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3 6 5.836 - (2.73%) 5.998 - (0.028%)
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X2 L REEINIMEREBY, OWERDIAZHBE n ODAA 2TRDHLIFS.
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BAOSET T(1/2) = /7 &lio7.

Mt ZDOMATIE, HHE n 2 KEIL<TD L, W1 2EWL/MHITFEIN n THED 2n D
EHAHIZP > DEMN S ZENISHMOENT NS, TOEEIIHN V¥ 54D HMEIRE
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Vo=(X1+ +X,—np)/Vno? B LY, DFEHENRIEZNTN 0 & 11285,
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1 [~ t\"
fnly) = ﬁ/ e My (%) dt
W22 23U n — oo THREMEIE M43 A D 3R % K 4K

00 )
i o~ ity o—t3/2 gy — e v/
21 J_ o V2T

(PR 2!

2.6 ZIE2HmDHOERREER

PAETIIHERDAD THEY)BRERTOPGR] IZOWTIEFEAEMEHIAL AN o72. =
DHITIEZ D I DWW T IEH A ZHNZ W T RHEEIZEA S 5 18,
X, MZHEDG T OMREBD L X, g(X,) DIAFHEIX

==j£:g(k)<z>zfq"k

LREHRINDG. 2ITO0<p<lg=1-pTHY,n FEDBKTHD LU, (}) 1T H

R RO
; n| n - n .
<k):m (z+) zz(k>xky ;

k=0
E[g(X,)] 2B DR TEL ZOIIET IV RER (TIVEHE) §(x —a) de &6 5 BER
H3:
n
Bl = [onds, g =X (1)t b
k=0

ot/ /)" AETRA 7 BIE Y, 1T 3 Fourier KA RO RIZEEIC A 24, AR TRVEAIC
WHIEIZ ) HIEDOPUR2E 25 2 LIl85.

6 —fIZiE R EORERHIIEICRS.

RGBT ISEY R REIRTOINKR 2 ZE X D2 BENDH D,

By 477 OIS 24, BEREmIT LR,

VTN (T IV AWE) 6(x — a) do FEFEE f(2) 12HUT, [ g(@)d(z —a)de = g(a) 12&2T
EBINTVWDEEZD.




2.6. IHZAT D HUO R E B 11

ZD &SI, TS OMEREEEI [, (x) XTIV AEE (TN ARE) & fioTRbIN
2 EEZ LN, BEOKBCIEA < BEE (&Y EHICIXE) 128> TUES. FHCHER
EERBOPR 2 @HE ORBOKRINKTEAD I LT TEIRIRD.

ZD & 5 BGE IR EEHO L SR TR < IFHENEE g — Elg(X)] O
WK % # 2 AUE 0.

BRI R AT, OB ¢ 1283 Eg(X)] 28> OTRAL, H2RHAEHD
His g 12T 2 E[g(X)] 28\, TORBIBEEOFEN S —ROBEEEL LD &
DRIENELITThND.

Z DHILFI D TERZEI X OFRERE ox(t) = E[e®™] 2> 2L THh 2. FriEEBUL
R ETHEIZHOSED 1 DU DO —FREGE R U R 5

lox(t)] = |E[e™]| £ E[[¢"Y]] = E[1] = 1,
sup |ox(t + h) — ¢(t)| = sup ]E[e”x(e”h -] =FE [|eihX — 1]] — 0 (h—0).
teR teR
BED 0 NOPER T Lebesgue DYNHEH 2 FW /2. B g(z) 3
@) =5 [ g
g(@) =5 | €5
ERDINTVWALTEY ZOLX Bl LEADIEFR2XHMTDHILI&>T

Elg(X)] = = /mau)E[e“X]dt L[

:% » :% .

J(t)px(t) dt.

ZOAREY, HEREHH Y, LHERER Y 1ZO0T, FEEBS oy, 2RIERE oy
A RIPOR U TS, Y72 27 5 22128 ENDERDOBEE g(y) IR LT Elg(Y,)] &
Elg(Y)] IZIRT 2 Z & 2325, BEHERZK 2 50— RO 56 O HoD R E HL
ZO&> B TENMEING.

TR MERERY, ORVERE oy, DI o IZE IR LU TOTEINRLDEE ¢ 23d
B MERZI ORI R 2> TR WG E IR Y, IFHERZBUTPCR L B, K

PEEIF] oy, DEACCHBER BIM o 1 AR B 1 518, R o % FFORERAKL

“IES A DO HROMRIRE R 2 RE S . IHOAE DR EEUE
ox. (1) = E[eitXn] _ ;0 pith (Z) pkqnfk

. n 3 — 7 n
= (k> (pe")"q" " = (pe" +q)
0

k=

20Z DFRIDOINFIZFIINR & IEIEN S .

722 20F g(z) BWEBAEBTHNIXZBDEE g(t) TZDEDIT g(x) 2RRTED.

27 L ZIXERBEGERBRDES.

BEBROFEHTIE, g(y) P2ABDEHETH D &5 BFENGOEE PR E R L, TOMEE UT g(t) Bk
VIRV D7 F A (Bl ZIXEFERHBDOES) ILHEEFNILEDOMEREEL.

24Bochner DEH.



12 2. AV DAADOREREZ 72 RR 2 b DEH,

BB, ZHMMDFFE REIEENTI p, =np & 02 =npqg THD. DR ITHEREE

In v/ 1pq)
DT LI TNEN 0 L 1128 Y, T ORERI
oy, (t) =E [eitYn} _E [efitnp/\/nimeitXn/\/qu]

_ efitnp/\/nToqgoXn(t/\/n—pq> _ efitnp/\/nipq (peit/\/nTJq + q)n
_ (peitq/\/rpq + qefitp/\/nipq)”

L7252, X, OFEERBOARNEREETIZ, X, —np = X, (p+q)—np = ¢X,, —p(n—X,,)
ZHWT, EEMNIZ

Py, (t) = E [¢] = B [eltaXn/vipie=ite(n=Xn)//npa]

_ Z pitak/\/pd ,—itp(n—k)/\/7pq (Z) pkqn—k
k=0

S () o
k=0
= (peia/VTPL . geitp/VPa)"
YEETHILETES. ZhIZ

. 2
peitq/\/npq =p+ itpq _ % +0 (L) 7

Jnpq  2n ny/n
: 2
—itp/ g _ ,_ _WPg _ ptT 1
g¢ 4 Jnpq  2n +0 ny/n
ZRATDHE
t)y=(1- ﬁ +0 o ’
Prallt) = 2n ny/n
DT
—t2/2

lim ¢y, (t) =e

n—00
— 73, BHEIE R A9 D HERZE Y DREBIBUE
A o —y?/2 )
oy (t) = Ele"Y] = e’ dy = e /2,

o V2
INEY, #EYRT T AIEGENDEE g(y) IZD20T

lim Efg(Y,)] = E[g(Y)]

n—oo

LRDIELZRED. DL

n

, k—mnp\ (n\ 4 . /°° e V2
lim P = dy.
H)okz:%g ( npq) (k)p q )=y

BELZEp=q=1/2DLE gy, (t) = (cos(t/y/n))".
26 2 DIGEITITAFREREER o Sy < b TEN 1 IZTEDTHRVE X 0 ILRDEHER Y.
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) MaSySbDEZEMN 1IZRY, TOITRVE X 0 IZRDIEBDLEITIE
. X, —np be—v*/2
lim P <~ <pb| = —d
n1—>n<r>lo (a - /npqg — ) a V2w Y
PAER IS OMERZEH X, OHFMRREHTH D .

3 Laplace DAEICL 528

HiEl & TIZEHHA U 7z Stirling DA XODFEINZAE I AT > < B (H >~ 4347) ' Gauss
My (ERDAE) THEBIND Z & Z2HWGEHZ L EZE X 5N 5. Gauss D IZ L DMl %
Laplace DHELIERZ E03H 5.

3.1 AVIEHHD GaussTEDICL BEUEFE>-EH

AV IEBDOE%E Gauss B3 CHEHBLLEIT S Z L 12 &> T Stirling DAXEZRT D,
log(e *2™) =nlogx —x & x=n ’CTaylor)EF%ﬁ'é‘ét

)2 )3 )4
nlogx—x:nlogn—n—(xQHn) +(:v3n;1) _(x4n;1) +

BOT, n BWREIZLE I =T(n+1) = [ e a"de W

00 _ 2 o]
/ exp (n logn —n — u) dr = n”e‘”/ e~ @/ (2n) g0 = pre=m\/27n

e 2n

TIEBMIND Z LD nd. PRI
n! ~n"e "V2mn (n — 00).

Z DIELLDRE T % scilab THIK 2 &I &> TE- itk %Y 1 v X —Di k10 VTR
ZENTES. RIOBUEFEEY 7 b scilab IZDWTIRELEDY 1 — 2SI LUTARL .

PA_EOFERHTE T Stirling DARFDEF- ne ", v 2rn DZNEND g, (x) = log(e *a") =
nlogr —x O x =n IZHBF S Taylor BFADELIHE 2IROIHIZHEL TS Z EhHn
5. 3MOIEIE [ yPe v /ody =0 BOTHE LA

PAEDFiiEE R L THE 1L IEHED 1/(12n) FTEHELUTAL S,

Hefifg, A ABUR Gy & AV BB OBBIZLAT O Y

oo o) —1 2
/ e 2% dy = 2/ e (2 dx = 2/ (Zt)k\/_
oo 0 0

= 2"1’\/5/0o e Y2 dt = 2FV/OT (K +1/2)
:2’“x/§1'3"'(2k_1>\/%=1-3---(2k;—1)\/%.

2k
T3, Stirling DARDE 1 FIRIE E TOHERGEERH, U Vol. 31 (1979) No. 3, 262-263 Tl Wallis
DRRDKEEACIZ L > THE 1 MEHZGDS HEMEHINT VS, B 1 MIEEMN O Stirling ARD 5 U
WEEHIZ DWW T, S iE i, B A B4 5 Stirling O A XD YIERFER, 2% Vol. 36 (1984) No. 2,
175178 &\ SR D B . £E D SCHROfEF % L F TIESHIT U 7.



http://twilog.org/genkuroki/date-150709
http://twilog.org/genkuroki/search?word=scilab&ao=a
https://www.jstage.jst.go.jp/article/sugaku1947/31/3/31_3_262/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/

14 3. Laplace M 5712 & 28,
f: (‘: Z‘i, fjooo 6712/2 dr = ffooo 67372/21'2 dr = \/%’
/ —20% dr = 3v/2m, / e"/?25 du = 15V/2r.

IN6DRAZELLFTHES.
VB DM FRDOBDZER 2 12 n(1+2/y/n) 2RATD L

nl=Tn+1)= / T dx

—“/%F/ O+vanm

€T n
~n"e "/n e‘ﬁx (1 + —) dx n — 00).
: = (n > )

n

R IR DX Z o, (x) EFEL &

¢n(9€):”10g<1+%)—\/ﬁxz—%2+%—£+o<%) (n — o).

5gt: 0) o(1/n) DFIIE n ZNFERICn > 00 DL 2| S1 T O IC—HRIERTS.
WRIT |z £ 1 IZEWT—HRIZ

e VT 1+ $ n—e_”Z/QeX z* —$4+0 1
N P 3v/n  4n n

—6—7»‘2/2 1+x_3_9c_4+1 :C_3 2+0 l

N 3vn  4n o 2\ 3n n

(1 z? x4+ " o 1
B 3vn  4n  18n n))’

o(1/n) DIMAIZEEND n OFEBEESD 1 OHOBREIE v IZDOWTHBKEUIIRDS Z
LITHEER L. FHEHEE e T2 0D —1 <2 <1 TORMIMADZDT, ETHMLT
BWEARIZE > TR ELNS:

1 n 00 4 6
7\/777,1 1 —I ~ 79:2/2 1 - _I ’ 1
/—16 ( +\/ﬁ) dx /_Ooe ( 4n+_18n dr + O >

_ /o 3@ 15v/21 o(i)

4n 18n n?
—Vor (14— o[-
N 12n n2) )

n! = n"e "V2mn (1 o (;2)) (n — o).

12n
INTHEIFIEE 1/(12n) BRSNS B 1HHEH 1/(12n) &, n BPREIBRLEE 0l O
n"e "2mn IZ KB ELDEEIE n BRIBREE n! OfED 12n DD 1BEIIRDZ L%
=L TWS

WwZ Iz

28 EIR DA IETHE [RIRRIC Fohd.



3.2. HYUSEBON Y EEE AW /E I CTHiEIEZ ZHE T 5 ik 15

3.2 AVIYEEBOHAYITEHZRAWGEUTHERZEEY 5AE
Laplace D /EIZ & % Stirling DARDEEA & T D—#ALIZEI U Tl Gergd Nemes, Asymp-
totic expansions for integrals, 2012, M. Sc. Thesis, 40 pages D3 aE LU\, AR CEHBHT % 4
EOFMIZZ OFwX D Example 1.2.1 iIZH 2. T IIZEHEWTH D HiLkZEH>TEH, Stirling
DARDHHIEIH 1/(12n) 2AHIIH/D I LMNTES.
RORARZEMD L 2EZL: EED a>0(a=00 Z2EHL) ITH LT,

a 1 an F
/ e Ml dt = — / e "2 tdr ~ (5) (n — 00).
0 n Jo

s
t=a/n LRAEREERUE. ZOAREHAI,

a1'(s1) N asl'(s2)
nst ns2

/ 6—nt(a1ts1—1 + a2t52—1 R ) dt = (n — OO)
0

D& D BEHEMNAEEIZ RS, g VT Stirling DARDRM DOMIEIE 1/(12n) 215 T
ALD.
B f(z) %

f(z) =2 —log(l + x) (x > —1)

CRED, MAZEEE y=n(l+z) LEHRTLIILIZLOT,

nl=In+1)= / e Yy dy
0

= / e "1+ z)"ndx = n”“e”/ e @ g,

1 1

LI Z >0 <0l B22iz&oT

n' 0 1
— :/ e /@) dx+/ e D dy,
nhTie"n 0 0

LY fo)=t BULKIFE f(—2) =t LEDALBEZEIHRTINE, BMOOEN ETHIAL
IR ZESTHS.
FERIZENPHRER I L 2R L LD . f(x) =z —log(l + z) DEHEUL

1_:1:
142 14z

flx) =1

BOTz>0T flle) >0&RBY, -1<x<0T fllz)<0&%Bd. f(x)ldxz=0T
BAKME f(0) =0 2FH, x > 0 THFAMWMU, 2 < 0 THHFABDT L. PAIZ >0
1<z <0DTNTNT t = f(z) FYPEHK z=2(t) 2FD. v =2(t) DFEFLELTOD
ROFENZFANRD 720D,

z=at'? + Bt + 32 4.
EHWNT
3 !
ER

22
t:f(x):x—log(l—l—x):?—


https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf
https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf

16 3. Laplace D HEIZ & 2 EH,

WRALTY, a,8,7y 2 RDTAHALD. EBRIIRATD L,
2 3 2
t= St <a6+%)t3/2+ <a7+%+a25+a4)t2+---

A% i U T o, B,y kDb &,
05:\/57 ﬁzéa Y=

2155, ThhHL /s
p)
_ 1/2 , 4 V4. 3/2
=2t +ot+ gt
Bb. x>0 TRIDEREZZTOEEH VS, 2 <0 TlE V2 %
SIZx % —x CEIMZ-RERZHWS., 4206

2. V2
= V212 - St 32
r=v2 TR

LBLE f(—2) =t LBB. B EDTRZTADEEIIB VT, BT

LB fla) =t
2 CEXHA, X

dz — @ $/2=1 4 gtlfl + \/_§t3/2*1 4+ ...
dt 2 3 12
A ED 2 DDEET t OBEIROEIZIE —1 fFOENNRH S . HEfFIE S /2.

fla)=t EHNEREBERTEZLIZE>T, n> 00 DL FE

o0 o0 d
/ e @) dy = / e_"t—w dt

_ /OO ot (\/75 #1/2-1 + %tll + gt?ﬂl + .. ) dt
_ \/§r(1/2)<+.2r(1)_+ »/fEF<3/2)+

2nl/2 3 12n3/2
Vor 2 \2rm
:2n1/2+3_n+24n3/2
ERD. mBRIZT(1/2) =7, (1) =1,1(3/2) = (1/2)I'(1/2) = /7/2 Zffio/=. £ 5 —
FOBEBIIDOWTEH, f(—x) =t LEAEBZE#LTLH I LIZEI>THRIZLUT, n — o

DX
i) gy V2T 2 V2T
0 C2nl/2 3n 0 24n3/?

e UED2O02RLEDED L, n DEHFESD 1 DHENTRNTHFy oIV, RN

"ond
n! V2 27 1
nitle—n  pl/2 T 12n3/2 +0 (n5/2) (n = c0).

CHFIRD LD ICEZIEIND:
1 1
| — NN -
n! =n"e "V2mn (1+12n+0(n2>) (n — 00).
. 92 DMIE

ZHNTH 1 OFIEHE 1/(12n) § Laplace D AIETRD 5NE Z &b h o /2.

THEARE € ﬂi‘% IZLTROLEND.

H1} % Taylor B log(1 +2) =2 — 22/2 + 23/3 — 2t /4 + .- TR ICI DN D,

Bzl <1}
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FE. L EOFHBEIZEWT “4...7 LBV OWTIREFELKRETHD. TDOI &
WXL R DEERZ REhns.
L
1+t

p t
1+t

=1—t+t =+ (=D (-1)

2T

emtdt  T(1) TI(2) w1 L (k) L [ ek dt
= — -1 S -1
/0 1+t n n? ot (D) + (=) /0 1+t

o 1! E—1)! o gmnttk
0

n  n2 14+t
FEOBRTIEIZDOLS BROEFNSLEE “+...7 LG LU THRAZ. < EORIFELWY

AR,
o eint dt _ > k—l (k: -
A 1+t_g¥l) nk

WEAEOBEEKETCELWARTIEHARWY., BELRLIEALIZEARIZRER n IR LTHIYL
RWUBOMOLETHD. “+---7 OFDIE R 220k T 25 L MIRTL2DTIEARL, “A
BRI RIARI” 2 EK T 2 LR L TEP A TN T80, 0

1)!

4 YHEMR®D % L L Stirling DA
Stirling DARNIZIX & FETH %
logn! — (n41/2)logn+n — logV2r  (n — o).
INEY, IROFFOFERNE NND:
logn! =nlogn —n+o(n)  (n— o0).

ZZTo(n)ldn THOZBEIIN 500 &FT2E 0INERTIEEZEKRTS. ZNEZD
I CIETHEMRD S L\ Stirling DRAREIERZ L1285, ZONANTHIVUILA N T
T2 EDITHENIZFHAT S Z LN TE B,

4.1 FHERD S L\ Stirling DA D5 L WNEERA
HEARMEE f(2) 12WT f(k) £ [T f(e)de £ flk+1) PESZLTVR DT,
f(1) 20 %Z /=9 B IMEE f(z) 12DV,
f(1)+f(2)+---+f(n—1)§/1 @) de < F) + F@)+ -+ f(n).
Wz Iz . .
/1 f(a)de < F(1)+ F2) -+ f(n) < / Fe)di + f(n).

O T O E RAUEDDS £ 512 o(n) DA IE Ologn) TH2 = L LAMTES. = 2T Oflogn)
X logn CTHEIS>ZBICERIZEDZEEZEKRLTWD.




18 4. XNEIRDZ U\ Stirling DA

IN% f(x)=logx \ZHEHAT DL

/ logzdr = [xlogx — z]} =nlogn —n+ 1, log1l+1log2+---+logn = logn!
1

RODT
nlogn—n+1=<logn! <nlogx —n+ 1+ logn.
ERASP)>
1 <logn! —nlogn+n <1+ logn.
L7zh>T

logn! =nlogn —n+ O(logn) = nlogn —n+ o(n) (n — 00).

ZZT O(logn) i logn THIDEEFRIZKD LD BREZEIRL TS,

4.2 KEAABEBEANDIGAB

SFHB D % U Stirling OARE S &, an (85 bn [HEL2 M E DO (“IHE
B) OXEUL

log (ZZ) = log(an)! — log(bn)! — log((a — b)n)!
= anloga + anlogn — an + o(n)
—bnlogb — bnlogn + bn + o(n)

— (a —b)nlog(a — b) — (a — b)nlogn + (a — b)n + o(n)

a

= nlog W + O(Tl)
LB, WPAIT
an\ /" ab
lOg (bn) — lOg W (n — OO)

ERAN PR

a

lim (an> v = lim ( (an)! >1/" - ¢
n—oo \ bn n—oo \ (bn)!((a — b)n)! b(a — b)e—b’
I B an AN 5 bn fHHD FHAGDOEDED n TMD n — co TOMBRIT —IHLRBEE
BORDHTHED (kn)! % K THEEBIZEOND.
Z DGR & ZIXIRDE T RD 1988 FEDOEFED Ak [z R TR 2L BN TE 5!

1/n
nm(“aﬂ 2k &,

n—oo mUn

Z OROfEIE
3/(1122) 3 o7
2/ 2816
AR % fE 5 72 A&, &9 Stirling DARE > L 55T BMEE % X, Z0BICH
ERCEDRFN TR 2 2 L AR L 07 L ibNS.


https://www.google.co.jp/search?q=%E6%9D%B1%E5%B7%A5%E5%A4%A7%E5%85%A5%E8%A9%A6%E5%95%8F%E9%A1%8C+1988+%E6%95%B0%E5%AD%A6

4.3. XNERRD S L\ Stirling DA RNDWE 19

AR ETRULAEZE &Y,

om\ /" 92
im (") = 2 =22
n—oco \ N 1111

ZHERZZRL TS (o(n) tdn THDE n— oo TOIZPIRT L E):

2
( n) = 9% e0(n) (n — 00).

n

Wallis D2 (5 8.4 #i)

()2 o

T DRBALIZ > TS, 0
AR, HTRTIX 1968 FIZHMMDE#EZH L TWb &5 72!

lim ~ /Py BRDE. (BRI 22 )

n—oo M
Z OREE B S T IE R XL Stirling DARTH D, LD —KIZIRERES:
N1/n
lim M =ae
n—00 n%

BERLIE

((an)))t/

log
na

= —log(an)! — alogn
n

= —(anloga + anlogn — an + o(n)) — alogn
n

=aloga —a+o(1)

= log(a®e™) + o(1).

o131 Stirling DR % 1 2 145 1778 2 855 % B ESCEO RPN TG 3 & > 12 J8
UC AR LTV 2072 L Bbha. 0

4.3 THERD S L\ Stirling DAL DHE
BUTKRT B L WERES. HBEH ¢ WEIELT,

1
logn!:nlogn+§logn—n+c+0(1) (n — 00).

UPFRTIEZDORAZGHL L 53

B 41 HiCREIA U 726 U D % L Stirling DA R E EORARDENE (1/2) logn DIH
CEBUE ¢ NI MATHEBLTWS L ZATHD. TNOLDHELT T A T 7IXIRD
@Y. [Mlogade = [zloge —a]f =nlogn—n+1% k=1,2,3,...,n— 1 IINTIES
& [k—1/2,k+1/2] x [0,log k] DEDOIRM & R [n—1/2,n] x [0,logn] DEHEDH

SUERL ¢ 8 log/2m TH 2 ZLIXEHMITH 2, Wallis DARZH XL ¢ =V2r THD I L E2RES.


http://d.hatena.ne.jp/gould2007/touch/20071127

20 5. fI&%: Fourier D KEE/A R

log(n — 1)! + (1/2)logn = logn! — (1/2)logn TELLT UL, HIRIZ (1/2)logn DI
bNd. ILI, TNLDOERAWONMEGLHE {(z,y) [1S2<n, 0=y <logz} D
EWZERES AT UE, [[ogrdr & RATMDOHEMBDMBHIDED n — co TH S EH
WZICR 2 Z &by EBIHHFONDS.

log z | HFIMBKER D TIEDFE oy, B %

k

k+1/2 1 1
ap = log x dv — = logk, Br = =logk — log x dx
k 2 2 k—1/2

CEDDBIEMNWTED. ZDEF,

n—1

1 " 1 "
1ogn!——logn—/ 10gmdm=Zlogk+—logn—/ log x dx
2 1 p 2 1

=—o1+Br—as+ 3 — -+ Bt — an1 + Bn.

ZDRARFND n — oo TRIRT D Z & 2R UV

logz M EIZMTH2 28 &V BT ay, B, an. By, s, ... DEFFEDST B 2 L ADMY
logx DEEKEMN 2 — 00 TOIWPERT D Z & LD, 2O 0 ITPERT D Z & & oh
5. WRIZEDZRMRHMIE n — oo TWHT D32, TOINHEE 0 LEEZ, c=14+a 5L
E.n—o00oD&X

1 " 1
logn! = §logn+/ logxdr +a+ o(l) =nlogn + §logn—n—|—c+o(1).
1

c=log\2r THdZ &% Wallis DARX (B84 Hi) ZFH>THHL £ 5. n! = nnt1/2e meceoll)
% Wallis D3

) 22n(n|)2

Vil e

C:{‘%)\—é—é t’ 2 2n+1 2n 2
2 n n+1_—2n 2c c
V7 = lim no° ¢ _°

n—oo 22n+1/2p2n+1o—2ncc \/§
WAIZ e =21 THD.
I T Wallis DR ZE A 21K, HEERDZ U\ Stirling DAREHE T2 & I2& > T,
W H D Stirling DA n! ~ n"e "2mn BMEHEND T EDDMNRS 7.
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BB REEH %2 2 D% D IFARWAY, Fourier D KEEARDFHEFAHDRIIEGIZ OWTEHAL L 5 .

BREL f(z) \ZXF L TZ D Fourier 2t F(p) %

Fo)= [ " fa)da
EEDD. ZOL FHE fITODVWTHYZRSGFMEZREL TEL L, TN U~ #Et) 72=
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1 R
_ —ipx
f<x>—27r/;oo€ F(p)dp

WAL 5. 3% Fourier D NKEEA T & FES,
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5.1. Gauss O D5GE 21

51 GaussDHmDHE

a>0ThdLL,
) = e

LB X, F(p) 13T D Fourier ZMiTH2Z 4D, ZDL &

o0

F(p) = / ePre=e?/(20) g0 — o=P?/(2071) Son

[e.9]

MEBIBLNDES. ZOART 2, a DTNTNE p,a ! DIGEZHRTDEILIZLST

/ i ) gy =20 \f3g Ty

[e.e]

PEoNd. LED2DDFEREEDED &,

1 [~ _.
_ = —ipx
fla) =5 [ e Fw)dp
WELND. RO f(x) = e /0 |ZDWWTIX Fourier D KEEARMKL L TN 5.

—f&IZ f(x) (22T Fourier DKERARMDERN U THNUE f(z) 2 FATHE L TRLN
BEEL f(x — p) 122V TH Fourier D RKERAAMKILL T Z ENEZIIRIND . E
%%, F(p) & f(x) O Fourier #1945 & f(x — p) DO Fourier Z#13

| emrta - pde= [~ e s aa = )

DB
1 0 . . 1 0 .
o | E dp= 5 [ PR dp = (e — ).

BLEIZE ST, flz — p) = e @ w20 12D\ T ¥ Fourier DKEEARDKLT 2 Z & A8
Loz

¥ Fourier Z#8 & O Fourier Z#1OIIEME K Y | f(x — p) = e~ =10 DIBEOEED
FIEFNZ DWW T Fourier DKEERARDEIZL TS Z DDA

5.2 —RDIFE
a > 0120 U TEEK pa(z) %

1 —x2/(2a)

Pa(T) = \/%6

EREDD. TN p(z) >0 & [T pyx)de =1 ZHiZL TS, T U THIHIORRIC
2T, po(z — p) & Fourier D KEEA R Z {72 L T\ 5.

33Cauchy OFEDEH % 5 15k, e D Taylor B % A AU TIEHBITES $ 2 /5%, 230 & AU HE UM
DHBREFHZLUTWDE I 2D HEREEROGIE TR IZHENRETHS.
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22 5. fI$%: Fourier D KfEA
BE f(2) (SR U TS fo(z) % po & DBEAAATIZ & > TEHE fo.(z) Z2EDS:

) = [ e =) S0)dy.
ZDEE f,(z) IZDWTIE Fourier D KEZ AR L TS5, LR, f,(z) DO Fourier
2 F,(p) eELS L,

R = [ empae= [ ([ empa =) st dy
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1 0o ) S 1 o0 . < ’
—ipT F o —ipx 1pT /I /
21 J_o ‘ o(p) dp /_OO (27T /_OO ‘ </_oo " pal@ —y) du ) dp) Ty dy

[e.9]

_ / pala = y) [ (y) dy = fu(e).

[e.9]
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I
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2 DHDES T po(z — p) \2D2WT Fourier DREEA RV T D Z & 2 ffio 7z

DT
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1 [ _ 1 [
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21 J_ 2m J_ o
U7=hoT
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™ —00
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36 Z NI B AA AR D Fourier Z2 5% Fourier Z2HOIZE L W2 L ORFR ARG AT TRV,

3Tpa(x) D a— 0 TORRT-DT T 7 %HTIE, po(x) 7 Dirac DT ) X EHEL (iﬁ'Tiﬂ() 12 AR LT g
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S f(y) — flo)] < /2 BB, W p, DEHEEY, a > 0 2+ANIL<TBL
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A
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ZNT limg fo(z) = flz) BRI N/
EBIIFEMT ROV TIIIROBREZEZBETTHT 5.
SRR, MR AN, B EE (1996), xii+324 H, Al 3,800 H.
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5.3 Riemann-Lebesgue D EIE

~
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AT f OEBHENTR I N
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EELIZEONS. KM T =a,b ET1IZRY, ZOHT O IZARDERE 1; LEL L,
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BROT, T1(p) = 0 (|p| = 00). — MO AFSEEIHT 2RERIE I NED LSS,

5.4 Fourier Z#DER D FDUNR
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R EOTRABEL f O Fourier £ f(p) = [ e ™ f(y)dz IZXH LT,

sw(f)() = — / ¢ F(p) dp

- 27 _N
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RHITES. f(r)=e @2 2B ZOLE HoHTOHNELY, flp) = e ?/2V2r
THhD
1 oo
Jm (D) = o [ e i) dp = fla).

W 212, Riemann OFFMEEH % v =0 OHGGICEHHAT D L, AEED 6 > 0 122\ T
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dy = e 02 =1,

N—o0 N—oo T

5 5 —y2/2

N vi2 1
lim /Mdy+/ sin(Ny)e—dy -
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FE A D% DR 1E Riemann-Lebesgue DEHL L Y N — 0o T 0 IZIHRT D, LR ->T
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N
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0

N—oo Yy

LIl y=a/N LEAELREZEMTEHILIZEST,

T . No gin gz . Rging
— = lim dr = lim dx.
2 N—oo 0 X R—o0 0 x

5
lim sy(f)(0) = lim l/0 sin(Ny)

Do |

Z D & 512 Dirichlet 43 DA IE Riemann D JFArMEE R & Riemann-Lebesgue D EH &
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EIiZE-oT
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TRDHIRMKALL TV d:
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R EDOWREOEE f & 2 e RIZHLT, 2 5>0 BWEFEELT
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y
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IR %
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N—o0
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COFHFEIFETHRREZZ L E2EDE D LEDITENNS. Riemann DFFTMEEH &Y, L
HDF>0I1ZDOVWT, N300 Dk X

0 xXr xr —
aﬂﬂ@y:%[;mmeﬂ +w;f( Y 4y + o(1).

Dirichlet B3 D RAXDFEHEL Y, N — 00 D& F

5 5
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0 T Tr — — X
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iR
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2
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fa(x) = ¢ 1/(4a) (2 = *a),
0 (x < —a /2 a < x).
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IND N — oo TOMERIK 2 DD Dirichlet B OHD 2ma 57D 1 12745, 1 DHD
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N
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y/2_ fle+y)+ flz—y)
sin(y/2) y
5DOHDESTy 2 v+y CEIMZ sin(ax)/sin(fz) PMERBTHD Z L2, X5
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6.3 IEHESTCTEtEIT2AHE
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2 DHDE S THMRBEFEZEELD Jacobian 23 r 1285 Z e = ffio/-. £ L <IE

dz A dy = (cos@dr —rsin@df) A (sinfdr + rcosfdf) =rdr A df

BROT, K={(r0)|r>0 0<0<2r} &BLL,

2T [e'e)
I’ = // e~ @) g A dy = // e rdr Adf = / d@/ e rdr =m.
R2 K 0 0

42, = o=@ 49) 12 = 22 402 LB L 2 =1(—logz) LB B.



39 7. I8k Gauss O DEHE

7.3 Jacobian b T ICT O EELHRICL 2ETE
y M6 0l y=atanf X > THEDEHELEMT D &

2 _ ~ - —(x2+y?) _ - "/ —x2 cos? 2
I~ =14 e dy ) de =14 e xcos Odl | dx
0 0 0 0
2

71'/2 e’} ) ) 7I'/2 e—x cos? 0 r=00
4/ (/ e’ Cosoxcos29dx) d9—4/ df
0 0 0 —2 N

=0
w/2
4/ ld@ = .
0 2

3 DHDE S THADIERE 21778 o 7.

74 AUVIEHHER—IEHBOBERERWLEGE

HIHi Tl Jacobian 23 THRZAW 1 ZE DT DEHR S DA% FWV T Gauss 57 % &
HEDHEEZFALZ. TN LD R AIKIZE ST, TV Y EHBE X— R EHOBER
Xz 1 BBOES OEBRES DA ZFAWTIEAYT S Z 2N TET, TDOERADR 2
AL UTGauss BODIEA2FHHETZ I TES. ZOHONEITZFIEIONED &AL
ThdELEAOLND. Hal# T X fHbN D HERE LRI DOFRITIET Y ¥ HERPR— &
B % 52 27 OB BOND (BB IH). 72056, HEHEICHEIENH 5 5 1
Gauss BT DEIED—{b & UTH Y Y E N—FEHHIZDWTEFZATE W20
ERRWEEZEZIOND.

$,p,q >0 (6 U IEELNEDOHEHZL s,p,q) ICHU T,

oo 1
[(s) = / e "zt dx B(p,q) = / o1 —2)
0 0

WEOTHYIEHB T (s) ENXN—XEHE B(p,q) WEHRI D,

HWAFEDPIZE ST (s +1)=s(s) THDZLDDOMNY, T(1)=172480DT, 0 LD
BnllHLUTIn+1)=nl &5,

Gauss #6873 T 1 T(1/2) IZFF LW

00 ) 0o t71/2 0o
I = 2/ e dr = 2/ et dt = / e /2 at =1(1/2).
0 0 2 0

2OHDEST 2=Vt B/, ULB->T I(1/2)? = 1 % T L Gauss fE9 5
FAETERILIIRD.
NR—=ZEHBUTLL N D & 5 BEBORKRZFD:

/2 00 tp_l dt 1 00 d
B(p,q) = 2/ cos??7 19 sin?"t 9 do = / v _/ ? .
0 o (L4+tpte  pJo (14 ul/r)pte

r=cos?f =t/(1+1),t=u'/P LEBEMUZ. 3DOHD (BED)EXRD p=1/2 DEHE
DR B ¢ DA ORER B E DO LR TR I N, 2 DHDFROWME D HEBUL F
BHUZE 2 < XADFEAREBOH S H D . PUT T B IZ DWW TIEERbD AR,
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DA DORERBEHMO TR THEAIND. T(1/2) D Gauss DT & D KR ORI B
IFIERL 310 OMER B RO Z R TR X 4, Y Y ERER D E F# ORI x2 7

HOWERAHBOLRTHAIND. ZDOXDITH Y VEH L R— X EBUXEMRNIZ

I X N B HERD AR % BRT 2 72 DI IZ DB T R > T\ B (55 9 #i).
FRZRHIIDORREY B(1/2,1/2) =1 L2252 Wbnd. WIIZ, ELE

L(p)l'(q) =T(p+q)B(p,q)

PRI NERSE T(1/2)? = B(1/2,1/2) = 7 L85 2 EWbMD. Lrni>T Gauss B
PORREIIA Y VM ER—REHBDOH N ZORBRAERT Z L ITREIND.

AV BEE L R— R D DN DORERAIT 1 BEOESF S & BMANET DD A%
@Ofﬁ%ﬁﬁf%é UFCTEDZ L2 fBICHIAL LS. & AITHLUT, 2,y BN A
EAIZTEIMEN 1 IZRY, THPND L JITEDN 0 124D o,y DEEE 1a(z,y) &F

(N SR

2DOHDES T y=2—x LEHFES L, 4 DHOES TESDIET 2 2L, 6 DHDSE
FC o=zt EEHBFSLUZ.

7.5 MDAE

D FFIEIZ DWW TIE Hirokazu Iwasawa, Gaussian Integral Puzzles, The Mathematical
Intelligencer, Vol. 31, No. 3, 2009, pp. 38-41 ¥ &£ U Steven R. Dunbar, Evaluation of the
Gaussian Density Integral, October 22, 2011 =2 U TAKL V.

8 fI8F: AV <EEK

FIAETH Y EHBUZOW TSR U 2. LR TIXE I TS T IR o724
VREHEBOMWEIZODOWTHIAL XD


http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
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8.1 HYITEHHEEXEBOEARR
BTARITTRUZ D(1/2)? = B(1/2,1/2) = m IZIROBAZBARDORHEGETH .

™

I(s)I'(1—5)=DB(s,1—s) =

sin(rms)

ZORNIZEEBOFIHER DS, 1 DHDFAIER sinz & T(s) O R FER = H

o 2 . oo 2
sinz:zH<1—T§n2>, i.€. sin(rs) :SH(l—%>,

T
n=1 n=1
1 IR T S(S—Fl)(é’—l-ﬂ) _ s . S —s/n
['(s) B "1520 nlns —e H [(1 + ﬁ) ¢ }

=S HETHBY. 22T v I Euler 8
= 1 1_’_1+...+l_]
BT T2 n OB
Thd. IhoDAXERDD L,
1 B 1 ~s(—s) s ~s\] _ sin(ms)
TN —s) T(s)(—s)(=s) —s ll[(1+_n><1 ="

2 DOHDFIKIFIRDER D 2 EEEN 2 O TEHAETEZ L THS:

0 ts_l

dt.

mgru—sy:B@J—sy:/

o 1+t

0<s<1THhHDEREL,0<e<1<RIHUTCTEXZDMOBWOREEZ ¢ LEL:
F9 e b6 RETELTICHED, WICERTVH EOFSAEZFLETIERE R DM
EEKIEIEY T1ETS. TUT R 2125 ¢ F3TELoTSIHED. RBIEEZFH LD
Foizhb e §24% c OMEEEREFEY TLATS. 20L& [, 25 dz/(1+2) 1&
2Nz /(14 2) D z=—1 TOEEOD 2mi fHIZF L

/ZSl dZ . TS
= —2mie”™"’.
C 1+Z

e—0,R— 00 DREZEZDZLIZ& DT [0 de/(142) 1& [Tt dt/(1+ z) »
LZNHED 2™ fE9 ZE[WAFERIZEL W EE b5

s—1 d ) 00 f;s_l dt
/ < < _ (1 _ e27rzs)/ ]
C 1 + z 0 1 +1

ED2ODKERZIRT S LI2L-T

B(s,1—s) = /oo +5=1 dt _ —271'2'@77?8 _ 211 L T .
o 14+t 1—e?mis  emis —ems  gin(ws)
MUT()T(1 — 5) = 7/ sin(ns) ZHIZFEIH L THWT (72 & ZIXERMT 2 H LB HITRED), HY YK
BOMRREREID S sinz OEREREFHZELTLILETES.
4525 OMEIZFE R DR & KR D IZ 1T 2 & ™ fFI285.
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COMAE t=us B L& Ts™ [Tdu/(1+ut*) IZEFRTES. DZRIT, IR
DRAREB/ONAZZLITRD:

du  7s
1+ul/s  sin(ms)’

B(1+s,1—s):sB(s,1—s):/
0

CORAREZEHERTZILETEDZ. R>1Thde L, BRTFHEZFEMANS RETE-
G SHEA, IRITREFIEI D ISAHE 27ns 7ZIFREEL T Re®™ £ THA, TIMNOHFEMETE-
TR MEE C e E\ELE, [dz/(1+2Y%) B dz/(142Y5) D 2z =™ 2B 5 H
B —se™ D 2mi fHIZE L <, R — oo ORT [ dz/(1+ 2Y%) & [ du/(1+ ul/*)
LZNHED 2™ %5\ 28 DIZEL WS, P RIZ

/°° du —2mise™s 271s TS
0

1+ ul/s 1 — e2mis eTis _ p—mis Sil’l(’ﬂ'S).

ERDZHAEUERICHEREN L <EHDNDDIIBO R % 1 AT 2B BWEED
i fEIZRBINETHS.

BN L W ERB L AT Y Y BB OMTI DO T, mARE: TG (SIS
D5 HE (201-267TH) 25590 D, ERERKBGwD —Min7Z 1 Tl <, BARKZ2EREL
OMEDFHEUWEHEEDOTETHIZBXE>TWIDIFEBRZLES.

8.2 HIYVEHHBDERFEER
B f(s) (s > 0) IZAFD 3 D2DEMZTZ LTV LINET D!
o EAEME: f(s)>0 (s> 0),
o BHBEFA: f(s+1) =sf(s) (s >0),
o XIEMME: log f(s) I s >0 DRITMMRKBTHD.
Z D 3 DDEM 27§ BEUTIRD KR 2 KO-

f“*:ﬂwﬁﬁw@+¢¢f@+n) (s>0) (*)

K2 T(s) MED3DDEMEE T(1) =1 252 L T0d 2 &M b, Gauss DA

nlns

I(s) :nlggos(s—i-l)--~(s+n)
DAL L TEY, ED3DDEM%Z U TOSEEIL D(s) DRBIEIZRD Z bbb,
PAETHARAZZ EZFEHL L 5.
£, (x) DWRD 73 1773 H% 0> < ViRLUTHLND MR

lim s(s+1)---(s+mn)

n—00 nlns

1/ 13 2 % 2™ fEUTEREED, dz 13 2™ 51285,


http://www.amazon.co.jp/dp/4000051717
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MWEIZIRT 2 L 2RTD.
s(s+1)---(s+n)

nlns

S S S
() 3 (2
S<+1 *3 to)e

(1) e () et (14 D) ettt
1 2 n

141+ 4+L1—lognid n — co TEuler E# v IZPRT 2. WRIZ [[}_,(1+s/k)e*/*
Mn— oo CTPRT DI L2 REIXIV. 2 OERERIEHE (1+2)e — 1IFES 2 =0
TMNDFEREFFODT, (1+2)e? =1+0(2%) (2 = 0) &85, PRIT (1+5/k)e /* =
L+ O(s2/k?) (k — 00). T E ) MEEREE [0 (L +s/k)e™/F BT 2 Z & 3bnd. &
& :

1)--- b
lim s(s +1) (s+n) =e'’s | | [(1 - i) 6*5/"]
n—00 nlns vt n

IR 0, AL OMIREAS 1/T(s) 1KLL AR

=+ 2) ]

% Weierstrass DA &SR, HUDHEREIIMEZED s € C IR U TIURT 5.
PAEIZ & > TR R I N MR OW % F(s) LELS Z&I2T 5!

s

nln
F(s)=1i .
(5) nl—I>I<>los(s+l)--~(s+n)
ZDE&x
ns nln® nln
F 1)= L =sF F(1) = =1.
(s+1) n310108+1+n5(5+1)---(5+n) sF(s), F() (n+1)!

WAIZHEETH D (x) DR f(s) = f(1)F(s) (s >0) Z2mdDIIF, 0<s<1DEF
£(s) = F)F(s) L 5% 22 2t iEFHTH .

RIZ, f(s) OEMENMEENBUNMEZ VT, 2L EDEE n £ 0 < s < 1IZDWT, f(n+s)
DREI% f(n—1),f(n), f(n+1) ZHVT EF» 55T 5 A%

(225) s smra s (L) r) 0<s<n @)

fln—1) f(n)
ERTD. MR ISR g(s) a<b<cltfUT
g(b) —g(a) _ g(c) —g(a) _ g(c) —g(b)
b—a — c¢c—a — c¢c—b

AT o IF IR DT, 1+ 1/24 -+ 1/n—logn = f1n+1 dx/x —logn =log(n+1) —logn = 0
Th21/(n+1) < f:“ dr/x =log(n+1) —logn BDT, 1+1/2+ -+ 1/n —logn 136 50D HEI{H
DgL. DAITPIRT 5.

BZORE 1/T(s) DEHLTZILETED. ZOHETHNERMNS 1/T(s) WERFEH KT
EBRINTEY, I(s) DA s=0,-1,-2,... DAILH DI LELEHHIIRD.
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ZhizLTWBY. ZTNDENYS%E g(s) = log f(s), (a,b,¢) = (n,n+s,n+ 1) ([ZEHT
5L,

log f{n + Si —log /() <log f(n) —log f(n+1).
G¥n% (a,b,c) =(n—1,n,n+s) IHEHTD L,

log f(n) — log f(n — 1) £ BSE Zlo8 J)

PLED 2 DO REREBIUET L f(n+ s) DI (#) BEHNB.
fln+s) OFAG (#£) 12 f OEBERZEAL &S, [ OFBERLY

f(;l(;li-)l):n, f(s+n)=(s+n—1)---(s+1)sf(s), f(n)=(n—-1If(1)
BREWRLLTOS. (#) DIENT 0 & n+ 1 ICHIRAD L,

f(0)nln® <

n*nlf(1) £ (n+s)(n—1+s)--sf(s), s(s+1)--(s+n)

f(s).

(#) DEFT LY

f(s) < f()(n—1)n° _n+s f()nln®
Ts(s+ 1) (s+n—1) n o s(s+1)---(s+n)
DUEzdehd
f()nln® < fs) < n+s f()nln®
s(s+1)---(s+mn) — = n s(s+1)---(s+n)

&Y, RUEDS T (x) PMELND.

Y A3 ’D@xﬁ: (IEAEME, BEEER, BUMME) 272 U CTnWed 2 e 2RI L &
5. EMEMEIRERE [(s) = [T e 2" tda JZ‘) HONTH Y, BEERF ORI LT
BRI I NS ﬂéﬂllﬂlﬁ’i’m?}"ﬁ g(s) =logl'(s) B EE, ¢"(s) 2 0 ZiR
TIE+ATHD. LY *iﬁ&“&:‘(ﬁ(@iﬁk'ﬁi%i‘%é NI f(s) IZRLT g(s) =log f(s) &
BLL g'(s) 20 &RDILERTD:

b
f(s):/ 5@ @) o

ZIT ¢(x),v(x) IFELBMEEETH Y, s IZET DML SLOWD DT L E L T
<. (a,b) = (0,00), ¢(z) =logz, P(x) = —x —logax DEEF f(s)=T(s) £&20. ZD
L, g(s) =log f(s) LB L

" df/ ffll_f/2
T Zasf - 2

WO % /I IXEBICHS 2 EAS.

50(a,b) = (0,1), ¥(z) = logz ¢(x) = tlog(l —x) D& X f(s) = B(s,t) £%4%. B(s, t) £ s D
EUTHEIMIZRS. WRIZ F(s) =T(s+t)B(s,t) & s OFEE UTHEBNMIZAS. F(s+1) = sF(s),
F(1) =T(t) DT F(s) =T'(s)['(t) THDZ LADBB. DX DA YT EOBEN I X 5T H Y
VB N—ZEBOBFBRAZIEITLEI LB TES.
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WRIT 2~ ff" <0 ZnBiE&0. f(s) DEHEEXY,

b
F(S)A2 4 2F ()M + f"(s) = / @) (X2 4 26(2) A + p(2)?) da

a

b
= / @@ (X 1 ()2 dx 2 0.
WRIZ f2—ffr<08R2. FIZT(s) ERBNTHD.

ZNTH VYD Gauss DN & EEFERMEFMAOIFHINAZZ LI585,

fid. LETHIALZA Y BB T 5 Gauss DRAXDIEIII ATV YT DE D
TlEa <, EENEBNTH Y B A U RS A & 72 9 38U U CREH I 2D T
Holz. MO TERINZA YV VEHBUIET S Gauss DARZ LT D L 512U THEEMIZ
FEAT R 2B TED. B n®B(s,n+1) IZDWVT,

n*I'(s)['(n + 1) n®n!

wBn ) = T T 6D )

1 n t n
n’B(s,n+1) = ns/ N1 — 2)"dr = / 5! (1 - —> dt
0 0 n

2DOHDES T z=t/n LHEVZ PRI, n—o00 DEE,

n°n! "o t\" *
—= s ]_ _ s — F .
STl GEn) /0 t ( n) dt—>/0 et dt (s)

BEDATY TEPDOFIETHEHT I ETED. JHli (#) & f(s) =T(s) DFEITHE
45L&, 0<s<1DEZ

ThD

I(s+n+1)~nT'(n+1) (n — o0).

AV IBEOERBEALY, TNIMERED s >0 THIZLLTWS. WA

n°n! - n°I(s)I'(n+1)
s(s+1)---(s+n) T(s+n+1)
D&, AV BB EMEE, BN, BERI X DR D 2 R,

P
I H Y BB T % Gauss DARE (L7724 > THERERERMS) 52 22135 L.
UEIZEO>TROAAREGEHI NS Z LIZRD:

— I'(s) (n — o0).

lim n*B(s,n+1) =1I'(s).

n—oo
F &
T(s) = 1i B(s,n+1) = li n°n! 1 5 [<1+ 3) S/n}—l
s) = lim n°B(s,n = lim = —le )
n—co ’ n—oo §(s+1)---(s+n) erss vt n

ZZ7T v & Euler ETHD.
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8.3 IEXEHIMDERFEEREHH

HY B O MR EREFOIGH & U T sinz OMERBEEMZIEHL LS. BHOODIHE
FaHiE FHWTCHFIAXI NG AV YR & RX— X EBOBER & EEM 2 O CEFI X 1
B NR— 2 & EREEKEOBERE Y

™

P(s)(L— 8) = Bs,1— ) =

sin(rms)

—H, W BB ORI LV,

1 1 s 52
Nﬂﬂ—@zﬂﬂﬂﬁkﬁquO_ﬁ)

PAEZ TS &,

2
sin(ms —7T8H<1——), smz—zH(l— §2)
m™n

ZD&DIT, sin(ms) = 7/(T(s)(—s)[(=s)) RDTH Y~ KD MR FRER 2 5 E5%
B D IERFRRFAPFONDEDTH S,
IERXBE D R SRR B % 8R4 72 D121, sin 2 DXIEIH I cot 2 DI 73 8RR

 [— 1 1
tz=—
orE z+;<z—mr+z+n7r)

% EEMN % TR U, BERNCE S U &0, FE U UTEARE TErBER) © 235
HzHR&.

DUR T, RN TIEZ <, Fourier A& E D Gw % {f > TIESLENEN O R TG RH % 15
BRSO IREZMALTE IS

9 2 OB cos(tr) D —7 < o < m TOED Fourier FREER % KD, TInH
cot(mt) DI P EIRFENG L ND Z & % /RT D%, ' D Fourier fREUE

1 T ) ) 1 —inx ,ite | L=
ap, = — e—znxeztx dr = — 6 €
21 - 27 Z(t_n) T=—T
(et — ety ( 1)nsin(7rt) 1
B 27i(t — n) B T t—n
BT, e O Fourier MEUEBHIX
N . N ;
t —1)neine
e = lim Z ape™* = sin(rt) lim (1)ye™
N—oo S ™ N—o0 — t—mn
sin(rt) |1 enr e
— Z —1)"
T [t+;< ) (t—n+t+n)
PUEHGEI 9 LS L.

S2PL R TIIBE R 5w U R\ A%, Fourier AR EDINHIZ DWW TIEES 5.5 fiz AT &
53x DMBEKEL cos(tx) D —nm <o < TOfEZJEH 2r T R 2KICHERE U TR 6 15 i A IHKEL f(2)
O Fourier fifi %z % 2 5. cos(tx) D 0 <z < 2r TOMEZ A 2r TIIRT 2D TIH RN LIZHEEE L.
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2t cos(nz)  2nsin(nz)
+ Z ( —o2 e
2785 . WP AT cos(tr) D Fourier SR B I

cos(tz) = sin(mt) [1 N Z(_l)n% Cos(mc)]

Sll’l

T 12 —n?
n=1

W85, ULR-o>T,

meot(tr) =

7 cos(m t JR— 2t cos( nx)
sin(mt) ¢ g

W00 & — m COMBREINS 2 LIck>T,

1 = 2 " 1 1
t(mt) = = = ==
m cot(mt) t+;t2—n2 t+z<t—n+t+n>

n=1

=152 sin(nt) OXNBIED I 7 cot(nt) IZFELWODT,

[e.o]

o5 (s ) - (S ).

n=1

Miild%E t=0M"nbt=s ETCHNTD L,

log%—i(log(l——) + log (1 2)) :logﬁ (1—%)

n=1 n=1

U7ZD3> T, IR 655

sin(7s _mH(l——>.

sin DERFEREH & VY RO EBERBREMAOAXZ RO TH S % iR,
1/(T(s)I(1 —s)) & sin(ms) 2T DI LIZ&>T

D(s)(1—s) = —

sin(ms)

Rt X512 T(p)I(g) = D(p+q)Bp,q) % | ZEOBS O BEHRS & s OIET 5
HOHEACTABIHERTE S 2 L2 AL, WOARE BN

1 0o 4s5—1 0o
7 dt 1 d
sin(ms) 0 o 1+t s ), 1+ul/s

INEDARFENN—DZIEHTEINIIMEFEILRIFOLNDL LSITE->TVS.

o0

1 2t
Scothz = —icot(—iz) &V, coth(rt) = —im cot(—mit) = n + Z ol

: o : - s
%sinh 2z = isin(—iz) & ¥, sinh(ns) = 7s 1_[1 (1 + nz> .
n=
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8.4 Wallis DAL
RDOARAIE Wallis DR L IEIENT WS

.22 (nl)? _ 2n 22n

v e (0) T
Wallis DRARDEHE WV & T AIEHERDEFIRPBEDLLOMBRTRHOINTND LIS
Tdhd. Wallis DRARIEAT Y Y EHEIZBET S Gauss DARAIT s = 1/2 2RATHIEES
NnN5:

n\/2n
T=1I(1/2 lim
v =1(1/2) = lim (1/2)(1/2+1) (1/2+n)
2n+1 1/2 | 2n+1n1/2n! onn!
nooo 1.3 (2n+ 1) ool 3---(2n+1)2-4---(2n)
22n+1n1/2<n!)2 22n(n|)2 2n1/2 22n(n|)2
n—oo  (2n+1)! n—oo  (2n)! 2n+1 n—oo (QTL)!\/H

XDRAL Wallis DRK L IFIFN TN 2
ﬁ 2n - 2n T
L (2n-1)(2n+1) 2

ZORKNFKDAAXT s=1/2 LBFTIEHFLND:

==
KPR,

o (5) =3I ) S I

n=1 n=1

8.5 Stirling-Binet DA (1)

PUR Of## IR IEIE E. T. Whittaker and G. N. Watoson, A course of modern analysis
(1927) MEDEIEFELTHD. ZDOARITRRA LR A KWK EIZH > TV B IEF IS
LWATHS.

AV BB OIS % T« 7V < B (digamma BEL) EIFETY, o(s) & RDT:

w@—%mm>.m,

IHITT A HYEHEBDEEHE ' (s) % MY H Y Y (trigamma BHEL) & FER,
7V < B D FEBR R BA (Welerstrass D) & V),

oo

logI'(s) = —vys — log s — Z [log (1 + %) — 2] )

n=1
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ZZ T dEuler ETHD. Mz HIMD T LIE>TREGD:

o0

¢@%=%kgm):_7_§_ggbis_%}

IHIES —BHEBIMASTD L

+Z (n+s)?

n=1 n=0

8

ZOESIIUT, VY YEBOMBRMEMD» S, 7+ B E b ATV OE
ﬁﬁﬁ@ﬁﬁ?)‘@%ﬂé

PUROHEEZT « AV BB T 2 AR ZRH U T, logl(s) (2B % Stirling-Binet
DRARERTIETHD. RS THERFRIZRLD, NEWIZIET « AV Y EBDOHS
DEFADS T4 WY IEHBOBA R RRER/T, TNEBES LT logl(z) DRRERD
EIOBRMAFETHS.

%9, BEuler EMOBE D RN

[e%} e—t e—t
= —— | dt
i /0 (1 — et t )
ZmRTD. Euler EBDOERIZ 1/k = folxkfldx L logn = ["du/u ERAT D&,
[ n n 1 n
v = lim 1—logn] = lim [Z/ gt d:c—/ d_u]
n—oo k n—oo 1 0 1 u
1 _ N n 1 o o n n
= lim / z dr — d—u]—hm {/ Mdy—/ @}
n—00 LJo ]_ — X u n—00 y 1 u
_ im / 1-— (1 — u/n d / du}
n—oo LJo u
1—(1-
— im / ( u/n / u/n }
n—oo L 0
1 1—e U oo —u
:/ ¢ du—/ e—du
U
1 [o.¢] —U 1 oo —u
[ [ L
o\ 0 s U 5 N0 A
1 o0 —u o] oo —t
zlim{/ / —du]—lim{/ dt / —dt]
NO [ Ja 5 NO | Js 1—e™ s L
:zlsl\r‘r(l)(; (1—et_7) dt

o] —t —1
:/ ( . _t—e—)dt.
0 1—e t

1 DHODOE S Euler EDEETHY, 2 OHDFES THEISDNRAZITER, 3DHDOFE
BTEHERBIIOM 1 +o+-+2" =1 -2")/(1—2) 2ffio7z. IHIL4DHDEFEST
MAZEEDOEW y=1—2 2178\, 5 DHDOFESTILIZy=t/n £EZ, 6 DHOE S
TONS 1 ETORBE 106 co ETOMBZEIT /2. 6/)Eo)£7ﬁ@/ﬁ)ﬂci n — 0o
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DIGRAIBN D RIZR>TND ZEICERT L. 92HOEETO<A=1-c?<$§
LEW W0EEDOEET N0 DX [Jduj/u=1log(3/(1—e?) =0 LBBIL%
o7 1NMMEEHDESTIOHDESI Cu=1—€et B 2O0HDESP TCu=t b
Wz

RIZ, Euler EBDESRRANBTND T4 H Y IEBOBESERRA

d e8] —t —st
W(s) = Elogf‘(s) :/0 (67 - 1e_et) dt.

T D (Gauss IZ & DT 1 NV YEHBDOMBR I RKR). 7+ H VRO 7 BURH
T, ETHFAL 72 Euler EBOFE S ZRR L L <fbd AN

l_i = —ctys—1
cS_F(s)/O e M dt (Rec > 0) (3)

Ds=1DLGEE c=s,s+nn \ZEHALUZEREZMHD &,

¥(s) = - logT(s)

0o 67t eft 0o . o0 [e) .
_ - i —s —nt _ _—(n+s)t
= /0 <1—e—t )dt /o e dt—i—Z/O (e e )dt

dt + lim — dt

3DOHD% ST

eft _ efnt

etpe gy gt TC
1—et
e—St _ e(s—i—n)t

— e

wffio7z. TNTT 4 H Y YEBOBSRRAD G I N,

UTFOHEIEXT 4 AV EHBICET 2 AR EEAUT logl(z) (T2 AX%255 2
EThs.

ZIZTAR

oo —t _ ,—zt
/0 %dt:logz (%)

ERUTEID. Elz f(z) £EFELE, f(1)=0ThD, fl(z) = [[Tedt =1/z BD
T f(z)=logz &4 5.

ETHBIUZT 1 Y YEBOMAIRAAT s =2+ 1 BT, HFHDEHD 2 OH
DIAD I3 FI R et 20T 5 &

e—t

d o s} e—zt
)= Llogl(z+1) = € _ .
P(z+1) 7 log (z+1) /0 ( ; et—l) dt
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8. Ik TV~
TS EDOBRETHM U AKX ZEAT D &,

00 —zt —zt
¢(z+1):logz+/ (6 S
0

o 1 1 -
; et_1>dt:10gz—/0 (—;—l—et_l)e dt.

—IRHZ f(t) =1/(e! —1) &BLE f(—t)=—f(t) =1 &V 1/2+ f(t) IFARHBUZRD.
IHI21/2—1/t+ f(t) IFt=0 TEANIZY,

1 1t t3+t5 )
tet—1 12 720 30240

LRBZIEELDOND. FLUOEHEBD 1/t f5F 0<t <oo TAHRTHS. LD (z+1) D
FROFES DIFMDF N IR D EDIZFT D7D,

©q 1
St = —
A 2°¢ 22

1
2

+O(t")

(A doRa

Wzt 1) = dlogI'(z + 1)

1 * /1 1 1
=1 — — - — - .
dz ng+2z /0 (2 t+ )e

et —1
logl'(2) =logl =0 2DT, ZOR%E 1 15 2 FTHEATD L,

1 00 1 1 1 —zt _ -1
logF(z+1):zlogz—z+1+§logz—|—/0 <§_Z+et_1>e te

dt.
logT(z+1) =logz+1logl(z) &V,

1 © /1 1 1 —zt ot
logF(z):zlogz—z+1—§logz+/ (__;JF )6 e
0

2
FADIE R % §Ei 9 5 7212

/1 2 1 pdt
12 1 pd
A (2 t+éﬂ—1)e

t
NONG

1 © /1 t/2 ) —t/2 1
H(2) - r= [ (B et i

t et—1
TH2NH, 5EIE I1) DEERDAEMHDS &,

/ /°° e t/? 1 +€_t 6_t—|— et \ dt
0 t et —1 2 t

et —1) t

t

N | —
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(4
(4
)

det/2_et 2 _gt  t2/2_ ot
Cdt t #2 t ’
6—t/2/2 - e—t e—t 1 e—t/2 o e—t

t 2t 2 t
BT UE 1(1/2) OFEIE (+) ILRE T2 2L D0 5:

1 e t/2 _ ot ] o0 et /2 1 1. 1 1
I(2)=-|%F —— Z | T dt=Z+4Zlog= = = —log /2.
() [ ; ] + /0 ~|—20g2 5 og\/_

2 o 2 t 2
L7n->T,
—I(1) = —% -1 (%) +log /7. = —1 + log V2.
UEzxedd L,

1 2
logl'(z) = zlogz — 2+ 1 — 510gz+[(z) —I(1) :zlogz—z—i-log\/—ﬁ—i-f(z).
z
logT'(z+1) =logz+1logl'(z) &V,
logTI'(z + 1) = zlog z — z + log V27mz + I(2).

I(z) DERAZHET D L

~/1 11 dt
1(2) = S Z —at @
(=) /0 (2 A 1) <

Z DOFEST DR D FFIMONMD 1/t 515 0 <t < 0o THERTHD. WRIIHDIE
DERH M WFELUT Rez > 012BWT I(2) IZ ENSRO &S IZFHX N5

M
< M —(Rez2)t _
2l = / Rez

ZHUE 2> 0N LT,
10gF(z+1):zlogz—z%—log\/%jLO(%) (z = 0).
Z AT Stirling DAR
F(z4+1)=z¢7*V2rz(1+0(1/2)) (z = 0)

ASERE X 2. & O REICIE (#) & (3) & 1,

](z)—/ooe_Zt i—i—l— r +O(t% ) dt
—Jo 12 720 30240
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T(1) @) ) |
= T2 7202 302005 T2\ 7

Lo L o(l) o
122 36023 126025 27 ’

ERAN PR

F(z+1):zze‘2\/%exp<1 L ! +O<i>> (z = o0).

122 36023 ' 126025 27

Rz
L(z+1) =z V212 (1 + Elz +0 (é)) (z = o0)

L MHIEIE 1/(12n) BELN/Z.

8.6 Stirling-Binet O (2)
HIETOFERIZLTD LS ICE L DOENSG:
logl'(z+1) =zlogz — z+logV2mz + I(z2),
(L, L
I<Z)_/O (2 t+et—1)€ £

1 1 t 3 o
n +O(t").

o1 12 720 30240

1
2
ZDOAIX E. T. Whittaker and G. N. Watoson, A course of modern analysis (1927) @

12 - 31 fii T “Binet’s first expression for log I'(z) in terms of an infinite integral” & IFiE
NTWD. ARTIE12 - 32fiI2E VT H S “Binet’s second expression” Z#EHL LS. 7§

Bhb,
I(z) = 2/ arctan(t/z) .,
0

627Tt -1

L0 AROEN & BT
FIHT

9 {F&k: BRRBHEERDMICDWVT

9.1 [FEHRSH
R OREREE T TER I ND RN % EH p, E o DIEHIH T & IES:

Py et
o(T)dr = ———x—dx.
o vV 2mo?

SEE 0, 2 HK 1 DI AT 2 AFHEE R A & P58
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B HOTAMRER X, Y ATNTNE iy, py, D 0k, 0 OEBSANC U 7248
DEE X +Y WP i+ py, D 0% + o DEBSAIC LS.

9.2 AUIDWmENM2FE D

IR DIEREERITRE R I NS MER DA % shape a > 0, scale 7 > 0 DH VI DAEL
38 ) /

e~ % Txa—l e~ % T(l./T)a dx

(@) de = gy = & T ET 0).

for@dr = Fyma =" Ty = 70

BAEM MNIAHEREK XY DZENTN shape ayx, oy, scale 7,7 DA VI D3AHIZ U /-
MWD EE X +Y I shape ax + ay, scale 1 DAV BAEIZUZRD.

A4 2D (X* 340) I AV AAORNEGETHS. 74805, shape n/2, scale
20HVINHEEHBE n DAA 2FDM (2 240) LIER. A1 2R DMEIFEBE n 12
DWTHAMNEZRD.

MR Xy, X, PEHEERAGFICUANDE XY = X2 4+ + X2 [ZEBE n
DA 2FTAMIZUZDND.

9.3 FBER—IYDHmE t D

ROMERBEEHB CERINDMERD M2 /NTA—L— o,>0 2ROE_FER—X
534f (Beta distribution of the second kind & U < I& Beta prime distribution) & FF-3:
frslwde = 5 e (>0
a,B\T x_B(a’6>(1+x)a+B T Xz .
B>1R5IXFEE a/(B-1) 128D, 8> 2 B5IE5EUE (a(a+8-1))/(B-2)(8-1)%)
285,
B2 FEAN— A DA DMERBEEREUZ v =12/y (v > 0) ERALT, RN % —0c0 <
t < oo IZHRIRT D &, MEREEEBUIIRDIVIZ R S:

f. (ﬁ>£dt— ! A
"\ )~ Y*B(a, B) (1 +t2/y)o+h

n>0IHUT, a=1/2,8=n/2,y=n D& T ZOMRKEEKHTERINDMHERID
HEHHE n Ot DA EER. §206, HHE n O t 04 & IR OMERZEEHKETE
BEINDHERDHDZ L THD:

t2 —(n+1)/2
m@w:%0+—> i,
n

(
[
)

1 _T((n+1)/2)
n'2B(1/2,n/2) /nrT(n/2)’

Cp =
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HHENn > 1 261Ft 2EIEEE 0 252, HHEN n <1 D& X t 2T FEE % F
R0, HHEEN n > 2 25Xt ST n/(n—2) 28D, BHEE % KRKICT S0
[RC t DD EIEZENTN0 & LIRSS, HEHEX n 22513t 94HD
SBUFIERRRIZA S

WS RMERZER X, .., X, DNENE T p, DK 02 DIEMDAEIZLZh8D & &,

1 M —p
§ X, — M)? T =
n—1k:1( o= MY S/v/n

EBLE, TIXHHE n -1 Dt BHEIZULEDS.

1 n
M:— E Xk‘a 82:
n
k=1

FE. TS LEOBEDL T, E[S? =0? £S5, S BAMEOEKEIFIENT NS, IEHMD
WOFAENES D, M IZTEY 1, 98 0% fn OERAAIZUAAS . DRIT T IHPOHER
8 u
M-y
SN
FHEETERADAAEIZ U0 . ETRRAEZLE, DO o 2HERER S CEIMZ D L
BEERAATIEZRS HHE n—1 Dt #AEIZLEND VWS 2L THS. §TITRS
B o2 DO TWBIHEIZIE Z #FIHTEDD, BOEDBDOR>THARWGAEIZIE Z
ZRHATE RN, TI TR 02 ORDYIZTHRRSER S? 2 AT 5 &, MR I EM
DM ST t DI BESTLUEIDTHS. ]

9.4 H—FEXR—YDME F D

IRDOMERBEHIBM CEBRINDIMERDAEEZNTA =R — , >0 2FROHE—-FERN—4
53745 (Beta distribution of the first kind € U < {FZHUI N —& 7347) & S

fap(x)de = 27N (1 — 2)PNde 0<z<1).

B(a, B)
THIE o = of(a+ 8), HBUIE (aB)/(a+ B)2(a+B+1) 1A, a, 8> 1 D& XFIAE
Xr=(a-1)/(a+p-2) IIHD.

m,n >0 & U, B—FR—=X M DOMEREZEBD © 12 ma/(ma+n) (x> 0) ZRA
ERCR

f mx mn 1 mr \" [ _m b da (x> 0)
“P\mz+n) (mz+n)? x—B(a,ﬁ) mzx +n mr+n) x o

CEBIND (1 —ma/(mz+n)=b/(mz+n) ZHWE)., ZHE a=m/2, =n/2D
EERDGIZES:

(x)dx = ! e\ R " de (x >0)
Jman ~ B(m/2,n/2) \mz +n ma +n T '

CDOMERFLEHBMCERINDMERD M Z/NTA—=Z—m,n D F JHEER. F 53440
En>2DEIFENn/(n—2) 128D, n>4DLIHN 2n*(m+n—2))/(m(n—
2)2(n — 4)) 125 3.
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FAOFHDOEHELY, X WIRTA—=Z—m.n D F DHIZUEND B 5IE, mX/(mX +n)
3T A=8—m/2,n/2 DE—FERX—=LBAHIZ U0,

_ Uh/dy
Us/ds

1385 A—=%—dy,dy D F HAIZUEDS. Tabb, XV, XY (i =1,2) BFART
WSLRHEREHTH Y, %2 D X 13T 0, DK o2 OEBRAEIZ UMD & X,

5 ()2 _ si/od
KPP
EBELE, X FNTA—F—d,dy D F SAFEIZUDD.
BTN — X D OMERBEEHI fop(x)de D 2 2 x/(1+2) ERALZEDE, =
TR — 2 A DORERFEETIL fop(x) do 1Z—BT D, X HIHE AR — XD OREREE
BREUZ o =t*/n,a=1/2, B=n/2 ZRAUZEDIZEHEHE n D t 7346 DHMERE LKA
WZRZDTHo. TOZENOEREH T WEHEHE n Ot SHEIZULAEND & X, T2 1k
NTA—=R—1n D F DAHEIZUEPD, T 23T A—=Z—n 1D F SMHIZUEND
ZENDOND. ZOEKT T O aIIAREHIZF HOABED 1 OFGED F 2 Thd 2
EROMND. O EIFUTOEBENRFEIZE S TEHENDOLND . F 434 DIEREE
BREUIIRD LS IZEZIEIND:

B (m/n)m/Z xm/Z—l
Gmn(x) dz = Bm/2.n72) (L T ma )7 dw.
m=1%KRATDL,
—-1/2
1 T I

gl,n<$> dr = \/ﬁB(l/Q,n/Q) (1 T x/n)(n+1)/2 )
XDIZ =1 BRALT, D% —oo <t < oo IZHRIE U 72 % O DTSR [ B MU

1 dt
VvnB(1/2,n/2) (1 + t2/n)+1/2

28D, TRt A ORERBEE R g,(t) dt 12T 5.

Gra ()t dt =

9.5 n— 1 RITEELD—FkD%H & Maxwell-Boltzmann 8 (1)

X, RS AR A THDE L, Ry = /X2 + -+ X2, 2™ = X;/R, £5X.
ZorE (ZM,.. ., Z0) & n — 1 IRGEHAIERTE O —BRATEI R 25, MR 2 0
Tl

gn(2)dz = c; (1 — 2232 g (—l<z<1),

1
1 n-—1 n—1n-—1
= 1— 2(n73)/2d — B = :2n72B
¢ /_1( Z) ‘ 2 2 2 2

56 Z D 3k % i ZASEEHE IEBUE R 24 3 & KLEU» O BRI L — Bk 9 2 AL 51 5.
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225, AR, 2hERTD.

n — 2 GCHALERI "2 = { (29, ..., 2,) |25+ + 22 =1} OEMEERZ d' L&
=i 22 EEBEE 2, 2D 7 8 n— 2 IRGTRANLERTH] E D EEEEDFRIIZ
BEMT &, By O n—2 PROCEREOHREIE 2 ([ZHFlId 5D T,

R o

dei ANdzg A -+ Adxz, = " 2dxy Adr' A dw'.

I, Mo r= a2+ + 22 IEBEWRST DL, v = \/r2—22 Or')or =11 &
DT

Y

dry Adxy A - Nday, = r(r? — 22)" 2 dey Adr A dw.
BB 2y D 2z =ay/r ITEBEHRT L &
dry Adog A -+ Adw, = "1 — 22)(”*3)/2 dz Ndr Adw'.

U723 > T, R EDBRINFRZRMEREE I p(r) (LT,

/n g(2)p(r)dey - - - dx, = /_1 g(2)(1 = 22)n=3/2 4 /OOO " Lp(r) dr /S duw'.

1

BAD2 OO DL ¢t LE L,

1
Cp = / (1— 2232 g,

1

cn 2BV DHIETEHHELELD. 1 DHIE 2 =tV2, de = t712dt )2 L EREWT D ik
Ths:

! ! 1 n—1
cn:2/ (1—22)(”_3)/2dz:/ t_1/2(1—t)(”_3)/2dt:B(§, 5 )
0

0

2OHIE (1-2)=(1+2)(1—2) LIRBOMRL, 2 =2t —1,dz =2dt EEBEWHTDH
ETHS:

1
¢ = / Qn=8)/2(n=3)/29(n=3)/2(1 _ §)(n=8)/29 gy — on-2 n—1mn-1 .
; 2 "9
INTRIREIZENITANTRINA.
BIEEM & U T, U EED duplication formula £ 6N TWA I 2ERELTHZ
D. (n—1)/2 ZAEEDEDER s ITEIMMATE ¢, D@ ORRITEZL TN D:

/1 (1—2%)""1dz = B(1/2,5) = 2% B(s, s).

1
N— BN X EHBERAT D L
T(1/2)T(s)  2%7'T(s)?

[(s+1/2) ['(2s)
TRLL T(1/2) =7 £V,

223—1

['(2s) = Nz

(s)[(s + 1/2).
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Aid (Legendre’s) duplication formula & FFIEA TN S57
OD THE 48 5 55 B 8L D451

o go(2)dz = %% (—1<z<1). Y0, 2ER 1/2.
— 2

z=snf 2RATD L, %d@ (—7/2 20 S m/2) &—HRDAIZRD (L2 VHET. b
ZANCBBEAAHEBUE 1/2+0/m = 1/2+ (arcsinz) /7 (-1 S 2 S 1) IZ45. PIEK
BB TR D DT ZDORAMHIXFIEL DT & IEIEN D

o g3(2)dz = %dz (-1251). EYE 0, 2ER 1/3.
2 RTCERME ED—FRI A DJE i % 18 5 ERR EANDRE I —FRDMIIRD.

o gi(2)dz = %\/1 —22dz (-1<z2Z1). Y0, 3EK 1/4.

ZORMHIEHF AT L IFEND Y.
z=—cosf ERAT 2L, sin? ’i&ﬁj\ﬁlﬁ sin?0df (0 <60 <) (242508

5TLegendre’s duplication formula (/LD IEDEL n (269 KD Gauss’s multiplication theorem 2
| AR ATF

nnsfl/2

(Qﬂ-)(nfl)/Q

7= ZIE T(3s) = 33120 (s)T'(s + 1/3)T (s + 2/3)/(2n).

BINSIIARBINE TR DHAORNRIGETHD.

XYY TN ERVHIFLZLE, P—ZINTHLEBL T REOHKBOE X DRIASETEL TS
%%@%ﬁ@ﬁﬁ@%ﬂ%th%%@%$ﬁﬁuﬁﬁuﬁmmﬁétﬁﬁﬁﬁﬁtﬁﬁ<:tﬁﬂ%m
TW3., ZAUFHEIEFGER L IHENT WD . W EK S A ORERE S B G  Oa M <IRERELARY, B
A 0 (HEINS 22, 2T, WEGGEINIZE H L TV D & BT L T 2 R 0 22 O#is fE
10 FREICEE 5Tk < ABMADEN LS 2L 2R LTINS, v Y T34 5IEZ D%
% REBRINIZ $<%ofwéifﬁ%é.%@éﬁ%?Jﬁ%ﬁth,ﬁﬁﬁutu#&:t@ﬁﬁ%m.

GO I A AT AR B 1 2 [E A E D A E BT 5 Wigner ¥ HANCHEONSG. N IRFEXFRIT
Gl % RO HERE ﬁﬂi®%$§§@ﬁﬁnﬁ”@ﬂmmﬁhq(Mm%MﬁK%WLTD%K&EL
7 VB LRFENTH M OFGEOHERS %2 HZZD. TOL &, A —)VEBIZ X > THED 1/4 1278
B &S ITHIEILT D L, TDOMELRSMIE N — oo THEX 1/4 OFMAMITPERT 2 &S DAY Wigner D
FHAITHS.

P A R TR OMRIRERIC B 1 2 INH e & U TH LN BB SR N TH D . 72 & Z10F, M
M, &R & T DI, MERIOTHITR G (ZIKY:, 2013.10) IZREA1 D 5.

614fcHk - Tate FRRICZDEID SNBSS, (k% - Tate PHELIE THHEEK LER I N BBEREZ
R 72 G P HIAR D ZEBALE p DABRAK ETOEBLDMEB»S p+1 2500 T 2,/p THI-THLNDE
ED AN sin? MAMHIZAR D] LD NED 1960 FERUTHNICHER I N FRTH . JIETIEEE ]
WINTNE 5LV, R=TOEEDFHEREIZDONTOMIRL (2008) DIMELIZE L £ EHLH 5.

R RO E D & 512 TERE sin? R 2FE U200 TIE, #EI5EE, Dedekind n 5 &
P sin2- A, 26 16 MBS VRY Y A EHBKT (2005) 1ZFE L. M F 72 REBEE 72 © - ke
AIANI LV 2a—Z—THEATVWD I L2 EEEESIZET H—TFT U THiLAEZL SIZDNT [DUEKR
DHZFHEEROTAERTAN LW ZEIZho7z, THT, BHAEIEA. BN - a2 E0&?
i?ﬂt%ﬁ?é:auaot@@%éjt%mf%é.%@r@b%%®%éﬁﬁj®ﬁ&%muiof
Wfﬁ%@ sin? PH BRERI N

SU(2) EDO—8k53 46 (Haar JIE) 2 HiFEXND SU(2) OIBIESIKRDZEM LD/ sin® B 4612
2%, TOHHFLATO@EY . Ae SUQ2) DHEZLHIF —1 S tr(4)/2 <1 TREICREMT ONG. (—#IC
Gbmgwj/ﬂawa%ﬁﬁwﬁmﬁm*i%@%@%ﬁ&(ﬁab%lﬁmﬁ ) TRIZRHO
bNd.) AeSU?2) IZ ()ﬂ%ﬁﬁ*ﬁé%@iSU SP CRY LS H OB LT, 5% 5 R
D 1 WA REANDHEIZ B LTS, 2O enb SU2) EO—RaMinZ DSR2/ -
ZFEEY 2 0| %ffﬁ ﬁumﬁﬂﬁﬁu@é:tﬁbﬁa

e - Tate PAUE TEIBUR EOBETREZ F2 R OBMEER» O &8 F p T 128505 SU((2) O

I'(ns) = L(s)I'(s+1/n)'(s+2/n) - T'(s+ (n—1)/n).


http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.ias.edu/~rtaylor/
http://www.math.ias.edu/~rtaylor/
http://www.kurims.kyoto-u.ac.jp/~gokun/R=T.html
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf

52 9. Ik BE% BREERDAEIZDONT

nZA4DEX g.(2) 1175 7 HBERMORBIZA S, FEIZENE 0 THBIZ FTRT
£512 1/n 1255,

ZM DEINE 0 THD. I HITR—REEE A Y YEBMOBIGRS L OH ¥ Y HB O
BEAELY ¢, /cppo=(n—1)/n= 1—1/n ERDBIENDIND. TEDI L&D L, Zl.
DR 1/n 1282 rrtEd:

1
n 1
Cnl/ 22(1_22)(77, 3/2d2—c (Cn_cn+2):1— ¢ = —.
-1 Cn+1 n

N P2 1—(1—22) eMRATDEIREZITo .
V" = /m 2 3 0, Sk 1 ORERZBUCRY | T OB REIE

2\ (n—3)/2
P D Sy P dy
V) Vn o Vne n

IZHRB. o0 DEX p=(n-1)/2 £BLL,

2\ (n—3)/2 2\ —3/2 2 n/2
2
n n n/2

e = VI T 2 B ) ~ VI 21 2V o

v 2

78552 ®POEFET Wallis DR LY

b < 2Ty 2 () 2y

r2v)  12I@2v+1) v\v v 2%

YRBIEEMS2B. UahioT, V™ IE n — co OREIE CREMETE B4 12 U 7258 e
REBIIHKT B

lim <i) — lim (1- 3/2/71) /2 _ e~ v?/2
n—00 \/_ \/_ n—00 \/_Qn QB(T T1) \/ﬁ .

UEzEedd e, EH y OFFERRE g(y) I2DVWT,

~ e~ v?/2
Cnl/fs () deon — /Rg(y) N dy  (n— o0).

2T, VST ={(y1, .y yn) ERT Y2+ +yl =n b IFERE /0 D on— 1 RSB
ThHY, C, IXTDRMOREETH Y, dw, IETDERE EOEHEELETHD. ORI
YiEi 121X Maxwell-Boltzmann Bl & U T L <HI ST\ 3

HALHGEDS 3 RoTEK 93 = SU(2) EO—HAMANSFEEINDNMHIZLAEDN>TND] EWVWIHFETHD
t&?&h‘é

2 /ne, = fil(l —y2/n) /24y BOT, BIED lim,_oe(l — y2/n)m=3/2 = /2 ML %HD
lim, oo v/Cn = V21 2B 2L TED. FEBE, 5 U AMNHEEAS S,

B EOHEZWIZZEDZLIZE>T, HIZ Wallis DARZHHTLZ L ETES.
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9.6 n— 1 RFTHKELED—F2%H & Maxwell-Boltzmann 8l (2)

HIEICIEERE i D n— 1 ROGERE LD —RRAE D x; il DS ORI AMEAE R 7
MDD ZiAL .

[FRRD FIET, 48 /n D n — 1 IRICERE LD —HE53 40 D m RTG53 22/ AN DS A
m RTCOEHEE NIRRT 2 2 EREd. LR TTOME % R IcHiH L T <.

iS5 E2TDE F5] XHk<.

n—m— 1 RGGBALERT S" "1 = { (a1, -y Tn) | 224 -+ 22 =1} OMEHEER
Zdo EEZ =/l + 42 CEE v, 1, DY En—m—1 J0uH
ALERT LD PEREDORMIZERZER T 25 &

dry A« Ndxy, =" Yoy Ao Adx, Adr' A dw.

I, o r = /ol a2 CEBERTDE = \r2—a— - — 22 D
or'/or =r/r'~1 7LD T,

dry A Ndx, = r(r? — )= D2 gy A Ndag, Adr A du
BRIz (i=1,....m) 25 z;=x1/r (i=1,...,m) (CZEEWHT D &,
dzy A Nday =111 — 22 — o = 2) =22 0 A dr A duw'

m

U 7955 T, B FRATER BB p(r) 1 LT,
/ g(Zl,,Zm)p(T>dq;1dxn

:C%)il /2 , g(zlw--,zm)(l—zf—---—zfn)(”_m_Q)/del---dzm. ()
21+ tzm, <1

cfg)_l:/ " p(r) dr/ dw’
0 Snfmfl

ThHd. Lo LMMABEE LT m=0DEA%EZ2L M =18%. D2k
&V, pr)=e2)2n)? £ F B LIZ& 5T, n— 1 IRGTHATERIE O HERE

1
00 ) on/2.n/2 Q2 n/2
/ dw = (27T)n/2 (/ ,rn—le—r /2 dr) _ 27177- _ ™ _ nm
gn-1 0 27/2-10(n/2)  T'(n/2) T(n/2+1)
EEBEIND (dw i& n— 1 IRICHRALERE S OHEESR). IROAXZ[F-> 72
/ P le 2 gy = / e’t(Qt)(S’Q)/2 dt = 25/2’111(5/2).
0 0

BOER%E r2/2 =t rdr =dt, r*Vdr =r2rdr EEBTNIEZONANELND. LA

EEY, [T tpr) dr IEHEIZ n— 1 ROTRAEREI QMO TR Z L EDhd. U
725 T,

o Jsdw (0= 1 YORRACRT O TR
" Jema d’ (0= m — 1 DOCEAERE DY)

ZIRER Y DBTEIERTH D
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EH A IBBIRD & S IZEE X B0

o) — / (1 22— 2 Ymm/2 g
224 422,<1
= / t1_1/2 et VP =ty — e — ) T2ty -y,
t; >0, Z:’;l t;<1
_ I{/2)"T((n —m)/2)
N I'(n/2)

2DOHDEST 2 = V; LEBEHRL, BEDEFESTIROAXNZE[H>72: p; > 0 1T U T,
F<p1) s F(perl)
D(py+ -+ D)

FED GIRE T Y BB e N— 2 WO L o <FAKTHD. & LIFHALZ
B(p17"'7pm+1> Z%< t?

= / til’l_l .. 'tﬂm_l(l —t = — tm)pm+1—1 dty - dt,,.
t; >0, Z:il t; <1

B(pla v 7pm+1> - B(ph « oy Pm—1,Pm +pm+1>B(pm7pm+1> <B>
DI B 2 2 D, I 5 L b T, EBE by = (1=t — - — by )

W&o Tt, N6 u IZEBEHmT S L

B(ph o 7pm7pm+1)

1
= / dtl tee dtm_l / du
>0, S <1 -1

p1—1 pm—1—1 + -1 -1 -1
t R (1 —t == tmil)Pm Pm+1—1, Pm (1 _ u)pm+1 _

ZhEY EOAR (B) BEALT B I L b h S,
AR (%) £V, N7 NVIERERZEE (27, Z0) OfERE R

(215 ooy 2m)dzy - - dzy, = c(")fl(l — 22— 2 mIDR2 g dey,

Th5.
&Y, >0 LT, (VL) = Vi (25, 20 o skB UL

1 m (n—m—2)/2
1— — 2 dyy - - - dy,,
( — ;y) Yy - dy

DFEIERB5,. 2 LT,

BOT (V) i n = 0o Tm D ERDAIT L 28D R N IVEHERZE 8
WK T 29, bbb,
ml
~ 7 = N\ g\yi, -, Ym dwn
ColV0) i o P00 )

Gy =m+2 DX T = 7m/2 T (m/2 + 1) 1E m WGTERAERKD KBS L.
Y b N TR 2 LT EER &
60y (") FITARA n THNLTIRARWVAS, n — oo ODREIE TR A FEHE R4 12K T 5.
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MG & AN — R Al

1
HW/ngCUlw--,ym)eXp(
o) ERY [y o+ g2 = ot} B Viio D n— 1K

ZZT,vnoS" P ={(y,...
FHRFETH Y, (Vo) IXTORAOEEMTH Y, duw, 1$7 ORE LOTBELTH
5. T IZIE Maxwell-Boltzmann Bl & U T X <HISENTEY , 478X o? 14Xt

1R D Boltzmann G kT 72 LRI N5 .

9.7.

9.7 ZIANMEB—ER—IDH
0<p<lid2. nFHAOEKTHE LT 5. BBIMREW B,, H/SFA—4—

n&p OTHBHIZUZDD L

P(B,, = k) = (Z)pk(l —p)" ™k (k=0,1,2,....n)

WAL T DI L THDEEDDS. L FHIETNT N np & np(1 —p) 1T Y, KRk
ik EleitPrn = (pett + q)" L7825, ZHDEIFNT A= — n IZEHUTHAEZED. @
ZAZHDMBREH KD p 2 —EDEE n 2 KELT DL, (B —np)//np(l — p) 13

EER AT U 720D HER B TR I ND.

DM E B AN Z O AORRIFILLTO@EY .
J=sl/(tl(s—t)) &ELSZLIZTD L

s+1) =3
1 (a+p-1! ("L
B(@)ﬁ)f(@_l)!w—l)!i(a—i_ﬁ 1>( a—1 )

BRODT, NTA—=Z—a,3>0 ZFOE—FE— X5 D
+B8-2
fap(p)dp = (a+ B — 1)(a N ? | )pa’l(l -p)tdp (0<p<1)
ERIND. FE of/(a+B), 2EUE (aB)/(a+ B (a+B+1) I8, a,B>1 Dk
SEHEIXp=(a-1)/(a+8-2) ITBREZDTH .
WRIZa+B—-2=na—-1=k D&, F—FEN—X A0 OMEREEREHIL
frstn-ria(p)dp = (n+1) (Z)pk(l —p)""dp  (0<p<1)
ERY EEEIE p=(k+1)/(n+2), 28UX (k+1)(n—k+1))/(n+2)*(n+2), &

BUEIL p = k/n (TR 57,
PAEDOKERNS AWB E n BHHELU T k B> 72 & X AW BIZEDHERIZ/NT A —
BA—Na=k+1,=n—k+1DHE-FEX—ZPHIZUEZN>TND LAZT LR

NPy LY SRR

67k ~np (n — oo, p I&—) X 5IE, n — oo THIMHE & BAUEIZ p ITIPER L, 4280E 0 1R 5.

O3 IL A AT A DFF.
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9.8 PoissonDmEA VIO
HEERIHE SRR Nyp D38 T A—K— AT > 0 @D Poisson 0 AGIZ L7205 &l&

e AT (AT
k!

PR THIETHDEEDD. I EITED L E N\T (2485, T IFHET D RHED
EX% N IFBMRED 72 ) ICENZFERIEZ B M OMAHEZ ERL TS, Ktk
B FleNhr] = T 1 L 725, Poisson 1% \T I DWW THEM 2D, Wz
DRBIREFR L ), AT 2 KX T2 8, (Nap — AT /VAT IZEEEER DA IZ U208 e
B TEPIINSG.

Poisson 204f & 7> X 34 DBFRIFLA R O b) .

IROMEREE R TER I NDOMERS M % shapea =k +1>0,scale T =1/T DAV
ST EIESRDTH > 7

P(Nyr = k) = (k=0,1,2,3,...)

e AT (\T)F
k!

SEIE N = (k+1))T, 28E (k+1)/T% (280 BSEEIE N = k/T 127259,

IO o, T BARFEOBRITENLERN L R o724 561F, BARFE DY
WCENBERIEZ L EBONEYIME N OHEEMED shape o = k+ 1, scale 7 =1/T DAYV
SOMHIZUZR>TND EART ZENHRIZEENRZ LD 5.

fk—i—l,l/T()\) d\ = dA (/\ > 0)

9.9 EAXRMLENEFHEEDARMIE 4 57EA
MERZHU 2 DHIFHE () %15 X2 I B[ | W R 2572 LT3
o ElaX + Y| = aE[X] + BE[Y] (#E1E).
o f=045IFXEf(X)] =0 (HaaM).
o E[1] =1 (Bik&fbsett).

ol INEITOREEZTINONRY)DIENERS.

MERZ X DT (MIFHE) DEET D LI E[|X]] <oco &82ZELTHD. TD
L& ux =EX] &2 X OFIES U <IZHIFRHE L IER. X O px WMFET D L E,
(X — px)? OFHfEE X OHEREIEY, 0% ERDOU, DOV SR ox % HEHE(R % & I
A YR A SRR RIC R 2 DY 2B,

LLE E[|X]] <o BB X D r IRDE—AY SWEETDEEW, E[X"] & X D
FrIRDE—AVREED. X D1IRDE—AY ME X OFY ux = E[X] THY, 2D
T—AY MIDWT E[X?Y =0% + 4% BDT 0% = E[X?| - E[X? £ %5,

Ok ~ AT (T — 00, A 1F—5E) B HIE T — oo THEF L BHMEIE N ITPERL, 2803 0 (IZPURT 5.
TORERZEM (Q, F, p) LOWREE X & HERLH LIRS, WK X 12 [, X(2) p(de) ZRHIEIED
PEHE 2 HARHEIN R L Y B | & RDT



o7

FERZEE X IR UT ox(t) = Ble®™™] % X ORHMERBE MR, FpEEEUE ¢ 1220 T
—RRERR U R D . RS U WIER S BUIMER M 2 /0™ fEREH X, Y
FUHEMi 2RO E, X ~Y 2ELZ2IZTS.

X DriRBLFDE—AY IPIRNTHEAET D LI RMERE ox(t) 1&t =0 T r [\
SRR Y, oP0) = E[XY (k=0,1,....r) £ &%,

X &Y IR PEE ARODIHZ R ODWRLMTHD L 95, 2D F Cauchy-Schwarz
DAZFEXRELY | BI|(X — pux)(Y — py)] Soxoy £BRD5DT, oxy = E[(X — ux)(Y — py)]
M well-defined (28D | |E[(X — px)(Y — py)]| S oxoy £%8%. oxy & X & Y D5
MEES. pxy = oxy/(oxoy) & X &Y ORI L LS. HERBOMEIZ 1 2IT
W22 5.

HABIIFIERETD X MVOARE] ISHIG U, HHEGREIL TR SVDHWZD
AL 0 L ELEEID cosh] IZHIRLTWD., MEREH X 2 FHE0N 01225651218
EEATBBL 72 X — px A7 MVOBBIITH Y, B(X — pux)(Y — py)] HSABEDEL
Wicdhd L BRET I, IBREFETHEALE Z ENTARNTRITLD.

WERLE b X; PSITH B LIF, iy, i DWEVICERD & X,

Elfi(Xi,) - [o(Xi,)] = E[fi(Xi,)] - E[f(Xi,)]

MEALT DI ETHD (fy 72bIFARBEREE). X &Y WA LIE X &Y oty
B & FHBEAREUE 0 12722 0%, Wil U 7R\,

Dy 3T A= — >0 2ROMREHTHE L L, X ~D,,Y ~Ds THY, X|Y
N THDETD. ZDeE HLE X +Y ~ Dyypg DRALT D & &, D, O
THAEEZRDOEFS.

WERER Xy, X, PHNITHDEE, oxirnx, = [y ox, DEONLT D, WA,
Yp, = ¢ MEALT DI k&, D, ODWRDMAIIHENEZFOZ LIZAETHS.

10 {I8%: 5874 Tauber U EE & FDIGH

10.1 AEESD D Tauber BUEE

I 10.1. f(t) &t > 0 TEHRI N/ IEMEBRET A2 D B £ 72 X BN T
5EREL, a,a>0ThHhdLTd ZDLE

/Ozf(t)dtwaxa (x — 00)

B HIET,
f(z) ~ aqx®? (x — 00)

TR 28 & AT HER 22 (O, F,p) LOEBMEFHEHR X Q>R DI ETHD. R D Borel REH
AT UT px(A) = p(X1H(A) LEDDZLIZES>T, R EOMERALE nx WEXD. pux &MHEREH
X OWERDAH LTSN, ELE ux M Lebesgue HIEDEKE f(z) FFLRRIND L X, f(o) ZHEREH X
DR E LRI LTS, R EOFHIEKE g(z) IZHLT X & g DEHE g(X) £EFL. g(X) &MERERIZ
2%, glx) WEFEREERD L &, g(X) OHIfFHEIX Elg(X)] = [p9(z) px(dz) EEDIND. X DR
B f(x) DRAET DR LI Elg(X)] = [ 9(2) f(z) da.

Py <2 BOIE f(z) = f(2') BRLT I L% THHEHD] LIFATHS. FHRED IBINTES LD
1295720120k TIEBINEE) EIERIRENE LAV, HEIZADETID LS IZIFATNS. [THH
BN A2 OWTHEAERDMES 2T 22T TELLLAKTHS.

BE(z) ~ G(x) (x — 00) I lim, oo (F(2)/G(x)) =1 2EKHET 2
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WAL Y B . (Z OFEERDORIZATIR D RDML 2 LA ¢ THO L Z LTS

BERA. 9, f PEPFEABATHD2GEEERD. f BEEBORBETHL L LY, [TED
c>1IZ/LT,

IO (O L (UL e MO L3

cr — T x—clx

D2k %E az! TED L,

A

(1)

S E@dt [y f(b) dt o fyde [ f)dt
ar® ar® < f(z) < axr® ax® (2)
c—1 = azret T 1—ct '

DZIZ w00 LFBHILITEOTT,
-1 f(z)

< liminf - < limsup - S
c—1 z—o0 QT r—0o  QATYT

f(l’) < i:z_(j (3)

IHITeN1ETHI8IZEDT
J@) o lim sup RACOR a

o < liminf <
— 2900 qro—l — T—500 ax®1

lim f(ax_)l = q, 2FY  f(z) ~aax® !t (= 00).
T—00 X
INT f PRFAWDDBEITRTREZLIRINT.

R f BEIEMOGE 2 HBE D . [ PHEHFEBINOEEIZE (1),(2) TRESDR S 2
WU ZZAERNE L NS, D RIZ, (3) T liminf & limsup 2 KL T, £AESDM I &
WCUERMRONSG. TDZ LICERT UL, f BHEFENOEE IR T R ESERNFE
FRIZEOND Z e hnd. [

B a, \CHUT f(n) =a, 2723 f(t) ZEYIEDD Z LITH > TROFER
PEHND.

% 10.2. a1, as, as, ... (FIEMEHHITHEFRD 2 EHHFEMLTHNDE L, 0,0 >0 ThH
5895 ZDEE

n
Z ag ~ an® (n — o0)
k=1

1

ay ~ aan®” (n — o0)

ST f@) dt ~ acta® (z — o00) V.



10.2. Laplace Z#1MD Tauber % & H# 59

10.2 Laplace Z#:D Tauber B FiE
Stone-Weierstrass DZHATEHE %2 ANV T ETIREZRT D.

iR 10.3. ¢(y) (AKX [0,1] O FEMABIEHETHD & U, gy) EEAXE [0,1]
LEDOEET 5 c € (0,1) TOAREGETHMOD ST iﬁii%mfdéé%d)“é%é & U, PR
g(c+0) =lim~og(cte) WEETDE/RET S, ZOLE MFED e >0IIXHLT, %
HAB P(y), Q(y) T

||/\
||/\

0
/ e

/01g< o) g/ Qo) dy /g<y>¢<y>dy+g

ZiW/2TEDOPFETD.

FERR. Stz /2 T LA Q(y) DFEDAZ REIX X, (gy) DROYVIT —g(y) %
ZZNIE Py) DFFEERIND.) T 51T g(c—0) < gle+0) LIRELTEW. (g(c—0) 2
glc+0) 61X g(y) DRODIZ g(1 —y) ZFHFZUTE D)

o(y) FIAMTHA B RDOT N = [ |6(y)|dy = [, (y)dy &
5. g(y) & [0,1] EERZDT, HD M >0Tlgly))]SM (05 y
Hns.

FEREIZ e >0 2H5.

¢ KD § > 0 1IN UT, g(y) Z2ELd 2 EMEEL g5s(y) ZIRDE S IED D

o\
Q
|I/\

BL<E, N<oo &7
< )%J}t‘f}'%@bi

9(y) (0=y=c—9),
95(y) = ¢ max{a(y — c¢) + g(c+0),9(x)} (c—6Zy=<e),
9(y) (cSy=s1).

ZITa=(g9(c+0)—g(c—0))/0 THY, aly—c)+g(c+0)=a(y—(c—0))+g(c—13)
ThdIIlERE L EHELY

—M < g(y) < gs(y)

LBESTWS. |gs(y)oly)] £ Mlo(y)| (0 <y £ 1) 22 limso g5(y)o(y) = 9(y)o(y)
(y # ¢) 72D T Lebesgue DIHEH L Y |

[IA

M (0<y<1)

tim [ astwot)dy = [ ooty

ZDZe#FEST, 6>0%2+45/hI LT

£

| swomar < [ aswotars [ owotwa+3

LR85 EHIZLTEL.

TSP b DR DI L THAR T —HE M X 1% &\ 5 EBE,
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Stone-Weierstrass DZIHAGELUER K V| H 2L THAEE Q(y) T

QW —w) —5v|S5w (0=ys1

22T EDONFMETD.
ZOEF gly) £ gsy) SQy) (0 y £ 1) ARILTEY,

/162
/‘Q — 95y ‘¢ dy+/q%@M@ﬁw+[Tiﬁdwdy

<o [ o dy+/ Do s+ 5+ 5 [ o) dy

:§NN+/9UM>@+3+5¢V

1
_ / 9(y)dly) dy + <.
0
INTRIRZIZENRINS. []

EIE 10.4. f(t) 1Tt >0 CTEHEINZIEEMEATHEBTHD L U, a,a >0 THD LINE
5. DL x

‘/MK”ﬂﬂﬁAw% (z\, 0)
0 T
B5IE
[rwan fls e
MBI . (H Y VI ﬁ#mf$é@miuT®£%%%Mib#é)
SEER. F(z) = [Te ™ f(t)dt LB &, RE F(z) ~ a/z® (x \,0) &V, k=0,1,2,...
XU T,
F((k+ D) = [ e ()" sie) d
0

a a 1

R
~ G e ), T @0
ZIZTIRORNZ > /2

1 1 F etat
—_ = AT de > 0).
o F(a)/o ¢ (c )

U 723> THEED LA p(y) 122V T

T et ot a 1 X —tya1
/Oe p(e )f(t)dth—am/o e ‘ple )t dt (x \0).

FAXE [0,1] EOFFESEE o(y) &

o(y) = (logy)*™" (0<y<1),  ¢(0)=0
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LD y = IZOARESEERD [0,1] LOEE g(y) %

g<y)={0 0=y<er)

y (et sys)
LEDD. ME103 LY fFED £ > 0 1R LT, 52 SHREK P(y),Qy) T
Ply) S gy) Q) (0=y=1),
/Olg(y)qﬁ( Jdy —e = /1 P(y)o(y) dy = /Olg(y)ezﬁ(y) dy,
/ dy</ Qy dy</lg(y)¢(y)dy+€
BT EOWEETE. DL % y—ct 5L L,
/0 ) egle )t dy —e = /O ) e 'Ple)t* dy < /0 N e~'gle )t dy,
/OOO egle™Nt T dy = /Ooo e Qe dy = /Ooo egle™ )t dy + .
—H, f) 20 THdI &V,
| empemsmas e nmans [Tenae o a
BROT, ZNDLEKE af(2°T(a+1)) TH->T, 2\, 0 DMREZED &,
/O ) e 'Ple )t tdt < lim in w /0 ) e "g(e™™) f(t) dt

ar 1
< lim sup S L@+ 1)
\0 a

/ eg(e™) f(t) dt < / et Qe e di
0 0

ED2 DDBREDOIHREEDE, e >0 20 S5TEHENILSTED 2 LIZERETNIE

RINERALS 8 2 e Nbhnd:

}:1{]% raer’y F(j +1) /0 e gle™™) f(t)dt = /o e”‘/g(e’t)t""1 dt.
TROLHLIRNGE LN

a 1

/0 e "tgle ™) f(t)dt ~ 5@/0 e tgle >t dt (x \,0).

el <e
EE gle™)=02DT, T LEOXFRDELDIZEZSHEIND:

1/x

INTRTRFZUNTRTRI N,

a 1 o _a 1 a 1
0 J()de xam/ot dt_ﬁaF(a)_xaF(a+1) (#0).

61

et <1/ EFEMETHY  t <1z DEEF e gle ™) =1 R, t>1/z D

[

76f0 dy—fo —logy)*ldy Ty=et BLL, fo dy—fo et ldt =T(a) &A%, Z

DD o) 2 dom )L o >0 DL F [0.1] CHEAChHD L HDID.
TZZT f(t) DIHAMEEF>TND.
8P, D Stone-Weierstrass 02 HH AT BUE L % {# 5 fE 2 /A& 571 Jovan Karamata (2 X 5.
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LOEHEFHIOIIEZAHDED ZLIZL > TIRORMFONDS.

% 10.5. f(t) It > 0 CEHERINZIEMERBTHEARBD F 72 IXHEFAMLTWB LU,
a,a>0ThdLdd ZDOLE

- —xt Ni T
| et~ 5 @)

ANCYES

at* !
I

AN AVACIESN []
B a, \IZHUT f(n) =a, 2Wi7ZTEE f(t) 2ZHEYNIERT DI LITE>THEREIL
724, Stieltjes A MRDEMZFEHLE LY, I HIT y=e2 LEWT 2\ 0 OIRIR %

y 1 OMRICESETILIZES>T, B UKIFEBEFIALVET Z LICE > TU NOFER
PEONG. (1—e~ax (2 \0) THDILITEREL)

% 10.6. g, A1,a9, ... 6iékﬁ’fﬁ§&ﬁ”?%ét L/, o,a > 0 —C‘%%) C‘_}_Té_%) :o)t%

o0

lim(1 —y)* Zany" =a

y/1 —
25K
- _an® ( )
kzakNFa+1) n — 0o
WRATE 5. (4 < BEASH T2 B I AT OFE 2 HAE b s ) 0

REER. EEGEHUBELTE IS . 2>0& L, y=e B, 1—y~az (2 0) BKDT,
F(z) = Ze‘”man ~ — (x \0).

ZAMERED kE=0,1,2,... T LT,

(h+ D)= 3 ()

n=0
a a 1

~ s = x—am/o et (e_t)kto‘_l dt (. \(0).

ZZTCIRORA %o 7
i_ 1 > —ctya—1
ca_—F(a)/O et dt (¢ >0).
U732 T, ERDZIHNE p(y) (Z2WT

7nx fnx i 1 = —t —t\pa—1
Ze an, xaF(a)/O e ‘ple )t dt (x N\, 0).
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ZIEPT DI LICE > TIMELND™:

a 1 °
Z e ")y, ~ x—am/o e tgle Mt dt (x \0).

=0

el<e™ & n <1/ XAMETHY, nS1/z DEE e gle®) =1 BRDT, < LD
RIFIKOEDIZEZEINS:

a 1 ! a 1 a 1
P -4 - .
Z @™ e I'(a) /0 z*al(a)  zoT(a+1) (£ 0)

AT z=1/n &EE, ELAON%Z k=0,1,...,n OFNIHIET &,

Zakle) (n — 00).

INTRIRNEZEINRINE. [

% 10.7. ag, aq, as, . . . \EIEMEES TR F 2 IEHEFEMLTHND 2L, a,a >0 TH
5945 2Dk

o0

lim(1 — Wy =
lin( y);?y a
25X
i ag ~ an” Ay ~ an®” (n — o0)
" T(a+1) " T(a)
AN AVACIESY ]

FEHL 10.4 D Stieltjes B IIZIR D@ 1) 80,

T 10.8. o) I o(t) = 0 (t < 0) & il TAESHFRMEECTH B L U, a,0 >0 T
HhHLETH ZDEX

F(z):= /_OO e "do(t) ~ x%‘ (x \(0)

0
e

)~ oy ()

MKALT B 0

ORI IIME 10.3 ZHOAZEEEVERLSBEIIRD. TOHFMOFMEZ R NE, Y5 LU Ta, =0
ERELTND D, K< ORSRNWEA D, DI DWW TIHEH 104 Dt Z ST & ZOHER
Jovan Karamata (2 £ 3.

802 10.5 1, 25 10.6 Hi CHOA BB ICELHHBMME TN T VD L) —RKNDIGE IZBIT 2 fifa 2 ENT

B, %%b@ﬁ%ﬁ@ﬁbf‘ﬁ%{fm%—ﬁ L T2 D THEBFE i I 7&0’@‘6
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ZOEHORINZGEL UT, & UL ITEM 10.4 DFFHH & S22 AOfE %R -8 % Z
CWZEOTIROFERNBELEND.

% 10.9. )\, = 0 IZHFABENBFITHD L L, 0,0 >0 THDLTEH. ZDL X

. 7AnmNi
;e o (x \(0)
ANSY =4
> < at®
#{n|An:t}~F(a+1> (t — o0)

MBEALTD. X5 t=\, DGEEEZDILIZEST

‘- <F(Ol+1)>1/an1/a (n — o0)

a

EROEND. [

10.3 Wallis DA &M IEFXD
NERBBUER (1 —y)"2 =3 any” (lyl < 1) THH a, 2EDD &

p4wc4ﬂ>:%@+n~«§+n_n

ay =
n n!
_1-3---(2n—=1) (2n)! 1 [2n -0
B 2mn| C2(ph2 22\ '
4 DOHDOESTHTHRIZ 2.4+ (2n) = 2"n! 272 XI5
n+1/2 _
U1 = Ay < Q.
+1 n 1

W2 a, WFEEEFBDEIITHD. (1—y)V2>3> jay" =1 BDTR 0.7 %28EHT
52 LIZE>TIRNELND:

1 /2n nl/2-1 1 (n = o0)
Ap = —— ~ = n Q).
220\ n [(1/2) +/mn

ZDARNIE Wallis DA & FEEN TV B8,

WERDANHTHRKE —DDNNE—=VIZDODWTEHIAL & 5. TD /2O IEMERS] a, 1E
Wallis DA R OWHEZES) a, ~ 1//mn (n — o00) Zi7Z LTV EMREL, pur = apan_y,
YL CoeE EEY min{kn — k) — 0o IKBVT

LR S DR S
pn,k T ,—k(n—k) — T ,—E (1 B ﬁ) n

8145 10.2 HiXH 10.6 Hi TSI L /2 4 1 7D Tauber BEMIE Wallis DARD—3(L7E L ALES.



104, x—x24+xt x84 x16 - x324... Tx "1 &§5L? 65

ERBHDT,0Sa<bS1ITHUT,

lim Z Pnk = lim /
" <k nsh e a<k/n<b \/f — £ Va(l—x)

%%&ﬁ B 7 (2(1 — 2)) Y2 do DAED DIERD AL EE DA L IEIENT WS, 0D
DIZIEIEN D HH L E O REEMER DA HBAIRD & S ICH FERERKMTROIND DD
'C‘W)é: -
1 [ 2 [Ve y 2
;/O\/ﬁ:;/ 1_2:—arcsm\/5.
Z OWMELEDAIEHLD (2,y) = (1/2,0) THEN 1/2 OMFEA EO—HkSH % o fill LIZH
HLUEEDIZEL .

Z D & 512 Wallis DA XTI DR ZEE OE D S W IEL AR THRD. T U T Wallis
DA R DOFWHEZEE) L Tauber FLOEH (R 10.7) RO THKD. —fHNR 1IRTT ¥ X L
A= IZBT B W IERIERNEE D & S R SE T I NS .

WOIERGERI 21 TEAXNRE U < IZHARHED 0 TERO DB Z D & S B M» 56 H
FETDIMITT VELT A= TIZBNT, & VA £ > TV R ORMOE G
D53 A IR ] PR K DABR THEERL A AR ICPOR T D ] E WD TERIDZ & ThH D% HIEK
FEHIOFEIIZIEZMN 2D R Z DWEHENBEIZR D, R 1/2 TEAIZL ATY 73O
DHEMLRT VAL A=V IZET W IEKIENDOBETI 2, flagbEmiicee I U

WD B ENZ 2 5%, Z 2 TIXE DT OME R i IE — N 2129 5.

U2 U, #ESLIERNT K AVFHERAVIZEU RS L T

i L@y € {£1" [na <g#{k [+ -+ 2, >0} <nb} _

n—o00 2” u/m \/ X 1 —-$
1 1 [ dx

lim — doy---dr, = — | —————.

n"r00 21 / / ' w/a Nz

—1<z1,..., rn<l,
na<#{klri+ -+ >0}<nb

Fry U Tz 20E, &M o+ -+ 2 > 01k TRV TWS 2 & (M—&)ITH->
TWBHIRE) Z2ZEL, #{k |21+ + 2 > 0} IFFVTWASRHEOREI Z2EKL TH
D, 5 na < #{k|x+ 4> 0} <nb IFTFFOTODHRFHOEIDEI G a LYK
IO EVANINVZEZERLTWS. T VE LY A—2IZT 23 ERKEANK [TFNT
WBRHIDEIE] A n — oo THIEKAHICLEZND ZE2HKLTWD.

104 x—x24+xt—xB4x16—x324+... Tx N1 &95&?

Fla)=az—2*+a' -2+ 2% -2+ ... = Z(—l)kak (lz| < 1)
k=0
828% U < I& Frank Spitzer, Principles of Random Walk, Springer GTM 34 (1964) M2 20 fi% 2@ &.
FRIZZ D pp. 225227 H7- D) 2 BT HIEZ D) — N OEBERDLDIZIETTHS.
SSHARIZR 5 o A N A — 0 DOWERKIER DR SR A B S NI Z XA, ek amasaefI ok, 20030525
UK EE [Z 0 X L0 4—2 <) ZARED L HA (2004) O 1 ZE2 S U THRLW. IRED
FHIADPZNZEDIEFIY—E2ZABMBIERTENE R LU VDT, BEEIFEIDANIZIZBETIOHTES.



http://web.econ.keio.ac.jp/staff/hattori/srw.pdf
http://web.econ.keio.ac.jp/staff/hattori/kyoritu.htm
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CEDD. ZDEE x /1T Fr) BIPRS00 KT 2 & U7xSTDORFREDMHIX
AN 72 % 228t
RIZPERT 2 & U256, TOPNHEIE 1/2 TRITINIENF RN LT <IiZbhbnd. &
TAa5IE,
F(z*) =z — F(z)
ﬁﬁjbfwé#%?%é IHICBUHFE L CTAD &, 2 1 DiEL T F(x) OfflX 0.5
WP ENZEEDLND. 2 2K

F(0.99) ~ 0.494098,  F(0.999) ~ 0.500124.

Flx) & o /A1 T12PURTEIDEASN?
BA a,, s, &=

F(x):Zanx"7 Sp=ag+ai+---+a,
n=0
CREDD. —HRIZ
Z‘W” = 1—$)anx”
n=0
DL x

Sp=ap+ar+ -+ ay,
ERBILITERT L.

EORHT
Fz)=2(1—-2)+2'(1 -2 + 21 -2 + .. = (1 —2)f(2),
f@)y=r+2'Q+r+2°+2*) +2" QL +az+- +2") + -

a4 ) @ e )
E72%5MDT,5,20THd. DRIZHLE

lim F(z) = lim(1 — = s =a
Iy o) = (1= )3

ENHRT D861 %106 (a=1) £V,

k=0
CINEHTBIETTHD. L1,

4k 1
i S0t St sy AHAHI0 T a o L
ko0 22k 1 S Ak — 1 koo 48 —1 37

4k — 1
. Sot sttt Sema g . 14+4+164 -+ 481 4—1 2
lim = lim = lim —
k—o0 22k—1 _ 1 k—o00 %41‘3 —1 k—o0 14k —1 3

BOT, n Y0 sy ldn— o0 TPERULBW. L3> Ta M1 T F(x) SIPERL AW,

B4R 3 Z DRTEDIZELE % Peter Duren, Sums for Divergent Series: A Tauberian Adventure, 2013-10
(A Z 4 R) TEAZ. ZTAZE i G. H. Hardy 232 ORE%E 1907 FIZfFN 725 L, BUEEHRE TN
i$ 2 1T Fz) O 0.5 ORFAZ NS <ERICEHL TV 2 H 72 R6NE. TUT EOMEAS 1
RCIFEBICHRICHIRE L TS Z EAGEHINT NS,



https://www.uam.es/personal_pdi/ciencias/dragan/respub/Duren_Tauberian_Talk_2013-10_UAM.pdf
https://twitter.com/genkuroki/status/734774669069287424
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10.5 Laplace-Stieltjes Z#t

AFIEE10.6 HiD-DODHEMTH 5.

F(z) 13 R EOAEGS M D RFAIEFADOTH L LIRET D.

512, B UE lim,, o F(x) =0 & lim, oo F(z) =1 BKRZ LTSRS, F(z) I
REEEDIHEYD U ZRIIPHHB LRI ENRH S, TDLE F(r) OfEIE Tz LA
TOMHIZZZHER] 72 EIRING. LT TR F(z) DEBERDHEREIZZ->T VD L
WEARE U2,

F(z) WHEFERDTH D Lm0, (TRED v € R IZBWT, ENSLDMR F(r —
0) = lim~o F(z — &) DFEET D2 e bnd (LITERBEBROEAIT ERZRDO»
5). I5IT F(x) 3AEKEZDT F(z) = F(z +0) = lime, F(z +¢) BB L TV,
Fz)—F(lx—0)>0 &R I E LW F Ml v TRERARZ LITAMTHD. 20
b F(x) ERER 2 T Fz)— F(z—0)>0DAZF EZYy >y LTS, 2Ol
Mo F(z) OFER TS~ JRBETH L Z e nd.

F(x) IZB$ % Lebesgue—StleltJes FEI 1%

pr((a,b]) = F(b) = F(a)  (-o0Sa<b)

%73 Borel P jp (—HEMIAAET2) BT 2R L LTHREING. T4DbS,

Borel 24 A IZ2DWT
/f )dF (x /f o) i (de)

L EX, TN % Lebesgue-Stieltjes B LR, H{IE pp(de) DMRDVIZ dF(z) &EHLZ
LB F(z) A —a THEAT L& up({a)) = 0 IXREIZA D

F(b) — F(a) = /( AF() = /[ RGN

ML L T2, 2 DOHDESIZ a =0 THhD xv=a T F(r) PAEKRE IR LR
ZEIIEEEL HUE R LD Borel JHIE p AMERED 2 € R IZDWT p((—o0,2]) < 00
272U TWBRHIE Fx) = u((—oo,z]) &< & Fx) 134 HK 2 FFHIERA B T
lim, , o F(z) =0 %720 TCEY, u=pp WEZLLTND.

X[ [a,b] (a < b) 2B % Riemann-Stieltjes F57 & [a, b] D73 El

Aa=29< T <Typ<-+<x,=0>0, ¢ € [mi1, 4
ZHY
b n
| #a)aP(e) =Y Fe)(Fw) - Flai)
a =1

TEHRIND. I THUOMRIZDE 2 M < TP TH L. f(r) WHEHERKEL S IX

/ f@)dF@) = [ f(2) prlde)

[a,b]

55 1 (2) AV (B U < A B 3lR) T2 & I lime o Fz +¢) = F(z) B LTV3 2 8 Th
2 ¢
861 () AR L IE ¢ < o BBIE Fr) S F'(2) BBAILTVS 2 L ThH 2.
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MWEAZLL TS,
UFTIEISIZ F0)=0 LIKET .
p M (0,00) ED Borel fllEED & X

Z M 1 D Laplace 21 & FER. X D) —f%iZ

/0 " e f ) )

% f(z) p(dx) @ Laplace ZH#t & IE.X.
FER 10.10. p AAERBE (1((0,00)) < 00) D& X

M(s) = /000 T p(dr) < (s 20).

p WERHETRWGAETH>TE, M(o) < oo Ao IXe 7 u(dr) 7b§ﬁ|3ﬁiﬁw?’5:i&bé@
T, ERRHIE D Laplace 2112 55'3—5 FIREDZ < DA BRHIE D Laplace 2D E 2 IRA
THILDDOND. X5 e u(de)/M(o) DHERHEZEDD b, % <0)F"ﬂ%§75§
WERHAEDHZEIIIFE T L EDLND. ]

8 10.11. p, v 1% (0,00) ED Borel HIED & ¥, +43KEZR s IZDWT

/0“’ ) — /0“ ) <

DAL U T WD ELIE p=v &85, T8HLL, +KIR s 1ZDOWT p,v D Laplace &
HDERRARMEIZPER L THO2ZE L WALIE, 2 ODHIE n v 1&—8T 5.

BERR. ER 101007 A T 2B 5. A= [Te " p = [y e v(dr) < oo D& X,
u(dz), v(dz) DTNTNE e % pu(dx) /A, e % I/(dl’)/A ’C%*?@Zé ClZ&-oT,u k
VI IZHERNETHZ LINETED. ZDOL I AEED s 20 I/ LU TENSD Laplace &
I ARZAMEIZINR TS, FMHES f:(0,00) = (0,1), 2~y & f(x)=y=c* EED,
(0,1) EOMERRE 1/, %

YiEh D LT,

| ematan) = [ e uan)

0 0
IFIRD &S IZ IND (EHRFED):

1
/ = [ v sz

BRZ 0 &V DEFE—AYV IR TRTEHELD. DRIy =V TEDS p=v THD I LN
DN5. [

8772 & Z1UE pu(dx) = p(x)dx D& X 1/ (dy) = p(—logy)y ! dy.
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E%l&ﬂ(%~%&%ﬁiuowf)EEEWLQ%?WWi%@% AV M RRIZ
O T—RITREI NG, Ub UERXH EOMEHEDGEIZIEE D TRV,
EZIFHBEMAEIEETDE—A YV Nb /2 7‘75“9*%&6»5%%?5%@14\ XA TE R 7
i DOHERBEEHBITIRTEZ 5N 5

—(log x)2/2

flayds == @>0),  fa)=0 (@=0)

s(y) AW 1 2R OEBETHBTTOMHSEITTEIZ 1 AT THDLTH. 2L AiE
s(y) = asin(2ry) (Ja| £1) THD 45, €L T

g(x)dr = f(x)(1 + s(logz)) dx

5K s(r) DHHEIZEIZ 1 ARARDT g(z) 20 &85, 20 g(x)dr BN R EORER
W2 8D, NBEEETER DA f(x)de ERICUE—AV MebZ2ROI 8 2RUAWN. €
D7=OITIF k=0,1,2,... IZXHLT

% dr
k s(1 / —(log x)2/2 1 —
RN THE. BN E o= ot LEBT L s(y) PN 1 28O L kD),

k2/2
okyk? o~ (y+k)?/2 € —y%/2
+k)dy = e s(y) d
/—2 / (y ) Yy om | (?J) Yy

s(y) I ZEHEZ 57D TIDOHME 028D, ZNT g(z)de [ FHERAEZEDTDE—
AV NBIFHBEHEER DA f(r)de DE—AV FBHIZELWZ Ebho /.
PLEDHIZE, Willium Feller, An Introduction to Probability Theory and Its Applications
Vol. 2, First Edition (1970) ® VIL3 ® p.227 DHIDOFI S EL THD. € Il [Z Dk
HEOlE C. C. Heyde 12& 2] 2B WVWTHD. IHIZZDFITIFUTOLS IZENTH B!

(1) R LOMRIHD EIRDE—AV bE py LELL L X

=1
2

BHIE, E—AV N0 OE EDOMRZHEN—RIZRE D (Carleman DEH).
(2) TNE Y FNFER: BEIRDE—A Y M 2bN 6/ 65 NS

> p Z2n
E Qn—l
n=0 (2 )

DOPHEEN 0 KD RKREIWARLIF (TRDLLHD 2 > 0 I U TIRT 272 51F),
E—AY NbDbE EOMRD AN —EITIRE I D (56 fi XV.4).

88Gtone-Weierstrass DL IHAGLIEH 2 > CAFIHT X 3. HfRBOLIENIZ X 2 —Haa LA a ge2
DIFEREARE EIZERS Z S IZEEY &, #E 10.13 OFFHH & FEED HiEEfi> CIHTE 5.
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L DIEHRDE—AY M bDEKENFH/NITNIEE—AY N bBN6E LD
ROMIE—ERIZREINS.
KEAEHREERADAGD bk IRDE— AV N py 1F o=Vt EEREMTEHLIZE-T

o0 kef(lng)2/2 dm

= (L’ N —
Hi 0 V2T z \/ 2 /

2
ok /2

-5/

CEMEI N, Ik D 2 IR OB DRI TRARITIWERT LI LW bnNd. (TD
BRI B! ~ exp(kloghk — k + (1/2)log k + log v2rk) &V EIZK I W)
HERE X Dk IRDE—AY NE 1y, DED SNSRI

oo k
>omo #)
k=0 ’

DOPRERENIETH S Z & & ED (2) ONEHEOPEREREMNIETH S Z L IFFAMETH 5.
BERLIE E|X ) S 14+ E[X?] = pto, LRDIMOTH5:

okytk? o= (y+k)2/2 gy

e V2 gt = M2

E[IXP") = B[l X" + Bl e (X)X P
< 1+ Bl (X)X P S 14 X = 14 pa.

TUT, NERE(#) DPERER r PIER S,

& k
z
=Y (<)
k=0

MRALT D, DI emnb X OREERE EleX] (t e R) NE— AV M zbh b —RITHR
E25ZLBO0ND. HERDHIETDORMEREN S —BITIRED DT, NEIHE(#) DPK
RN O THROVELIE, E— AV MBIl E o THERDEN —BEMIZIEDZ 2 Wbhho
7z [

10.6 Laplace-Stieltjes Z#1(M Tauber B! EIE
fHRE 10.13. p,, p & (0,1) EOFRR Borel HIETHD L U,

1

1
lim ykunOhDIZQ/'ykﬁddy) (k=0,1,2,...)
0

n—oo 0
B LTS EETS. ZOL ¥ u({y}) =0 ERBTRTOE ye (0,1) KBNT
Tim 12, ((0, 9]) = p((0, )

BB, IO, Ak IR H % F,(y) = 1.(0,y]), F(y) = u((0,y]) £E
DB L, F PEHFIZRDZTRTOR ye (0,1) IZHNT

lim F,(y) = F(y)

n—o0

BB,
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SEER. p, p WERHETHD L EIRED k=0 DEFELY, HDEE C > 0 WEIE
LT
ua((0,1)=C (n=1,2,3,...), w((0,1)) £ C

e MAELY, TRTOLIHAK p(y) (IZDOWT

1

i [ o)) = [ o) k=012 1)

n—o0 0

DAL LTV 5.
TRIZe>0 WMo CTHETET 5.
€ (0,1) IF pu({a}) =0 Z{HAEZLTWVWEEL, 0 < § < min{a,1 —a} LIRETD.
p({a}) =0 &Y u(0,a)) = pu((0,a]) = Fla) £5%. R LOEBEE g5(y), hs(y) ZIRD
EOITEDD:

1 (y £ a—9), 1 (y < a),
g5(y) =S (a—y)/d (a—d<y<a), hs(y)={1-(y—a)/d (a<y<a+d),
0 a<y), 0 (a+0d =y)
IRDESIZED D
1 (y<a), 1 (y=Za),
= h =
9(y) {0 @<y s(y) {0 (a <)

ZDEE, LLRMEINL LT WS
0=gs5(y) < g(y) = h(y) < hs(y) =1, lim g5(y) = g(y), lim hs(y) = h(y).

W Z 1T Lebesgue DYXHEI & 11((0,a)) = p((0,a]) = F(a) &V

iy [ s () = F@). Ty [ hs() () = Fla)

N0
WRIZF5 60 >0 2/NI<HI-T,
1
/ g5(y) ul(dy) — F(a)
0

55 £HIZTES. Stone-Weierstrass DZIEHATLUEHIZ & > TR % 7292 TH AL
Py) & Qy) WFIET D Z &R hnd,

P(y) = g5(y) = g(y) < hy) = hs(y) < Qy),
|P(y) — gs(y)| S e, Qy) —hs(y)| = (ye(0,1)).

<e

Y

/0 P(y) pu(dy) < (0, / Qy) pn(dy). 3)

89Stone-Weierstrass DZIHAGEBLER &V, |P(y) — (95(y) —/2)| S €/2 (y € (0,1)) %7~ § L IHAK
B P(y) WEAET S, Qy) (DWW TE R
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/ hs(y ‘ Ce (5)
0
WZIZB)T1)zHNS &
1
/ P(y) p(dy) < liminf F,(a) < limsup F,(a / Qy
0 n—00 n—00
EZAN, (2),4),5) &V e>02/NIL<TDHL fo w(dy) éifo dy) 1Fn< 5

TH F(a) 1TEMNL. BRI
lim F.(a) = F(a)

LBDHIENDND. CNTRTREI EMNRINS [

Bl 10.14. EOFEIZHNT F 28K y T Fo(y) 2 Fy) RIS %2RU-
M, F(y) WAERZ R TIE F(y) 23 F(y) IZPORT 2 LIFRS 8. 728 21K a € (0,1),
0<e<1l—alZHNUT, @Kl b F.(y) & AEBHE F(y) %

0 (0<y=a)
0 (0<y=a
Fe(y)=qy—a)/e (asy=Sa+te) Fly =
1 (asy<1)
1 (a+e=y<1),
LEDDE
1 1 [ote 1 (a+€)k+1 akt1 1
k _1! koo k _ k
/Odea(y)— /a Yy dy =4 . , /Ode(y) a
EBL5DT
1 1
k
i [ ar) = [ oare)
&Y, a MDD y e (0,1) IZ20WT limag Fe(y) = F(y) £%%. UL»U F.(a) = 0,
F(a)=1720DTy=a CTIETDRLZ. 0

ﬁ%1mmJu@meuaﬁﬁﬁﬁﬁmwgﬁfx=0?oV@éﬁwf%étﬁ
5. Z0LE HHREIBNICHLUT, [CedF,(z) (n=1,2,3,...) & [Fe M dF(x
A RO IR L,

lim / e M dE,(x) = / e M dF(z)
MEAL LU TWA R OIE, BEF MR RN TODM o> 01280 T

lim F,(z) = F(z)

n—o0

L%,



10.6. Laplace-Stieltjes Z#10D Tauber B4 E H 73

BERR. 11, 11 pn((a, b)) = Fo(b) — F(a), p((a,b]) = F(b) — F(a) (a < b) %iii/=9 Borel
Mﬁf%ét?é RELY, 5 0> 0IZDNWTA, = [[Fe T pu,(de) =2b& A=
I e " p(de) IZAERDOMEIC RS HIE [, i % [in(de) = e " py (dz), fi(dz) = e 7" u(dx)
c‘:m&bé 2: un((O 0)) = Ay, 1((0,00)) = A EBD. iy, p DROVIZ 1, 1 EEZDZ
riz um iﬁ@ﬂﬁf%étﬁ%bfiw TOLE BEEH y=e*12&D2T, Z
Fi % (0,00) LOMEZ (0,1) EOMEIZE T ME 1013 IZRETES. [

EFE 10.16. BKE L(z) 7' 1 — oo IZH T DIBEENEHE (slowly varying function) TdH %
I, EED c>0 1L T

Licx) ~ L(z) (z—oc),  FH&DH  lim L((Cj))ﬂ
B TWB I ThD. 728 213 (logr)? IBEBHHBTH 5. 0

EIR 10.17. F(z) & 2 = 0 (231 24862 BRI (FHED) M TH Y, F(0)=0 %
WELTHWEEDTHY, a>0ThHdE L, Lz) 1d z— 0o IZBIT2EEFHKKTH S
9B DX

AﬂA):iAwe_”dFmﬂauXﬂLQ_ﬂ (AN 0)

ES
P M(z™1) r*L(x)
O Tar) “Tary 7
D AVAC N
SERR. IR G(x) %
Gla) = s 5 @20, G@=0 (<0

EREDDE, >0 LT

e “dG(xr) = ——— ey = / et dt = ¢
| 0=t ), () Jo

MKALT D, 2DHDEST z=t/c LBV
c>0 DX, M(X) OWCERBICET B I0EE Y,

M(cA) XN L™\ [
MO ~ Ao L) ~c —/0 e “dG(x) (AN 0).

X512 M()) OEHEY,

oy~ = e (G )
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UZno T, flidd10.15 & V),

LRB. ThD
F(a:/A)Né‘fng (AN 0).
r=1¢EI N2 2l TEIHMRDZZILIZLHT,
o M
HEOEND 0

11 {F8%k: Taylor D EIBICEEFADE S

[(Taylor &BADEH & T)+(FIRH)] ORAXDAX% Taylor DEHRE L 5. ZOHIT
I Taylor DEFDEH D SEHIZOWTEHFT S, ZOHMOANFIZIEFIZH LW

11.1 FBERERIEE Taylor DEHE
M FoR T N RIRIEH Z KD Taylor OE I

fa) = f@)+ [ fo)do
A K UHWS Z 8 I2 &k > Tt ATEETH 20, LB, Zhi
Pl = @)+ [ ) de
ZRATDE
ﬂ@:fmyhﬂ@[fmrh[dmlmﬂ@gm}
ZZCHIMDOMHHEZ S 972012
/a "o / Y ) day = / ' ( / h f”(xg)dxg) dry
EWHEIHEHNZ, X5HIZ
Plaz) = @)+ [ ) da
ZRATD L

(@) = f(a) + ['(a) / dzs + ["(a) / iy / “dy + / d, / s / ) dis.

ORI X 2D MEAR N
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S5ICF U#fEZ € 5 —Eig) KT &

F@) = f(a) + f(a) / dr1 + " (a) / . / i+ " (a / i, / iy / s+ Ry
Ry = / d, / dz, / dzs / " O (24) day.

P EDFHE % i T AUSIFINAN IR DR G B Z 3D 5%

f(x) f(’“ /d:vl/ dry - - / dzy, + Ry,
R, /dxl/ dxs - - /n dx,,_ 1/ f(”)(xn) dz,,.

R, ZBIRELIESR. PAEDFHR TIERES ORI L Ml > T A,
FIARELN OB IRFEDIELLT D L S IZEFIZ (TS LEOXZED Z&IZL>TRXID)
KOGIEHHREINS:

/dxl—x—a,
T _ 2
/dl’l/d{lfg /(ml—a)dxlz(w 2&),
(1) —a)? r—a)?
/d$1/d$2/d$3 /a(12)dx1:( 3!)7

Tr—1 _ k—1 o k
/dxl/ dxsy - - / dxy, = / $1k _al)) dz, = (@ k|a) .

r>a D& E, ZOFEREIE k IRTGLTEDEED kl 20 1 2EKL TWd:

o k=10D&F MFADMEIFED {z1]aSa Sz} ODRIIIED.
o k=20 ¥ FIRESDMEIZIEN (a,a), (z,a), (v, z) ZFFOEM _FL=MF
{(x1,m2) [aS xS S}

OERE, THDBEHGOMER (r — a)2 DX THS. FM R B, 20 = o
72T (21, 20) DARIZDVWTHEDTINOTHD. IEHBERDEFEE 155 720
Kli T é ) %{%flj‘ (1’1,132) CZ’)b\’C%Tﬁﬁj\b@HMlib‘H@b\

o k=3 D&% FXMESOMEIXIEM (a,a,a),(x,a,a),(z,z,a), (v, z,z) ZHKEDOVUHAK
{($1,332,373) \ alr3S xS0y §9€}

DIRTE, TRDOHIFIROEFE (x —a)® D 3! 2D 1IZRD. 3 54D 1IRZH
HIE, 23 S 2y S oy 21727 (11,20, 03) DAIZDWVWTESTEINOTHD. LA
EEEDEREZED7-0D121F 25 < 29 < 27 OLUNDIEFHFIZHATHDETRTD
a < 21,290,035 < 2 WZDWTHED URITIURNT R, 21, 20, w3 DIEEUE 3 fHZRD
TZTNHDAENRSGDREEL 3 ED HD.
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o — Dk DHEELULLFERTH D, BIRED DIEIFTH
(a,a,a,...,a),(z,a,a,...,a),(x,z,a,...,a),...,(x,z,2,...,x)

D kRO HARY!

I

{($1,$27---,$k)|a§$k ~§$2§$1§$}

DARFEIZ R D . 21,29, ..., 2, DANTFORREBUL ! @Y 2D TEIRFED DML kI
TESL FRDATE (2 —a)f D K 5HD1IZRD.

BLEIZE > T Taylor RADEEDODDBICKEEASRONZEBEBHEMAKICR /! 405,
1 D k [BIDOZBIRFED DOFERE k IRGESLHIRDETED k! 430D 112722 DTHEHZ k! D38
HODid.

UEDF EOD:

/ iz / " jzlxn , / £ () d.

INZ D REIREROD Taylor ODFB LRI L1279 5.

EE. RO &S ICEZTE &V n BOBE [ (x) % n FEREATHIE f(z) 2
6%%@??%6meﬁﬁﬁiﬁ%%E¢M@xgomfn—lmquﬁﬁibé
ZLITRD. ZORE, UTDL S BARNELNG:

f(x)=ao+a(z—a)+ay(zr—a)+ - +an_i(z—a)" "+ R,.

ZIT R, FEDXDITEEINZ (2 ) % n BZEREILZEDTHZ. ZORD
Mid% k=0,1,..n—1HMALTCar=a £BIFIX R, OEKDIIHEIL0IZRZDT,
f®(a) = klay BEOEND. TRDH ap = fW(a)/k! TH5.

PAEDEEDHELIE, RN f(z) = Y yan(r —a)f EHWTHHA %Y B LRI
UCTa=0aBLILIZE2T aqp BRAETDHIKERULED, FIRHE R, DIERDHIHE
(20> T D DT Taylor FEL DR MBI 2 SRR F Y T3V U AR,

20D & D IZFEIRIEA F D Taylor DEH L [n BEOEKE f)(2) & n BZRFELTH
FE LD flz) ELNBIETE] LVIEHICE L EREA P OLEREILHELNGD
Thbd. B

11.2 FRIEOHEIHMED LA S DFEH & Taylor BRI D E4&H!
FIRE R, n—00 TOWPETBIHLIE

=1
kzkj_ ZL'—CL

NS, Moy, =M, WHERD k Roih % k IROCHAK (simplex) & IS8
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MEANLT D, TNEEHE f Dz =a 2815 Taylor B & FER2,

FIREDOKRE I & ENSFHIGT S 20RO LS I2T XL, £9 R>0 2H-
T,z OELHEPFZ |v —a| S RICRETS. TLT, HD M, >0 T |[fW(2)| £ M,
(v —a| S R) Z2WE-TEDERMNITD. TOLE

Tn—2 Tn—1
dr,_1 / dz,,

L25DT, M,R"/n! — 0 &5l iTaylor)féﬁ'ﬂfJ‘ |z —a| £ RIZEWT f(z) IZ—HRIPUR
95. %’J%IE@E%E’JQE/%@%@J: D RIREDHIAED L5 DFAT (R) DT A & <
flibnsd.

72 & ZAFE M, FEREEDS n DFEEHEBFEE 22 & 1F Taylor BBIFIPUERT S (AR /n! — 0).
TDIEMNH, e, cosa, sinax D Taylor BEAMNED L SR a, 2 IZDOWTEFIZIHT B
VBB ITHENDHND:

_ M,|x — a|]™ < M, R" R)
n! n!

|Rn| = M,

diL’l

2 o L 22 ' > L ak
;n_ cosm:kz:%(—l) or smx:;(—l) oh 1)

M, OMERFED n! &F UREDHEIZIE Taylor BRI [z —a] <1 T f(x) IZPERT
5. e ZIE flr)=1+2)* DL ¥,

f(n)(q;) —afa—1) - (a—n+1D)(1+2)*™"

BOT, 2D f D x=0TOTaylor B [x] <1 TPERT S Z LD »n 5. FHKIC
f(z) =log(14+z) ® x =0 TO Taylor JBHIE |z| <1 TPURT 2 Z & 00 5.

[e.o] [e.e]

(1—1—:6)”22(2):5'“ (Jol <1),  log(l+z)=> (~D'— (ja| < 1),

k=0 k=1

IRD Taylor BHHE & <N d:

—log(l—x) = o (Jz| < 1).
k
k=1
INZIIR U AKX
Li,(z) = o (| <1, r=1,2,3,...)
k=1

EHRINDEHE L, (v) & r IROZ EEEEL (polylogarithm, JEFA Y 1 27) LIFIZH
fb\é. F#IZ Lig(w) 1& dilogarithm GEFRA A 1 2) &, Lig(z) DHEITIE trilogarithm (&
FRhYOY) EEENTNS. 2Dk X

d Li,(z) _ Liy (x)

dx T

DT, ZENNEEEIE

Li, () / dxr / 3 dxg / dxq / / dxq dxg dx,
" n 1-— .771 11—z x T,

<z < <zr<T

d[L‘l

].—1'1

(r>9).  Lif(z) = —log(1 —z) /0

922 = 0 128 1) % Taylor J£H % Maclaurin B & FERNZ & 035 5.
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EBIRERTRRIND . 2 ’)EOD%%T O<z<1%ZELA. LEZEDES L Riemann
DX —ZEHED 2 DL EDEEE r IZB T2 RRMEDORE D ERIPIELND:

dxq dacg dzx,
——E —Lr =2,3.4,...).
<(r) ' / / 1—21 a2 T, (r )

=1 0<z1<-<zp<l

DR EEEE AR I E T U £ 572D T, Taylor OFHDFEIZREA S .

KIEDGE, BFIRED R, OFHMN (R) 2K > TONIE+ 2B D 7D, %U%IE R, =&
IXF5TC ;c?;< IEOEDPTERTIARBDHDZ2DTENEZHALTHIS. flilD /-
Dales YRELED (a2 2 ODHBEERAMKTH D). R, DFRFEDE a g T S py <

S S ITDEBRATHD I LI LAND, 1, 1T L DR —BAMUI T L

R, _/ ™ (x, (/dxl/ dxy - - / denl) dmn:/axf(”)(xn)%dxn.

2DOHDEST 1 OBIRBAH (n— 1) GG L HERDOERED (n—1)! 7D 1ITEDEND
LD TEHIL 2R %2 o /2.

11.3 R EWMo HFERDHE
RO iR % E 2 5
dU (t)
dt

22T A(t) RIEAFTRMESEERECCH Y | U() IRIIEANE AT E S F BRI T
53, ZOWHHRRITIKEFAETH S

—AMWU(t),  U(0) = E.

t
0
A % Bt A 7258 1 Taylor DB Z GERH U 72356 L RRRIC Z DA %D K U AWV

PEONTIRILIZEMNSIFTTHD. ZORT Lt DFNTNE ¢, 1, ICEIHZ /-
RNEZTOAEHHIZRAT D &,

Ut) = E + / CA(t) db / m / " A AU (t) dbs.

FAUEEZ € 5 — ) KT &

U(t) = E+/tA(t1)dt1+/Oth1 /OtlA(tl)A(tz)dthng,

Ry = / dt, / dt / ’ A(t) A(te) A(t)U (t3) dts.

[FIRRICHR D K d & IRIEIZIRASEAZ L TV D 2 b d:

Z/dtl/dtg /Ot“ A(t)A(ta) - - A(ty) dty + Ry,
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R, - /0 m /0 ity /0 T A A() - AU (1) di

FIXIND n — co DR THD RO

Ut) :i/ozm /OtldtQ---/Otk_lA(tl)A(tg)---A(tk)dtk.

THRLNBE I L EmtEs. MAHD AL) BAXA t OIEFICHA TG 2 & ICHEE &
FERE L T ] 2D & S IZED B

TIA(t1) ... A(te)] = Altoq)) - Altory),  toq) 2 - 2 tow), 0 € Sk

ZOFRFIEDE ETEDORRIFRD LS IZEIEIND:

U(t):kz_()%/o /0 TA(ty) -~ - A(ty)) dty - - - dty..

X LIS T] | 285 LHOAT T 2 8 2 HHIES RRD & 5 1T B FE X NS

k

[e.e]

2o (o)

k=0

Ut)=T —T [exp /0 t A(s) ds

ZDRDANSYEHOLREZFE R ETHRAIND.

DA BTt U -8B 0 IR A D A Picard DBFIRRAEORIHZGETHD. T
BHOBLAEDHIKIFFFFE DG IZEEHTE S, 20D & 5 I Taylor DEHDZFIRIE ST
(2 & BEEHIE 2 H > TR, BUEHMD RERDBIRARATEIZ L B RES 3 S ITEWA
KEAS U, THIZ Picard DFERRAEIZET—RILING. 2D &S ZHHN S Taylor
DEM % BRI TREHT 2 FIEOMMIIMHYIZABENZ L BbNnd.

11.4 WA FREE Taylor DEHE

BIRFE D TR I N RIRIE R K5 D Taylor DEHEZ K> TWBZIFTHRSZRWIEXTROD
72D, % < DR CRIRIEZ MEOEKRBTRRTLEIARNE K<L T\DEDTHEHFIZ
AL THID.

Cauchy DHBEDERE :  EEE F, G DO HEETHD F(t) # G(a) THOWENR
RNV (F,G) M altDHNETHRUTOIZELBRNESEa &t DHWVEDHDE
it T

W TEDOMWEIET .
ZODREEIASRAL T B Z 2 1&, xy WHIZ (F(s), G(s)) OBEFDRERE H\W T, & (F(a), G(a))
ER(F(1),G(t) ZRESERRE EENRY NVISEATIZR B4 t, OIFE & SR H
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WNed 2 & 2MERTNIERTE LSS, BEZIEHIZIE Roll DREHEY 2 45 23, 8N
MIZiE TEBIIZH O DBER ] &AL U THEZRVWE-S.
ETHIELUT f 24 REDTRESEEHE .

G(t) = f(t) = f(a) = f(a)(t = a) = ["(a)
F(t) = (t—a)*

£B<. Fla) = F'(a) = F"(a) = F"(a) = 0, G(a) = G'(a) = G"(a) = G"(a) =0
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2
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3

- 1"(a)
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2

t — 3
1) = f(@) + F@)t —a) + (o) L
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Ui TE ODEMED I NS, TNT 4 B ATRE AR KU B9 2 M0 BIARIERL O
Taylor DE B LI X 417~
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1y )~ f%@__lﬂ@m)
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£6) - f(a) - Fa)(t =) — @ L pr
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BRoll DEFIE [EAK M EOEAGHRBEA A L B/IMEZFED ] LW FERNSHMES. £ U<SIE Roll D
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B, ZDX EFHEENRY NV (F/(ty), G (t)) HERR L IZFEIFICRD 2% RE5.

MELE 2O A LI lime,, fP(ty) = fB(a) ERZDT, SULANE2DOHDESOHLEHES
BB, UL, Bl fO Ot & et 912, £ 1 4 EMO TR L E L TW AR E> 20
TZS LARITENT R R 7.

+ f///(a) _'_ R4’
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IR EEETDH B
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2

f(t) = fa) + f'(a)(t —a) + "(a)

7@ @ (- ay.
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n +_ k
D=3 9@ o —ap).
k=0
N5 DFERE Taylor DEE L FEIEND.
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TG D MBI,
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