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2 0.1: Stirling DA AT & 2 BEFE DL

| n | n! | Ay =nre™V2mn (%) | A(1+1/(12n)  (@%/n) |
1 1 0.92--- (7.78%) 0.9989 - - - (0.10%)
3 6 5.836 - (2.73%) 5.998 - (0.028%)
10 3628800 3598695.6 - - - (0.83%) 3628684.7 - - - (0.0032%)
30 || 2.6525--- x 1032 | 2.6451--- x 10%%  (0.28%) | 2.6525--- x 10%* (3.7 x 1079)
100 || 9.3326- -+ x 10'°7 | 9.3248--- x 107 (0.08%) | 9.3326--- x 107 (3.4 x 1077)
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ne "y n [ et L e
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MR BB f(x) = e %" ZHOMERERE X, L /L E Y, = (X, —n)/va
DT AR TRTN 0 & 1 IRZDTH- 7 (Rifliz R &), Y, OREREERII

ey ) et (L 4y )"

\/ﬁfn(\/ﬁy_}'n) = \/ﬁ F(n) = F(n) 1+y/\/ﬁ

W85, TLT,n—oo DX
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(L) e

BOT, n—o00 TeV¥1l+y//n)" —e V2B X5 1+y//n—1282.
ZAZ, IRDRANL T D Z & & Stirling OANIKFEMEIZZR S:

e V= ny 4 n)t R e~v*/2
I'(n) V21

TRDOD Y, OMEREERBUEETER DA OMERE LRI A RN 2 Z & & Stirling
DRAXIKFHETH D .

FT YA DN THER B D £ DR D L AL THUDMRBRE BEASEAZ L T % Z
& & Stirling OARIXF UEIIZHD.

Hpg2 Z3EBH U 72 1 U, 72 & Z21E Lebesgue DR EH % (i 21X LW,

22 AR Gauss A DAR [T e dr = T Tz =u/ya LEHPEREEHBTNIEOND.
Gauss ADARIEUFOE S ICUTHHAING. £ll% [ bBLE P = [T [ @) drdy ThH
D, 1213 2 = e ) D25 7 LM 2 = 0 THENA UNIPROFER] OWRFEE LRI D, T/
DET 0< 2z S 1IZBITLWHMIE —7log 2 TR D DT, TORMEIK fol(—wlogz) dz = —w[zlogz—z|{ =7
8%, WZAIZ T = /r. Gauss MO RRDOARGEBR L ZAIIHEARNHTRLZEZIATHY, LT
DEFRBHTHKDZ L ZATHD. UNLUEDOZEIINIDKEKETH 2 Z Wb hNIE, TDEI 2 TOW

HEABOMIC LD Z e NEMAR 7 BN TRIEHAP DN L. FHRIZRDDIE T TOE D% EREHE
LZDTIEELS, P DL%3IELAEZNSGTHD.

\/ﬁfn(\/ﬁy + n) = \/ﬁ
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Y,, ODHESR 4 A B B EHE TE 1514015 O HESR 5 1 BB 4% DGR % 2 & O MIE
Jf(n) QU & AR £ 512 LTRLND:

St (/i \/_ e~ it(vny+n) p I e itvn
" - t - —u
JalVny +n) = / =i 2%/: A=y *
1 [~ 2 1 2
— — e MW 2 dy = e v /2 n — 00).
21 J_ o V2T ( )

BfE D% ST, Cauchy DR ER L 13
/00 e~ M2 dy = /OO e~ (PR 2 gy — o=V /00 e 2 dv = eV 22

o0 o0 —00

ERBZEEHN.

ZDE DI, AV~ A6 DR E E RO RHEB D Fourier Z2#112 & 2 R % i 2 1F
TR L E D PR D L ROV TOHMERE 2 A Z 1 RT Z N TE, TOFRERIE
Stirling DAR & [FfEIZE > TV S.

2.3 HUIHHDEHMUEEE Fourier REAR & HWARWAE
HYXHBDEREIY,
n!:F(n—i—l):/oo " du.
0

BAZERZ x=n+vny=n(l+y/y/n) IZ&>T y IIEHT DL,

n‘—ne”\/_/ (1—1—%) dy.
Wz
L hy) = {e—ﬁyuw/ﬁ)” (y > V),
"Twenyn " 0 (y < — V).

LB, o= [T haoly)dy £7%B%. loghy(y) D y =012 % Taylor BHIZEL ST
log h,(y) = —y2/2+0( ) (n—00) £82ZEMNDNDDT, lim, e ha(y) = e V2 L7
52 ENbnd. IHI

o0

lim hin(y) dy:/ eV /2 dy

n—o0

LS FES L RBIRDIERF D% RS 2 & AT ENUEY, limy, o0 cn = V21 BEOND.
97205 Stirling DA

|
lim —————— =1

n—00 ne="\/21n
WEHND . ZOHETHNIX Fourier T DRI M ETIZ LR LA D.

BRI 2 H DR CTHERBIHEIPING. & ZIE, e O Taylor BRI Z A U CIHIIFE S % F217
UTHIHHITES. © UL, M8 f/(y) = —yf(y), f(0) =21 2Hi-LT0WR I EnbeEMIND (£
W72 L T2 2 IFH AR THIEDN D). Cauchy DD EI 2 Z XK RN u + iy (u>0) %
v>0 CEIBADIERMEIZETLUAZDOLHEU LD ICRZDMHEIMELNS.

Ly >0 T hy(y) S hi(y) =e V(1 +y) B, y S0 T holy) < e ¥"/2 BELLTWB DT, Lebesgue D
ARG % 2B IRT ZEMNTE S, Lebesgue DICREH Z DR TE | |yl £ M T h, P—FRIN
KID2ZIELEHOVTORTIEETES.
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2.4 BHEMNMNKEILHA 2ESHINERSGETEHELUTET R EEDOEBR

BT HE IE RIS RERAH n (HORERAI X, X IDE 2T Y, = XP - 4
X2 L REEINIMEREBY, OWERDIAZHBE n ODAA 2TRDHLIFS.

EHHE n QN1 2304 shape 28 a =n/2 Tscale B’ 7 =2 DAV I FHIZZFEL.
FRZE R n DA 2 A ORERE BB

e—y/Qyn/2—1 .

T(r /9\on/2 >
fn/2,2(y) - F(n/2)2n/2 <y )a

0 (y =0).

ZRY, ZTOFEERBIIENT N 0 L 2n 128D, TRDD,

00 —y/2,m/2—1 —(23+-+22)/2
0 I(n/2)2/? WO n (2w )2 ! "

COHEREEZRTEZOIIE, AVIYDMOFEEELY, n =1 ODEAEEZREE+THTHS.
n =1 DHBEDOFHFEITIARENZH Y AFES & T(1/2) OBBRZOEDTHD. EBE, 2 >0
Tao=y LEDEHZERTLHIILIZEST

00 ) e—a:2/2 p ) oo e—v/2 y—l/2 p oo e—y/2yl/2—l p
BAOSET T(1/2) = /7 &lio7.

Mt ZDOMATIE, HHE n 2 KEIL<TD L, W1 2EWL/MHITFEIN n THED 2n D
EHAHIZP > DEMN S ZENISHMOENT NS, TOEEIIHN V¥ 54D HMEIRE
HZDOEDTHD. £UT, B TR U2 KD ICIEFULI N AT >~ 5346 DR R FE A
SR A1 4 DR B &\ 5 5L L Stirling OASIFE (7 U ZEX OEH) 20
ThHolz UERFLEDDIEIRDEDIZEZEZRD I DND:

EHIEE n DA 2040 % ZEAEW TS 0, 788 LIZIERET 2 & & n — o0
T T DT F 2 FE BB EEHE TE B 53 A0 DS 28 FE B BT DR 97 % & S #RE S
WHBWTELHOENT WD FERIE Stirling DARE[FETH 5.

B DIIHEHF %2 L <H->TWB AL, Stirling DARIEn — oo THA 2 LN IER D
MEDS IR I EZREKRL TS L > THu,

2.5 —RRDIFGEDFOEREIRICEET B KB AR

— R DI O HUBR IR R BRI DWW T RMEHIZ ORI IR 5.

X1, Xo, X3, .. (M THEUWERS A 2R OWRLEBDIN THDHLTEH. IHIZTH
SIEEY = E[X,] E9 0 = B[(Xy — p)?] = B[X3)?2 — 12 2 HDO L IRET 3.
Vo=(X1+ +X,—np)/Vno? B LY, DFEHENRIEZNTN 0 & 11285,
ZDELE n— oo DERT Y, OWERSAIEY 0, DB 1 OFEHETE B A2 (HY) AR
k) DR 2 05 ODSHLMIRERETH 5.



10 2. AU ORVERE 2 W Rm 0 5 DB

LR DHRD 2D X, % (Xy —p)/o TEIMZLILIZTEH. ZOXDITESIHAT
LY, 3EDLS5RN. ZDOLE X OFHEFBUITNTN 0 & 1 IZK85DT, X OF
VR % o(t) = B[] L #L &,

t2
ﬂw:1—§+oW)

Y, = (X1 4+ + X,)/vn £BLEY, OFHERREZTNTR0 L 124D, Y, O
RO R IZ D & 5 IZFHE I B

1o [ e - o ()’

k=1

t2 1 " —t2/2
l1—-—+o — e (n — o0).
2n n

P 212, Fourier DIEARE D10 Y, ORERBEES f,(y) 1&

1 [~ t\"
fnly) = ﬁ/ e My (%) dt
W22 23U n — oo THREMEIE M43 A D 3R % K 4K

00 )
i o~ ity o—t3/2 gy — e v/
21 J_ o V2T

(PR 2!

2.6 ZIE2HmDHOERREER

PAETIIHERDAD THEY)BRERTOPGR] IZOWTIEFEAEMEHIAL AN o72. =
DHITIEZ D I DWW T IEH A ZHNZ W T RHEEIZEA S 5 18,
X, MZHEDG T OMREBD L X, g(X,) DIAFHEIX

==j£:g(k)<z>zfq"k

LREHRINDG. 2ITO0<p<lg=1-pTHY,n FEDBKTHD LU, (}) 1T H

R RO
; n| n - n .
<k):m (z+) zz(k>xky ;

k=0
E[g(X,)] 2B DR TEL ZOIIET IV RER (TIVEHE) §(x —a) de &6 5 BER
H3:
n
Bl = [onds, g =X (1)t b
k=0

ot/ /)" AETRA 7 BIE Y, 1T 3 Fourier KA RO RIZEEIC A 24, AR TRVEAIC
WHIEIZ ) HIEDOPUR2E 25 2 LIl85.

6 —fIZiE R EORERHIIEICRS.

RGBT ISEY R REIRTOINKR 2 ZE X D2 BENDH D,

By 477 OIS 24, BEREmIT LR,

VTN (T IV AWE) 6(x — a) do FEFEE f(2) 12HUT, [ g(@)d(z —a)de = g(a) 12&2T
EBINTVWDEEZD.




2.6. IHZAT D HUO R E B 11

ZD &SI, TS OMEREEEI [, (x) XTIV AEE (TN ARE) & fioTRbIN
2 EEZ LN, BEOKBCIEA < BEE (&Y EHICIXE) 128> TUES. FHCHER
EERBOPR 2 @HE ORBOKRINKTEAD I LT TEIRIRD.

ZD & 5 BGE IR EEHO L SR TR < IFHENEE g — Elg(X)] O
WK % # 2 AUE 0.

BRI R AT, OB ¢ 1283 Eg(X)] 28> OTRAL, H2RHAEHD
His g 12T 2 E[g(X)] 28\, TORBIBEEOFEN S —ROBEEEL LD &
DRIENELITThND.

Z DHILFI D TERZEI X OFRERE ox(t) = E[e®™] 2> 2L THh 2. FriEEBUL
R ETHEIZHOSED 1 DU DO —FREGE R U R 5

lox(t)] = |E[e™]| £ E[[¢"Y]] = E[1] = 1,
sup |ox(t + h) — ¢(t)| = sup ]E[e”x(e”h -] =FE [|eihX — 1]] — 0 (h—0).
teR teR
BED 0 NOPER T Lebesgue DYNHEH 2 FW /2. B g(z) 3
@) =5 [ g
g(@) =5 | €5
ERDINTVWALTEY ZOLX Bl LEADIEFR2XHMTDHILI&>T

Elg(X)] = = /mau)E[e“X]dt L[

:% » :% .

J(t)px(t) dt.

ZOAREY, HEREHH Y, LHERER Y 1ZO0T, FEEBS oy, 2RIERE oy
A RIPOR U TS, Y72 27 5 22128 ENDERDOBEE g(y) IR LT Elg(Y,)] &
Elg(Y)] IZIRT 2 Z & 2325, BEHERZK 2 50— RO 56 O HoD R E HL
ZO&> B TENMEING.

TR MERERY, ORVERE oy, DI o IZE IR LU TOTEINRLDEE ¢ 23d
B MERZI ORI R 2> TR WG E IR Y, IFHERZBUTPCR L B, K

PEEIF] oy, DEACCHBER BIM o 1 AR B 1 518, R o % FFORERAKL

“IES A DO HROMRIRE R 2 RE S . IHOAE DR EEUE
ox. (1) = E[eitXn] _ ;0 pith (Z) pkqnfk

. n 3 — 7 n
= (k> (pe")"q" " = (pe" +q)
0

k=

20Z DFRIDOINFIZFIINR & IEIEN S .

722 20F g(z) BWEBAEBTHNIXZBDEE g(t) TZDEDIT g(x) 2RRTED.

27 L ZIXERBEGERBRDES.

BEBROFEHTIE, g(y) P2ABDEHETH D &5 BFENGOEE PR E R L, TOMEE UT g(t) Bk
VIRV D7 F A (Bl ZIXEFERHBDOES) ILHEEFNILEDOMEREEL.

24Bochner DEH.



12 2. AV DAADOREREZ 72 RR 2 b DEH,

BB, ZHMMDFFE REIEENTI p, =np & 02 =npqg THD. DR ITHEREE

In v/ 1pq)
DT LI TNEN 0 L 1128 Y, T ORERI
oy, (t) =E [eitYn} _E [efitnp/\/nimeitXn/\/qu]

_ efitnp/\/nToqgoXn(t/\/n—pq> _ efitnp/\/nipq (peit/\/nTJq + q)n
_ (peitq/\/rpq + qefitp/\/nipq)”

L7252, X, OFEERBOARNEREETIZ, X, —np = X, (p+q)—np = ¢X,, —p(n—X,,)
ZHWT, EEMNIZ

Py, (t) = E [¢] = B [eltaXn/vipie=ite(n=Xn)//npa]

_ Z pitak/\/pd ,—itp(n—k)/\/7pq (Z) pkqn—k
k=0

S () o
k=0
= (peia/VTPL . geitp/VPa)"
YEETHILETES. ZhIZ

. 2
peitq/\/npq =p+ itpq _ % +0 (L) 7

Jnpq  2n ny/n
: 2
—itp/ g _ ,_ _WPg _ ptT 1
g¢ 4 Jnpq  2n +0 ny/n
ZRATDHE
t)y=(1- ﬁ +0 o ’
Prallt) = 2n ny/n
DT
—t2/2

lim ¢y, (t) =e

n—00
— 73, BHEIE R A9 D HERZE Y DREBIBUE
A o —y?/2 )
oy (t) = Ele"Y] = e’ dy = e /2,

o V2
INEY, #EYRT T AIEGENDEE g(y) IZD20T

lim Efg(Y,)] = E[g(Y)]

n—oo

LRDIELZRED. DL

n

, k—mnp\ (n\ 4 . /°° e V2
lim P = dy.
H)okz:%g ( npq) (k)p q )=y

BELZEp=q=1/2DLE gy, (t) = (cos(t/y/n))".
26 2 DIGEITITAFREREER o Sy < b TEN 1 IZTEDTHRVE X 0 ILRDEHER Y.
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) MaSySbDEZEMN 1IZRY, TOITRVE X 0 IZRDIEBDLEITIE
. X, —np be—v*/2
lim P <~ <pb| = —d
n1—>n<r>lo (a - /npqg — ) a V2w Y
PAER IS OMERZEH X, OHFMRREHTH D .

3 Laplace DAEICL 528

HiEl & TIZEHHA U 7z Stirling DA XODFEINZAE I AT > < B (H >~ 4347) ' Gauss
My (ERDAE) THEBIND Z & Z2HWGEHZ L EZE X 5N 5. Gauss D IZ L DMl %
Laplace DHELIERZ E03H 5.

3.1 AVIEHHD GaussTEDICL BEUEFE>-EH

AV IEBDOE%E Gauss B3 CHEHBLLEIT S Z L 12 &> T Stirling DAXEZRT D,
log(e *2™) =nlogx —x & x=n ’CTaylor)EF%ﬁ'é‘ét

)2 )3 )4
nlogx—x:nlogn—n—(xQHn) +(:v3n;1) _(x4n;1) +

BOT, n BWREIZLE I =T(n+1) = [ e a"de W

00 _ 2 o]
/ exp (n logn —n — u) dr = n”e‘”/ e~ @/ (2n) g0 = pre=m\/27n

e 2n

TIEBMIND Z LD nd. PRI
n! ~n"e "V2mn (n — 00).

Z DIELLDRE T % scilab THIK 2 &I &> TE- itk %Y 1 v X —Di k10 VTR
ZENTES. RIOBUEFEEY 7 b scilab IZDWTIRELEDY 1 — 2SI LUTARL .

PA_EOFERHTE T Stirling DARFDEF- ne ", v 2rn DZNEND g, (x) = log(e *a") =
nlogr —x O x =n IZHBF S Taylor BFADELIHE 2IROIHIZHEL TS Z EhHn
5. 3MOIEIE [ yPe v /ody =0 BOTHE LA

PAEDFiiEE R L THE 1L IEHED 1/(12n) FTEHELUTAL S,

Hefifg, A ABUR Gy & AV BB OBBIZLAT O Y

oo o) —1 2
/ e 2% dy = 2/ e (2 dx = 2/ (Zt)k\/_
oo 0 0

= 2"1’\/5/0o e Y2 dt = 2FV/OT (K +1/2)
:2’“x/§1'3"'(2k_1>\/%=1-3---(2k;—1)\/%.

2k
T3, Stirling DARDE 1 FIRIE E TOHERGEERH, U Vol. 31 (1979) No. 3, 262-263 Tl Wallis
DRRDKEEACIZ L > THE 1 MEHZGDS HEMEHINT VS, B 1 MIEEMN O Stirling ARD 5 U
WEEHIZ DWW T, S iE i, B A B4 5 Stirling O A XD YIERFER, 2% Vol. 36 (1984) No. 2,
175178 &\ SR D B . £E D SCHROfEF % L F TIESHIT U 7.



http://twilog.org/genkuroki/date-150709
http://twilog.org/genkuroki/search?word=scilab&ao=a
https://www.jstage.jst.go.jp/article/sugaku1947/31/3/31_3_262/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/

14 3. Laplace M 5712 & 28,
f: (‘: Z‘i, fjooo 6712/2 dr = ffooo 67372/21'2 dr = \/%’
/ —20% dr = 3v/2m, / e"/?25 du = 15V/2r.

IN6DRAZELLFTHES.
VB DM FRDOBDZER 2 12 n(1+2/y/n) 2RATD L

nl=Tn+1)= / T dx

—“/%F/ O+vanm

€T n
~n"e "/n e‘ﬁx (1 + —) dx n — 00).
: = (n > )

n

R IR DX Z o, (x) EFEL &

¢n(9€):”10g<1+%)—\/ﬁxz—%2+%—£+o<%) (n — o).

5gt: 0) o(1/n) DFIIE n ZNFERICn > 00 DL 2| S1 T O IC—HRIERTS.
WRIT |z £ 1 IZEWT—HRIZ

e VT 1+ $ n—e_”Z/QeX z* —$4+0 1
N P 3v/n  4n n

—6—7»‘2/2 1+x_3_9c_4+1 :C_3 2+0 l

N 3vn  4n o 2\ 3n n

(1 z? x4+ " o 1
B 3vn  4n  18n n))’

o(1/n) DIMAIZEEND n OFEBEESD 1 OHOBREIE v IZDOWTHBKEUIIRDS Z
LITHEER L. FHEHEE e T2 0D —1 <2 <1 TORMIMADZDT, ETHMLT
BWEARIZE > TR ELNS:

1 n 00 4 6
7\/777,1 1 —I ~ 79:2/2 1 - _I ’ 1
/—16 ( +\/ﬁ) dx /_Ooe ( 4n+_18n dr + O >

_ /o 3@ 15v/21 o(i)

4n 18n n?
—Vor (14— o[-
N 12n n2) )

n! = n"e "V2mn (1 o (;2)) (n — o).

12n
INTHEIFIEE 1/(12n) BRSNS B 1HHEH 1/(12n) &, n BPREIBRLEE 0l O
n"e "2mn IZ KB ELDEEIE n BRIBREE n! OfED 12n DD 1BEIIRDZ L%
=L TWS

WwZ Iz

28 EIR DA IETHE [RIRRIC Fohd.



3.2. HYUSEBON Y EEE AW /E I CTHiEIEZ ZHE T 5 ik 15

3.2 AVIYEEBOHAYITEHZRAWGEUTHERZEEY 5AE
Laplace D /EIZ & % Stirling DARDEEA & T D—#ALIZEI U Tl Gergd Nemes, Asymp-
totic expansions for integrals, 2012, M. Sc. Thesis, 40 pages D3 aE LU\, AR CEHBHT % 4
EOFMIZZ OFwX D Example 1.2.1 iIZH 2. T IIZEHEWTH D HiLkZEH>TEH, Stirling
DARDHHIEIH 1/(12n) 2AHIIH/D I LMNTES.
RORARZEMD L 2EZL: EED a>0(a=00 Z2EHL) ITH LT,

a 1 an F
/ e Ml dt = — / e "2 tdr ~ (5) (n — 00).
0 n Jo

s
t=a/n LRAEREERUE. ZOAREHAI,

a1'(s1) N asl'(s2)
nst ns2

/ 6—nt(a1ts1—1 + a2t52—1 R ) dt = (n — OO)
0

D& D BEHEMNAEEIZ RS, g VT Stirling DARDRM DOMIEIE 1/(12n) 215 T
ALD.
B f(z) %

f(z) =2 —log(l + x) (x > —1)

CRED, MAZEEE y=n(l+z) LEHRTLIILIZLOT,

nl=In+1)= / e Yy dy
0

= / e "1+ z)"ndx = n”“e”/ e @ g,

1 1

LI Z >0 <0l B22iz&oT

n' 0 1
— :/ e /@) dx+/ e D dy,
nhTie"n 0 0

LY fo)=t BULKIFE f(—2) =t LEDALBEZEIHRTINE, BMOOEN ETHIAL
IR ZESTHS.
FERIZENPHRER I L 2R L LD . f(x) =z —log(l + z) DEHEUL

1_:1:
142 14z

flx) =1

BOTz>0T flle) >0&RBY, -1<x<0T fllz)<0&%Bd. f(x)ldxz=0T
BAKME f(0) =0 2FH, x > 0 THFAMWMU, 2 < 0 THHFABDT L. PAIZ >0
1<z <0DTNTNT t = f(z) FYPEHK z=2(t) 2FD. v =2(t) DFEFLELTOD
ROFENZFANRD 720D,

z=at'? + Bt + 32 4.
EHWNT
3 !
ER

22
t:f(x):x—log(l—l—x):?—


https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf
https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf

16 3. Laplace D HEIZ & 2 EH,

WRALTY, a,8,7y 2 RDTAHALD. EBRIIRATD L,
2 3 2
t= St <a6+%)t3/2+ <a7+%+a25+a4)t2+---

A% i U T o, B,y kDb &,
05:\/57 ﬁzéa Y=

2155, ThhHL /s
p)
_ 1/2 , 4 V4. 3/2
=2t +ot+ gt
Bb. x>0 TRIDEREZZTOEEH VS, 2 <0 TlE V2 %
SIZx % —x CEIMZ-RERZHWS., 4206

2. V2
= V212 - St 32
r=v2 TR

LBLE f(—2) =t LBB. B EDTRZTADEEIIB VT, BT

LB fla) =t
2 CEXHA, X

dz — @ $/2=1 4 gtlfl + \/_§t3/2*1 4+ ...
dt 2 3 12
A ED 2 DDEET t OBEIROEIZIE —1 fFOENNRH S . HEfFIE S /2.

fla)=t EHNEREBERTEZLIZE>T, n> 00 DL FE

o0 o0 d
/ e @) dy = / e_"t—w dt

_ /OO ot (\/75 #1/2-1 + %tll + gt?ﬂl + .. ) dt
_ \/§r(1/2)<+.2r(1)_+ »/fEF<3/2)+

2nl/2 3 12n3/2
Vor 2 \2rm
:2n1/2+3_n+24n3/2
ERD. mBRIZT(1/2) =7, (1) =1,1(3/2) = (1/2)I'(1/2) = /7/2 Zffio/=. £ 5 —
FOBEBIIDOWTEH, f(—x) =t LEAEBZE#LTLH I LIZEI>THRIZLUT, n — o

DX
i) gy V2T 2 V2T
0 C2nl/2 3n 0 24n3/?

e UED2O02RLEDED L, n DEHFESD 1 DHENTRNTHFy oIV, RN

"ond
n! V2 27 1
nitle—n  pl/2 T 12n3/2 +0 (n5/2) (n = c0).

CHFIRD LD ICEZIEIND:
1 1
| — NN -
n! =n"e "V2mn (1+12n+0(n2>) (n — 00).
. 92 DMIE

ZHNTH 1 OFIEHE 1/(12n) § Laplace D AIETRD 5NE Z &b h o /2.

THEARE € ﬂi‘% IZLTROLEND.

H1} % Taylor B log(1 +2) =2 — 22/2 + 23/3 — 2t /4 + .- TR ICI DN D,

Bzl <1}



17

FE. L EOFHBEIZEWT “4...7 LBV OWTIREFELKRETHD. TDOI &
WXL R DEERZ REhns.
L
1+t

p t
1+t

=1—t+t =+ (=D (-1)

2T

emtdt  T(1) TI(2) w1 L (k) L [ ek dt
= — -1 S -1
/0 1+t n n? ot (D) + (=) /0 1+t

o 1! E—1)! o gmnttk
0

n  n2 14+t
FEOBRTIEIZDOLS BROEFNSLEE “+...7 LG LU THRAZ. < EORIFELWY

AR,
o eint dt _ > k—l (k: -
A 1+t_g¥l) nk

WEAEOBEEKETCELWARTIEHARWY., BELRLIEALIZEARIZRER n IR LTHIYL
RWUBOMOLETHD. “+---7 OFDIE R 220k T 25 L MIRTL2DTIEARL, “A
BRI RIARI” 2 EK T 2 LR L TEP A TN T80, 0

1)!

4 YHEMR®D % L L Stirling DA
Stirling DARNIZIX & FETH %
logn! — (n41/2)logn+n — logV2r  (n — o).
INEY, IROFFOFERNE NND:
logn! =nlogn —n+o(n)  (n— o0).

ZZTo(n)ldn THOZBEIIN 500 &FT2E 0INERTIEEZEKRTS. ZNEZD
I CIETHEMRD S L\ Stirling DRAREIERZ L1285, ZONANTHIVUILA N T
T2 EDITHENIZFHAT S Z LN TE B,

4.1 FHERD S L\ Stirling DA D5 L WNEERA
HEARMEE f(2) 12WT f(k) £ [T f(e)de £ flk+1) PESZLTVR DT,
f(1) 20 %Z /=9 B IMEE f(z) 12DV,
f(1)+f(2)+---+f(n—1)§/1 @) de < F) + F@)+ -+ f(n).
Wz Iz . .
/1 f(a)de < F(1)+ F2) -+ f(n) < / Fe)di + f(n).

O T O E RAUEDDS £ 512 o(n) DA IE Ologn) TH2 = L LAMTES. = 2T Oflogn)
X logn CTHEIS>ZBICERIZEDZEEZEKRLTWD.




18 4. XNEIRDZ U\ Stirling DA

IN% f(x)=logx \ZHEHAT DL

/ logzdr = [xlogx — z]} =nlogn —n+ 1, log1l+1log2+---+logn = logn!
1

RODT
nlogn—n+1=<logn! <nlogx —n+ 1+ logn.
ERASP)>
1 <logn! —nlogn+n <1+ logn.
L7zh>T

logn! =nlogn —n+ O(logn) = nlogn —n+ o(n) (n — 00).

ZZT O(logn) i logn THIDEEFRIZKD LD BREZEIRL TS,

4.2 KEAABEBEANDIGAB

SFHB D % U Stirling OARE S &, an (85 bn [HEL2 M E DO (“IHE
B) OXEUL

log (ZZ) = log(an)! — log(bn)! — log((a — b)n)!
= anloga + anlogn — an + o(n)
—bnlogb — bnlogn + bn + o(n)

— (a —b)nlog(a — b) — (a — b)nlogn + (a — b)n + o(n)

a

= nlog W + O(Tl)
LB, WPAIT
an\ /" ab
lOg (bn) — lOg W (n — OO)

ERAN PR

a

lim (an> v = lim ( (an)! >1/" - ¢
n—oo \ bn n—oo \ (bn)!((a — b)n)! b(a — b)e—b’
I B an AN 5 bn fHHD FHAGDOEDED n TMD n — co TOMBRIT —IHLRBEE
BORDHTHED (kn)! % K THEEBIZEOND.
Z DGR & ZIXIRDE T RD 1988 FEDOEFED Ak [z R TR 2L BN TE 5!

1/n
nm(“aﬂ 2k &,

n—oo mUn

Z OROfEIE
3/(1122) 3 o7
2/ 2816
AR % fE 5 72 A&, &9 Stirling DARE > L 55T BMEE % X, Z0BICH
ERCEDRFN TR 2 2 L AR L 07 L ibNS.


https://www.google.co.jp/search?q=%E6%9D%B1%E5%B7%A5%E5%A4%A7%E5%85%A5%E8%A9%A6%E5%95%8F%E9%A1%8C+1988+%E6%95%B0%E5%AD%A6

4.3. XNERRD S L\ Stirling DA RNDWE 19

AR ETRULAEZE &Y,

om\ /" 92
im (") = 2 =22
n—oco \ N 1111

ZHERZZRL TS (o(n) tdn THDE n— oo TOIZPIRT L E):

2
( n) = 9% e0(n) (n — 00).

n

Wallis D2 (5 8.4 #i)

()2 o

T DRBALIZ > TS, 0
AR, HTRTIX 1968 FIZHMMDE#EZH L TWb &5 72!

lim ~ /Py BRDE. (BRI 22 )

n—oo M
Z OREE B S T IE R XL Stirling DARTH D, LD —KIZIRERES:
N1/n
lim M =ae
n—00 n%

BERLIE

((an)))t/

log
na

= —log(an)! — alogn
n

= —(anloga + anlogn — an + o(n)) — alogn
n

=aloga —a+o(1)

= log(a®e™) + o(1).

o131 Stirling DR % 1 2 145 1778 2 855 % B ESCEO RPN TG 3 & > 12 J8
UC AR LTV 2072 L Bbha. 0

4.3 THERD S L\ Stirling DAL DHE
BUTKRT B L WERES. HBEH ¢ WEIELT,

1
logn!:nlogn+§logn—n+c+0(1) (n — 00).

UPFRTIEZDORAZGHL L 53

B 41 HiCREIA U 726 U D % L Stirling DA R E EORARDENE (1/2) logn DIH
CEBUE ¢ NI MATHEBLTWS L ZATHD. TNOLDHELT T A T 7IXIRD
@Y. [Mlogade = [zloge —a]f =nlogn—n+1% k=1,2,3,...,n— 1 IINTIES
& [k—1/2,k+1/2] x [0,log k] DEDOIRM & R [n—1/2,n] x [0,logn] DEHEDH

SUERL ¢ 8 log/2m TH 2 ZLIXEHMITH 2, Wallis DARZH XL ¢ =V2r THD I L E2RES.


http://d.hatena.ne.jp/gould2007/touch/20071127

20 5. fI&%: Fourier D KEE/A R

log(n — 1)! + (1/2)logn = logn! — (1/2)logn TELLT UL, HIRIZ (1/2)logn DI
bNd. ILI, TNLDOERAWONMEGLHE {(z,y) [1S2<n, 0=y <logz} D
EWZERES AT UE, [[ogrdr & RATMDOHEMBDMBHIDED n — co TH S EH
WZICR 2 Z &by EBIHHFONDS.

log z | HFIMBKER D TIEDFE oy, B %

k

k+1/2 1 1
ap = log x dv — = logk, Br = =logk — log x dx
k 2 2 k—1/2

CEDDBIEMNWTED. ZDEF,

n—1

1 " 1 "
1ogn!——logn—/ 10gmdm=Zlogk+—logn—/ log x dx
2 1 p 2 1

=—o1+Br—as+ 3 — -+ Bt — an1 + Bn.

ZDRARFND n — oo TRIRT D Z & 2R UV

logz M EIZMTH2 28 &V BT ay, B, an. By, s, ... DEFFEDST B 2 L ADMY
logx DEEKEMN 2 — 00 TOIWPERT D Z & LD, 2O 0 ITPERT D Z & & oh
5. WRIZEDZRMRHMIE n — oo TWHT D32, TOINHEE 0 LEEZ, c=14+a 5L
E.n—o00oD&X

1 " 1
logn! = §logn+/ logxdr +a+ o(l) =nlogn + §logn—n—|—c+o(1).
1

c=log\2r THdZ &% Wallis DARX (B84 Hi) ZFH>THHL £ 5. n! = nnt1/2e meceoll)
% Wallis D3

) 22n(n|)2

Vil e

C:{‘%)\—é—é t’ 2 2n+1 2n 2
2 n n+1_—2n 2c c
V7 = lim no° ¢ _°

n—oo 22n+1/2p2n+1o—2ncc \/§
WAIZ e =21 THD.
I T Wallis DR ZE A 21K, HEERDZ U\ Stirling DAREHE T2 & I2& > T,
W H D Stirling DA n! ~ n"e "2mn BMEHEND T EDDMNRS 7.
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BB REEH %2 2 D% D IFARWAY, Fourier D KEEARDFHEFAHDRIIEGIZ OWTEHAL L 5 .

BREL f(z) \ZXF L TZ D Fourier 2t F(p) %

Fo)= [ " fa)da
EEDD. ZOL FHE fITODVWTHYZRSGFMEZREL TEL L, TN U~ #Et) 72=
kT
1 R
_ —ipx
f<x>—27r/;oo€ F(p)dp

WAL 5. 3% Fourier D NKEEA T & FES,

320 LLEDEB TR I Nz 0 1R 2 EHMA T a, DED B A 350 (—1)F Loy BIGRT
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5.1. Gauss O D5GE 21

51 GaussDHmDHE

a>0ThdLL,
) = e

LB X, F(p) 13T D Fourier ZMiTH2Z 4D, ZDL &

o0

F(p) = / ePre=e?/(20) g0 — o=P?/(2071) Son

[e.9]

MEBIBLNDES. ZOART 2, a DTNTNE p,a ! DIGEZHRTDEILIZLST

/ i ) gy =20 \f3g Ty

[e.e]

PEoNd. LED2DDFEREEDED &,

1 [~ _.
_ = —ipx
fla) =5 [ e Fw)dp
WELND. RO f(x) = e /0 |ZDWWTIX Fourier D KEEARMKL L TN 5.

—f&IZ f(x) (22T Fourier DKERARMDERN U THNUE f(z) 2 FATHE L TRLN
BEEL f(x — p) 122V TH Fourier D RKERAAMKILL T Z ENEZIIRIND . E
%%, F(p) & f(x) O Fourier #1945 & f(x — p) DO Fourier Z#13

| emrta - pde= [~ e s aa = )

DB
1 0 . . 1 0 .
o | E dp= 5 [ PR dp = (e — ).

BLEIZE ST, flz — p) = e @ w20 12D\ T ¥ Fourier DKEEARDKLT 2 Z & A8
Loz

¥ Fourier Z#8 & O Fourier Z#1OIIEME K Y | f(x — p) = e~ =10 DIBEOEED
FIEFNZ DWW T Fourier DKEERARDEIZL TS Z DDA

5.2 —RDIFE
a > 0120 U TEEK pa(z) %

1 —x2/(2a)

Pa(T) = \/%6

EREDD. TN p(z) >0 & [T pyx)de =1 ZHiZL TS, T U THIHIORRIC
2T, po(z — p) & Fourier D KEEA R Z {72 L T\ 5.

33Cauchy OFEDEH % 5 15k, e D Taylor B % A AU TIEHBITES $ 2 /5%, 230 & AU HE UM
DHBREFHZLUTWDE I 2D HEREEROGIE TR IZHENRETHS.

MUYLEDEE 127D &S BREIEAO “WR” TERDOIND. L7=h> T, Fourier DRKEEARDEFHH DA
BRENEINTRTL TN EARED.
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BE f(2) (SR U TS fo(z) % po & DBEAAATIZ & > TEHE fo.(z) Z2EDS:

) = [ e =) S0)dy.
ZDEE f,(z) IZDWTIE Fourier D KEZ AR L TS5, LR, f,(z) DO Fourier
2 F,(p) eELS L,

R = [ empae= [ ([ empa =) st dy
DT

1 0o ) S 1 o0 . < ’
—ipT F o —ipx 1pT /I /
21 J_o ‘ o(p) dp /_OO (27T /_OO ‘ </_oo " pal@ —y) du ) dp) Ty dy

[e.9]

_ / pala = y) [ (y) dy = fu(e).

[e.9]
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I
&l

2 DHDES T po(z — p) \2D2WT Fourier DREEA RV T D Z & 2 ffio 7z

DT
F,(p) = / ePe= W2 f(y) dy = e /2 F(p)

LRBN. WA
1 [ _ 1 [

— [ e E(p)dp=— | e e 2E(p)dp.
21 J_ 2m J_ o
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1 > —ipx —ap?/2 =
o e "Pre F(p)dp = pa(r =) f(y) dy = fa(x).
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™ —00

a—0 27 oo

MEZD. HEE, B f(x) ITOVWTHEYBERAEZMRELZEE, a— 0 DE I fo(x)
ﬁ‘ﬁtﬂﬁ,%\ﬂikfjfﬁ flz) TR 2 Z L 2mEnis, fr) BEDEY] L EE T Fourier
BY T IR/NE- N BNSR RV SVARY S
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¢ IIA
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36 Z NI B AA AR D Fourier Z2 5% Fourier Z2HOIZE L W2 L ORFR ARG AT TRV,
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S f(y) — flo)] < /2 BB, W p, DEHEEY, a > 0 2+ANIL<TBL
Siyaos ol —y) dy S e/ (2M) £3% 2 L& DM B, UEORIDE £ T
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9
/ palt = y)5 dy + pa( —y)M dy
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IA

A

CL S =
2+2M &

ZNT limg fo(z) = flz) BRI N/
EBIIFEMT ROV TIIIROBREZEZBETTHT 5.
SRR, MR AN, B EE (1996), xii+324 H, Al 3,800 H.
ST AERRITRIFIE A D ZE T Lebesgue B3 *° Fourier f#NT 12 DWW THIER U 7=
FULOHNBWNEEI ) THRERTHY , PO TORTEMBIEHEE 7 ) 7 RSB0
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5.3 Riemann-Lebesgue D EIE

~

flz) E R J:@T*£ FERHEES ThdLdd. ZDOrE, D Fourier £ f(p) =
S0 e fa) do ISSEBEEEBUS R Y | [p] — 0o T 0 IZINHRT 2. KFC
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flx) = limn_>DO fn(z) THHE f(x) ﬁfﬁié (L[Xﬁbfa\b‘ BIF5 fOMEIIMERICROTEL). TDeE
| [o fm(2) do — [; folz da:|<fR|fm ()|dm—>0(mn—>w)&@fffn dr 1 n — oo TIL
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HY, HEABAEE ¢ 20 TTRTD n IZDNWT |f,] £ @ %ﬁﬁf:a‘%@bi‘ﬁf?éa%, fn OPERGED
f %_ﬁ‘iﬁj\jfﬁ BY, WD [ fal@)dz i&n— oo T [ f(o)de ICHERT D, ZOEHIIIEH IR 20D
THEAD I ffibhd.



http://www.amazon.co.jp/dp/4000054449

24 5. figk: Fourier D KEEAR

AT f OEBHENTR I N
Riemann-Lebesgue O Z BEDFEAF I A B BE B B B8 C© L BRI ND Z e nH
EELIZEONS. KM T =a,b ET1IZRY, ZOHT O IZARDERE 1; LEL L,

~ b —ipb _ ,—tpa
T B
a —ip
BROT, T1(p) = 0 (|p| = 00). — MO AFSEEIHT 2RERIE I NED LSS,

5.4 Fourier Z#DER D FDUNR

N>0t95%.
R EOTRABEL f O Fourier £ f(p) = [ e ™ f(y)dz IZXH LT,

sw(f)() = — / ¢ F(p) dp

- 27 _N

% Fourier ZH#1D N IO LIRS, N #HOFNIIRO XD IZEB I ND:
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o) eiN(zfy) - ee_iN(’”_m
= d
/OO T — f(y) dy

[ sin(N(z —y))

- [ )y
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M N — oo TPERT B Z LIXAMEIZARY, TNOENPERT D L TN HDEIZ—HT 5.
A ED#EH % Riemann O BFTEEE & .
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RHITES. f(r)=e @2 2B ZOLE HoHTOHNELY, flp) = e ?/2V2r
THhD
1 oo
Jm (D) = o [ e i) dp = fla).

W 212, Riemann OFFMEEH % v =0 OHGGICEHHAT D L, AEED 6 > 0 122\ T

2€_y2/2

dy = e 02 =1,

N—o0 N—oo T

5 5 —y2/2

N vi2 1
lim /Mdy+/ sin(Ny)e—dy -
N=oo \ Jo Yy 0 Yy 2

FE A D% DR 1E Riemann-Lebesgue DEHL L Y N — 0o T 0 IZIHRT D, LR ->T

5 -
N
lim / —sm( y) dyzﬂ
0

N—oo Yy

LIl y=a/N LEAELREZEMTEHILIZEST,

T . No gin gz . Rging
— = lim dr = lim dx.
2 N—oo 0 X R—o0 0 x

5
lim sy(f)(0) = lim l/0 sin(Ny)

Do |

Z D & 512 Dirichlet 43 DA IE Riemann D JFArMEE R & Riemann-Lebesgue D EH &
e~**/2 O Fourier ZHDEHEM HHE 5N 2,

Dirichlet S DARTHEPZEH %2 a > 0129 D ax TEMBL, Ml%E £1 5952
EIiZE-oT
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i [OSRER) LT s0, EE AR,
R—oo [ €T 2
TRDHIRMKALL TV d:
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R—oo J X
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Dirichlet B D ARNZZ DI TEbHINDE Z & N\,
R EDOWREOEE f & 2 e RIZHLT, 2 5>0 BWEFEELT

(fx+y) + fle—y)/2 - f(x)
y
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COFHFEIFETHRREZZ L E2EDE D LEDITENNS. Riemann DFFTMEEH &Y, L
HDF>0I1ZDOVWT, N300 Dk X

0 xXr xr —
aﬂﬂ@y:%[;mmeﬂ +w;f( Y 4y + o(1).

Dirichlet B3 D RAXDFEHEL Y, N — 00 D& F

5 5
f(z) = lim z/0 sin(Vy) dy f(z) = ;/0 sin(Ny)% dy + o(1).
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0 T Tr — — X
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2
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Bl 5.3. a > 1 IZHUTEE fo(z) ZIROEDITEDS:
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CRBEIENDNS. []

dp

5.5 Fourier fREXDERDFNDUNR
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1 2
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N
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y/2_ fle+y)+ flz—y)
sin(y/2) y
5DOHDESTy 2 v+y CEIMZ sin(ax)/sin(fz) PMERBTHD Z L2, X5

126 D HDEF T THAD B D A M % o 72
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0 sin(y/2)

= l /07r sin((N + 1/2)y) dy.

™

dy = sn(1)(0) = 1.
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™
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V2t
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U(t,()):/Oo u(t,z)de =1

oo

1 00 ) 2 1 2 ,—ipT 2
2U(t p) = / e‘szwdx = —/ ¢ u(t,x)dx = —p—U(t,p).

29

> DEE

LRB. INLEY Ull,p) =2 L BB IENDNE. ZOHHTHIUE ult, z) HEY
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6.3 IEHESTCTEtEIT2AHE
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DFFIBIZZSTWBZETHD. EBEOFFHTIX

I? = // e~ @) gy dy =
]RQ

ERT LIRS,

7.1 E—DOFED2BY DBELRT-EEVEE

P = [fon e @) dudy i 2 = @) QNLRD Y T 7 LV 2 = 0 1B E N2
FORBEERDOLU TS, TORBEIEET 2 OWEH O n(—logz) 2 0< 2z <1 TH
NTBHILIZEoTHEROOLENG. DRI

1
I? :/ m(—logz)dz = —7[zlogz — 2§ = .
0

BT ZOHENREEHTH 5.

7.2 WERERICLDZEFHE
x=rcosl, y=rsind &MEEEHT S L,

2T 00 —r2 %
"= // e~ ) dy dy = / d9/ e rdr =om | & =T.
R2 0 0 —2 0

2 DHDE S THMRBEFEZEELD Jacobian 23 r 1285 Z e = ffio/-. £ L <IE

dz A dy = (cos@dr —rsin@df) A (sinfdr + rcosfdf) =rdr A df

BROT, K={(r0)|r>0 0<0<2r} &BLL,

2T [e'e)
I’ = // e~ @) g A dy = // e rdr Adf = / d@/ e rdr =m.
R2 K 0 0

42, = o=@ 49) 12 = 22 402 LB L 2 =1(—logz) LB B.
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7.3 Jacobian #FH T ICT OB EHDERICL BEHE

DAFRD &S IZEHAET 2 MO DIEF 3L 1 ZBROERFE S DA% > T Gauss o %
HHETX 5.
=ztanf IZE>T y NS 0 ITHEDER LT D &,

de x?

dy = 22+ y* = 2%(1 + tan?0) =

cos2 6’ cos2 0

£,

I* = /Oo /OO e~ @ +y?) dy | dx = 4/00 /Tr/2 exp _x_2 0 du
0 0 0 0 cos20 ) cos?6
2 =00
/2 00 2 ™/2 | €Xp _ﬁ
— 4 exp (-2 )~ gz ) do =4 ___E___jﬁ) a0
0 0 cos20 ) cos?f 0 -2

x=0

/21 17

— 4 “df = 4=~ = 7.
4 2 20— "

3 DOHDE S THERYDIEF R %275 > 7~.
y=at lZ&>Ty "6 t ICHEDPERELT D2 LIZ& > TAREMIZE UFHEZ E17

T52LETES:
4/ (/00 e~ (@) dy) dx = 4/00 (/OO e~ (1+1%)2? a:dt) dx
0 0 0 0

00 00 00 —(14t2)22 177

= 4/ / e~ (2% 0 g ) dt = 4/ £ B
0 0 o |—2(1+12?)

< dt ~ T

= 2/0 i 2[arctant|g® = 25 = .

3 DHDES TR DT M E 1778\, 6 DHDES T arctant OEEHA 1/(1+¢%) T
HdILEMo,

12

dt

=0

T4 AVTEHHER—YHBOREBREARAWLEGE

HIE Tl Jacobian 23 THRZAR W 1 DS DEIFE 5 D A% FW T Gauss FE 57 % Gt
B HEEHALZ. TN LD BRHIEICE ST, U v N—2EHDOEK
RE 1 EBOES DEBFRS DAL FHWTIEAYT S Z &N TET, 2DOBEBRANDRH] 2%
HLUT Gauss BEADEZFHAET DL HTED. ZOHONEIZHIHONED AL
ThdLEZOND. #HatF T b2 HEREERHEDOFLBRIZIEAT V¥ PR — &
BRI % 52 D857 OB BOND (B9 H). 72056, HEHFITHIENH 2 5 1
Gauss D DEHED b & UTH Y Y& R—ZEEUIZDWTEZATE W Z AWR)
BNRRWEEEZEZOLND.

Bt =tan DL F dt/df =1+ tan? = 1 +t> DT, § = arctant OBEKEIL do/dt = 1/(1 +2) IZ7%
5. TOI LMD, arctant = [, dt/(1+12) L BB I LEDND.
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5,p,¢ >0 (6 U IXFEHNIEDEFZEE s,p,q) 1T LT,

o) 1
[(s) = / e "zt dx B(p,q) = / 2P 1 —2) e
0 0

WEOTHY BT (s) ENXN—XEHE B(p,q) WEZI DM

AT E ST (s +1)=s(s) THDZLDDOMNY, T(1)=17280DT, 0 A LD
BnlZUTIn+1)=n!l &85,

Gauss B2 T 1& T'(1/2) IZ5F L

00 ) 0o 7571/2 0o
1:2/ efwzz/ et <ﬁ:/ e /2 dat =1(1/2).
0 0 2 0

2DOHDEST =Vt £BWV/z., LB >T I(1/2)? = 7 % T XX Gauss 25
ARETELZ LIRS,
R—=BHEIILL T D & 5 BEHDOFRREFD:

2 o gplgr 1 [ d
B(p.q) = 2/ cos??™1 0 sin®T1 9 dh = / —_— = —/ @
0 o (I+t)pte  p o (14 ul/r)pta

r=cos?f =t/(1+1), t =u'/P LEBEWUZ. 3DOHD (BRHED)EXERD p=1/2 DHE
DHREST BB t 5348 DWMER B E B DOFRTHHAIN, 2 DHDOEROWRED KT F
DAEDMERBEEHRBOZRRTHHAINDS. ['(1/2) D Gauss BT & D FROHLFE 7 BHEL
S EM DA OMEREEFRBOFRTHAIN, TV YEHBOEZADOWR DL 2 7
MDOWESHBORRCTHAIND. ZOXDITHY YL RN—ZEHHIFFEHIZ L
FIF XN HER AR % BT 2 72 DITIXMHDBFEIZ R > TV D (55 9 ).
FHZRAIDFRREY B(1/2,1/2) =7 LRI OMND. WA, LI

L(p)l'(q) =T'(p+q)B(p,q)

PRINEB DI, T(1/2)2 = B(1/2,1/2) = 7 8% 2 L WbIs. UIhSo>T Gauss B
SDFHFNIHT VL RXR—ZEHBEDHNZDEBRAZRTZLITREIND.

N EELE R—ZEED DN 7ZDREBRRNIX 1 OB L O EF DR A%
fHoCHAMBETHD. LR TEDOIZ L 2 HBICHAL LS. & A ITHLUT, 2,y 7' A
AT E AN 1R, TNUND L JIED 0 12785 2,y DEEE 14(x,y) &F
LzrieFae,

Uz s L SADREREZOL AN . LT TIRETERIZ OV TIZRD RN
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_ /0 h ( /0 e ety (x zt)q_lzdt> dz

00 1
= / e Z Pt / 1 -0 dt =T(p+q)B(p, q).
0 0

2OHDEE T y=2—2 LEBESL, 4 DHDE S THESDIET 2 XH U, 6 DHDE
5T o=zt EIEBBES L.

7.5 MDAHEE

D FFIEIZ DWW TIE Hirokazu Iwasawa, Gaussian Integral Puzzles, The Mathematical
Intelligencer, Vol. 31, No. 3, 2009, pp. 38-41 3 & U Steven R. Dunbar, Evaluation of the
Gaussian Density Integral, October 22, 2011 %= 2 U TARL .

8 fI&k: HYvEHEK

FBIABTH Y YEHBIZ DWW TR U 2. LR TIXZE I TSI R o2
VREBOMEIZOWTEHEL LS.

8.1 HYVEHEEXHHORERRN
BTAMITCTRUZ D(1/2)? = B(1/2,1/2) = m IZIROBHBARDORHEGETH .

T

I'(s)I'(1—s)=DB(s,1—5) =

sin(rms)

ARIZEEBOGEHERH S . 1 DHDFEE sinz & T(s) O MR R =B

_ ~ 22 , sin(7s) = 52
SmZ:ZH<1_7r2n2)’ 1.€. - :SH(I_ﬁ)’

n=1

1

o s(st) - (s4n) = S\ _s/n
F(s)inh—{{olo nlns = Sg[(1+ﬁ)e }

2D HETHBY. 22T v I1d Euler &8

: 1 1 1
vy=Ilm (-+=-+4+---+——logn

ThHd. INHDRAZ@RDD L,

F(S)le - _ F(S)(_i)r‘(_S) _ s(_—ss) H [(1 n %) <1 _ %)} _ sin7(T7rS).

n=1

BL()I(1 — 5) = 7/ sin(ns) ZBITFEA L TEWT (72 & ZISERMT %2 6 2 BB ITRE D), HY YK
O ERURFN S sinz OERFEMEFMZEHTLZLETES.


http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
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2 DOHDGIRIXRDER D 2 ERMFENREHOVTHAETLIZLTHD:

o0 ts_l

dt.

F(S)F(l—s):B(s,l—s):/o 11

0<s<1THhHDEMHEL, 0<e<l< RIZFUTEZDROEN KK Z C vEL:
£ e M5 R EFTEo I ITHED. RITEFZFIEH LOFNZFLELTHEE R DMJE
EAKEFEIEID T1/ETS. TUT R25 ¢ FTE-T D, RBRICESREER L0
Rz 9254/ e OME E2KRFEEIVTLIATS. ZO&E [, dz/(1+ 2) &
2 dz/(1+2) D 2= —1 TOEBOD 2mi £5TFEL

/ ZS_I dZ - TS
= —2mie™.
c 1+z

e—=0,R— o0 DIRZZRDZLIZEST [ 257 dz/(142) 1 [Tt dt/(1+ 2) »
STNEED 2 510 25 WERIZFELWI L E DN D!

s—1 d ] 00 ts—l dt
/ z z — (1 . 627rzs)/ ]
c 1+z o L1+t

NED2ODEREZ KT SZLI1I2L->T

B(s,1—s) /°° t=tdt  —2mie™* 2mi s
s,1—s)= = — = — — — :
’ o 14+t 1—e¥mis  ems —e ™5 gin(ms)

COMBEt=us B EITE>Ts™ [Tdu/(1+u*) IZEFRTES. WZAIZ, IR
DRXEBGOLNI I LIZBD:

du ~ 7s
1+ul/s  sin(ws)’

B(l—l—s,l—s):sB(s,l—s):/
0

CORAEZEFRTILETED. R>1Thde L, HEA YA EZFEAMNS RETE-
T A, RITIRETE D A E 27s 72T REEL T Re?™ £ THA, TINOFEMETE
TRz C L E\ELL, [de/(1+2Y%) E dz/(142%) D 2z =™ 2B
B —se™s D 2mi FFIZE L <, R — oo DIEIRT [ dz/(1+ 2Y%) & [ du/(1 + ul/*)
LXTNEEOD 2 fE2 5\ 28 DIZEL W DRI

/ *  du —2mise™ 2mis TS
0

1+ ul/s 1 — g2mis emis _ p—mis Sin(’]TS).

EED ZHEUERICHEREN I SEDLDNSDIXBO R % 18T -2 EHD
2 fFIZ RN TH B,

RN & VI TV B OB DWTIE, @A TR ()
D5 HE (201-267T H) 25590 5. EREKBGwD —Man72 1) TR <, BARRKZEKE
OMBOFHELUWEREEZOTETHIZBIEF>TWADIFEBEK L LES.

4025 DOEIFR RO R % KIFEHEI D 12 1 A$ 2 & 2™ 512485,
A 2 % 2T fEUTEREED, dz 1% 2™ fFIZR 5.


http://www.amazon.co.jp/dp/4000051717
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8.2 HYIYEHHBDERREERHA
B f(s) (s > 0) IZAFD 3 D2D5MZTZ LTV LINET D!
o IEfEME: f(s) >0 (s> 0),
o BHER: fls+1)=sf(s) (s> 0),
o SHEUMHE: log f(s) 1E s >0 DFICMAEKTH 5.
ZD 3 DODFRMZ /2§ ERBUIIRD KRR 2 D!

nlns

o) = 1) fim, e

FRZT(s) WED3IDDFEME T(1) =1 2720 T2 Z N5, Gauss DA

(s >0). (%)

nlns

['(s) :Ji_{gos(s—i-l)---(s—l—n)

ML TH Y, ED 3 DDEMZ LTS EEIE T(s) DEBIEIC R I hnd.
PAETCHRAZZ & ZFHL LS.
£9, (x) DWRO D 0% 0> < VELU THE SN2 MEkR

lim s(s+1)---(s+n)

n—o0 nlns

MEIZINE T Z L 2RTD.

s(s+1)---(s+mn)
nlns

s s s
() () )
s<+1 +2 +n e

(1) e (14 3) o (1 ) s
1 2 n

1+1+--+1—logn & n — oo TEuler B v (TR 2. DRI [[;_,(1+s/k)e
Mn— oo TPERT DI L ZREIER . 2 OBERERHKE (1+2)e” -1 IEHEM 2 =0
T2MDOEHREFFDODT, (1+2)e =1+0(2%) (2 = 0) L85, WAIT (1+s/k)e k=
1+0(s?/k?) (k — 00). ZAvdk V) fEIRAE [T (14 s/k)e*/k IR 2 Z e dvbnd. &
& o:

1)--. s
lim s(s +1) (s+n) =e"%s | | [(1 + f) 6_5/”]
n—00 nlns vt n

IR 39, AU OB 1/T(s) IKE LV e S AR

%3) = e”ssﬁ [(1 + %) e_s/”]

481 /g IF IR EDT, 1+ 1/24 -+ 1/n—logn = f1n+1 dx/x —logn =log(n+1) —logn = 0
Th21/(n+1) < f:“ dr/x =log(n+1) —logn BDT, 1+1/2+ -+ 1/n —logn 136 50D HEI{H
DgL. DAITPIRT 5.

VDR % 1/T(s) DEHLTZILETED. ZOHETHNERANS 1/T(s) BWMERFEH 2T
EBRINTEY, I(s) DA s=0,-1,-2,... DAILH DI LELEHHIIRD.
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% Weierstrass DA & IS, HUDEBERIIMEED s € CITRHUTIHET S.
PAEIZ & > TICRAR I NZMROM % F(s) £ EFEL I &IZT5:

n!n®
F(s) =1 .
() nl—glos(s—}—l)---(s—l—n)
ZDE X
Ins |
F(s+1) = lim —2 v = sF(s), F(1)=-""

=1.
n—oos+14+ns(s+1)---(s+n) (n+1)!

WRIZHEETH 2 () DAN f(s) = f(1)F(s) (s>0) ZRT2DITIEK 0<s<1 DL
f(s)=f)F(s) BB Z2FREETDTHS.

RIZ, f(s) OEMEMEEIBUNMEZ FHNT, 2L EDER n &£ 0< s < 1IZDWT, f(n+s)
DREIZ f(n—1),f(n), f(n+1) ZAVT EF»55H6T 5 RERX

fln) \° fn+ D\ )
(F25) s sra s (L) r 0<s<n @

ZRTO. —MRITFITMEERE g(s) IR a<b<clilHULT

g(b) — g(a) < g(c) —gla) _ g(c) —g(b)

b—a c—a c—b

A

Zhi7z L TCWBY. DS % g(s) =log f(s), (a,b,¢) = (n,n+s,n+ 1) ([ZEAT
%L,

log f(n + Si —log f(n) <log f(n) —log f(n+1).
G¥n% (a,b,c) =(n—1,n,n+s) IZHEHTD L,

log f(n+ s) —log f(n)
log f(n) —log f(n—1) = p :

PED2ODAEREBIUET & f(n+ s) OFHM (#) 25505,
f(n+s) OFHE (#) 12 f ORBEXZHEHLU LS. f ORBERLY

f(}lg)l) =n, f(s+n)=(s+n—-1)---(s+1)sf(s), f(n)=(n—1)If(1)
BEDBHILLU TS, (#)DEFEFTnZn+ 1 ITEIHRD L,
nin®
Plf(1) € (n ) (n 14 5) 5 (5), e e P (O]
(#) DEFI LY,
< f()(n—1)n° n+s f()nln®
UG s(s+1)---(s+n—-1) n s(s+1)---(s+n)
UEzFzeddE

f()nln? <
s(s+1)---(s+mn) = n s(s+1)---(s+n)

SO %I ITEBMIZHEL N E S S,
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&Y, RUEDS L (x) BMELND.

K3 ’D@%ﬁ: (EAEME, BBE R, A BUMME) 272 L TnWad 2 e ZFEH L &
5. EMEMEIRER D(s) = [T e 2" Tde & ‘) HENTH Y, EEERFHOBEDIE ST
R IGEHI NS . ﬂéﬁlﬁﬁ%ﬂ“\ﬁ_t WX g(s) =logl(s) &BL<EE, ¢"(s) 20 2R
XA THD. &) —BITIKOED 6:%% NDEEE f(s) 1T U T g(s) =log f(s) &
B J'(s) 20 &BBIELERTD:

b
f(s) :/ S @ () g

ZIT ¢(x), (x) FFEHMEHBTH Y, s IZBI9 DR SO A3 B2 L AE L T
<. (a,b) = (0,00), ¢(x) =logz, P(x) = —x —logax DEEF f(s)=T(s) &&B". ZD
X, g(s)=logf(s) &L &

b A =" f’2
T Tas 2
ZANT f2— ff" <0 ZREIEED. f(s) DEZELY,

b
FIAZ 1 2F ()M + f/(s) = / e+ (A2 1 90(2)\ + 6(x)2) da

b
= / €s¢(x)+w(x)<)\ + ¢(x))?dr > 0.

a

ZITfP—ffr<0 &R FIZT(s) 88N THD.

;%fﬁ/? BELD Gauss DA & ERFEHEHEIEAINAZZ LIZHD.

. DAETHLZA Y YEEBIZBET 5 Gauss DARDGEHIEA Y Y EHEZDE D
T3 <, EMENENTH Y < g & [\ U REBEE A% 6 72 9 B8 U CREI I /2D T
Hol-. MOTEBINZNVEHEIZET 5 Gauss DARZ LA TD L S IZ U TEEIZ
AT 2B TED. B n®B(s,n+1) IZDWVT,

n’I'(s)I'(n+1) n°n!
[(s+n+1)  s(s+1)---(s+n)

1 n n
t
nsB(s,n—l—l):ns/ xs_l(l—x)”dx:/ 51 <1——> dt
0 0 n

2DOHDFES T z=t/n &HWV/ WA, n—>00 DEFE,

Ep| n n )
nm = / 51 <1 - f) dt — / ttemtdt = T'(s).
s (s+n)  Jg n '

BABDAT Y T RO SHIECTHIHT S I L ETE5. 71l (#) % f(s) = D(s) DEEIC
45L&, 0<s<1DEZ

n’B(s,n+1) =

TH»D

o

I'(s+n+1)~nl'(n

+1)
P(a,b) = (0,1), P(z) = logz ¢(x) = tlog(l —z) DL F f
L UTHBIMIZ AR S, WA F(s) = (s + 6)B(s, 1) & s OF
F(1) =T(t) ZOT F(s) = [(s)[(t) THBZ LhbmD. S0
VR E R—ZHBORBARAZIEHT LI LETES.

(n — 00).
) = B(s,t) £%5%. B(st)%s@@?ﬁl

f(s
B & bfj(fﬁﬂl 25, F(s+1) =sF(s),
ENTH Y Y EHBOREMN T ICE > THY
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HVBBOBHEREY), ZNMEED s >0 THIZLTWD. DRI
n°n! ~ n'I(s)I'(n+1)

s(s+1)---(s+n) T(s+n+1)

D& DI, Ay BEDIEMNE, MBI, BEEE RIS & SR I 2RI, ERE

%KﬁvaWkﬁﬁéGw$®Aﬁ%(bt@ofﬁmﬁﬁ@%%)%5:au%bm.
PLEIZESTIRORAXREGEHINAZZ L IZR 5!

— I'(s) (n — 00).

lim n°B(s,n+1) =TI'(s).

i
Fe:

nsn! 1 = s 1
Clo) = i B 1) =l gy = s L () 7

n=1

ZZT v ZEuler EMTHD.

8.3 I DEREEREH

H Y I EBOMRREBEEBOIGH & UT sinz OEREFEEMZIEHL LS. BODIE
i FAWCEHEH I NG H Y IR E R— A EKBOBERE EEFET 2 HOCCEFHI N
B NR— A EE & ELEHEOBGR LY

™

[(s)I'(1—s)=B(s,1—s) =

sin(7s)

—, B O MR RMAER &

1 1 el 52
Nﬂﬂ—@zﬂwﬂﬁkﬁquO_ﬁ)
PAE% iR d 5 &,

2

sin(ms —wsH(l——), sinz:zH(l— 52)
m4n

n=1

ZD &SI, sin(ws) = 7/(T(s)(—s)T(—s)) BOTH Y < BFED MR FTREH2H 5 Ei%
BB EIRREBEAVESNDIDTHD.
IEFZ BB R TERE FE B 2 [E 8 R 3 /20121, sin 2z DB cot = DERS 7 BUERE

 [— 1 1
cotz:—+z< + )
A — Z—nm zZ+nm

#EFEMAT 2 O CEFH U, NS TAu v, 35U < IFEAREE TR D O 235
Hz R,

DA T, RN Tl <, Fourier 3O & % {# > CTIEAKEE O MR EAEE 2 E
BTG HIEEHALTHE Z 5%,

SHEHEEHTIES L.
53U N TR Rk U 7R W AY, Fourier FRELDIPRIZ DWTILE 5.5 fii & 2 XK.




40 8. gk KV~

DAED Fourier #kEER % Kk, TI»nbH

F9 2 OE cos(tr) D —1 <o < 7 T
5 ZEwmREDMN et D Fourier £REU

cot(rt) DI ERFIE SN

1 ™ ) ) 1 —inx ite ] T=T
a, = — e—m:peztz dr = — 6 €
21 J_, 2r it —n) |, .
(et =y (_Unsin(wt) 1
B 2mi(t — n) B T t—n
DT, e D Fourier MEEFH 1%
N . N ;
] ) t —1)nein
T — 1im Z a, et = Sln(ﬂ- ) lim ( ) e
N—oo s N—oo t—n
n=—N n=—N
sin(t) |1 e emine
— - —1)"
T t+;< ) (t—n+t+n)
sin(7rt) (1 & 2t cos(nz) = 2nsin(nx)
— - —1)"
T t+;< ) ( t2 —n? ! t2 —n?

2785 . WP AT cos(tr) D Fourier SR B I

cos(tz) = sin(mt) F N Z(_l)n% cos(nx)]

T t 12 —n?

n=1

2R3, Lo T,

7 cot(tz) = 7 cos(mt) _% i 2t 2t cos(nz)

sin(mt) 2 _p2

D ¢z — 7 TOMPZIND Z L IZL2T,

(e 9]

1 2 R — 1 1
t(mt) = = - ==
reon(rt) = 5+ 3 t+z(t_n+t+n>

n=1

#1357, sin(wt) OB 7 cot(nt) IZZFEL WD T,

d . sin(rt) & 1 1 = [ —1/n 1/n
T = g;(ﬁ—n+t+n) g;<1—thf+1+wn

Mil% t=0M"nbt=s FTENTD L,

o0 220 = 5™ (o (1 2) 105 (1+2)) <1 [ (1- )

n=1

dr DI cos(tr) D —r <o <7 TOEZEAM 27 TR %%C:Tiﬁﬁbff%%ﬁ’b%@ﬁﬁﬁﬁ t(x)
@ Fourier fi#l e % A 5. cos(tx) D 0 <z < 27 “C@{[E’?:”ﬁﬁ 27 Tffﬂﬁ’é‘éo)“ﬂi@b‘i ITEEYE L.

cﬂlﬁ

55 _ 7. 7. ‘ _ 7.
coth z = —icot(—iz) &4, coth(nt) = —im cot(—mit) + Z t2 - n2

n=1
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U235 T, IG5 550

e w1 (1)

n=1

sin DERFREH & A Y YEHBOBERBHEFOLAXZRDTHS Z & 2FEIE,
1/(T(s)I'(1 —s)) & sin(ws) 2HETDHI LIZEoT

™

P =) = sin(7s)

2RSS IHIT(pI(q) =T(p+q)B(p,q) & 1 ZBORES D EHFE S & 57 DIET A
DA EHOVTEDIZHHTES Z 221X, IROAREELNS:

1 00 4s5—1 0o
tstdt 1 d
o " :B(s,l—s):/ xs(l—x)l_sdx:/ :—/ _a
sin(ms) 0 o 1+t s)y 14ul/s

INHDRARFEENN—DZEHTEINIIMEFEILRIBOLND LDITB->TVD.

8.4 Wallis DA AT
IROANAIE Wallis DR, & FEIENT WS
.22 (nl)? , 2n 22n
S N T (n) ~ T
Wallis DARDHE AW & Z A XM ERDOE LRI DLLOMR TRDOINT WD LA

TdHhd. Wallis DRNIEA YV Y EHEIZBET 5 Gauss DARIZ s = 1/2 ZRATHIEES
nd:

VT =T(1/2) = i n'/%nl
= = 1m
/2 = I a1 2+ n)
2n+1n1/2n! 2n+1n1/2n! onn!
nooo 13- (2n+1) noool-3--(2n+1)2-4---(2n)
22n+1n1/2<n!)2 22n(n!)2 2n1/2 22n(n|)2
= lim ——— = lim = lim .
n—oo  (2n+1)! n—oo  (2n)! 2n+1  n—ooo (2n)ly/n

IROAAXE Wallis DA & FFIENT NS

H 2n - 2n _m
L (2n-1)(2n+1) 2

ZOARIBROART s =1/2 L BFIEELND:

o0 2
0sinh 2 = isin(—iz) &1, sinh(7s) = 7s H (1 + 82> )

n=1
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8.5 Stirling-Binet DA (1)
AR Of#E# IR IEIE E. T. Whittaker and G. N. Watoson, A course of modern analysis
(1927) MEDEIEFEULTHD. ZDOARIFRRA LB R AKX KEIZH > TV D IER TS

LWATHS.
AV XEBON G % T+ H 2 B (digamma BE) & IE, ¢(s) EEKDT:

P(s) = d%log [(s) = T(s)

IOITT 4 AV EHBOERE ' (s) & NV NV YEHE (trigamma L) & IES.
H V< B D SRR SRR B (Weierstrass D) £ V)

oo

logl'(s) = —ys —logs — Z [log (1 + %) — 2] )

n=1

ZIT vy X Buler ERTH . Mz HAMAI T DI LIZL>TRERFD:

@D(S):%logr():—’Y—;—Z[?ﬂrs—g -

HIZE D —HIEAMA T2 &

8

o0

, 1
w<8):§+z (n+ s)?
n=1

ZDEDIZUT, Y EBOERFERBERMN S, T4 BB E M) T EEDOH
ﬁﬁéﬂl@ﬁﬁf)‘@b%é

DROBEEIET « AV ~EHEICBET 2 AR ERHE U T, logD(s) B9 % Stirling-Binet
DRXZERTILTHD. RS THERFEIZR DD, V\]érﬂ’] &7 1 Y B O
DBEEADS T4 Y XEHBOBAERAEZR/T, TNEMAIUT logl(z) DERREMD

EZIOHMAFHETHD.
F7, Euler EBOE SR RN

o] e—t G_t
= —— | dt
7 /0 (1—e—t t )
%€ D. Euler €8 ODEHIZ 1/k:f011:k’1 dr & logn = ["du/u #RAT D &,
[ n n 1 n
v = lim 1 —logn] = lim [2/ ght dx—/ d_u]
n—oo ]{; n— o0 —1 0 1 u
1 — " n 11_ 1— n n
= lim / xdw— d—u]zlim {/ Mdy—/ d_u}
n—oo | Jq 1—2z u n—o0 0 Yy 1 u

[ [y,
. :/:1 1—(1—u/n)" du_/ll" (1 —ufn)" du}

n— 00 u Uu

n=




8.5. Stirling-Binet DA (1) 43

1 1 — e~ ¥ o0 L —u
:/ ¢ du —/ e—du
U
1 00 —u 1 % o=u
—hm{/ / —du]:lim{/ / / ]
oN\0 s U 5 N0 A
1 oo L —u oo oo —t
zlim{/ / —du]:lim{/ dt—/ —dt]
oN\0 A U 5 N0 § 1—et 5 t
= lim/ ( — —) dt
N0 5 1—e" t
S —t —t
:/ (e_ff—)ﬁ

1 DH®D% S 3 Buler ERDEHETH Y, 2 OHDESTHO/DRAZITE, 3DOHDE
FCEHERBINOM 1 +a+- +a"t=(1-2")/(1—2z) 2o/ I5IZ4DHDEST
BAZEBOER y=1—2 21780, 5 DHOESTI LI y=t/n LEE, 6 DHDES
TOMH 1 ETOESTE 125 oo FTOMBENIT 7= 695@#770315;216& n — oo
DOWREAWMND L RICBR>TND I LIlERE L 9DHOHESTO<A=1-¢?<9
LHEVE W0HEDOEST 6N 00LE [Jdufu=1log(d/(1-e?) >0 &RBIL%
o7 1IMHHDOEESTIOHOMAO Cu=1—e!? BE, 2O0HOHENCu=t b
Wz
R, Buler EFOBAERRIMTND T 1 H Y YEBOFE S FRRA

d o] eft efst
0(s) = S logT(s) :/0 (7 . G_t) dt.
T D (Gauss IZ& DT 4 AV VEHBOMBMARR). T« N2 Y BEEDED 73 BURHH
T, ETHEBH U 72 Euler EBOFEDFR & I <flibnd A=A

1 1

== m/0 e tdt  (Ree>0) (%)

Ds=1DGEEE c=ss5+nn \ZHEHAUZEREMED &,

¥(s) = - logT(s)
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—st __ e(ern)t

1—et

o5t 4 o=t Dt o o~(s+2)t 4y o~ (stn-1)r _ ©

o/, INTT A WY YEBOMAFRANGEHI N7z
DFROBEEET AV HEBICET AR ERESUT logl(z) 1T 2AX%825 2
EThD.
ZZTAR . t
/ e e dt = log = (%)
0 t

ERUTHID. Eille f(z) LELE, f(1) =0ThD, fl(z) = [[Te dt =1/z BD
T f(z)=logz &4 %.

ETHPHLUZT A AV VYEHBOBOI TR T s=2+1 2 B0WT, #HES KD 2 DH
DIED TR et ZNT D &

d o] e—t e—zt
w(z+1):£logF(2+1):/0 (T_et—l) dt.
ZAUZT S EDBRETIHHHLZARNE2EHT S &,

Y(z+1) =log 2 + / [ / (e
z =log = — =logz — —— e :
& 0 t et —1 & 0 t et—1

—IRHZ f(t) =1/(e! —1) &BLE f(—t)=—f(t) =1 &V 1/2+ f(t) IFAHBUZRD.
X5IT1/2—1/t+ f(t) Ix t =0 TEANZIRY,

1 t 3 1o

1
2 T 112 720 30240

ERBHZIEEDLNDL. LHOEBD 1/t f5F 0<t<oo TERTHD. LD Y(z+1) D
FROBES DFEIMDE N ZNIZRDZ KX DIZT D201,

<1 _,, 1
2S5 &

dlogT'(z 4+ 1) 1 * /1 1 1 o
1) = et | - — - — = = dt.
vz +1) dz Og2+22 /0 (2 t+et—l>e

+0(t") (*)

1
t

logl'(2) =logl =0 2DT, ZOX%E 1 1b 2 FTEHTD L,

—t

1 > 71 1 1 —zt
IOgP(Z+1):ZlogZ—Z—i—l—f—Elogz—l—/ <———-|- )e ° a
0

2t et—1 t
logT(z+1) =logz+1ogl(z) &V,

1 /71 1 1 —=t
logF(z):zlogz—z+1—§logz+/0 (§_¥+et_1>e ; dt.

AL DR 2 - S 72812




8.5. Stirling-Binet MAZ (1)

Y. T(1/2) = VT &Y,

log /7 = % 41 (%) — 1),

—H,I(1) DEHENTt % t/2 TEIM|MR DL,

121 dt
1) = . -2 8
(1) /0 (2 t+et/2—1)e ‘

2DT

() t/2 0 —t/2
§)-r- [ (=)ot [ ()
2 0 t et—1 t 0 t et—1/t
THE2NH, 5EIE I(1) DEERDAEMHS &,

/ 1 /°° et/2 1 Jre‘t e‘t+ et \ dt

et—1/) ¢
0 fo=t/2 _ o=t o\ ¢ 0 fo=t/2 _ o=t ot
_ / e\ / e -° dt.
o t 2 )t 2 2t

(y
(y
)

de-t/?2 _ et  omt/2 _ ot et2/2 — et

Tt ¢ - 12 ¢ ’
eft/2/2 . eft eft 1 eft/Q . eft
St 2t 2t

CERTULX 1(1/2) OB () IKRETED 20D 0nd:

(3)

Lo T,

—I(1) = —%—I(%) +log /7. = —1 +log v2r.
PEzgsedl,

1 2
logF(z):zlogz—z+1—§logz+f(z)—[(1) :zlogz—z—i-log\/—ﬂ—i-f(z).
z

logT'(z + 1) =logz +log'(z) &1,

logI'(z + 1) = zlog z — z + log V272 + 1(2).
I(z) DEHAZHET DL

et2 _ et ] o0 ot _ ot/2 1 1. 1 1
_ - — - dt==4+-log=-==—1 2.
{ t :|t0+2/0 f y tploey =5 loav2

45
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Z DR DR HEDFEIMDOANMD 1/t 5135 0 <t < oo TERTHD. DAIIHDIE
DEH M PFELUT Rez > 0 12BWVT I(2) IZ ENSIRO KD IZFHIiI N5

M
< M —(Rez2)t )
Il = / " Rez

ZHE 2> 01THLT,
logT(z+1) = zlogz — z + log V212 + O (%) (z — 00).
Z VT Stirling DA
D(z41)=2"¢*V2rz(1+0(1/2) (2 = o0)
MHEFEI X N, K OREITIE (#) & (5) £V,

[(z)—/oert i—i—l— v +O(t% ) at
—Jo 12 720 30240

DT 0 (L)

122 72023 3024025 27

L L + L + O L (z = )
_ _ — Z — 00).
12z 36023  1260z° 27

ERAY)5
_ 1 1 1 1
[(z+1) =2z *V2mz exp (— — + +0 (—)) (z = 00).

12z 36023  12602° 27
SN
1 1
D(z+1) =z V212 (14———1—0(2 )) (z — 00)

12
LEMIIEE 1/(12n) LN/

8.6 Stirling-Binet O (2)
HIHIDFERIFLLTOLS IZELDHOLEND:
logl'(z+1) =zlogz — z+logV2mz + I(z2),

©/1 11 dt
I — - = —zt 7
(2) /0 (2 t+et—1)€ t

1 1 1 t 3 o
+O(t").

5t T e_1 12 720 " 30240

ZDORAIX E. T. Whittaker and G. N. Watoson, A course of modern analysis (1927) D

12 - 31 #iT “Binet’s first expression for logI'(2) in terms of an infinite integral” & (X
NTWDS. AR TIX12 - 322 ENTH S “Binet’s second expression” L LS. §

BhH,
1(2) :2/ arctan(t/z) 0
0

e27rt —1

LS RADFE % T S
EEMF
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9 (I8k: BRABREERDMICDOWVT
9.1 IERHLH
ROTERBETITER I NDMEEDH % T, D8 o DIEBH R & LN

i e
() dr = ————dx.
o V2mo?

¥ 0, D EL 1 DI AT & FFHEE R AT & PS8

BEM MIRHERLZR X, Y DENTNEYE ux, uy, 788 0%, 0% OIERDAIZL 7203
DX X+ Y I pux + py, B8 0% + 02 OIEBDSMEIZUZ0S.

9.2 HUIXDMENA2FE DT

IROMERBERIM CRERE INDMERSM % shape a > 0, scale 7 > 0 DAV YL
38 / /
_ el e (/) d
fa77($) dl’ = W dlL‘ = F(a) - (ZE > O)

EE v =ar, FEUE ar? THY, 020 DL EHEMEIF 2= (o — 1)7 ITRD.

MR 7TV M ORMEREIZIRDIZIZ R S:

1 R
/ et/ dy = (1 — irt) ™

Prll) = ara) y

FEIS 2 720124 L (1) = iar(1 — it) Lo, a(t) 2 RREFATHD. TOILIELT
DESIZLTRING:

ap ") = ~itx —z/T 2% dr = / ztz —z/T d
T (0 = [ e r= o [ e et de

—iT <0 e —x/T _ i - ite —x/T 9 e
: / 8:1:(6 e M) de = : / e o dx

T 1—irt 0 1—art Jy
1T > ite —x/T ,.a—1 T «
= e x* dr = r ralt).
1—m/0 ‘ Tt 1 (@)Prall)

1 DODFSTHEDFLSILTOWD 217\, 4 DODEFSTHIMED 2> 7.
R DTG HIRD AR H ITEPND.

BAEM MNIARRERE XY DENTN shape ax, oy, scale 7,7 DAV X3 AHIZ U -
MHE X, X +Y & shape ax + ay, scale 7 DA VX DAIZUZ0D .



48 9. ik Bex BHERIAMIZONT
HA 2D HA 2FHA (2 0A4) I3 YA ADRRGETHS. 7405, shape
n/2, scale 2 DA VI3 HHE n DA 2| DA (2 240) L IES:

o—/24m/2-1 —76/2(35/2)”/2 dl’
Joar2(®) 80 = Sy T T T2 w

HA 2E/OMAIZEHBE n IOV THAEEZFED.

TR 9.1 (BMEEHDHENO A 2RDAENEOLND &), MERE X, Xo, ... 13IhS7
[l AT DHERELINTH Y, F2IIBEER MU Z05 RETD. 20T Y =
X2+ + X2 IXEHBHE n ORA 2FHAMITUZDD.

SFEE. ERTIE A THD:
BLAYV) = const. [ 7(w)e 2y dy
ThERED.
E[f(Y)] = E[f(X} + -+ X}))]

:ﬁ// F@2 4ot a2)e @2 g

- 50 m/ Fly)ev2ym=D12=172 gy

_ 27TW/ Fly)ev/2ym 21 gy,
3ODDEFTr=/224- +22 LBE R ICBTDMIMEREEED n — 1 RoTHA]

BRI EOWUNEREE v Ldr OFEIZARZ Z 8 2, n— 1 OCHEAEREIOHEIREZ A, &
N2 4DODEFST r=y'2, dr = (1)2)y V2 dy LB\, []

FE 9.2, LEDEIRIZE ST, n— 1 IRouHA BRI DO WRE A, IZBU T,

271'”/2
A = )
MR T DI ERINEZI LIRS, ZHIEISHI CORERKE L —H L TWVWD. []

9.3 HB_FER—IDHmEt D

ROMEREEHB CERINDIMEEI M E/NTA =L — a,3>0 ZROE_FER—X
4347 (Beta distribution of the second kind % U < & Beta prime distribution) & FE.S:

1 xa—l

Jop(x) dx = Bla. B) (1t 2y 77 de  (z>0).
B>1R5IFFEE af/(B-1) 128D, 8> 2 B5IFDHIE (ala+8-1))/((B-2)(8-1)?)
AN
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BN — XD OMRBEEHEBIZ 2 =12/y (v > 0) ZRALT, HERDHE —00 <
t < oo IZHNERT % &, MERE ERBUIIRDIZIZ 8 %:

~ t2 1 t2a 1

N ~dt = dt

fﬂ(v)v v B(a, B) (1 +12/)ats
n>0WHUT, a=1/2, B=n/2,y=n D& X ZOMWREERKKTEZRINDMHERS
HZEHHE n Ot DHEELIESR. $206, HHE n O t 24 L IFIROMERE KB TE
BEINDIHERDEDI L THD:

t2 —(n+1)/2
Gn(t) dt = c, (1 + —) dt.
n

1 _ I'((n+1)/2)
nl/2B(1/2,n/2)  /nrT(n/2)’
HEE n Ot DHOVEEHEEZTNTN p,, 02 EELS L

(
(
)

Cp =

n
n — 17 = 2).
pn =0 (n>1) 0= (n>2)

285, AHEERAROWERT ¢ oA IREEERDMAICPERT S, BHE 1 Ot 24461
Cauchy A &L EIEENTH Y, FIFE RO DY K72 BRI O BBLENIZ 73 > T
W, HHE 2 Ot 2AAIREE 0 28O0, 2EUSHERKIZAS.

EIE 9.3 (FEHELHDME A 2|O/AGMNO t DHEIEFOEND T L), Z, Y IFMAT A HER
ZBETHY, Z ISEEERSAIZUZ8D, Y IZEHE n DA 2T/H/MEIZLEDND LK
ETD. DL E

WSHEE n Dt DAEIZ UMD,
ZEBER. ERBIET D TH D

EF(T)] = const. /: £(#) (1 L2

INERTD. a, =1/(V2r2"/?I(n/2)) LB &,

_ A —u = = 2 o= /20=y/2,n/2-1 g,
E[f(T)]—E[f<\/m> - / (/Oof<m) y d)dy

_ = = < —(y+22)/2, nj2—1
= Gn f € Yy dz dy
/0 </ (vy/n> )
(/ f 1+t2/n)y/2 (n+1)/2— 1dt) dy

an — n n
— % f(t) (/ (1+t2/n)y /2y( +1)/2— ldy) dt
—00 0

B 2(n+1)/21'\((n + 1)/2)an 0o 2 —(n+1)/2
= NG /OO f(@) (1 + E) dt.




50 9. Ik BE% BREERDAEIZDONT

ZIZTC,200DEFIIERETEHOHE N1 2EANGEDEENSHEOLND. 4 DODFEST
X 2 =t\/y/n LBz (22 = yt?/n, dz = y'2dt/\/n). 6 DHODEZSTIRONNEffi> /=

o] 0 s—1
/ e—ayys—l dy — / e_m (E) d_..'lf — O(_SF(S) (O{, S > 0)
0 0

« «
FEHD 72 DI IEMERFITRTH DM, I 51T,

20 D20 ((n +1)/2)a,  2"D2D((n+1)/2)  T((n+1)/2)

NG T VaVZm2h(nf2)  oal(nj2) "
INTHERTERIZENTARTHER I N, B

T 9.4 (EMDHEMNS t DAEVNRLND Z ). X1, Xy, ... WHNLFE SR HERL IS T
HY, BRI p, B o DIERDHIZ U0 & X,

n

1 M, —pu
Xy —M,)?*  T,=-—"
n—lkz:;( g ) Un/\/1

LB &, M, & U, 3SR Y ) M, 1 u, 58 0% /n OEBRSAHIZUZD0,
(n—1)U2/c? IFEHHE n—1 DAL 2FHEIIUENN, T, FEHHE n—1 D t 557461
LS. (U, 20 &RELE) O

1 n
My==% Xy Ui= (+)
n
k=1

ER 9.5 (T, DAL, EOEHOFEDE & T, E[M,] = u, E[U? = 0? 7323, p, o?
&N NRHEREYI (population mean), R HX (population variant) & FEEAV, M,
U2 13T NT AN (sample mean), AR 43X (unbiased variant) & IFEN TV S, IE
MAMDOBENEE Y, M, 13F p, 28K o /n OIERDMIZ VNS, DRI

M, —pn
1T, =
Un/+/n
(ZHA DR AN
" o/n

WAEHEE DI U203 . ETRRAZZ 8, Z, OO RMEMEHERF % o % RERIK
I/ ON RREHERFZE U, TEIHRZS L, EEEHAA TR, HHE -1 D ¢t
DANZUZDRD EDIZBRZB NI ETHS.

REM D 02 DO > TS GEITIIEEEIER DA ICRD Z, 2[R D)W, TH5TH
WIGEIZIE Z, 2220, 2 TRERMDDE o2 DR D ITRERINIZE S N2 W55
U2 Z2MRATDE, MERDMIERIAEY) EEHENRN L BHIZZ>TLESIDOTH
%. [

TR 9.6 (HHEOKRER ¢ 2AMVEEERIMTEMUINSZL). n—» o0 T

t2 —(n+1)/2 t2 —-1/2 t2 1 n/2 )
()™ (1Y (1o (L)) e
n n n n

LR2DDT, HHEEMIE KD T ¢ 7345 DRESR 5 R B AUSAEIE E R 7315 Ol = 55 B B 4K
PR 2. HHRENPRE R ¢t DI ER DA TEMUIND. N



9.3. FE_FEXN—XNAEE t 546 51

T 9.4 DR, BELSIF X, & X, —p CEIHRZILIZE>T, p=0ThdL
RETED. LFTIE =0 DEHEDAERD.

9, X1, Xo, .. \FMSIFRSHRMHELRLBIITH Y, £20F 0 L ARODE o %
ROLREL, ERAMATH D LIRERTTICEDHRED I ENE R0 % ﬁmiowaw
k21T M, U, 2EDS. (U, 20 LTEK)

Y, =vnM,=(X;+---+X,)/vn £BL. EREREERER (X,...,X,) &Y, &8
LRI DOIERE L EER (Yr,...,Y,) CHEEEHBTE LY. 2oL ILHADFHFEL LT

a3y
k=1 k=1

BT L TN BHBDT,

}:u%—wgyz§:uﬁ_2Mp&+wﬁ):ﬁéxﬁ-mgﬁixwmmﬁ
k=1 k=1 _

n

n—1
=) X2 - nM?= EZYQ V2= vy
k=1

k=1

n

IO, BEEHOME &Y EY?] =02 £25DT,
> (X — M,

ZYk
k=1

ERDBILEDLMDY. Ik EU =02 L2252 LEb05. MLEOFERIE X, 2
FEHRAMETHELSTERILLTWS,

BARTIX, X, 726058 0, 08K 02 DIEMRDGEIZ L0 IREL & D

ZDE FERDADOHEREETHDILEY Y, b M FDMHIZRY, &% D 0,
R 02 DIEBDAEIZU NS, DRI

FE n—l

n n—1 n
Uﬁ:ni1§:@% 1§:Y Mg:%E:Xk:——
k=1 k=1 k=1

FHAZIZAR Y EH91 &Y,

n—l U2 ZYk

FEHBEE -1 D1 2FNMIC Qé.bt#ofE@QSiU

M, —p
U/ﬁ . M, —
(n—1)UZ/o*  Un/v/n
n—1
MEHBEE n—1 Dt DAL T erbnd. ]
57Y,, ﬁmﬁéﬁﬁNﬁbw( 1)/Vn 2 EUEMBEZRERY, TOEMRERRISHIEY 2
R HAUZ . (Vi ..., Yooy) 1 YV, 1CRPSS 2 BAIR 2 N VOB A2 L0 ERE R 5 2.

Y;, OEARIGZELY S5z wfi%94%%ﬁ%ﬁ&
SSEREMT ) IVAD 2 T/,HMEAZND.
Y, ZHEORVEEBEME R TIOMEZHERTLII VARG THD.



52 9. Ik BE% BREERDAEIZDONT

T 9.7 (EHAMNS t HAENELND Z & (EH 9.4) D). HEREEZD X,

(s=1,...,r k=1,...,n) FHTZTHY, & s T&IT X,y ZHIFFEY pg, 78 02 DIE

FOEIZ U N2 TVWB EIRETS. ZDE X
Ng 1

Ns

Ms - i ZXs,k7 U52 = Z(Xs,k - M8)27
$ k=1 ne =14
2 (M. =) " — 1 U
Z:SZIT—Q, Y = SO_—QUSZZFZ(XS,I@_MS)a

j :Us s=1 s s=1 S k=1
N

- A
n = n57 T:—
; VY/(n—1)
EBLE, TIFEHE n—7 Dt DAHEIZLUEZDH0,

FERR. EHL 04 DFEH KLY, M, & U2 IFMSLITR Y M, &Y p,, 58 02/n, DIEM
DN U, (ng — VU2 /o2 IZEBE ny — 1 OHA 2T|AHMEIZUIMD 2L BDH
5. BT Z & YIS, ERAAOFAEEE YD, 0 (M, — pe) W& 0, 438K
S (02/ng) DIEBRBAHIZ UMD DT, Z IFBHEERDAIZU0BD. A 2| HMHD
ALY )Y FEHHE n—7r DA 2FSMIIUEZDRD. WAL, € I3 LY, T IFH
HE n—1r Ot DMHIZLEDD. []

FORME s =2,y = p, po = —p1, 0y = 09 DHHEITHEHT D Z LI >TRDRMN
BN,

% 9.8 MERL Xop (s=1,2,k=1,...,n,) ZHBIFMZEFHTDHY, SE p, 78 o
DIERDFEIZ U N> TWbET5 2Dk x

Ng 2 N
M= 3 K V=S (K- M,
k=1

s=1 k=1
B M, — M,
1 1 Y’
nq No n1+n2—2
Z:EB< E:,TCiQEEIfEnl—l—ng—Q@tﬁ?ﬁ&:bf:iﬁ5ﬁl. D

9.4 FNROBODERZTHICLIZEYFEWNIZDOWT

X1, Xo, .. AT RS AR REREBITH Y, ZH RO T 0 THEIE 02 THD
VAT B ZDE EYA X 0 OBA Xy, .., X, OEATE X, &R U2 A

n

Z(Xk - 771)2
= k=1

OELE of = =02 =02 BOET OEBFRDDTHEHD 0 ¥ ¥ IV U, Z IFREMSER 02 O
BHRIEZICHAETEIRIIRD ZLIZERE L.

617 DFERIIDEDE UNWIEROAIZU DD 2008 v TIVOEEWNELWEE XD ED POREITHE
bhd.

C2SZPMY 1 £ 0 DIFEITIE Xy, & Xj, — p CEIBATEINIRAKTH .

1
n—1

— 1 &
n
k=1
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CEHZIND. ILIZIRMBENLLTWE Z LIZHEEY &
D
k=1

MERER Y,,....Y, ZBIRDEIIZEET S:
iixkzﬁfn,
n

Y. = X; — kX k=1,2,...,n—1).
k — m(Z k+1> ( )

nxn 78 A= lay] 2

(1 1 1 - 1 1] 12 ]
-1 1 1 - 1 1 1/v6
) 0 -2 1 - 1 1 1/v/12
o 0 0 -3 - : :
1 1 1/y/n(n+1)
0 0 0 —(n—-1) 1| | v

LEDD LY, RbOEHEE
}/j = Zain
=1
ti j'%) Jg ‘9 ’Hﬁﬂ A i’?ﬁ‘ﬁ”f%é Z C‘_}_%Zbi))%)bj @};Lc: Z?:l QpA; — 6kl 7’3)}&
NG BHDT

ZYf = Z apiay XpX; = Z5kszXl = lez
i=1 i,k,l k,l k=1

E[YkYZ] == Z akiale[Xin] = 0'2 Z ak,;a“&j = 0'2 Z Al — 026kl-
73,3 i, =1

PEDRAZHD &,

n n n—1
Soxp-nX, =Y v-v2=> v.
k=1 k=1 k=1

WwZ Iz
1 n ) 1 n—1
U? = X2 —nX' | = Y2,

63t AA DBAFIATHNI D Z & 2 EHMRTES. 23175 A OEBRDEMDIFHIDFINR T NV bHH
HWIERTD I L 2MERT L.
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AMEDHED n—1HOFD n—1 DHD 1D TEIT-. X 51T

n—1

1 1
EWﬂ:n_1§:EMﬂ: 1m—1m%:ﬁ.
k=1

HELE X, ZHMWMNLTEY 0, D8 02 DIEMAGEIZL R >TWEERLIE Y, 726

‘rbﬁifqzi’] 0, 8 02 DIEMADAIZU DD ZEERGIHEND LD, ZDHEITIE

=Y, /v/n &FE¥ 0, DER 02 /n DIEBDAEIZ U220 (n — )U2/o? = S Y2 /o?
iﬁﬂﬂ}# n—10D01 ZFDAMEIIUZ2D, THNHITHNIZRS.

9.5 HB—REBEIVE_BR—IDHE F 0%

ROMERBEHB CEBRINDIMEDHZ/NTA =L — a,>0 2RDOE—-FER—X
4347 (Beta distribution of the first kind € U <IZBIIN—& 34f) LIS

fap(x)dr = 11— 2) e (0<z<1).

B(a, )"
FE 2 = af(a+ B), BEE (af)/(a+ B)*(a+B+1)) 128, o, >1 D& SEHHH
Xr=(a-1)/(a+p-2) II85.

—FEN— R DA OMERBEET v 12 v/(1+2) (z>0) 2RATIL

T dx 1 ol
o (52 Th o~ e e @20
ERD. INEE NI HOMHREEHETHS. BHEORFT 1 —2/(1+2) =
1/(1+x) Z2flio7.
IHIZ, mn>0&U, BN — XM OMERFELEBD © (2 me/n (x> 0) ZRA
THE, FEFERBRIZULT,

mz/n (m/n)de 1 (mz/n)*  dx
fous (1 +mx/n) (1+mz/n)2  B(a,B) (1 +mx/n)*t? z (z>0)
ERD. INEX, a=m/2, 8=n/2 DEZT IROVIZES:
m/

B(m/2,n/2) (1 + max/n)(m+n)/2 o

CDOWERBEH M CTEBINDHERDGAZINTA—Z—m,n D F DA ERFER. I8T A —
84— m,n O F HEOFE Y 58 ETNEN i, 02, L 2,

mn

s 2n*(m+n—2)
(n > 2), 0m7”_m(n—2)2(n—4) (n>4)

'um’":n—Q
2%,
X PNTA=B—mn D F ZHZUERDBOIE (mX/n)/(1+mX/n) 1F/8T A—
B—m/2,n/2 DE—FEX—ZFHEIZUEZND, mX/n 13/NTA—=8—m/2 n/2 DFE_
BAN—=Z MU0,
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EE 9.9 (N1 2 ERAEMNS F 0N EONEZ L), ML AHRER Y, Z hEhTh
EHHE m,n DA 2F/HIZLEZDND & E,

_Y/m
= I

WENTA—=R—mn D F DAEIZUEDRD. U”RoT, Y, Z; HBNLE DA R HERER
ThHY, FAPEEERDAEIZU N L X,

v (i Y2) /m
(>oimi Z7) [
3NN TA—"—m.n D F DAHIZUIZDD.
ZEER. 2O XEIRIFATEDO FRE EH 0.1 N SELND . BREO EEZ R T 2O

(ma /n)™/? dx
E[f(X)] = const. / f(z 1—i—mx/n) /2 1

ERTIE L. a = [2007/2D(m/2)D(n/2)] ! L BL &,

swronn = ()] = [T ()5 (o) oo san) o
- / (/ f(x) 1+m$/nz/2( :Bz)m/Z ' ST/2— 1mzdx> dz
a/o f(x) (<$>m/2/0 —(1+ma/n)z/2 ,(m+n)/2-1 dz) d%

= tmsap (P o [ g () (1 )
0 n

n T

3DODEFT y/m = (z/n)x £EBW/= (y = (mx/n)z, dy = (m/n)zdzx). 5 DODEFT
RD—ME R AR 2o 7z

o) 00 s—1
/ e dy = / e’ (é) % =a °T'(s) (o, s > 0).
0 0

INTRIARNEIZEIFRINAZ, IHI

gminy/2p (M AN 20T ((m +n)/2) 1
2 ~ 20020 (m/2)0(n/2) — B(m/2,n/2)
INTHERTERIZ ENRTRTHERI N, []

RN — R DA OMREEHRBUZ v = 12/n, a=1/2, B=n/2 ZRALEZEDIZH
HE n Ot DAADHEREERBIZBRZDTH o7/, ZOI P LHERER T WHHE n
Dt PFEIZUENO LI T2IINTA—Z—1,n D F SAHEIZUEPN, T2 1385F7 A—
B—n,1 D F DMHEIZUERD ZEeBbnd. ZORKT T DEIIAENIZ R AOBEBHE
N1 DGED F BHETHDZENDONS.

ZDZEIFUTOE S ICEHENRFHEIZE > TEHEND NS . F DA DOHEREE &I
WEIRD LS IZESEIND:

(m/n)m/Q xm/Z—l

B(m/2,n/2) (1 4+ ma/n)mtn)/2

Gmn(z) dx = dx.
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m=1%2fRA9ddL,
1 :L’_l/Q
S5iIZrx=t2 ZRAULT, it —oo <t < oo IZHEER L 728 D DHEREE I
1 dt
Vi B(1/2,n/2) (1 + 2/n)o 072

ZB8 B, ZAUE t DAEORERBEEERE §,(t) dt 12T 5.

G ()t dt =

9.6 HUIDHEFE—FFEEE_BOR—YDHDOEAEMRK
H Y REBE RX— R EB OB
L(p)T'(q) =T(p+ q)B(p q)

OB ORI TIEHLUTALS. 22T

u® 1t du

[e'¢) 1 o0
— —z,.s—1 — p—1 AT | — ket
[(s) /0 e *x' dr, B(p,q) /0 (1=t dt /0 AT

N—BZ L B(p, q) DHTH DRR DRI SIS AE I —FE R — X A5 DIESR 5 L K
BWTHY, 12EDRROEID EKBUIAEMIZE AR =X DA DHERELEHELTH L.

BRI EBRTIRREEICHTAE o=zt y=2(1—1t) LEBEHTDH L&
/ / [ y)e” ety it da dy
o Jo
1 00
:/ dt/ dz f(zt, 2(1 — t))e 2Pt 1= 1 (1 — ¢)77 1,
0 0

W2, ELE fla,y) = fla/y) PERALL TWB R 6

/ / ( ) —(z+y) pp—1 Y- ldxdy
= / dt/ dz f (L) e Pl (] )t

=I'(p+q) /01 f <ﬁ) =11 — )7 dt.

ZORRIFEBE ZRNTE —FR—ZRHIBTD f(t/(1-t) OMEEIZ KT 2. K
W flx/y) =1 D& ET(p)T(q) =T(p+q)B(p,q) LB2DIENDMNE. IHITt/(1-t) =u
TEDLDL t=u/(1+u) &BLL

/ / (> x+yxp1q1dxdy

=I(p+9q) /000 f(u) <1iu)p1 <1—1ku)q1 (1 jl—uu)Q




9.6. HyU~nAiLfE—FELHE _FHONX—2 M DE G 57

upldu
I'(p+q) / flu

_|_u p+q

JD%%T\ FIEBLE 2RO TE R —ZSEIIET D f(u) OMEEIZ—TS. F 2
’““@f\ RDHGD AT — )R D T, _Mix’fﬂwﬁﬁ@@ EVERNT, F 946
BUILIWHEIZ—BHLU TV EARTILETED.

BN EBRTIRTEZERICHTAE v2=uw IZ&>T o 26 u IIHENE
BEZHT DL,

e¢] o0
/ / [, y)e CHar =yt da dy
0 0
= / du / dy f(uy, y)e TPty
0 0

IHI (I4+u)y=2980by=z2/1+u) IZ&>Tynd 2 IITEPEREEHT D L,

/ / fa,y)e” e~y da dy
o Jo
— /OO du /Oo dz f uz < e—zzp+q—1up_—1du.
0 0 l+u 14w (14 w)rta

ZZT f(r,y) = f(z/y) LIRETD L,

p—1
[ L rG)emrssanmrien [,
u

ETCHARZMEIZE ST, ZHUIAT —INVEBOENZRNT, F 2MHIZB5 f OARF
EIZ—HUTCNWDRLARTIEETED.

UEDEHBEIZE T, HY AT U 72038 AL R ERE O LIS R — &2 4612
UMD 2 edbnd. £ UTIERDIEIZU DD L BHEREOHNI N >~ 341U
NS IMbDY Y TNEHEREREDESL &, IERDMGE A 2O, t 046, F 24
OBEBRPBERIIEOLONS.

UETHS BB DHNZITIZLL OB H 5

riy=t:(1—t)=u:1l

z,y \FH VI DO EL, t 13BN — XA ORI, v 13 R —=Z D
Eﬁ 7%5((35664
CH Y YEB OB FROMDERD x 2 TNTH 2? ITEIHZ A

[(s) = 2/ e d
OOO

MOHFELUT, x=rcosh,y=rsing £ UL<IE y=xtand LT EH 2 ZHT LHHEPKT
FHRT S I EIZE o TEMEBE WA RR E OBREIHBHIZ RS,

CEZ I EOFRIZEGTNTN S, R—Z O FHHORRZ FEHE RN Z< B>/ (2016 FE 7 H 1
H).



o8 0. fHk: Bex BRERAAIZDONT
WMBEEZDIGE v =rcosl,y=rsind ZX > THSEH % MPEEEHRT D &
4 / / gz, y)e TPl 20 g gy
o Jo

= 4/ d@/ dr g(rcosf,rsin) e r2P+9)=1(cos §)2P~ 1 (sin §) 2
DRI g(2,y) = gly/z) DEF

/ / ( (22+y2 )x2p71y2q71 dz dy

/2
I'(p+q)- 2/ g(tan #) (cos §)* ' (sin 6)271 db.
0
FiZ gly/x) =1 D& E XY
w/2
B(p,q) = 2/ (cos 0)*~!(sin 0)21~* do
0
ERDIENDND.
EEEED BELTHBODIGE y=axtand IZX>T y 25 0 ITEPEREELHT D L,
4/ / g(z, y)e™ 207t dg gy
o Jo
w/2 00 o o
= 4/ d@/ dx g(z, z tan ) e~ Htan”0)e” . 20400 =1 4oy 0)20-1(1 4 tan?4).
0 0

IHIo=r/VI+tan?0 T o 0O r NP EREZ LT D L,

4/ / gz, y)e g Ly201 o dy
o Jo

/2 00 _
L [y Y e

0 0 V1+tan26 1+ tan?6 (1 + tan?g)rta—1

DRI g(2,y) = gly/z) DEF

/ / (2 +y? )x2p—ly2q—1 dr dy

/2 (tan §)%a—1
=T 2
(p+a) /0 gltant) o e gy

A EDKERIE ETRD 7 MEREEB DG ED AN EFE U EDTHD. BELRLIE

(tan )21
(1 + tan? §)rta-t

ARIFAIIZ tand = sinf/cosd ZRALTERED L, HiLIZ

= (cos §)*~*(sin 9)?7 1.

1 tan2 6

2 .9

cos’ = ———— sin“ = ———
1+ tan26’ 1+ tan?6
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ZRALTERES. BEOARIFZEDOATHHLUZ ¢t =u/(1+u) IZHIRLTHS. B
DEZHEDHNZIZIXLAFOBEBRRH 5

x:y=-cosf:sinf =1:tané.

ZOBRIE, zy DG ERMTL LY br D EETEHLAZ z:y=t: (1—t)=u:1
WHRIGLTWD (t =sin?6, 1 —t = cos? 0, u = tan?0).

9.7 n—1RITKELD—H5 % & Maxwell-Boltzmann 8l (1)

iﬂi@@ﬁﬁﬁﬁﬁ?%é&bjﬁz¢X% + X2 7™ = X,/R, 5K,
b@a x(zM .z -1 mﬁzifﬁﬂ%mﬁk@—%ﬁ%ﬁ 127300 ek 7™ o
il S50 22 1 B AU

gn(2)dz = (1 — 22324, (—l<z<1),

1
1 n—-1 n—1n-—1
= (1= 20, =B - =2"RB
c /_( z%) dz 5 5 5 g

1

W25, UK, IhERTD.

n — 2 WOLHALERIE S"2 = {(z9,...,2n) |25+ -+ 22 =1} OHBERZ dv' &F
=3+ 422 EEE 1o, 1, MO & n— 2 RIGHRALERTE O REREORLIZ

%ﬁ’#fj@"?é &, ¥ r’ D n— 2 IRFCERI DO MEREIX »2 IZHHIT 25D T,

N(k

dry ANdxo A -+ ANdx, = " 2dey A dr' A dw'.

XD, ¢ WD =12 a2 CEBEBT D = 22, o Jor = /1 &
DT,
dry Aday A -+ Nda, = r(r? —22)" 2 dey Adr A dw.

BB o1 D 2= /r ITEREHT D &

dry Adzg A -+ Ada, =111 — 22324z Adr A dw'

U722 T, R" OB FRRHERE LI p(r) (2L T,

/ g(2)p(r)dxy - - / . 3)/2dz/ " Lp(r) dr/ duw'.
n 0 Sn—2

BAD2DOMBOMZE ¢, bES L,
1
Cn = / (1— 2324,
-1

cn B 2BYDHETEHRELUED. 1 D8I 2 = t1/2, de = 712 dt)2 L EBEMT B Jilk
Thd:

! ! 1 n—1
%:2/X1—£W3Wd¢:/t1ﬂu—wm@ﬂﬁ:3(ﬂ ).
0 0 2 2

S EDAHTY flo,y) = fly/z) LELTHLARIES s LRAL,
66 = 00 J5 A i A IR REHE IE R IE RN 9 B TLEOD B BRI E— B A 3 2 BLES 3 BB
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2OHIE (1-2)=(1+2)(1—2) LRBOML, 2=2t—1,dz =2dt EEBEWHRTDH
EThH5:

1
o = / 2(n—3)/2t(n—3)/22(n—3)/2(1 _ t)(n—3)/22 dt — 9" 2R n—1mn-1 .
S 2 72
ZNTRITREZ NI ANTRINEZ.
BIFEEM & U T, YV EED duplication formula £ 6NTWAH L 2ERLTHZ
2. (n—1)/2 ZEEDEDER s ICEIHATE ¢, D@ OFIRIFHZLL TN S:

/_1 (1= 22V ds = B1/2,5) = 221 B(s,5).

1
NR—REHBINZH T HERATD L
D(1/2)T(s)  2%7'T(s)?

D(s+1/2) I'(2s)
ThabL T(1/2) =7 &V,

2s—1

ﬁ
ZDRAUF (Legendre’s) duplication formula & IEZ TN 07,
2 DR DS
« gpl2)de = L E (cl<z<l).  TH0, 512
(2 de = - 2 : 70, 53 :
z=sinf ZRATD L, %d& (—m/2 S0 S 7/2) &—BRAAEIZRD (L7 VAT, W
ZAVCBMAAHBIE 1/2+0/7r =1/2 + (arcsinz) /7 (-1 < 2 < 1) T4 S, #HIEXK
BB TR D DT ZOAMIFMIEK S &IPS,

['(2s) =

T(s)T(s +1/2).

o g5(2)dz = %dz (c1<2<1). 0, K 1/3.
2 YRICERTH] ED—FR DA DR 5% 8 5 HAR EANDOH L~ IZR D .

« () de = 2VT=Fds (“1<2<1). 0, 4K 1/4
T

67Legendre’s duplication formula I3EREDIEDREE n (ZxF SIRD Gauss’s multiplication theorem 2
*%4 bExXnd:
nns—1/2

(QW)(nfl)/2

728 ZIE T(3s) = 335~ 1/20(s)(s + 1/3)I'(s + 2/3)/(27).

68 Z NS IIABMNZE —FER—Z DM ORI RIGETH 5.

XY TNERDEITDZEE, b—ZIVTHLEBU THWSREDREOEIDBINSLATBL TS
IRBED K D E X DRI % 51\ 725G B O MR AR 13058 5 12 HMAL T 2 LW IEROE IOEMN < Z e IS
TWa., ZAUIHEFER L IEIEN T WD, WEE DA OMERE SR BULTIGIOE IFEREL<RY, B
AD 0 fHEINY K85, W22, WIEKEANIEE Sk L T 2 I & &L T 2 RERE 0 25 o ol
30 MBEICEESTICREILSARDEADBNE NS ZE2EKRLTWS, YV INFERLIEIDHE
ERBIIZE S HISTVRIXTTHD. HADMART, BoHHT ), AKIT 2D T2 DN,

[(ns) = I(s)L(s+1/n)T(s+2/n)---T(s+ (n—1)/n).
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ZORMHIEHFMI T L IFEND .
z=—cosf ERAT 2L, sin? ﬁ'éﬁj\?ﬁ sin?0df (060 <) 1222

n>40r% g.(2) 1375 7R OTEIC RS . FHEENE 0 THOBIZU T TRT
;5 2 1/n 2% 3.

" DIEE 0 TH D IR—REE H VI EHBOBRE L OH Y Y B DEK
W#ﬁ&U%kwy4n—wm—l—vnt&épt#b#é.%Qvt%ﬁﬁtjz
DR 1 n 128D 2L ErtEd:

1
1
cl/ 21— 220 = 7 (ep — cppo) = 1 — O _ 2
_ n

n
1 Cn+1

TIT22IT1-(1-2%) 2RATBEIREEITo 7=
V" = /n 2 3 0, 8K 1 ORERZEBUT AR | T O FlE B RS

2\ (n—3)/2
g (Y - L (v ay
vn) vno ne, n

8% . n—ooDeF v=(n-1)/2 5L,

2\ (n=3)/2 2\ —3/2 2 n/2
2
(1 — y_) — (1 — y_) (1 — M) Ly V2
n n n/2

2 \/7v
Ve, =2+ 1227 B(u,v) ~ Vor 22 2V on

v 22w

TR A IZA TR B 1 2 E A EO DG EEIZB T 2 Wigner O¥HRANCEHDLND. N IRFESFRAT
ST % RO HERZS N M TR LB [T, e M/ 2d My, [, e M/ 2d My \ZHHIL T2 L ARE L
T VA NBFENTMTI] M OEEHEOHEES G E2EZD. TOLE, AT —)VEBIZ L > THEMN 1/4 124
B EDITHIRILT B &, TOMRMMIE N — oo THE 1/4 OEHDAMIPERT % &5 DAY Wigner D
FHHEITHS.

A I B HOOBRE I B 1T B IR SE & U TE LN S B RERN A TH S, =& 21, Bl
M, &R & T DI, SERVOTIETR R (ZIKF, 2013.10) IZfREAH 5.

"Lk - Tate FRRICZOEO N AN EL T 5. kil - Tate P IE THHEEAR EERI N BEERELE
R 7= RGP HIRR D FZEBALE p DOABRA ETOFELOMB2»S p+1 2510\ T 2,/p THI-THLNDE
ED A sin? MAMIZAR D] L0 D NED 1960 FRUTMNIZFHER I N FRTH D . B TIEEE IR
IINTVD 5LV, R=TORIEDFHEREIZ DN TOMERE (2008) DMEEIZE & E o MBI D D.

RS REKDOMAE D & 512 TERE sin? PR 2FKE U 20D TE, #97588, Dedekind 7 BI%E
e sin2-F 4], 25 16 MIECFESL Y VAR Y D A HEHZAKY (2005) IZFEL. YK FE ZRKFEREE - L HR5E
FAIANI Y a—R—TilEATVD Z L 2 EFEAELICE T H—FT U TiELAZ L SIZDWT [ UK
DHZHEERP SO THETAN, EWVWD LBz, TNT, BHABER, &N - B2 EOE&P
XFEHEEBT DI LIRS -DTHD] LENTHD. TO [DUEKROHZEHE] ORMAERIZE ST
[ sin? PR BERI N~

SU((2) EDO—# 4 (Haar JIE) 2 5FE I NS SU(2) OILAFEARD M EODARI sin? FI/3AH1Z
K%, TOHBIIUTO®EY . A SU(2) DIEEIF —1 < tr(4)/2 <1 T—EICRKHM I bN5. (—ikiC
GLMD@jyﬂﬁbLm%ﬁﬁ®ﬁ®§“%i%@%%%ﬁﬁC?@b%lﬁﬁt ) TR
5N3.) Ae SU(2) I ()ﬁ%ﬁﬁ*ﬁé%@&SU:S%j@twﬁﬁ#ﬁm%tfS3#bR4
D 1 RTED B ANDFEIZ L TWD. TOZ D SU(2) LD —EDHMZT DB RRD 2 1
\ZFET B 000 iﬁﬁtrfzﬁ ?5( I sin? BAFHIZRD IR bND.

%%'Mm%miFﬁ@ﬁ%i@ﬁﬁﬁﬁ%%t@“ﬁﬁ@ﬁ#b%fﬁp;Z’GbﬂéSUU

HAFOED 3 KoLk S3 = SU(2) ED—RRR AN SFFEEIND AMAIZLZN>TVWD] LWIFETHD
t&aﬁé.


http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.ias.edu/~rtaylor/
http://www.math.ias.edu/~rtaylor/
http://www.kurims.kyoto-u.ac.jp/~gokun/R=T.html
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
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LB827 @ DFHHET Wallis DAR LY
2 2 -1
Blv.v) = Iv)? 22vl(v+1)? 2 <2y> 2y

r2v) 2T2v+1) v\v v 2%

Y5 ERMoET. LENST, Y IE n — co DOBRCREMEEM A IZ U 72h8S
REBUTINKT 5

lim Lg (l) = lim (1 - yQ/n)(n—3)/2 _ 6_92/2'
n—)oo\/ﬁ n \/ﬁ n—00 \/ﬁ2n_2B(nT_1;nT_l) \/ﬁ

~ eV /2
C’nl/fs Jg(yi) dw,, — /Rg(y) o dy (n — 00).

2T, vnS"  ={(y1,. . yn) ER" |2+ +y2 =n} 1FEE /n O n— 1 RICEKE
ThHY, C, IFZTDIKADREETH Y, dw, 1 ZZTOKE EOHEMEERZRTHD. ZOFERIX
YIELE 21X Maxwell-Boltzmann Bl & U T E <K HNTWS.

9.8 n— 1 RFTHKELD—H2%H & Maxwell-Boltzmann 8l (2)

HIEICIEERE /i D n— 1 IROGERE ED—FRDAR D x; Bl DS O FRERAEHE F AL 53
TR DZEZEEAL 72

[FRRD FTIET, H% /n D n — 1 IRTCERE LD —HE53 45 D m IRTTEH 7 22 AN DSR2 A
m RTCORHEERDMIINR TS Z e & RES. LR TTOME 2 BHRICHL TH <.

DS 2 TDE £5| EH<.

n—m— 1 PouBAERE S = { (Tpgr, - n) |22 + -+ a2 =1} OMHEER
Zdo EEI =/l 41 CEE v, 0, DY 2 n—m—1 ROuH
ALBRTT LD AR DRI BT % &

dzy A - ANdxy, =" Yoy Ao Adxg, Adr' A dw'.

I, P o r = /ad a2 CEBERTDE = \r2 =2 — - — 22 D
or'/or =r/r'~t DT,

dey A - Ndxy, = r(r? — 2= D2 gy Ao Ndag, Adr A du
BRIz (i=1,....m) 25 z;=x1/r (i=1,...,m) (CZEEWHT D &,
dry A ANday =" 1 — 22— oo = 222 o A dr A du

m

U 72585 T, BROGFR R RER B FE B p(r) 12K L C,

/ g(Zl,,Zm)p(r)dxld.Tn

2 ne, = fil(l — 2 /)24y RDT, FIED lim,eo(l — y2/n)=3/2 = ¢ V*/2 5% ED
limy, oo /R Cp = V21 ZELL I ETE. EBE, TO UV ES S,
BLLEDFHEZWIZ/ZED I L& > T, W2 Wallis DARZEHTLZ L HTE 5.




9.8. n— 1 {RJLEKME ED—HRIT 4 & Maxwell-Boltzmann HI (2) 63

= 67(7?)—1/ 9(z1, .zl —2f — e — ,Z’fn)(”_m_%/2 dzy - dzy,. ()
P22 <1
ZZT
07(77;)1:/ " p(r) dr/ dw'
0 Sn—m—1
Thd. &2 EMEGELLEELTm=0DEE2FZdL c0 V=1 k5. ek

&V, plr)=e"2)2m)? L E B IZE ST, n— 1 IR HALERE O HFHE
00 ) -1 2n/27.‘.n/2 27]'"/2 7L7Tn/2
— n/2 n—1_-r?/2 — — _
/S dw = (2n) (/0 e dr) 297/2-10(n/2) _ T(n/2)  D(n/2+ 1)
CEIRIND (dw & n— 1 ROTHALERIED S OHEER). IRORNZ2 Mo/
/ e 2 gy :/ e_t(2t)(8_2)/2 dt = 25/2_1F(s/2).
0 0
BAZER% /2=t rdr =dt, r* Ydr =r2rdr EEBTNIEZONANRELND. LA

E&Y, [ p(r) dr EHIZ 0 — 1 WOTHBAIBRE O HMDOF IR D Z L & bnd. L
725 T,

Jordw  (n—1 ROEEAERE DT
T dd — (n—m — 1 GOL AR DB

bz/wbim*ﬂ(c DRTEEIRTH S .
R FBTFDE S IR I DT

f) =

) — / (1 22 2 Y2 g
z2i4-+22,<1
- / (R (Lt — )2 gyt
t;>0,> 7 ti<1
L(1/2)"((n—m)/2)
I'(n/2) '

2DOHDEST 2 = t; LEBEBRL, REDOEFESTIRORANEM>72: p; > 01T LT,

C(p1) - T(pmsr) _/ 1=l o 1(1—t1
- 1 m
L(pr+ -+ Pmys1) >0, ;<1

AEHD FIEIEAT Y B E X— B HBOERE o~ <HKRTHD. LLIFHEH
B(pla"'7pm+1) KE'< 2:7

_ = tm)PmH*l dty - --dt,,.

B(Pl, . >pm+1) = B(ph <oy Pm—1,Pm +pm+1)B(pm>pm+1) (B)

DRALT D Z DD, IFNETIHIHT 2 26 TED. FEB t,y = (1 -ty — - —tp_1)u
WZ&oTt, 6 u BB EWHmT S L

B(plv s 7pm7pm+1)

Ty =m+2 DX Y = 7m/2 T (m)2 + 1) 1& m R HEAERKD KBS L.



9. fFhk: B~ BMERDAIZDONT

1

_/ dtldtm_l/
>0, 7 <1 -1

p1—1 Pm—1—1 + -1 -1 -1
tl "'tmml (1—t1—~--—tm_1)pm Pm+1—1L, Pm (1_U)Pm+1 )

du

Ih&Y) EOAR (B) BKZT DI LB DnD.
D, RY N IVIERERZR (2™, .., Z0) OReREEEEIE

AR (%) £
gn(215 oy zm) dzy - - dzy, = cfff)_l(l — 22— = 2D 2 g day,

Thd.
&Y, o>0LT, V™, L) = e (2™, 28

1 m (n—m—2)/2
1— — 2 dyy - - - dy,,
( — ;y) yp - dy

DEIIERBT. 2 LT,

n—m—2

BOT (Y, .., YA) & n — oo Tm WEOEBDAEIT UMD XY NV ERERZS
R 2T T abb,

1
—/ 91, - Ym) dwy,
Cn(\/ﬁg) Vo §n—1
1 & 2)

1
W/ng(ylv'“aym)exp <—T‘22%
Yn) ERY [y + -+ 92 =no? } 1T Vno D n—11

ZZT, vnoS" = {(y,...
TERETH Y, Cp(vno) ETORMOKXEETH Y, dw, 1FTOIKME LOMBEERZTDH
5. T IZIE Maxwell-Boltzmann Bl & U T X <HISENTEY , 58K o? 134X}

1R D Boltzmann G kT 72 L R I N5 .

9.9 _—_IEHoWEFE—BR—I9%H
0<p<1&$d. ndHADEKTHD LT 2. MEREHELE B,, h/85 A —4—

n & p DTIE/HEIZLEDND LT
P(Bpn=k) = (Z)pk(l—p)"_k (k=0,1,2,...,n)

WAL T DI L THDEEDD. FHEFHIXTNT N np & np(1 —p) 12D, Kk
ik EletPrn = (pe' 4+ q)" L7825, ZHAEIFNT A= — n IZEHUTHAEEZFED.

Y B RN TR AW D AT &
6y (") AR n THNLTIRARWAS, n — oo DBIE TR 2 FEHE R4 1K T 5.



9.10. Poisson 346 & H > < 5040 65

CHDMBREE LY, p & —EDEE n A RIL<TDE, — np)//rp(l — p) 1A
f’*E%ﬁﬁj\Z‘E U2 D MERETIEMINS.
"HAMERE TR AOBRIIPA T D@ .
T(s+1)=s!, (8) =sl/(t(s — 1)) L/ L IZTBE

t
1 (a+p-1) (
B -n@-n @Y
BODT, INT A= — a, >0 ZFRFDH—FEN— & 7340 Ot 525 15 B EUE
—2
fa,ﬂ(p)dpz(OHrﬁ—l)(aif1 )pal(l—p)ﬁldp (O<p<1)

ERIND. FEF of/(a+8), 78X (aB)/(a+ B)* (a+B+1) &Y, a,B>1 Dk
SERHEIX p=(a—-1)/(a+3—-2) IZBRDZDTH>o.
WA a+B—-2=n,a—1=k D& X F—FHN—X DI DHMEREEREIX

oz—l—B—Q)

a—1

i) dp = ot D)o A=py a0 <p<)

ERYEEEIE p=(k+1)/(n+2), F8UE (k+1)(n—k+1))/((n+2)*n+2), &
BEAEIE p = k/n 127227

PAEDFERMNS AMB & n BIHEL T k B> 72 & & ADBIZHDMERIZ/NT A —
B—MWa=k+1,B=n—k+1DE—FXN—ZDMHIUZN>TND &AL &R R
ZENDOMNDT,

9.10 Poisson &AM

BRI R R Nap D38 A—& — \T > 0 @D Poisson 237462 L 723D &%
e~ (\T)k
k!
MWK T DI ETHDEEDD. LI EDL HE AT 285, T IFHET D RHED
EX% N IFRARED 72D ICENRERIE Z B [ OMAHEZ BRL TW5D. Ktk
B E[etNr] = A1) ¥ 223 Poisson Dld AT 1\ZDWTHAEMZRD. w2
DRBIREF L ), AT 2 KX T2 &, (Nap — AT /VAT IZEEEEB DA U208 filE

B CEHEPINDG.

Poisson 7348 & 7 > ¥ A OBRIZLA T DIE Y .

IRDOMEREE R TER I NDOMERSM % shape a =k +1 >0, scale Tt =1/T DAV
I EESIDTH > 7=

P(Nar = k) = (k=0,1,2,3,...)

—A\T T k
e dr = S0
SEENE N = (k+1)/T, 280E (k+1)/T? (280, BBEIE N =k/T 1275857,

OIS, T BARHOBHITENLRHREN k B > 248 51K, BALRFE D721
WCENBERHIEZ L FEBOFYE X OHEEMED shape o = k+ 1, scale 7= 1/T DAYV
RAMIZ UM O TN L ART ZEDNHHIIAMINRZ LA DN5.

"k ~np (n— oo, p IE—7E) B 5IE, n — oo TEIMHE & HAMEIEX p (PR L, 2HUE 0 IR T 5.
T8I TS \Z‘E@‘ﬁ
Ok~ AT (T — 00, AN F—E) B85 T — oo T L BHMEIZ N IZPORL, 280E 0 1IZTIUERT 5.

(A >0).




66 9. Ik BE% BREERDAEIZDONT

9.11 EFRBLEFREDKRMITLRERA

TSR AT 7 DIIFHE (TH) % A6 X ¢ B B B | AT 272 LT\,
o ElaX + Y] = aE[X] + BE[Y] ($E1E).
o f20K&5IE E[f(X)] =0 (BIHE).
o E[1] =1 (Biksfbsett).

ol INEFOWEEIPENRYDIENEZD.

WERZR X OFYAE (HIFHE) DIFEET DL IX B[|X|] <00 B2 ZELTHD. TOD
L& ux =LEX] 2 X OFIEE U <IZHIFHE L TR X O px WMFET D & &,
(X — px)? OFEHfEE X OREREIES, 0% ERDOU, DTSR oy % FEHEfRE & I
SR AR ERERICRD 2D HY R D.

LLE BX[] <00 B5IEX D r IROE—AYV MWMEETDLEN, E[X] %2 X O
FIRDE—AYREED. X D LIRDE—AY ME X OFY ux = E[X] THY, 2 kD
E—AY MIDWT E[X?] = 0% + u% BOT 0% = E[X?] - E[X]?> £%5.

MERER X T U T ox(t) = E[e™] & X OREREE RS, FrtkEud ¢ 1220V T
— R BRI R D R EREYE U W HER A BUIMER D0 2 Fr D8 MERER X, Y 2
A UHERD 2RO E, X ~Y EELZ2IZTS.

X ODrRELFDE—RAY MINIRTHEET D & F, FERE ox (1) 1& ¢ =0 T r [
sarggizny), oW0) = BIX (k=0,1,....r) &3,

X Y I3 HEEARO DI Z R OWREHTHD L 95, 2D F Cauchy-Schwarz
DAEREY, B[|(X — pux)(Y — py)] S oxoy ERZDT, oxy = E[(X — px)(Y — py)]
M well-defined (28D, |E[(X — px)(Y — py)]| S oxoy £%%. oxy & X & Y D5
BEIESR. pxy = oxy/(oxoy) # X & Y OMBEFRE L IER. HHERBOMSEIZ 1 IF
IZ8%.

FEABUIAZARILTD TR FIVOREL ISR L, HBRENE TR MVDHWED
g% 0 LESLED cosh) ITRHIBULTWD, HEREB X % FH0 01282 L5 Il
EVATBHIU 7 X — uy B MVOBEMIITH Y, E(X — ux)(Y — py)] HSREEOHML
MTdhd L EIFET I, BRBEETHEAZ I NG RTEITLD.

WERER D X; PHALTH D LIL, iy, .0, DEVIZRRD & X

Elfi(Xi) - fo(Xi)] = ELf1(XG)] - BIf(X3,)]

WAL T B L THD (fp 2HIFERERERE). X &Y W RL6IFE X &Y OHtsy
B e AHERRREE 0 12785 2%, AT U RV,

SORfER 25 (Q, F, p) ORI X & MERAH LIPS, WO X 12 [, X(z) p(de) ZHIEIED
P T IRHEER B L PO B ] & RDT.

SURE R AR & SRR 2] (Q, F,p) EOEBUATTHIHE X : Q R DI THD. R D Borel HAEH
ATKRUT ux(A) = u(XHA) LEDDZLIZE>T, R EOMRAE ux WEED. ux &HEREH
X OWERDHEER., £ LE ux M Lebesgue MIEDHE f(z) L RRIND L X, f(x) ZHEREH X
DOHEREEFR L TR, R EOAHIB g(z) ICHLT X & g D&BE g(X) L EL. g(X) BHEREHIC
2%, glx) WAEFEBBEED & ¥, g(X) OHIFFHEIX Elg(X)] = [pg9(z) px(dz) EEDINDG. X D%
BERE f(x) DFAET D85 Elg(X)] = [ 9(2) f(z) dx.



67

Dy 13T A= — >0 Z2ROMREBTHLL L, X ~D,, Y ~Dg THY, X,V
I THBETD. ZOLE ELE X +Y ~ Doy WENET D & X, D, ORI
FEEMEEROEED.

WERZR Xy, X, AW TH DL X, oxpoix, = [y 0x, BRLT D, DRI,
¢Yp, = ¢* WKILT DI L &, D, DHERDMIIHENZROZ LIXFEETH .

10 {I8%: B8 Tauber BUEE & F D0 A

10.1 AFEHESLS D Tauber BIEIE

EIHE 10.1. f(t) 1&t > 0 TERI N/ IEMEETHD IR F 72 (ZHFEN L T
5UHREL, a,a>0 THdLdd ZDeX

/Oxf(t)dtwaxa (x — 00)

NNESS

a—1

f(z) ~ acx (x — 00)

MBS T 5. (2 ORERORIZHHRORDOTLZ KR 2 THH LAKE LTWS.)

FEER. 97, f PHARADTH I GEEED . f BWEFARDEBTHL L LD, LED
c>1IZ/RUT,

— [y f@t)at < fo 0 f(t) dt. )
cr —x r—clz
Dk % qro! TEID &,
o fwdt [ f(t)dt Jo Fyde 5T f) de
axr® ar® < F@) o e axr® (2)
c—1 = axel T 1—c! ‘
WZIZx =00 &9 LITLTH
a1 < liminf ——~ fl@ ) < lim sup f(a:) < L= (3)
c— z—o0  ar® rooo AT T 1 — ¢

X5z e 1EdTBZLIz&oT
M@ S

a = liminf —+= < limsup T S
r—oo QT 00  ATYT

lim f(ai)l = q, 2FY  f(z) ~aaz® !t (z — 00).
z—00 ar®
82p <ol BHIE f(z) 2 f(2!) PRI T DI L% THFRED ] LIFATWS., FERBED IENTED LD
295 7200121 TIEINEE] LSRR ENE LAV, HEIZADETIDLD IZIEATVS. THH
B 2OV TEAEADEE 2 W THLETTESLLSHAKTH .
8BF(x) ~ G(z) (x — 00) IE lim, oo (F(2)/G(2)) =1 ZFEKT 2
8 [FEF(t) dt ~ ac*a® (z — o00) EHND.




68 10. g% fEELZ Tauber BIEH & ZOhnH

INT f PHRFAWADDEEG :fﬁN%:tﬁﬁ*ﬂt

I f RRFEIMOGE 2 RkE S . f BREFEAMNOEEIZIE (1),02) TRE SO E %
WU ZZFER N B NS, W AIZ, (3) T liminf & hmsup %X@D’C, ANEZSDME %
WCUZZAERMNMEOND. ZDZ LITERETNE, f BWHEFAEIMOEGE ISR T R I EERE

BIZEoND 2 e bng. 0
B a, ICRUT f(n) = an &2 TEE F(t) 2EYIEDSD 2 212 &> TROME
PELND.

% 10.2. ay, a9, as, . .. W FEMEEHHTHRFAFD 2 EHRFAHIMLTHNDE U, 0,0 >0 ThH
5895 ZDEE

n
Z ag ~ an® (n — o0)
k=1
AR~
Ay ~ aan®” (n — o0)

ANE RVAL RSN 0

10.2 Laplace Z#:D Tauber B FiE
Stone-Weierstrass DZ IHATLEHS 2 IV T EFTIRZRT D.

& 10.3. o(y) FFAXHE [0,1] O EMEIREIEBTHD LU, g(y) XK [0,1]
LEOBHBT—mR c € (0,1) TOALER TMDORTIXERLTHEIEDTHD &L, MR
glc£0) =lim~gglcte) WEAETDERETD. ZOLIF, MFERD > 0IIH/HLT, %
A P(y), Qy) T

||/\

P(y) = g(y) = Qy) 0§

y)dy < / 9(y)(y) dy,

/01g< o) g/@( Yolo)dy /lg<y>¢<y>dy+g

W2 TEDOPFETD.

SERR. Sl 2 i S IEAEE Q(y) DFEDAE FEIEE . (g(y) DRDVIT —g(y) %
% 2 0UE Ply) DIFAEL RINDG.) X512 g(c—0) < g(c+0) E LT L. (g(c—0) =
g(c+0) BHIE gly) DRDOVIZ g(1 —y) 2F AN L. )

o(y) FIAHTHEAEIARDOT N = [ |6(y)|dy = [, 6(y)dy LB L, N < o0 &%
%. gly) 10,1 EEREDT, 5 M >0 T |gly)| < M (0 <y<) & B It b OB
s,

EEIZe >0 2HL5.

o\
i‘i
|I/\

SSPH X B oD R R DM BB S T A B C —RRIE L X 1% &\ D EBE.
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¢ KD 6 > 0 12U, gly) 2EBT 2 EEEBEL g5(y) KDL S IED B
9(y) 0Sy<c—9),
9s(y) = { max{a(y —¢) + g(c+0),9(y)} (c—=d=Zy=<o),
9(y) (c=y <)

ZZTa=(g (c+0) g(c—=19))/6 THY, aly—c)+glc+0)=aly—(c—0))+glc—9)

ThdZliFEEt Lk ©&LY
-M=gly)Sgsly) M (0=y=s1)

BTV S. gs(y)o(y)| = Mlo(y)] (0 =y = 1) 2D limso95(y)d(y) = 9(y)o(y)
(y # ¢) 72D T Lebesgue DINHEH L Y |

1 1
tim [ astw)ot) du = [ aw)ots) dy.
ZDOZEe%ffioT,0>0%2+n/NIULT

Ag@awwgéwwww@glg@aw@+g

e EHIzLTHL.
Stone-Weierstrass DZIHAGGLUER K V| H 2L IHAEE Q(y) T

QW —9s) — 5| S 3y 0Sys1)

3N| — 3N
22T EDONEFEHLETD.
ZOEF gly) S gsy) S Q) (VS y < 1) HRILTEY,

[ @wot
< [ew) - a0 - | o+ [ atowast [ ooway
§3iN/01¢(y)dy+/olg( ot dy+ 5+ [ oy

1
e
- - N d —_N
3N.+u£g@ww>y+3+3N

- / 9(y)ély) dy + <.

INTRINIZ DRI N 0
EIE 10.4. f(t) &t >0 TEBINALFEAMETHHETH LD LU, 0,0 >0 THD EIRE
ERCIINAO P .

/ et~ — (2N 0)

0 x
AT

1/x a 1

/ ﬂmﬁwjﬁgrﬁ (z\, 0).

WIRALS 2. (H Y BB TR 2 BHIZ F O 2 RUZbn s )
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BEER. F(x) = [“e™f(t)dt LB &, RE F(z) ~ a/z® (x \,0) &V, k=0,1,2,...
WX LT,

F((k+1)z) = /000 e (e’zt)k f(t)dt

a a 1

X ik e
" (k4 1)eae :x_ar(a)/o e (e7) T dt (2 N\0).
ZZTIROAAZ > 7=

1 1 - ‘o1
—_ = T dt > 0).
o Do) /0 ¢ (c )

U723 THER D Z THAEE p(y) (2DWT

/000 e (e f(t) dt ~ o 1 ] /000 e tple )t dt (x \0).

2 (o

FHBS I [0, 1) L0 AR B o(y) %

¢(y) = (=logy)*™" (0<y=1), ¢(0)=0

EEDY y=e IZDOARERRZRD [0,1] EORK g(y) %

T ODMMHETD. ZDL T y=ct B,
/OOO e tgle N Hdy —e < /OOO e "Ple )t dy < /OOO e tg(e™ )t dy,
| et tays [TerEee tay s [ etae ey e
—H, ft) =20 THd I &LV,

/000 e ' Ple”™) f(t)dt < /000 e gle™™) f(t)dt < /000 e Qe ™) f(t) dt

[y oy)dy = [y (—logy)*tdy Ty=et LBLL, [[o(y)dy = [etoLdt =T(a) LBB. =
DIEDD Gly) = (—logy)* 1 Ik a>0 DL X [0,1] THUMATHZ I LBbI5.
STZ 2T f(t) OHEAMEH>TNS.
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BOT, 2NOEE% af/(2°T(a+1)) TE-ST, 2\, 0 DMREZHD &,

/ e 'Ple"t* 1 dt < liminf 2t 1) / e "tgle™™) f(t)dt
0

\0 a 0
< lim sup M/ e Mgle ™) f(t)dt < / e Qe )t at
z\0 a 0 0
UED2DODEEDIHREAEDE, e >0 2V H6TEHENILSTED 2 LIZERTNE
RMBALT D Z LN DN5:

zT(a+1) /Oo g /oo —t _( —ty;a—1
lim =22 t)dt = t*~Ldt.
lim —— e g(e™™)f(t) e g(e™)
FTROBIRNE SN
/0 e~ "g(e™™) f(t) dt ~ ;ial“(la) /0 etgle™ ot dt (2 0).

el <e @ &t <1 /x IZAMETHY, t<1/z DL X e””tg(e’ H=1¢8Y,t>1/z D
X gle™)=028DT, IS EORFMD LS ITESIEIND:

1z a 1 a1 a 1 a 1
o wrmyét dh= oot~ wiesrny >0
CATRTRE ZENFRTEI N 0

FOEMEFHOFTIEZGHOED Z LIZL>TIROFERPROLND.

% 10.5. f(t) 1Tt > 0 TERI N/ EMEKETHRFFAD £ ZIXHHFEMLTWd &L,
a,a>0ThHhdLdsd ZDLx

| emiwdn £ @

xOé

AT

b at® at*!
[t~ s~ (v o)

AN AVAC RN []

B a, IZHUT f(n) =a, ZWZITEE f(t) ZHEYNTEHRT S I IZE>TELLL
724, Stieltjes M MDEMZFEHLUEL Y, IHIT y = LEWNT 2\, 0 OKIE %
y 1 OMRICESETZLIZE>T, § USKIFEEIEHLUEYT Z L IZX > TLAFORER
PEOND. (1—e®~x (2N 0) THDILIZERET X))

% 10.6. ag, ay,as, ... [FFHFEEBIITHD LU, 0,a >0 THDLTD. ZDEX

lim(1 — ay’ = a
lim(1 —y) Xiy

Z a+1) (n — o00)

k=
DI B. (H Y W@ﬁf%é@ﬁi%?@&%%%hib#é) 0
88 Pl _E D Stone-Weierstrass (D% IH AT BUE B % {d 5 074 5751 Jovan Karamata (2 X 5.




72 10. 8k fHE L Tauber BEH & Z D)k
BEER. EHEEHUELTE IS 2>0& L, y=e* &BLE, 1—y~z (2, 0) BDT

F(x):= Z e "Ta, ~ 1% (x \(0).
n=0

WRIHERZED kE=0,1,2

k’ +1 Ze—nx —na:

a a 1 X ik e
~ —(k + 1)041.04 = $_04_F(a) \/0 e t (6 t) t 1 dt (l' \ O)
ZIZTIRDRAXZH > 77

1 1

__ L " —eterl gt 0).
@ mwA ¢ (¢>0)
U7223> T, [EEDZIHAKY p(y) 1I2DWT

— x* () (#0)
% JH A BT %L
() = 0 (0=sy<e),
Tl ey
2T BEZ LIl oTIRMELNGD,
N fnac a 1 /OO —t —t\pa—1
~— e e It dt x N\, 0).
> i | e @\ 0)
e b n Sz FAMETHY , n S 1/ DE X e g(e™®®) =1 2DT, §< LD
RO LS IZESEINS:
1
Z anN%L/ to‘_ldt:i 1 - 1
0<n<1/z v () Jy

*al(a)  z¢T(a+1) (#0).
FATor=1/n B, EAOM%E k=0,1,...,n DANZHESET &

>~

ZEMWRI N
%{‘ 10.7. agp, a1, Ay,
595 ZDLE

— .
Mot 1) (n — 00)
INTRIANZE

i
AFIEAEBS TR E 7B L TN S &L, a,a> 0 TH

o0

lim(1 — g ay" = a
y/‘l( y)* s y
I3AEEE 10.3 2 AWV 2 EEEW

89%'}&;\1 2 A

HMNBEIZR D, FOERDOFEME RV, X500 Ta, 20
ERELTOVED, E<ONLRNWEAD . EimDOEMIZ DWW TILEH 104 DFEAZ 2BE L. 2D AKX
Jovan Karamata (2 &£ 5.



10.3. Wallis DA & ¥ E5E 04 73

ANY~S

ZakN anNan (n — o0)
a+1)

AN D RVAC RSB N
EHE 10.4 D Stieltjes T2 IUIZIR D@ Y 90,

EIHE 10.8. o(t) 1F ¢(t) =0 (t < 0) Zi/z 3 AEGHFEMF KL THDE L, 0,0 >0 T
HdrdH DL ZE

o0

Flz) = /_ dpl) ~ L (1 \0)

0
AN
at®
['(a+1)
MIEALT B ]
ZOEMORINGZIGEE UT, £ U IEEM 10.4 DFEHH & 2R IZFAROEZ -5 Z
WL TIRDFERMPESLND.

p(t) ~ (t = o0)

% 10.9. )\, = 0 IZHFAEMBIITHD L L, 0,0 >0 THDL TS ZDL X

[e.9]

P R AL
n=1 e

ANCYES o
#n M S0}~ g

MNLT D, IS5 t=)\, DFEEEZDILIZEDT

A (F(a+ 1))1/an1/a (n = 00)

(t = o0)

a

EROEND. [

10.3 Wallis DR & W IEsX D%
NEBBUER (1—y) V2 =3 pany” (lyl < 1) TEH a, 2EDD &

a, = (_1)n(_1/2> G+ G-

n n!

1-3---(2n—1)  (2n)! 1 [2n -0
2nn| T 2n(pl)2 o '

9028 10.5 1, 28 10.6 HICHHEREICBEBEBSE TN TV D L) —RADGEIZET 2 2 E\T
B\ B 5 DOMED B EERE LTV D TREFA S iz 7&0’@‘6
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4 DOHDFESTHTARIZ2-4---(2n) =2"n! 272, I HIZ

n+1/2
n+1

D2 a, IFEEEFRDBEIITH D, (1—y)/2> 0 jay" =1 8D TR 0.7 2 AT
22 LIZESoTIRMELNS:

1 [2n 1/2-1 1
C‘":ﬁ(n) ~ TR v o)
AL Wallis DR & IFEIEN TV B!,
WEREDANHETRE —DDNNE—=VIZDODWTEHIAL &S5 . ZTD 72O EMEES] a, 1E
Wallis DA R DWHEZEH) a,, ~ 1//7n (n — 00) Zifi7z LT EARE L, pur = artn_
B ZD0EE RELY min{k,n—k} = oo IZBNT

Apy1 = Ap < Ap.

1 1 1 1 1
pn’kN;\/k‘(n—k‘) o /E(l_ﬁ)E

EBBHDT,05a<bS1ITHLUT,

lim

Z Do = lim /
e a<k/n<b e a<k/n<b A /S 1 — ﬁ \/ X 1 — J,‘

TR EEE 71 (2(1 — 2)) Y2 doe DVED D RERD AL EEA A LIFENT NS, 20
KD ITIEIEN D BRI T D RBREMER S A HEAIRD & S ITHIELHRB TR DI NGNS
Thbd: s

1 (" 2 (V' dy 2

;/0 —t(l——t:;/ — 2:%arcsm\/5.
Z OWMER DA IEIHLD (2,y) = (1/2,0) THEMN 1/2 OMEA EO—ks5M% o il EIZH
FUZEDIZFEL.

Z D & 512 Wallis DA AT DL ZFE ORE N S W EE TR S . £ LT Wallis
DA REDFHEZEE) L Tauber FLOEH (R 10.7) HHHTHKD. —INR 1IRTT ¥ X L
4 — 27T DM ERIERNE T D & D RS THEHI NG,

WERGIER & 1E TEARE U <IZHRHED 0 THRO SR ZFD & D BFE SN O H
%é@“é LIRTET VA LD F—27IZBWT, Fa & ) HRIZE £ > T2 ORI OHEH &

A PSR T SRR R D MR TR A PR G D 1 WSRO Z & TH 2P, Wik
fEUODHEHHC» EDRY R UWEENBEIZRS. MR 1/2 TEAIZL ATy T4
QHME T VALY A — 7 I 2 EREIOGAETI X, flAGHOERIMIZPP I L
VRSB EIZ R 5%, 2 2 TR T DOFOmAIAER I U nZ 22T 5.

9 10.2 HiXH 10.6 i TESI L /2 &+ 7D Tauber BUERIE Wallis DARD—fL7E & ARED.

928% U < I& Frank Spitzer, Principles of Random Walk, Springer GTM 34 (1964) M2 20 fi% 2@ &.
FRIZZ D pp. 225227 H7- D) 2 BT HIEZ D) — N OEBERDLDIZIETTHS.

BEMIR T ¥ A L A — 2 O ERKIERIOFERA I B AS D B A IR, feRamas &4 8%, 20030525
UK EE [Z 0 X L0 4—2 <) ZARED L HA (2004) O 1 ZE2 S U THRLW. IRED
FHIADPZNZEDIEFIY—E2ZABMBIERTENE R LU VDT, BEEIFEIDANIZIZBETIOHTES.


http://web.econ.keio.ac.jp/staff/hattori/srw.pdf
http://web.econ.keio.ac.jp/staff/hattori/kyoritu.htm

104, x—x24+xt x84 x16 - x324... Tx "1 &§5L? 75

U2 U, BIERIRANS L AVERERAPZ IR AL LT %

#H#{ () € {£1}" |na < #{k|z1+ - +xk>0}<nb}

s o / m

o L / / p p 1 /b dx
m — P Tq - xn e _—
n—oo 27 : . ! TJa y/x(l —x)
—1<zy,..., Tn<
na<#{ k|:c1i|- +zk>0}<nb

FyY U I ZWE, fE o+ + 2, >01F TFOTWSZ & (M—=&)IVTH->
’Cb\éﬂﬁ,m) KU, #{k |21 4+ 2, > 0} PO TWREHOEI2EKLTE
ZMna < #{ ko + -+ >0} < b IFFN TV B IFH DRI DEED o LYK
eg’< b LD/PNINWZ L ZE ﬂnt\b’Cb\é T VRN F— 7T B ERIERNE TFNT
WARFHEDEIE] 23 n — co THIERAMIZLAEZND 2L 2EHRLTWD

104 x—x24+xt—-xB4x16-x324+... Tx N1 &95&?
B F(x) %

Flo)=o—2*+2* 2% +2% -2 ... = Z(—l)kak (lz] < 1)
k=0

EEDD. ZDLE x 1T Flo) 3RS 257 JURT 2 & U7xbZDIHREDEIK
A 12 72 % H3 994

IR 2 & U256, TOIPNHEIE 1/2 TRITFNIENF RN LiFg <Iicbhbnd. &
NENY A

F(2*) =2 — F(x)
MELL TV NETHD. X HICHIEFHELTAS L, 2 21 DEL T F(r) Ofti 0.5
IR N bbb, 282X
F(0.99) ~ 0.494098, F(0.999) ~ 0.500124.

Flx) &z /"1 T12 KT ZDEADMNY
BA a,, s, =

F(x)zzan$n7 Sn:a0+a1+...+an

LEDD. —MHIT
Zanx” =(1—ux) anx"
n=0 n=0

DR
Sp=aptar+---+ay,

R Z DRIEDIZELE % Peter Duren, Sums for Divergent Series: A Tauberian Adventure, 2013-10
EHA T 1K) THEAZ. T &hiE G. 1. Hardy 252 ORI % 1907 41072 5 LW, BEFE T h
i$ 2 1T Fz) O 0.5 ORFAZ NS <ERICEHL TV 2 H 72 R6NE. TUT EOMEAS 1
RCIFEBICHRICHIRE L TS Z EAGEHINT NS,


https://www.uam.es/personal_pdi/ciencias/dragan/respub/Duren_Tauberian_Talk_2013-10_UAM.pdf
https://twitter.com/genkuroki/status/734774669069287424
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R icEEYT L.
LK T

F(z) = a1 — ) + 04(1 — 2%) + 291 = 21%) - = (1 - ) (@),
f@)=z+2'0+z+22+2°)+ 20+ 4+ +2) +--
=z+ (@' +2°+ 2% +2") + (20 + 2T )

EBBDT, 5,20 ThHD. DAIZEHLLE
JICI/HiF( —il/‘H% (1—x) an:ﬁ =a

EPERT 261K, 2106 (a=1) &V,

EPCRTZIETTHD. UL,

4k — 1
. SO+51+---—|—$22k_1 . 1+4+16++4k71 . 4 1 1
lim = lim = lim —— = -,
k—o00 22k — 1 k—o0 4k — 1 k—oo 4F — 1 3
4k 1
. 50—|—81+“'+522k71_1 . 1+4+16++4k_1 . 4—]. 2
lim = lim = hm =3
oo 22k—1 _ 1 k—00 %4k —1 k—o00 %4k -1 3

BOT, n Y0 ysp ldn— o0 TPORULAW. U2 Ta M1 T F(z) BIURL AW,

10.5 Laplace-Stieltjes Z#t

DARIEEE 10.6 HiD 72D DHEMTH 5.

( ) IE R EOAEGE D EFIERADOTH D LINET S,

W, B U8 lim, o F(2) =0 & limyoo F(2) =1 PERAZLLUTWB ARSI, F(r) 1
%Eﬁ%ﬁﬁ@ﬁ%b<ﬁ$KﬁﬁEﬁtW$:tﬁ%é.%@&%Fﬁﬁ@@ﬁqu
TOMEIZRZHER] ZEIRIND. LR Tk F(r) PREBEERSMAHRBIIZ>TVD &
FARE U 7R,

F(z) WHEFFERFDTHD Mo, FED o € R IZBWT, ENSLDMR F(r —
0) = limag F(z — ¢) BWFEHET D e BDnd (LICERBFEROESIT ERE KO MH»
5). I 56T Fx) 3HEGADT F(r) = F(z +0) = lim F(z + ¢) L TW S,
Fl)-F(x—0)>0 B2 EHB F Wi o TRERZZLIZAMBETHD. 420
L F(z) 3RS 2 T Fz) - F(z—0) >0 DAZT LYYy TULTWS, 2D L
D F(r) OFRER LS~ TRETH D Z 2 Bbh .

95 [ (z) AR (5 U < A MD S ) ThD LI lime o F(z +¢) = F(z) BEZLTVNE 2L ThH
5.
9 P() BRI LIE 2 < o BHIE Flz) < F'(z) NRAZLTVWS Z L ThH 5.
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F(x) (29 % Lebesgue-Stieltjes Bi47 &
pr((a,b]) = F(b) = F(a)  (-o0Sa<b)

%729 Borel I up (—EWICHEET D) ICHETIED L L TERIND. §2DH,
Borel £& A IZ2WT

[ 1@dr@ = [ 1) ustae)
LFEE, TN % Lebesgue-Stieltjes B L TR, HIE pup(de) ODRDVIZ dF(z) &FELZ
EMLW. Fx) BN o =a CTEGEZIEE pup({a}) =0 IFFEMIZZY
F(b)—F(a):/ dF(x):/ dF (x) (a < b)
(a,b] [a,b]

MRALL T2, 2DHDESIE a=b THD o =a T F(r) PAEGER L SRILL R
ZEITHEYL E LY R L0 Borel #IEE 4 BMEED x € R IZOWT pu((—o00,2]) < 0o
27U TR R5IE F(z) = u((—o0,z]) B L F(r) (3482 BFAFERAD B E T
lim, s o F(z) =0 272U CEY, p=pp PWEILL TN,

X[ [a,b] (a < b) ZB1F % Riemann-Stieltjes #4531 [a, b] D53 El

a=x0< T <Ty<-+<xy =D, ¢ € [xiq1, 4]
zHY, .
[ Hwar@) = im 3 s ) - Fo)
CEEIND, - o TN S BT S, (o) DS b

/ f)ar) = [ e

MWHAZLL TS,
DRTIEISIZ F0)=0 LIKETS.
p MY (0,00) ED Borel fllEED & &

=W 1 O Laplace 2 L IF.R. £ 1) —f%iZ
| et utao
% f(z)p(dr) @ Laplace 21 & FE3.
FR 10.10. p AYERBFE (1((0,00)) < 00) D& &
M) = [Tt <0 (520)

p BERMETREWGETH>TE, M(0) < 0o BHIXe % u(dr) WARHEZEH DD
T, JEIRHIFE D Laplace Z#1 123 2 D L < WERHIE D Laplace DG E 12w
THIEDDNSE. XI5 e u(de)/M(o) DHERAEZEDD Z b, % < ORTEMN
WERHEDOGEIIRETDI I LEDLNS. ]
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8 10.11. g, v (& (0,00) ED Borel HIED & &, +3KEL s IZDOWT

/000 T u(dx) = /000 “Ty(dr) <

PALLU TV RO p=v &85, T8DL, +HKER s IZDWT pu,v D Laplace &
DA RZAEIZIER U T DFE L WA LI 2 DDHIE v i&—HT 5.

BEER. EE 10107 A T7 2 flis 5. A= [Te " pu(de) = [T e " v(dr) < oo D& ¥,
w(dx), v(dr) DTNTN%E e u(dx) /A, e=* I/(dx)/A ’C%‘&*]@‘Z.é EiZ&oT &
v IFHERJETHDLRETED. ZOLE AERED s = 0 12 L TENSOD Laplace &
I ERZMEIZIR TS, FMHES f:(0,00) = (0,1), 22—y & f(x)=y=c EED,
(0,1) FOMERHE /v %

LD L,
/ — ST (dI) / —Ssx (dx)
0 0
D &S I B EE XIS (BHED):

1

i (dy) = / v /(dy) (52 0).

S~
<

FRZ ff &V DE—AYVIDPTARTELY. PRIZ W=V T8O p=v THDI M
b, ]

AR 1012 (E—A Y MHEIZOWT). ARKE EOMHRIZIZTDE—X Y M EAIZ

Lo T—REMIZPREI NG, U USRXHE EOMRRE DS GIZIXT S TEARW.

EZNTHFBIEEMDAEIEZZDE—A Y "B M0 —RITHRE I N, REEEHEE R
A DOMEREBEEHBIIIRTEH 2 6ND:
—(log z)2/2

f@Mx:i;%ri? (x>0), flx)=0 (z<0).

s(y) XA 1 2R OEBEFHRH T T OMSEIXHEIC 1 LR THDLT5d. 2L 2IE

s(y) = asin(2ry) (la| £1) THdL945d. LT

g(x) do = f(2)(1+ s(log2)) da

LB s(z) OMIEITHIZ 1 BARRDT g(x) 20 &85, 20D g(z)de R EORER
W 2 2, SABEEEH N f(r)de ERAUE—AY Meb2HOZ 2R UEWV. £
DOITIFE k=0,1,2,... 125 LT

& 1 o dx
2F f(x)s(log da::—/ zFe= 108225150 o =0
| @soa)an = —— | s(loga) 5 =

& Z1F p(dr) = p(z) dz DL F 1 (dy) = p(—logy)y " dy.
98Stone-Weierstrass @%Iﬁﬁﬁ@{m@%@ofuﬁﬁﬁf%é HEHHM DL IERIZ & 5 —HOE A a fE 72
DIFEREARE EIZERS Z S IZEEY &, #E 10.13 OFFHH & FEED HiEEfi> CIHTE 5.
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EREIETATHD. MOERE v =ev™ LEBRT L L, s(y) AW 1 28> &Y,

ky+k2 y+k:) /2 k) d €k2/2 y2/2 d
+ = e’ /'s
N / s(y +k)dy 7 ) (y) dy

s(y) IXAHEZ 272D TIORDIX 01285, ZTNT g(x)do I FHERAEZEDTDE—
AV N BB E RO f(2)de DE—AY R ZBIZE LW EBbhro/z.
PAEDOHIE, Willium Feller, An Introduction to Probability Theory and Its Applications
Vol. 2, First Edition (1970) @ VIL3 @ p.227 DHIOF| S ELTHSH. T II2iE T2 Dk
HNE C. C. Heyde I2& 5] LFENVTHD. IHIZEDFIZIFUTOLISIZENTHS:

(1) R EOWERDHD k IRDE—AY Ny LEL L E,

=1
2

BHIE, E= AV b OE & OMERDAN—RIZHRE S (Carleman DOREHE).
(2) TNE Y FNFER: BMBIRDE—A Y 2B 6/ 6N N S

e Z2n
; M%m

DUHCERED 0 kD KT VESIE (THDBHZ 2 > 0 18 LTIORT 2 %4 5 1F),
E—AY Nbinb b & ORERMEN — KR IE X N2 (556 i XV 4).

BT DIZERDE—AY M 2bDWERKEN+S/NIITUEE—AY N E2bREE L D

ROMGE—BERIZREINS.

S BAEHE EFADAGD E IRDE— AV N py 1F o =eVth EEREMT L 212L5T
0o ke—(logx)2/2 dax

_— l’—_
He= | N \/27r/

2
ok /2

ehy+k? o—(y+k)?/2 gy

— - —y2/2 dt — k2/2

7 ) e e
CEMEI N, IKE kO 2 IR DB ORI TRHIIWEKRT LI LW bnd. (£0D

HREIE K ~ exp(kloghk — k + (1/2)logk + log V27k) &V EIZKZIW)
WEREI X D EIRDE—RAV N 1y DED BN

o0 k
> (#)
k=0 )

DIFALEMSETH B 2 & & ED (2) DR SFIOWHCLENETH S 2 L XM THS.
BERLIE BIX[2 Y <1+ BX2] =14 f1an ERBNETHS:

B[IX[*" = E[Lx< (X)X + BlLxz (X)X 7]
S 1+ Bllxz (X)X P S 1+ E[|XP"] = 1+ pa.
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WD 2T, NEFE (#) OWHERNER S, HD r >0 BEELT,
X = 2F
B =Y msy (e <)
k=0

WRALT D, DT enD X ORI Ele™X] (t e R) WE—A Y Mebh b —EIZ
WED LD, HERDGIET ORERBN O —FERIIRED DT, NEFRE (#) D
INHCEED 0 TRVWARLIE, E—AY NabIlk > THERD AN —BIICHRE D Z 2%
Moz, N

10.6 Laplace-Stieltjes Z#:(D Tauber & FiE
8 10.13. g, p & (0,1) EOHBR Borel fIETH D & U,

1

1
lim y’“un(dy)Z/ v uldy)  (k=0,1,2,..)
0 0

n—oo

BRTZLTVR EETS. 20X u({y)) =0 ERBTRTDA y e (0,1) IEHNT
Tim 12, ((0,9]) = p((0, )

Y55 FRbYL, AR ERZ D & F(y) = 1,((0,9)), Fly) = p((0,y]) &%
DBE, F PEGRICRDEZTRNTOR y e (0,1) IZHBNWT

lim F,(y) = F(y)

n—oo
AN

SERR. p,, p WEBRHETHD L LRED k=0 DHELY, HEEH C > 0 BEE
LT
pa((0,1)=C (n=1,2,3,...),  w(0,1))=C

YRB. REEY, TRTOSHEREK p(y) 1I2OVT

1

1
tin [ pw i) = [ pnti) k=012, 1)
DAL LTV,
FEREIZe>0 ZWoTHEET S.
€ (0,1) & pu({a}) =0 ZfiHE~ZLTVWDEL, 0 < § < min{a,1 —a} EIRETD.
p({a}) =0 &Y u(0,a) = p((0,a]) = F(a) £%%. R LOEGEE g5(y), hs(y) ZIRD
EDITEDD:

1 (y = a—09), 1 (y = a),
W)= (a—y)/d§ (a—6<y<a), hy)=<1-(y—a)/d (a<y=Za+)),
0 a<y), 0 (a+6<y)



10.6. Laplace-Stieltjes Z#10D Tauber B4 E H 81

XLIZRDEDIZEDS:

ZDEE, LLRMEIN LT WS
0=gs5(y) < g(y) = h(y) < hs(y) =1, lim g5(y) = g(y), lim hs(y) = h(y).

W Z 1T Lebesgue DYHERL & 11((0,a)) = p((0,a]) = F(a) &V

1

lim i 95(y) p(dy) = Fa),  lim i hs(y) pu(dy) = F(a).

WRIZF5 60 >0 2/NI<H>T,

/0 95(y) p(dy) — F(a)| < e, / ho(y) p(dy) — F(a)| < e 2)

L7825 EDITTE 5. Stone-Weierstrass D IHAGTAUEIRIZ & > TR % 1§ 72 9 2 JH A A
Ply) & Qly) BHELET 2 2 L DB B

P(y) = gs(y) = g(y) = h(y) = hs(y) = Qy),
|P(y) — gs(y)| S e, Qy) —hs(y)| = (ye(0,1)).

DL X
/01 P(y) pin(dy) < p1a((0,a]) = F,(a) < 01 Q) pin(dy), 3)
/01 P(y) p(dy) — /Olga(y)u(dy)’ < Ce, (4)
OlQ(y) p(dy) — /0 1h5(y),u(dy)‘ < Ce (5)

D212 (3) T (1) VB

/0 P(y) p(dy) < liminf F,,(a) < limsup F(a) < /0 Q(y) u(dy).

n—oo n—o00

LIAM, (2),(4),(5) &V e >0 2NILTBL [ Py) p(dy) & [ Qy) p(dy) 1F <5
TH Fla) ITEML. W AIC
ILm F.(a) = F(a)

EBBIENDNE. TNTRINET I LHIRI N 0

99Stone-Weierstrass DZIHAGEBLER &V, |P(y) — (95(y) —/2)| S €/2 (y € (0,1)) %7~ § L IHAK
B P(y) BMEIET S, Qy) (22T H AR
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Bl 10.14. EOFBEIZHNT F 2EKAR y T Fo(y) 2 Fy) IR T 2 Z & %2RU
M, F(y) 75%‘@%%7&,@( X Fo(y) 25 Fy) IZERT 2 LIEES 2. 728 21 a € (0,1),
0<e<1l—alZNUT, @ikl b F.(y) L AHEBHE F(y) %

0 (0<y=a)
0 (0<y=a
Fy)=q(y—a))e (aSy<a+e) Fy) =
1 (asy<1)
1 (a+e<y<l),
EEDDE
1 1 a+e 1 (a+€)k+1 ak:-H 1
k _ 1 k7. _ k _ Kk
/Odeg(y)— /a y" dy ) . , /Ode(y) a
ERBDT
1 1
: k k
l{% yrdF(y) = /0 y dF(y)
&Y, a MDD y e (0,1) (22T limag Fi(y) = F(y) £%%. UL»U F.(a) = 0,
F(a)=172DTy=a TIETDRLZE. N

W 10.15. F,(z), F(z) 3G EREHFRIERDEET 2 =0 T 0 (< % COTHEHLT
5. ZOLE ADREBNIIHUC, [TeMdF,(z) (n=1,2,3,...) & [T e dF ()
AR L,

lim e M dE,(x) = / e dF(x)
0 0

n—oo
ML U TWBS 2 5IE W F WEELRTARTORE 2> 0 12BN\ T

lim F,(z) = F(z)

n—oo
L85,

BERR. fn, 1 13 pn((a,0]) = Fu(b) — F,(a), u((a,b]) = F(b) — F(a ) (a < b) %/~ 9 Borel
{EJﬁ?Tﬁ)éZﬁ—é RELY, 2 0 > 0IZD2VWTA, = [[Te ™ p,(de) 72H& A=
J" e p(dae) IFAERDMEIZZR D . JE L, [t & fin(de) = ey (dx), fi(de) = e pu(da)
r‘:E&Dé c‘: un((O, 00)) = Ap, 11((0,00)) = A 8D pip, p DROVIZ fi, i BFEAZDZ
CAT pg, p IEERBETHD EIELTEWV., TOEE, BREM y=e " I2&2T, Z
DOHEIZE TS (0,00) EORE%E (0,1) EORMBEICBET S48 1013 1IZ/gETES. [

EF 10.16. W L(z) 2 x — oo IZB T HBEHEE (slowly varying function) TdH D
I AEED c> 01T/ LT

L(cz) ~ L(z) (z — o0), THEDL  lim Liea) =1

soe L(a)

BEALLTWS I EThD. b 2iE (loga)’ IHBEEHHECTH 5. [
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EIE 10.17. F(x) 1& 2 = 0 (21 2 4k 2 BRI (R T h Y, F(0)=0 %
WELTOWREDTHY, a>0 THDEU, L) IF z— oo LB ITIBELHRMTH S
LB ZDEE

MO\ = /0 T e g (1) ~ ALY (AN 0)

BoE
) 7 M(z™h) x*L(x)
@~ e D " Ty ®7
AN AVAC IS
SR, SR Gr) %
xa
G():F(a+1) (x20), G@)=0 (z<0)

EEDDE, >0 LT

e “dG(x) = —/ ey = / et dt = ¢
| @) =161 J, () Jo

MWENLT S, 2 DOHDEST z=t/c LBV
c>0D&E M(\) OFREEENIETHRELY,

M(eX) oA L{cIA7h . o
MOy T ey T —14 e dG(z) (A N\0).

XI5 M) DEFRLY,
M) 1[0 © (F(/N)
MO :Mw/o oar = [ d(M(A))‘

lim Oooe_“d (%) - /0 T emaGle) (0> 0).

L7=ds>C, i 10.15 &

Wz

F(z/\) () = x

Yo M) (x)_l“(a+1) (z>0)
LB, THRDL o
M(N)x®
r=1¢EZ, N2 2l TEIMRADILIZLST,
Flz) ~ M(z™1) z*L(x) (z — 00)

Tla+1) T(a+1)
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11  {F§%: Taylor O EEICEIERDEA

[(B#0)=(Taylor R D@&H & T)+(RIRHEH)] DEADAA%Z Taylor DEE L E 5.
Z DTl Taylor OFEFDZH D I OWTHIT S, ZOHMOHNEIZIEFEIZH L.

11.1 FBERERIEE Taylor DEHE
o R I N RIRIE % £ D Taylor D&M IE

+f ) day

ZEAICRED R UAWSD Z LIk >THEHMEETH 100, FEER, Z i

+ /: 1" (x2) dxo
£@) = f(a) + f(a) / "oy + / " da / " () .

Z 2 CHRROM R 2S5 T /DI

/: dx; /;1 [ (w2) day = /: (/:1 f”(xg)dx2> dz,

EVWHEZITHEHWEZ IHI
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