = f(a) + f'(a) /ilxl + f"(a) /;iarl /:iixz + f"(a /dxl/ d:zrg/ drs + Ry
Ry = / da, / dx, / dxs / " O (xy) day.

PAEDFHE % i 0 AUSIFINAN IR DR G D Z 3D 5%

-1

Tp—1
flx Z k) /dxl/ dzs - - / dzy, + Ry,
k,_

Rn:/ / dxs - - /n dx,,_ 1/ f(")(xn)dxn.

R, ZFIRELIES. LA EOFHE TS OMIEME L Mo TR,

WOHR DR X A D BB
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FIREUADZIRFENIUAT O X D IZJEFIZ (IRZIZ—D EOAXZMS Z L I2L>T)
RAIEIHEINS:

/dxl—x—a,
T _ 2
/dxl/dx2 /(wl—a)dx1:($ 2@)’
(g —a)? r—a)?
/d$1/d$2/dx3 /a—(12)d1’1:( 3!)7

Te—1 x1—a)k ! x—a)k
/d.Tl/ CZ.TQ / d.ﬁlﬁk / (1k — 1))| dxl = %

r>a D& E ZOFBERERIE K IRITLHARDEKRED k! 50 1 #FKL TS

o k=10D&E FADMEIFED {z1]aSm Sz} ODRIIIED.
o k=20 ¥ FREDDMEIZIEN (a,a), (z,a), (v, z) ZFFOEM _FL=MF
{(zr,22) [aSas = a1 S}

DM, §2DLHIELFOHE (v —a)? D¥EDTHD. LRIl RDZHMAIE, 20 2 14
BT (21, 10) DAEONTHATENDTHS. T AL ERE RS 72
C:‘i T § T %(ﬁf:‘—é— (1'1,1'2) C:Ob\f%ﬂt‘ﬁﬁbﬁﬁﬂﬁb\b‘@b‘

o k=3 DL ¥ FXHESOMEIXIEM (a,a,a),(x,a,a),(x,z,a), (x,z,z) ZHKEDOVUHAK
{(v1,20,23) |a S a3 =19 S 11 S0}

DIRTE, TRDOHINFROEE (x —a)® D 3! 2D 1ITRD. 3 5D 1IRDH
HIE, 23 S 2y S oy 21727 (21,29, 03) DAIZDVWTHEASTEINOLTHD. LA
HWEIKDIKFEZ 1G5 72DI21E 23 S 29 £ 27y ODLUANDIEFIZIHA THNDGTRXTD
a < 2y, 29,05 < 2 IZDWTHED ULARITIURN TR, 21, 29, 25 DIEEUL 3 fHZRD
TZTNHDAENRFGFDREEL 3 ED HD.

o WDk DHAELYULLEAKTH D, FRFH OHIETE
(@,0,0,...,a),(L,0,a,...,a),(2,2,a,...,a), .., (T,2,T,...,2)
ROk IROTHAR
{(z1,29,... 7)) |a<an < ... Sap<a S}

DIEFEIZE D . 21, 29, ..., 2, DARFGORENL k! 3B RO TEIRFED O kIR
TENETRDAETE (v —a)* D K 53D 11128 S,

105 5 g0y, = fT, DUIEAROD k IEHR% k YE B (simplex) & IR,
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LU EICE > T Taylor RADERDDEHICERNRONSERGARICA oL 205,
1 D k BIOBIRED OFERIE & IRTCSLSRDOEED k! 730D 112785 DTHEHT k! 238
Hd.

UEDFED:

x Tn—2 Tn—1
R, = /dxl . / dxn_l/ f(”)(xn) dx,,.

INEFESFRIERID Taylor DFEEBEFERZ & 129 5.

AR ROEDIZEZTE LW, n BOEEK ) (2) &2 n BZFXRESTHIL f(z) A
LNBIETTHD. UL, BOEHREERTNUX 2 1220V T n—1IRUTFTDHEMEL D
ZLITRD. TORER, LROL D BAANELND:

f(I) = Qo —l—cu(x— a) +a2(x _a>2+"'+an_1(x— a)n—l YR,

ZIT R, FEDXDIZEEINZ fO(2) & n BIBREALAZEDTHD. ZORD
Ml% k=0,1,...n—1HMALTCar=a EBFIEXR, »ORKDIIHIL0IZRDDT,
f®(a) = Klay, D505, 805 ap = fW(a)/k! TH 5.

PAEDFHROHSIE, BRI f(z) = D02 an(r — a)F EBWTHHLZ D K U
LCTa=a BT LIZEDT ap ZIRETDHIKLEUED, BIARE R, ORI
25> TS DT Taylor AEELD AN B0 2 5 72 F v THE U R,

Z D & D IZRIRIER & D Taylor OFEHIE Tn BEOEKE ) (2) &2 n BIBIRESTH
FH LD flz) WEOENDIETE] LWIIEFICE LB RERLNLREIRFLNDD
Thd. N

11.2 FRIEOIEIMED LA S DOFLH & Taylor B D EAH!
FIRE R, " n—00 TOIWZIERTEIHLIE

=1
kgk_ ZL'—CL

MEANLT D, TNEHE f Dz =a 2B} D Taylor B & FER00,

FIRHEHDOKEZX %2 ENSFHEIT 2 72OIIFRD LS I2FiE L. £ R >0 2H-
T,z OFLEFHZ |2 —a| S RICRETD. LT, HD M, >0 T |[fW(2)| £ M,
(lJt —a| S R) ZWi723TEDEEMITIED. TDLE

Tn—2 Tn—1
Az, 1/ dz,,

&85 DT, M,R"/n! — 0 72 51X Taylor B [z —a| £ R IZEWT f(z) IZ—HRIK
5. BIREDBARNZLZDE D &Y & FREDMNED LS OFHl (R) DS5AHE <
ﬁb%é

6x =0 1281} 2 Taylor R % Maclaurin JEFH L FERZ L 235 5.

_ M, |z — a|™ < M,R" R)

n! - nl

‘Rn’ di[fl




11.2. FIRHEOMIHED L2 5 DFHM & Taylor EH D 2 A& 91

72 & Z1E M, RN n OFEREFEE 22 513 Taylor BBIFINK T 2 (A"R™ /n! — 0).
ZTDIEMNH, e, cosx, sinx D Taylor BEAMNED X D74 a, 2 IZDWTEHEIZIHT B
ZEMEGIHENDOEND:

o e L 22 . s L a2k
e :Zm, cosa::Z(—l) oLk smx:Z(—l) ohr D)
k=0 k=0 k=0
M, OMRHEED n! & [F URREDLEIZIE Taylor BFHIE [z —a| <1 T f(z) (IZIERT

5. f:?:iii, f(x):(]__’_x)a o)t%7
f(”)(gj) :a(a_1)<05—n—|—1)(1+1-)(1*n

BROT, ZD f D x=0TODTaylor JBRIE |z| <1 TPHKT D Z & b»nd. FERIZLT
f(z) =log(l+ ) ® x =0 TO Taylor BRI |z| <1 THRHRT DI L300 5.

[o.¢] o k
(L+a) =Y ((;)xk (Jz| <1),  log(l+z) Z ) 19” (|z| < 1).
k=0 =1

IROD Taylor BHHE & <flibNd:
= z*
—log(1 — x) Z? (|z] < 1).
INZiRL AKX

Li, (x Zk— (Jz) <1, r=1,2,3,..))
k=1

TREHEINDEE Li,(z) 1% r IROZ BN (polylogarithm, IR Y 1 2) L IEZH
TWd. T Lig(z) W& dilogarithm GEFRA A 1O 2) & Liz(z) O¥EIZIE trilogarithm (@
D BY) EEENT NS, 2Dk X

dLi,(z) Li,_i(x)
dr x

BODT, ZENBEBUX

Li, () / da:r /‘”3 d:zrg/ drvy / / dxy % dx,
s 1—x; 1— 2 29 Z,

<1< <zr<T

dl’l

(r22), Lil(x):—log(l—x):/om

1—.231

EERERBENRRINDG. 2 OHOEE T 0< <1 2{KE L. YLEZE&HOESD & Riemann
DY —REHD 2 DL EOEER r 2B TR MEORE D RRVELND:

ad dry dzo dx,
:E _LT —= ... =2,3,4,...).
¢(r) 1 / / 1= xy Ly r ’ )

n= 1 O<z1 < <xr<1

MY GEEE BIAR I T U £ 572D T, Taylor DEHDFEIZREA 5.
KOG E, FRHED R, OFAMN (R) 25> THIUZ 3 BD 720, %IJ,%IE R, %%
KA TG L, 1EDOEA TRRTIAADDHL2OTENEZRNALTE IS, flHD/-
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Hale LIRELES (a2 2 OBEERETHS). R, DBERHENE o < 2 < 2y <
S S ThREBBATHE D LI LRSS, 1, 12k DR & —BAMUI S &

R, —/ F (/d:v1/ dzs - / iza:nl) dz,, = / £ (z x_x”); (G

2DOHDFE ST 1 OFRMEDH (n— 1) IRTGLFIRDERED (n — 1) 3D 18D LD
FEOFTHIAL AER 2 H > 7.

11.3 EEEE2ARIXNDOEE
RO R EEZ S
dU (t)

dt

22T A(t) REATRMEESERECCH Y, U() IRIIEANE H1THI0 E S F BRI T
3. ZOWNHTRRITIKEFAMETH B

— AWU®), U0 =E.

t
0
B % Bt A 7230 1 Taylor DEBL 2 GEHI U 72356 L FARRIC Z DX 288 1) 58 UV g

PELNTIRILIZENITTTHE. ZORT Lt DFNTNE t,t, ICEIHZ /-
REZORNBHIIRATD L,

t t t1
U(t) :E+/ A(tl)dt1+/dt1/ A(ty)A(t2)U (o) dts.
0 0 0
W U#EEZE D —EiRY RT &

U(t) = E+/tA(t1)dt1+/Oth1 /OtlA(tl)A(tg)dthng,

Ry — / dt, / dt / ® A Alt) Alt)U (L) dbs.

[FRR AR YD) R & IR DRI L T2 2 EWhhd:
te—1
Z/dtl/dtg / A()A(Ly) - - - A(ty) diy + R,
0

R, = / dt, / dty - /O T A Alty) - AT (1) db

FIXIND n — co DR THD HFERDMED

Z/dtl/dtQ /Otk1A(t1)A(t2)mA(tk)dtk.

TEOND Z L 25t s, BIOHOD Al BAXAE t OIERIILATND 2 LITEEE &
RFNEERE T | ZIRDOEDIZED B:

V

TIA(t) ... A(tr)] = Alto)) - - Altery),  toq) 2 - 2 o), 0 € Sk
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ZOFRFIEDE ETEDRARIFIRD LS IZEIEIND:

U(t):kz_()%/o /0 TA(ty) -~ - A(ty)) dty - - - dty..

X LITRINC T] | 2B E RO 2 L 2 RIS NERO £ 5 ICBSEI NS

2 ([

k=0

Ut)=T —T [exp /0 t A(s) ds

ZORDORARIIYHOBREZ ETHRING.

DA B Cfifan U 78 H oy R RO #REEIX Picard DB AEOR ARG ETHD. §
BHOHLLLEDHIEITIEREOGEIZEHEHHATES. 2D &K S IZ Taylor DEMDZIRFES
(2 & BEEIHIEZ H > T, S E Y R A DZBIRMRATEIZ & B REES 3 <IN
KEAS U, THIZ Picard DFRRAEIZET—RILING. 2D &S ZHHN S Taylor
DEH % ZFIRFES TREH T 2 HIEOMMIIMEY IZEE RN Z L Ebnd.

11.4 WA FRIEE Taylor DEHE

BIRFE D TR I N RIRIE R K5 D Taylor DEHEZ K> TWBZIFTHRSZRWIEXTROD
72D, % < DX CRIRIEZ MEOEKRBTRRTEIARNE K<L TWDEDTHEHFIZ
AL THID.

Cauchy OFHEDER :  FEEB F, G A TRETHD F(t) # G(a) THhDOHEEN
RNV (F,G) M altDHNETHRUTOIZELSRNESEa &t DHVEDHDE
it T

BT EDONEFERET S,

ZDREHAANL T B Z A, xy EHEIZ (F(s), G(s)) OEEOHIERZ # T, 55 (F(a), G(a))
R(F(t),G(t) ZA5SNEMEEENR Y NVDSTEATIZR B At DIFAE% ERIICH
B Z & 2 HERTNITE T I D725 5. BEZRFEHIZIE Roll DEHITZ 5 A3, fl A
I TEBIZIHONRER ] AR LU THERNERS.

FIHIE LT f 234 B ARERGE ZHRBD.

Gt = 1) - fl@) - F@t - a) - @ S - L

F(t)=(t —a)*

£B<. Fla) = F'(a) = F"(a) = F"(a) = 0, G(a) = G'(a) = G"(a) = G"(a) =0
TEEUAMS, Cauchy O FIMEDOEE Z R4 IHEHT2 L, 0 & t DHWEDH DT

107Roll DL [EAX M EO KD R AME & S/ MEZ D] CWIFERNSHES. B L <IX Roll D
EHLZ BT TICEBEIIRDE D ICEATEL. s i3 a &t ODVEZEEDE L, 5 (F(a),G(a))
ERU(F(1),G(t) ZFESERR ¢ 2O ED R (F(s), G(s)) ~NOHEENRKICE DL s =t PFET
5. ZOEIHEENRY MV (F/(t1), G (t1)) PEMR L ISTATILRDE I 2 RmES.
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ti,ta,t3,ty CUARNZHZTEDDEENRINDS:

50 - 1@ - @) - ) - /@ S - S
(t —a)t

f/<t1) . f’(a) f”(a) (tl . a) f///(a) (tl ; CL)
= A(t, — a)?

f”(t ) f”(a) _ f’”(a)(tg _ a)

4. 3(t2 - CL)2

_f"(ts) — f"(a) x
4-3-2(t3 — a) -
_ﬂ%h)
Y

BRI T RZMD U TIROFBZD t; ZRATIEHEZREDELZZTTHS. DA
EIiZEoTa bt OHNVEOHZERL, T
t—a)? t—a)?
1) = fla) + fa)t—a)+ @) S g,
t— 4
R4 _ f(4)(t4)< 4'0)
=725 E DODFENGHINZ. TN T 4 BIS FTRER B EBUZEE 9 2 M0 BIARTERL D
Taylor D EBLAEERH X 7%
SIZ EDOFHRFDS UAME 2FBHDFESDAHL () D t — a TOMLRIE

1o () = (@) 1

4l t£l—>a ts —a B 4!f (a)
WZRB5 4l a b t DHWEIIHBDT, t va Tty —a &EBRDILIIEETL. 2
X EDOFHEDHFERDAD t — a TOMFRIZEL .

t— t—a)?

1) - f@) = @t —0) - @S - @S

s t—a) = /7@

IR EFETH B

(z—a)?

f@) = fla) + fa)(t —a) + f(a)—;

+ f’”(a) (‘T ;'(L) + f(4)(a) (t :Ua) + O((t . CL)4).

ZAVT 4 By WTRE A BEUZ B9 D “small order” E!Taylor DEMEFEHTE /2.
ME&E4< I_JE@LL/’C [ 2% n [ ATREZR & 1F

Z f t — a k Rm R — f(n)(tn> (t — a)n

08 LE f A C* #B 51 limy_,, f@(ty) = fB(a) ERZDT, SUANE 2 OHDESOHDEES
BBEZN. UL, ex ik fO otk 2 eI, fId 4 B TEEZ L EL TW A Z T E o720
TES LARFUEN TR B 7.
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WY a &t DHVEDFE t, DIFAEAFEHTE D, WA [t—a|l S R, |f™(s)] £ M,
(]s—al £ R) &5IF
M,R"

n!
L85, TROLMNTRINLHRHEDYE G L A UROIAR TGOS, XHIZ kL
FIRIZ U TIREAEH T 15

| Bl =

10 =3 9@ ot -y,

INSDFERE Taylor DE L IFIEND.
PAEDGERIE n [FIA ATREMED A ZIRE T NIEMREND . n BEOBEEB O EkME % ()
T 2 MEIFR.



	0 はじめに
	1 ガンマ分布に関する中心極限定理からの``導出''
	2 ガンマ分布の特性函数を用いた表示からの導出
	2.1 Stirlingの公式の証明
	2.2 正規化されたガンマ分布の確率密度函数の各点収束
	2.3 ガンマ分布の特性函数とFourier反転公式を用いない方法
	2.4 自由度が大きなカイ2乗分布が正規分布で近似できることとの関係
	2.5 一般の場合の中心極限定理に関する大雑把な解説
	2.6 二項分布の中心極限定理

	3 Laplaceの方法による導出
	3.1 ガンマ函数のGauss積分による近似を使った導出
	3.2 ガンマ函数のガンマ函数を用いた近似で補正項を計算する方法

	4 対数版の易しいStirlingの公式
	4.1 対数版の易しい Stirling の公式の易しい証明
	4.2 大学入試問題への応用例
	4.3 対数版の易しいStirlingの公式の改良

	5 付録: Fourierの反転公式
	5.1 Gauss分布の場合
	5.2 一般の場合
	5.3 Riemann-Lebesgueの定理
	5.4 Fourier変換の部分和の収束
	5.5 Fourier級数の部分和の収束

	6 付録: ガウス分布のFourier変換
	6.1 熱方程式を使う方法
	6.2 両辺が同一の常微分方程式を満たしていることを使う方法
	6.3 項別積分で計算する方法
	6.4 Cauchyの積分定理を使う方法

	7 付録: Gauss積分の計算
	7.1 同一の体積の2通りの積分表示を用いた計算
	7.2 極座標変換による計算
	7.3 Jacobianを使わずにすむ積分変数の変換による計算
	7.4 ガンマ函数とベータ函数の関係を用いた計算
	7.5 他の方法

	8 付録: ガンマ函数
	8.1 ガンマ函数と正弦函数の関係式
	8.2 ガンマ函数の無限乗積展開
	8.3 正弦函数の無限乗積展開
	8.4 Wallisの公式
	8.5 Stirling-Binet の公式(1)
	8.6 Stirling-Binet の公式(2)

	9 付録: 様々な確率分布について
	9.1 正規分布
	9.2 ガンマ分布とカイ2乗分布
	9.3 多項分布とPearsonのカイ2乗統計量と多次元正規分布
	9.4 第二種ベータ分布と t 分布
	9.5 不偏分散の直交変換による取り扱いについて
	9.6 第一種および第二種ベータ分布と F 分布
	9.7 ガンマ分布と第一種と第二種のベータ分布の関係
	9.8 n-1 次元球面上の一様分布とMaxwell-Boltzmann則 (1)
	9.9 n-1 次元球面上の一様分布とMaxwell-Boltzmann則 (2)
	9.10 二項分布と第一種ベータ分布
	9.11 Poisson分布とガンマ分布
	9.12 基本的な数学用語の大雑把な説明

	10 付録: 簡単なTauber型定理とその応用
	10.1 不定積分のTauber型定理
	10.2 Laplace変換のTauber型定理
	10.3 Wallisの公式と逆正弦分布
	10.4 x-x2+x4-x8+x16-x32+@let@token arc で x1 とすると?
	10.5 Laplace-Stieltjes変換
	10.6 Laplace-Stieltjes変換のTauber型定理

	11 付録: Taylorの定理に証明の仕方
	11.1 積分剰余項型Taylorの定理
	11.2 剰余項の絶対値の上からの評価とTaylor展開の具体例
	11.3 線形常微分方程式の解法
	11.4 微分剰余項型Taylorの定理


