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Abstract

We introduce the notion of a quasi DG category, generalizing that of a DG category.
To a quasi DG category satisfying certain additional conditions, we associate another
quasi DG category, the quasi DG category of C-diagrams. We then show the homotopy
category of the quasi DG category of C-diagrams has the structure of a triangulated
category. This procedure is then applied to produce a triangulated category of mixed
motives over a base variety.
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In this paper we introduce the notion of a quasi DG category, and give a procedure to
construct a triangulated category associated to it. Then we apply it to the construction of the
triangulated category of mixed motivic sheaves over a base variety. If the base variety is the
Spec of the ground field, this coincides with the triangulated category of motives as in [6].

The notion of a quasi DG category is a generalization of that of a DG category. Recall
that a DG category is an additive category C, such that for a pair of objects X,Y the group
of homomorphisms F'(X,Y’) has the structure of a complex, and the composition F(X,Y) ®
F(Y,Z) - F(X,Z) is a map of complexes. (See §0 for the sign convention for the tensor
product of complexes.)

A quasi DG category (which is not really a category) also consisits of a class of objects, and
for a pair of objects there corresponds a complex F'(X,Y’). But there is no composition map
F(X,)Y)® F(Y,Z) — F(X, Z). Instead, we have the following structure:

(1) There is a quasi-isomorphic subcomplex

L F(X,Y)RF(Y,Z) = F(X,Y)® F(Y,Z) .
(2) There is another complex F(X,Y,Z) and a surjective quasi-isomorphism
o1 F(X,Y,Z) = F(X,Y)&F(Y, Z) .

(3) There is a map of complexes ¢ : F(X,Y,Z) — F(X,Z) .

In the derived category at least, one has an induced map F(X,Y) ® F(Y,Z) — F(X,Z)
obtained by composing ™!, ¢!, and ¢. In particular there is a map vy : HOF(X,Y) ®
HF(Y,Z) - H'F(X, 7).



The above pattern persists for more than three objects as follows.

(1) For each sequence of objects, X7, -+ X,, (n > 2), there corresponds a complex F'( Xy, -+, X,,).
For a subset of integers S = {i1, -+ ,i,_1} C (1,n), let ip = 1, i, = n and

F(Xlu"‘ 7XTL—|’VS> = F(X’LQ7 7X11)®F(X117 7Xi2> ®"'®F<Xia717”‘ 7Xia> .
There is a complex F(Xy,---,X,|S) and an injective quasi-isomorphism
tst F( Xy, -, X,|S) = F(Xy,--- , X, [9) .

We assume F(Xy, -+, X,[0) = F(Xq, -, X,).
(2) For S C &’ there is a surjective quasi-isomorphism

oss : F(Xy, -, X,|S) = F(Xy,--, X,|9) .

For S € §' € 5", 0gsn = 05151055 . In particular we have o5 := ogg5 : F(X1, -+, X,) —
F(Xy, -, X,]9).
(3) For K = {ky,--- ,ky} C (1,n) disjoint from S, there is a map

o F(X1, o XlS) = F(X1, - Xy Xy XalS)

If K is the disjoint union of K’ and K", one has ox = wxr@xn.
If K and S’ are disjoint ogg and @x commute. The injection tg and the maps o, ¢ are
compatible (see §1 for what this means).

These are the main data of a quasi DG category. A few other conditions are required, as
we briefly mention below ( see (1.5) for details).

e There is direct sum for objects: X @ Y. There is the zero object O. The complexes
F(Xy, -, X,|S) are required to be additive in each variable, in an appropriate sense.
e For each object X there is the identity element 1x in HF (X, X).

A DG category may be regarded as a quasi DG category. Indeed take F(Xy,---,X,) =
F(X,X0)® @ F(Xp-1,Xn), F( Xy, -+, X,|9) = F(Xy,---,X,) for any S, ggg to be
identities, and g to be the composition at X, k € K.

To a quasi DG category € one can associate an additive category Ho(C), called the ho-
motopy category of C; it is the category in which the objects are the same as for C, and the
homomorphism group is H°F(X,Y’), and the composition is the map 1y above.

In §82 and 3, we take a quasi DG category C satisfying two additional conditions on the
complexes F'(Xy,- -+, X,). These are the existence of diagonal elements and diagonal extension
(1.5)(iv), and the existence of a generating set, notion of proper intersection, and distinguished
subcomplexes, (1.5)(v). For such €, we produce another quasi DG category G2, where the
objects are what we call C-diagrams in C, see (1.8). We must also define the complexes
F(Ky,---, K,) for a sequence of C-diagrams, together with maps o and ¢. We do this in §2,
and also verify other axioms of a quasi DG category.

We can thus consider the homotopy category of C2; in §3 we prove:

Main Theorem. Let C be a quasi DG category satisfying the conditions (iv),(v) of (1.5).
Let C2 be the quasi DG category of C-diagrams in C, and Ho(C?) its homotopy category. Then
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Ho(C?) has the structure of a triangulated category. For an object X of C there corresponds
an object (written by the same X ) in C2. For two such objects and n € Z we have

Homoea)(X,Y[n]) = H"F(X,Y) .

So far there is no geometry involved. For us the main example of a quasi DG category
is that of symbols over a quasi-projective variety S, denoted Symb(S), see [8] for details. A
typical object of Symb(S) is of the form (X, ), where r is an integer and X a smooth variety
with a projective map to S. For two such objects (X, r) and (Y, s), the corresponding complex
F((X,r),(Y,s)) is quasi-isomorphic to Zgimy—s+r(X Xg Y, ), the cycle complex of the fiber
product X xgY (See [1], [2], [3] for the cycle complex and higher Chow groups.) We refer to
[8] for the construction of the complexes

F((X1,r1), -, (X, m)]5)

and the maps tg, 0gg, and ¢g. The additional conditions (1.5), (iv) and (v) are satisfied for
Symb(S).

In §4 we apply this construction of §§2 and 3 to Symb(S). The resulting triangulated
category D(S) := Ho(Symb(S)?) is by definition the triangulated category of mixed motives
over S. For S = Speck the construction of the triangulated category in [6] is similar but
simpler since then Symb(S) is (almost) a DG category, and the notion of C-diagrams is simpler.
(Essentially the same idea appeared in [9], preceding [6].) It is useful to have a construction
of D(k) via C-diagrams, because one can construct objects concretely using cycles; see for
example [11].

In case S = Speck, the work [6], [7] deals with not only the construction of the triagulated
category D(k), but also the cohomology realization functor and the functor of cohomological
motives (which associates to each quasi-projective variety X its motive h(X) in D(k)). We will
discuss these problems in a separate paper.

We collected basic notions in §0; at the beginning of each section we indicated which is
needed from §0. On the technical aspect, we point out two problems for the reader. The
first is the delicate question of signs; wherever it is an issue we elaborated on it. The second
is the question of general positions (choice of distinguished subcomplexes); one may find it
cumbersome at first, but it can always be managed for our purposes. On this also we have
given enough details.

Acknowledgements. We would like to thank S. Bloch, B. Kahn and P. May for helpful
discussions.

0 Basic notions

(0.1) Multiple complexes. By a complex of abelian groups we mean a graded abelian group
A*® with a map d of degree one satisfying dd = 0. If u: A — B and v : B — C are maps of
complexes, we define u-v : A — C by (u-v)(z) = v(u(z)). So u-v is vowu in the usual notation.
As usual we also write vu for v o u (but not for v - u).

A double complex A = (A%;d',d") is a bi-graded abelian group with differentials d' of
degree (1,0), d” of degree (0, 1), satisfying d'd” 4+ d"d" = 0. Its total complex Tot(A) is the
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complex with Tot(A)* = @, ,_, A/ and the differential d = d’ + d”. In contrast a “double”
complex A = (A%;d',d") is a bi-graded abelian group with differentials d’ of degree (1,0), d” of
degree (0, 1), satisfying d'd” = d"d'. Tts total complex Tot(A) is given by Tot(A)* = @ Av
and the differential d = d’ + (—1)d” on A™.

Let (A,da) and (B, dp) be complexes. Then (A% = A7 @ B 1®dp,ds ® 1) is a “double”
complex; notice the first grading comes from the grading of B. Its total complex has differential
d given by

i+j=k

drz®y)=(-1)"%r@y+zdy .

Note this differs from the usual convention.

More generally n > 2 one has the notion of n-tuple complex and “n-tuple” complex. An
n-tuple (resp. “n-tuple”) complex is a Z"-graded abelian group A= with differentials
dy,-- ,dp, dp raising i, by 1, such that for k # ¢, dyd; + dedy, = 0 (resp. drpdy = dydy).
A single complex Tot(A), called the total complex, is defined in either case. As a variant one
can define partial totalization: For a subset S = [k,{] C [1,n]| with cardinality > 2, one can
“totalize” in degrees in S, so the result Tot”(A) is an m-tuple (resp. “m-tuple”) complex,
where m =n — | S| + 1.

For n complexes A3, --- , A%, the tensor product A} ® --- ® A? is an “n-tuple” complex.

The difference between n-tuple and “n-tuple” complexes is slight, so we often do not make
the distinction. There is an obvious notion of maps of n-tuple (“n-tuple”) complexes.

If A is an n-tuple complex and B an m-tuple complex, and when S = [k, ¢] C [1,n] with
m =n — |S| + 1 is specified, one can talk of maps of m-tuple complexes Tot”(A) — B. When
the choice of S is obvious from the context, we just say maps of multiple complexes A — B. For
example if A is an n-tuple complex and B an (n — 1)-tuple complex, for each set S = [k, k + 1]
in [1,n] one can speak of maps of (n — 1)-tuple complexes Tot”(A) — B; if n = 2 there is no
ambiguity:.

(0.1.1) Multiple subcomplexes of a tensor product complex. Let A and B be complexes.
A double subcomplex C% C A* ® B’ is a submodule closed under the two differentials. If
Tot(C') — Tot(A ® B) is a quasi-isomorphism, we way C**® is a quasi-isomorphic subcomplex.
It is convenient to let A®*®B* denote such a subcomplex. (Note it does not mean the tensor
product of subcomplexes of A and B.) Likewise a quasi-isomorphic multiple subcomplex of
At ® -+ ® A is denoted A}® - - - DA,

(0.2) Finite ordered sets, partitions and segmentations. Let I be a non-empty finite totally
ordered set (we will simply say a finite ordered set), so I = {i1,-- i}, i3 < -+ < iy, where
n = |I|. The initial (resp. terminal) element of I is iy (resp. i,); let in(I) = iy, tm(I) = 4,. If

n>2let I =1—{in(I),tm(/)}.

If I ={iy, -+ ,in}, a subset I’ of the form [i,,ip] = {i4, - ,ip} is called a sub-interval.

In the main body of the paper, for the sake of concreteness we often assume I = [1,n] =
{1,---,n}, a subset of Z. More generally a finite subset of Z is an example of a finite ordered
set.

A partition of I is a disjoint decomposition into sub-intervals I, - - - , I, such that there is a
sequence of integers i < iy < -++ < i,_1 < j so that Iy = [ix_1,ix — 1], with ig =i and i, = j+1.

So far we have assumed I and I; to be of cardinality > 1. In some contexts we allow
only finite ordered sets with at least two elements. There instead of partition the following

[e]
notion plays a role. Given a subset of I, ¥ = {iy, -+ i, 1}, where i} < iy < -+ < i,_1, One
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has a decomposition of I into the sub-intervals Iy,--- , I,, where I = [igx_1,1;], with ig = iy,
iq = ip. Thus the sub-intervals satisfy I, N Iy = {ix} for k =1,--- ,a — 1. The sequence of
sub-intervals Iy, --- , I, is called the segmentation of I corresponding to X. (The terminology
is adopted to distinguish it from the partition).

Finite ordered sets of cardinality > 1 and partitions appear in connection with a sequence
of fiberings. On the other hand, finite ordered sets of cardinality > 2 and segmentations appear
when we consider a sequence of varieties (or an associated sequence of fiberings). See below.

(0.3) Tensor product of “Double” complexes.  Let A** = (A*P;d/,,d"}) be a “double” complex
(so d’ has degree (1,0), d” has degree (0,1), and d'd’ = 0, d"d" = 0 and d'd" = d"d'). The
associated total complex Tot(A) has differential d4 given by d4 = d' + (—1)*d” on A*P. The
association A — Tot(A) forms a functor. Let (B%?; d’, d’) be another “double” complex. Then
the tensor product of A and B as “double” complexes, denoted A**® x B**, is by definition the
“double” complex (E°"; dy, dt), where

Fer — @ A% ® Bba

a+b=c ,p+q=r

and dfy = (—1)’d, @ 1+ 1@ dy, df = (1)1} ® 1+ 1@ d}.
The tensor product complex Tot(A) ® Tot(B) and the total complex of A** x B** are
related as follows. There is an isomorphism of complexes

u: Tot(A) ® Tot(B) — Tot(A** x B**)

given by u = (—1)% - id on the summand A" ®@ B4,
Let A, B, C be “double” complexes. One has an obvious isomorphism of “double” complexes
(Ax B)xC=Ax (B xC(C);it is denoted A x B x C. The following diagram commutes:

Tot(A) ® Tot(B) ® Tot(C) —2% Tot(A x B) @ Tot(C)

1] K

u

Tot(A) @ Tot(B x C) —  Tot(Ax BxC).

The composition defines an isomorphism u : Tot(A4) ® Tot(B) @ Tot(C) = Tot(A x B x C).
One can generalize this to the case of tensor product of more than two “double” complexes.
If Ay,---, A, are “double” complexes, there is an isomorphism of complexes

Uy Tot(A;) ® -+ ® Tot(A,) = Tot(A; X -+ x Ay,)

which coincides with the above u if n = 2, and is in general a composition of u’s in any order.
As in case n = 3, one has commutative diagrams involving u’s; we leave the details to the
reader.

Let A, B, C be “double” complexes and p : A** x B** — (C** be a map of “double”
complexes, namely it is bilinear and for o € A% and 8 € B%9,

dpla®B) =p((-1)’da® f+a@dp)

and
d'pla® B) = p((~1)'d"a® f+a®d'B) .



Composing Tot(p) : Tot(A x B) — Tot(C) with u : Tot(A) ® Tot(B) = Tot(A x B), one
obtains the map
p: Tot(A) ® Tot(B) — Tot(C) ;

it is given given by (—1)% - p on the summand A%P ® B9
The same holds for a map of “double” complexes p: A} x --- x A, — C.

(0.4) The subcomplex PA. Let (A**;dy,ds) be a “double” complex satisfying
(i) AP =01if p <0,
(ii) The sequence of complexes

AoO da Aol da2

is exact.
We then let ®A be the kernel of dy : A*® — A*!. Then one has an exact sequence of

complexes
da

0= (PA)® — AO_Lypqol By

® A a complex with differential d;, and the inclusion ® A < Tot(A**) is a quasi-isomorphism.
(The differential of Tot(A) is now defined to be u +— (—1)€2%d;(u) + dy(u).) The association
A — PA forms an exact functor from the category of “double” complexes satisfying the condi-
tions (i), (ii) to the category of complexes. ®A is so to speak the peripheral complex of A*® in
the second direction.

This can be generalized to the case of “n-tuple” complexes (A® " *;dy,--- ,d,) satisfying the
conditions similar to (i), (ii) with respect to the last degree and differential. Then ®(A) =
Ker(d,,) is an “(n — 1)-tuple” complex.

If A** and B**® are “double” complexes satisfying (i), (ii), then A*®* ® B** is a “quadruple”
complex. By the Kiinnneth formula, Totos(A®® ® B**®) is a “triple” complex satisfying (i), (ii)
with respect to the third degree, and one has

P(A**) ® ®(B**) = O(Totau(A** @ B**))

as a “double” complex.

This generalizes to “n-tuple” complexes. For example if A**® and B***® are “triple” com-
plexes satisfying (i), (ii), then A®** ® B*** is a “6-tuple” complex. Totss(A*** ® B***) is a
“5-tuple” complex satisfying (i), (ii) with respect to the last degree, and one has

(D(A".) ® q)(Booo) _ (I)(TOtgg(A... ® Booo))

as a “quadruple” complex.

We now explain a procedure to give a quasi-isomorphic subcomplex of the last complex (this
will be used in §2). Assume we have a quasi-isomorphic “6-tuple” subcomplex A*®*@B*** —
A*** @ B***, see (0.1.1) for notation. Then ® Totss(A®**®@B***) is a quasi-isomorphic sub-
complex of ® Totzs(A**® @ B**®) = ¢(A***) @ O(B***). We set

D(A***)GD(B***) := & Totsg(A***GB**) .



1 Quasi DG categories.

We refer to (0.1) for multiple complexes and tensor product of complexes. In this section we
will consider sequences of objects indexed by [1,n] = {1,--- ,n}, or more generally by a finite
(totally) ordered set I. For notions related to finite ordered sets see (0.2).

(1.1) A DG category C is an additive category such that for objects X, Y the group Home (X, Y)
has the structure of a complex of abelian groups, written F'(X,Y)®, and the composition of
arrows

F(X,Y)®F(Y,2) = F(X,2)*

which sends u ® v to u - v, is a map of complexes. Here to v : X — Y and v : Y — Z there
corresponds the product v - v : X — Z, which is the composition v o u in the usual notation.

A complex of abelian groups A*® is said to be degree-wise Z-free if for each p there is a set
8% such that AP = Z8%,.

(1.2) Definition. A weak quasi DG category € consists of the following data.
(i) The class of objects Ob(€). There is a distinguished object O, called the zero object.
There is direct sum of objects X @Y, and onehas (X @Y)dZ =X & (Y & 2).

(ii) For each sequence of irreducible objects X, - -+, X, (n > 2), a complex of abelian groups
F(Xy, -, X,).

It is additive in each variable, by which we mean the following. If a variable X; = O, then
it is zero. If X; =Y @ Z;, then one has a direct sum decomposition of complexes

F<YI@Z17X27 >Xn):F(}/ia 7Xn)@F(Z17 7Xn)

The same for X,,. If 1 <7 <n and X; =Y, ® Z;, then there is a direct sum decomposition of
complexes

F(Xla"' 7Xi—17}/;@ZiaXi+17"' 7XTL)
= F(Xh 7}/'2.7... ’Xn>@F<X17 >Zz'7"' ;Xn>

We often refer to the last two terms as the cross terms. Note if F|(X,Y") is a complex, additive in
each variable, then the tensor product F(Xy, Xs)®@ F(Xs, X3)®- - @ F(X,_1, X,,) is additive in
each variable in the above sense. So additivity here means “quadratic additivity”, so to speak.

(iii) Two types of maps as follows. For 1 < k < n a map of complexes
Tx,  F( X1, , X)) = F(Xq, -, X)) @ F( Xy, -+, X))
and for 1 < ¢ < n a map of complexes
ox, F(X1,, X)) = F(Xy,, Xp, -+, X) .

Tx, is assumed to be a quasi-isomorphism.
7, is additive in each variable in the following sense: If X} = Y, @& Z, then 7,( Xy, -+, X,)
is the direct sum of

Tk‘(Xla"' 7Yk7"' 7Xn):F(X17"' 7Yk’7"' 7Xn)_>F(X17"' 7Yk)®F(Yka 7Xn)a
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Tk(Xh”' 7Zk7"' 7XTL):F<X17"' 7Zk7"' 7Xn>_>F(X17"' 7Zk>®F<Zk7"' 7Xn)7

and the identity maps on the cross terms
F(le"' aYk)®F(Zk7 aXn)@F(Xb 7Zk:)®F(Yka 7Xn) .

Ifi <kand X; =Y, ® Z, then 7(Xy,---,X,) is the direct sum of 7y, (X1, -+ ,Y;, -+, X,),
Tx, (X1, Ziy- -+, Xp), and in addition, if ¢ > 0, the following maps on the cross terms:

1®TXkF(X17 ,Y;)@F(Z,” aXn)_>F<X17 7}/1)®F(Zza 7Xk)®F(Xk7 7Xn)7

1®TXkF(X17 7ZZ>®F(}/;7 7Xn)_>F<Xla ,ZJ@F(K, 7Xk)®F(Xk7 7Xn)

Similarly if ¢ > k.

The px, is additive in each variable, as follows. Assume X; = Y;®Z;. Then px,(X;, -+, X,)
is the direct sum of px, (X1, -+, Yi, -+, X)), ox, (X1, -+, Zi, - -+, X,,), and the following maps
on the cross terms: If ¢ < ¢, the maps

1®90X41F(X17"' ,Y;)(X)F(Z“ 7X€>"' ’Xn)_>F(X1’ ’Y;)®F(Z“ ,)/(\g,"' 7Xn)

and 1® ¢x, on F(Xy,---,Z)F(Y;,--- ,)/(\g, -+, X,); if i = ¢, the zero maps; if ¢ > ¢ similar
to the case 1 < /.

These maps satisfy the conditions below.

(1) For two elements k < £ in (1,n), (1 ® 7x,)7x, = (Tx, ® 1)Tx,, namely the following
square commutes:

F(X1, Xy RGN F(X1, X)) @ F(Xp, -+, X,)
TX, 1®7x,
TXk®]'

F(le"' 7Xf)®F(XZ7”' 7Xn) F(X17 7Xk:)®F(Xk7 aX€)®F(Xfa”' 7Xn) .

(2) For two elements k£ < ¢ in (1,n), px,px, = ¥x,¥x,, hamely the following commutes:

F(X17“'7Xn) e F(Xla"'ai\k?"'aXn)
SDX{ l@xg
Yx

F<X17"' 75(\37”' 7Xn) —k) F(Xh 7‘5(\1427"' aj(\fa'” 7Xn) .

(3) For distinct elements & and ¢ in (1,n), 7x,¢x, = (¢x, @ 1)7x, if kK < ¢, and 7x,0x, =
(1® ¢x,)7x, if k> (. The following diagram is for k < /.

F(Xy, -, Xy) Pk F(le...j(\k’...,xn)
| [
1 —~
F(X1, X)) @ F(Xe -, X)) 2255 (X1 Xay o X0) @ F(Xey-, Xon)

We often simply write 74, ¢ for 7x,, ¢x,. Then the equality in (1) reads (1 ® )7 =
(1% ® 1)7p. Note 74 is not necessarily the ¢-th 7-map.

(4) Existence of the identity in the ring H°F (X, X). This condition will be stated in (1.4).



For a finite ordered set I and a collection of objects (X;);c; indexed by I, one can define
the complex F((X;)icr), or F(I) for short. Then the conditions (1)-(3) can be stated more
naturally.

(1.3) It is convenient to reformulate the above conditions as follows. For a subset I =
{01, Ly} C [1,n], write F(I) in place of F(X,,---,X,,) for abbreviation. For a subset
S =iy, - i} C (1,n), let

F(Xl’... ;XnTS) = F(Xl’ 7Xi1)®F(Xi17"' 7X12)®®F(Xz 7Xn)

a’l

be the tensor product complex; in other words, if Iy,--- I, is the segmentation (see (0.2)
corresponding to S, F(Xy,---, X, [S) = F(I) ® --- ® F(I,). Note F(Xy,---,X,]0) =
F(Xy,--,X,). We also write F([1,n][95) for FI(Xy, -+, X, [9).

More generally for I C [1,n]let I =1 —{in(/),tm()}. For a subset S of I one defines the
complex F(I]S) in a similar manner.

The complex F(Xy,---, X, [S) is additive in each variable. If a variable X; = O, then it
is zero. If X; =Y, & Z;, then

F(Xy,, X, Yi® Zi, Xig, -+, X [9)
== F<X17 7}/;7”' JXn—‘[S)EBF(X17 7Zi7"' 7Xn—"75>
69F(‘le” ’KT’Sl)@F(Zu 7Xn—‘[82)@F(X1"" 7ZZ—‘[51)®F(Y;7 vXn—I(SQ) )

where 57, 55 is the partition of S by ¢, namely S; = SN (1,4), S = SN (i,n). (The last two
terms are not there if i = 1 or n.)

For subsets S C S’ of IO we will define a map
155 F(ITS)— F(ITS) .

Let
175 : F(I) = F(ITS)

be the composition of 7x,’s for k € S. Define for S C S’ the map 7gg as follows. If S =0, let

Ty = Tsr. In general let Iy, --- | I, be the segmentation of I corresponding to S, S} = 5'N Ij,
and 7g : F((I;) = F(I; |S]) be the map just defined. Then

TSs! 1= @ng : @F(L) - @FUJS;) =F(IT5).

The 755/ (X1,- -+, X,,) is additive in each variable, namely if X; = Y;® Z;, then 755/ (X1, -+, X;)
is the direct sum of the maps 755/ (X1, ,Yi, -+, Xp), 755/(X1, -+, Zi, -+, X,), and the maps

TSlSi®TSQS§ : F(X17 7}/;T51)®F(Zlv 7Xn—|[52) — F(X17 JY;T*S{)@F(ZZ? 7Xn—|[Sé) )

TSlSi®TSQSé : F(X17 T 7Zi —‘[Sl)®F()/;7 e 7X1’L TSQ) — F(X17 Ut 7}/1—"751)®F(Zl7 e 7Xn —‘[Sé)

on the cross terms.
For K = {ky, -+ ,ky} C (1,n) disjoint from S, we define a map

@K:F(Xla"' 7Xn—|[5)_>F(X1> a)/(k\u"' 7)/(16\1)"" aXnTS)§
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More generally for I C [Tand K C I disjoint from S, we have pi : F(I|S) = F(I — K ]9).
If S =1, p is the composition of ¢;, for k € K; in general, let I1,--- , I, be the segmentation
of [1,n] corresponding to S, and

It is additive in each variable in the following sense: If X; =Y; @ Z;, then the map
or (X, -+, X,) is the sum of o (X, -+, Y, -+, X)), o (X1, -+, Zi, -+, X,p), and, if i € K,
the maps

YK, ® Pk, on F<X17 T 7Y;—|(Sl> ®F<Zia T 7XnT52) )

YK, @ P, on F(Xy, -+, Z; [S1) @ F(Y;, -+, X, [52)

on the cross terms (K7, K is the partition of K by i), and if i € K, the zero maps on the cross
terms.

These maps satisfy the following properties. Conversely given maps 75 and @ satisfying
those properties, the maps 7, = 7y and ¢y satisfy the conditions (1)-(3) in (1.2), and the
derived maps from them coincide with 755 and 7.

(1) Tsg is a quasi-isomorphism. For S C S C S”, TsrgnTssr = Tssr. The map 7gg is
compatible with tensor product as follows: For a subset T' C S, I1,--- , I. the segmentation

corresponding to 7', and S; = SN Iz; note F(ITS)=F(L[S)®---®F(I.]S.). For S C ¢,
with S/ = SN I; the following commutes:

FUITS) = F(LTS)® @ F(I.TS)

Tss! ®TSi S;

FUTS) = F(LTS)®-- @ F(I]5) -

(2) If K is the disjoint union of K" and K", px = @gnprr. Also @y is compatible with
tensor product, namely under the same assumption as in (1) and with K; = K'NI;, the following
diagram commutes:

F(T(S) = F(LT5) @ l ® F(L.TS.)

F([_K—I[S) = F<]1 _K1—|[81)®®F(IC_KCTSC) :
(3) If K and S’ are disjoint the following commutes:

F(ITS) =% FUI-KTS)

F(ITS) =2 FUI-KTS).

(1.4) A weak quasi DG category € is not a category in the usual sense, since the composition
is not defined. Nevertheless, one has composition in a weak sense.
For three objects X, Y and Z, let

Yy F(X,)Y)Q F(Y,Z) = F(X,Z)
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be the map in the derived category defined as the composition py o (oy)~! where the maps are
as in

F(X,Y)® F(Y,2)<2—F(X,Y,2) 25 F(X, Z) .
The map 1)y is verified to be associative, namely the following commutes in the derived category:

FIX,Y)® F(Y,Z)® F(Z W)2X24FP(X, 2) ® F(Z,W)

id®1/)zJ/ J{’l/JZ

FIX,Y)o FY,W) -2,  FX,W).
Let H°F(X,Y) be the 0-th cohomology of F(X,Y). 1y induces a map
Yy HUF(X,Y)®@ H'F(Y,Z) - H(F(X,Y)® F(Y, Z) )MHOF(X, Z),

which is associative. In particular H°F(X, X) is a ring. We often write u - v for ¢y (u ® v).

The last condition (4) for a weak quasi DG category is:

(4) For each X there is an element 1x € HYF (X, X) such that 1x - u = u for any u €
HF(X,Y)and u-1x = u for u € HF(Y, X). (Call such 1x the identity.)

Thus one can associate to € an additive category, the associated homotopy category, denoted
by Ho(€). Objects of Ho(€) are the same as the objects of €, and Hom(X,Y) := H'F(X,Y).
Composition of arrows is the map induced from 1)y. The object 0 is the zero object, and the
direct sum X @Y is the direct sum in the categorical sense. 1x gives the identity X — X.

Remark. More generally we have maps vy : H"F(X,Y)® H'"F(Y,Z) — H™"F(X, Z)
for m,n € Z, defined in a similar manner. The groups H™F(X,Y’) and the composition maps
for them play roles when we consider the quasi DG category C2.

(1.5) A quasi DG category C consists of data (i)-(iii), satisfying the conditions (1)-(5). When
necessary we will also impose additional structure (iv),-(v).

(i) The class of objects Ob(C). There is a distinguished object O, called the zero object.
There is direct sum of objects X @Y, and one has (X @ Y)d Z =X @ (Y @ 2).

(ii) Multiple complezes F(Xy,---,X,). For each sequence of irreducible objects X7, - - X,
(n > 2), a complex of abelian groups F'(Xy, -, X,).

For a subset S C (1,n), we have FI(Xy,---, X, [S) := F([;) ® --- ® F(I,) as in (1.3); this
is an a-tuple complex. As before for a finite ordered set I and a sequence of objects (X;):er,
one has F\(I) = F(I; X) and F(I|S) = F(I|S; X).

(i) Multiple complexes F(Xy,- -+, X,|S) and maps 15, 0ss and ¢k.

(1) We require given a quasi-isomorphic multiple subcomplex of abelian groups

vs F(X1, -, X0|S) = F(X1,- -, X, TS) .

We assume F(Xy,---, X,|0) = F(Xy,---,X,). The complex F(Xy,---,X,|S) is additive in
each variable, by which we mean the same property as in (1.3) for F(Xy,---, X, [S). The
inclusion ¢g is compatible with the additivity.

For a subset T' C S, if I1,--- , I. is the segmentation corresponding to 7', and S; = S N I,
one requires there is an inclusion of multiple complexes

F(I|S) € F(I1|S1) ® -+ ® F(I,|S.) (1.5.1)
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where the latter group is viewed as a subcomplex of F(I [S) by the tensor product of the
inclusions tg, : F(1;]S;) — F(I; |S;).
(2) For S C S’ given a surjective quasi-isomorphism of multiple complexes

oss : F(X1, -, X,|S) = F(Xy,--, X,|9) .

For Sc 8" c 8", oggn = 0gsr05s. The oge is additive in each variable variable, namely it
satisfies the same condition as in (1.3) for 7 and F(Xy, -+, X, [S).

o is assumed compatible with the inclusion in (1.5.1): If § € S and S, = S’' N I; the
following commutes:

F(I|S) = F(L|S)®- @ F(L|S)
ogg ®og; st
F(I|S") — F(L|S) ®-- @ F(I1]S5]) .
We write o = oyg : F(I) — F(I|S). The composition of og and tg is denoted 7g : FI(I) —
F(ITS).
(3) For K = {ky, -+ ,ky} C (1,n) disjoint from S, a map of multiple complexes

SOK:F(XD'“ JXTL|S>%F(X17 7)/(’:17”' 7)/(16\177"' 7Xn|S)

If K = K'IIK" then o = @rnprr = F(I|S) — F(I—K]|S). The ¢ is additive in each variable
variable, namely it satisfies the same condition as in (1.3) for px and F(Xy,---, X, [9).

@k is assumed to be compatible with the inclusion in (1.5.1): With the same notation as
above and K; = K N I;, the following commutes:

F(I]S) — F(L|S1) ® - ® F(I.]S.)
PK ®¢K;
F(I=KI[S) = F(I—Ki|S)®- @ F(I. — K|S) .
If K and S’ are disjoint the following commutes:
F(I11S) < F(I-K|S)
Iss’ Oss’

F(I18") 2 F(I - K|S .

(4) (acyclicity of o) For disjoint subsets R,J of I with |J| # 0, consider the following
sequence of complexes, where the maps are alternating sums of o, and S varies over subsets of

J:
FI|R)—— @ FUI|RUS)—— @ FUI|RUS)—---— F(IIRUJ) — 0. (1.5.2)

[S|=1 |S|=2
ScJ scJ

Then the sequence is exact.
Remarks to (4). (i) If |J| = 1 and |S’| = |S| + 1, this says ogg is a surjective quasi-
isomorphism, which was already assumed in (2).
(ii) Since each og g is a quasi-isomorphism, the total complex of the double complex (1.5.2)
is acyclic, see [8], (2.4). Thus the exactness implies that the induced map
o:F(IIR) = Ker[ @ F(I|[RUS)—2— @ F(|RUS)]

[S|=1 [S|=2
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is a quasi-isomorphism.

(5) (existence of the identity in the ring H°F(X, X)) There are composition maps for
H°F(X,Y) as in (1.4). We assume there exists the identity element 1y in HF (X, X).

This concludes the definition of a quasi DG category. For the purpose of constructing a
related category C2, we need additional structure (iv) and (v) below.

(iv) Diagonal elements and diagonal extension.

(6) For each irreducible object X and a constant sequence of objects ¢ — X; = X on a finite
ordered set I with |I| > 2, there is a distinguished element, called the diagonal element

Ax(l)e F(I)=F(X,---,X)
of degree zero and coboundary zero. In particular for |I| = 2 we write Ax = Ax(I) € F(X, X).

One requires:

(6-1) If S C Io, and Iy,--- , I, the corresponding segmentation, one has
Ts(Ax (1)) = Ax (L) ® - ® Ax (L)

in F(ITS) = F(I) @ --- ® F(L).
(6-2) For K I, oxe(Ax(D)) = Ax(I — K).

(7) Let I be a finite ordered set, k € I, m > 2, and I” be the finite ordered set obtained by
replacing k by a finite ordered set with m elements {ky,--- ,k,,}. I =[1,n], I"is {1,--- ,k—
Lky, - kp,k+1,--- n}.

There is given a map of complexes, called the diagonal extension,

diag(I,17) : F(I) = F(I")

subject to the following conditions (for simplicity assume I = [1,n]):
(7-1) It k' # k, o diag(I, ") = diag(I — {k'}, I"— {k'})pr, namely the following square
commutes: iae(I.I
F(1) e F(I)
P! Pr/
(I = {k}) =52 P (K
If0e{ky, -, kn}, pediag(l, ") = diag(I, I"— {¢}). If m = 2 the right side is the identity.
(7-2) If k = n, £ € {ny, -+ ,nn}, let I],1” be the segmentation of I~ by ¢. Then the
following diagram commutes:

diag(I,1") F(I)

diag([,]{)l Te

F(I;) —— FI)®F(I").

The lower horizontal map is u — u ® A(I”). Note I” parametrizes a constant sequence of
objects, so one has A(I"”) € F(I"). Similarly in case k =1, £ € {1y,---,1,,}.
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Ifl<k<nand/?le€{ky, -, kn}, let I, I5 be the segmentation of I by k, and I}, I} of I”
by £. One then has a commutative diagram:

diag(I,17)
—

F(I) F(I")

F(h)® F(l,) —— F()®F(1),
where the lower horizontal arrow is diag(/y, 1) ® diag(I, I}).

(v) The set of generators, notion of proper intersection, and distinguished subcomplezes with
respect to constraints.

(8)(the generating set) For a sequence X on I, the complex F(I) = F(I; X) is degree-wise
Z-free on a given set of generators 8p(l) = S8p(I; X). More precisely 8p(l) = L ez8r(1)?,
where 8 (1)? generates F'(I)P. This set is compatible with direct sum in each variable: Assume
for an element k € I one has Xy = Y, @ Zy; let X| (resp. X! be the sequence such that
X! =X, fori#k, and X; =Y (resp. X! = X, for i # k, and X}/ = Z;). Then 8p(I; X) =
Sp(L; X') L Sp(1; X").

(9) (notion of proper intersection.) Let I be a finite ordered set, Iy, - - - , I, be almost disjoint
sub-intervals of I, namely one has tm([;) < in(/;;1) for each i. Assume given a sequence of
objects X; on I. Let oy € Sp(1;) be a set of elements where ¢ varies over a subset A of {1,--- ,7}.
We are given the condition whether the set {«;} is properly intersecting. The following condition
is to be satisfied.

o If {ay| i € A} is properly intersecting, for any subset B of A, {«;| i € B} is properly
intersecting.

o Let A and A’ be subsets of {1,---,r} such that tm(A) < in(A4"). If {ay] i € A} and
{a;] © € A’} are both properly intersecting sets, the union {o;|i € AU A’} is also
properly intersecting.

o If {a, -+, .} is properly intersecting, then for any ¢, writing da; = Y ¢;,, 8, with g, €
Sr(I;), each set
{Oél, e 7057:—175117 Oéi_t,_l, T ,Oér}

is properly intersecting.

e The condition of proper intersection is compatible with direct sum in each variable. To
be precise, under the same assumption as in (8), for a set of elements «o; € Sp(I;; X')
fori =1,---,r, the set {oy € 8p(I;; X')}; is properly intersecting if and only if the set
{a; € Sp(1;; X)},; is properly intersecting.

Remark. For I; almost disjoint and elements a; € F'(1;), one defines {«a; € F(I;)|i € A} to
be properly intersecting if the following holds. Write o; = > ¢;, v, with «;,, € 8g(1;), then for
any choice of v; for i € A, the set {«,,|i € A} is properly intersecting.

Further, if S; C I;, one can define the condition of proper intersection for {«o; € F(I;|S;)|i €
A} by writing each «; as a sum of tensors of elements in the generating set.

(10) (description of F'(I|S) ) When Iy, - - , I, is a segmentation of /, namely when in(l;) =
in(7), tm(/;) = in(f;41) and tm(/,) = tm([/), the subcomplex of F/(I;) ® - ® F(I,) generated by
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a ® -+ ® a, with {a;} properly intersecting is denoted by F(I;)®---®@F(I,). If S C I is the
subset corresponding to the segmentation, this subcomplex coincides with F'(I|5).

Remark. The property (1) is an obvious consequence of this description.

(11)(distinguished subcomplexes) Let I be a finite ordered set, Ly, -- - , L, be almost disjoint
sub-intervals such that UL; = I; equivalently, in(L;) = in([), tm(L;) = in(L;41) or tm(L;)+1 =
in(L;11), and tm(L,) = tm(/). Assume given a sequence of objects X; on I. Let Dist be the
smallest class of subcomplexes of F(L1) ® --- ® F(L,) satisfying the conditions below. It is
then required that each subcomplex Dist is a quasi-isomorphic subcomplex.

(11-1) A subcomplex obtained as follows is in Dist. Let I, - - -, I. be a set of almost disjoint

sub-intervals of I with union I, that is coarser than Lq,---,L,; let S; C I; such that the
segmentations of I; by S;, when combined for all i, give precisely the L;’s. Let I — I be an
inclusion into a finite ordered set I such that the image of each I, is a sub-interval. Assume
given an extension of X to I. Let .Jy,--- ,Js C I be sub-intervals of I such that the set {I;, J;};
is almost disjoint, and f; € F(J;|1}), j = 1,---,s be a properly intersecting set. Then one
defines the subcomplex
[F(11]51) @ -+ @ F(Le|Se) ]y

as the one generated by aq ® - -+ ® ., o € F(I;]S;), such that {ay, -+ ,a., f; (j=1,---,5)}
is properly intersecting. We require it is in Dist.

The data consisting of I — I, X on I, J; C I, and f; € F(J;|1}) is called a constraint, and
the corresponding subcomplex the distinguished subcomplex for the constraint.

(11-2) Tensor product of subcomplexes in Dist is again in Dist. For this to make sense, note
complexes of the form F(L;) ® --- ® F(I,) are closed under tensor products: If I’ is another
finite ordered set and L}, --- , L’ are almost disjoint sub-intervals with union I’, then the tensor

product
FL))® --@F(,)®F(L)® - @ F())

is associated with the ordered set IT1I" and almost disjoint sub-intervals (Ly, -+ , L., L}, --- | L.).
(11-3) A finite intersection of subcomplexes in Dist is again in Dist.

(1.6) Note that a quasi DG category is a weak quasi DG category. Indeed one shows there exist
unique maps 7sg : F(I]S) — F(I]95') satisfying the conditions (1.3) (1), and compatible
with ogg via tg and tg/, namely making the following diagram commute

F(I1)S) —== F(IT9)
0g g/ Tg s/

F|S) — FIT9).

There are also maps ¢x : F(I]S) — F(I — K [S) satisfying (1.3)(2) and compatible with
vk : F(I1S) — F(I — K|S) via the tg’s, namely the following commutes:

F(118)  —=  F(ITS)

x| e

F(I-K|S) 2+ FI-KTS).

The property (1.3)(3) is satisfied as well.
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When we assume the structure (iv), the condition (5) is redundant. From (6) and (7) it
follows that [Ax] € H'F(X, X) is the identity in the sense of (1.4). Indeed for u € HF(X,Y)
take its representative u € F(X,Y)°, then take its diagonal extension diag(u) € F(X, X,Y)°.
Then one has m(diag(u)) = Ax ® u and @o(diag(u) ) = u. The same argument shows the
following, which is stronger than (5):

(5)" For each w € H"F(X,Y), n € Z, one has 1x - u = u. Similarly for u € H"F(Y, X),
u-lX:u.

(1.7) Example. Let S be a quasi-projective variety. Let (Smooth/k , Proj/S) be the category
of smooth varieties X equipped with projective maps to S. A symbol over S is an object the

form
D (Xa/S,70a)

acA

where X, is a collection of objects in (Smooth/k , Proj/S) indexed by a finite set A, and r,, € Z.
In [8]we defined

e the complexes F(K7,--- , K,|S) for a sequence of symbols K; and S C (1,n),
e the maps ¢, o and ¢,
e the diagonal elements A () and the diagonal extension diag(/, I').

and showed the properties (1)-(11), except the additivity.
The additivity of F'(X7y,--- , X, |S) can be easily shown as follows. For the complex F(X7,--- , X,|¥)
as in [8], when X; = Y; Il Z; one has for i € 3,

?(Xla"' 7Xn|2) :Hj(Xla aY;'f" aXn‘E)@gj(Xb 7Zi7"' aXn‘E) ’
and for i ¢ 3,

F(Xy, -, Xu|2)

= F(Xy,-- Y XGB) @ F(Xy, - Ziy e, X |D)

@?(Xl, 7}/Z|21> ®35(Z7,7 7Xn|22) @?(X17 722’21) ®g’(}/la >Xn’22)
where X1, X5 is the partition of 3 by 7. It follows that F/(Xy,--- , X,,|5) = Py g F( Xy, -+, Xi[X)
satisfies the required additivity as a module. Since the product map p; is zero on the cross terms
F( Xy, Y5 QF(Z;, -+, Xn|Xe) and F(Xy, -+, Z;|31) @F (i, - -+, X,u|22), one checks the

additivity holds as a complex as well.
We refer to this as the quasi DG category Symb(S).

(1.8) Let € be a quasi DG category. We will construct another quasi DG category €2 out of €.
An object of G2 is of the form K = (K™; f(my,--- ,m,) ), where (K™) is a sequence of objects
of € indexed by m € Z, almost all of which are zero, and

f(mh . 7m'u) c ‘F'(_[{'m'l7 . 7Kmﬂ>_(mu—m1—#«+1)

is a collection of elements indexed by sequences (my < mqo < --- < m,) with p > 2. We require
the following conditions:
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(i) Foreach j =2,--+ ,u—1

Uij<f(m17"' 7mu)):f(m17"' 7mj)®f(mj7”' 7m#)

in F(K™, - K™) @ F(K™, - K™),
(ii) For each (myq,---,m,), one has

af(mlv e >mu> + Z Z (_l)mu+u+k+t90Kmk (f(mla e 7mtakvmt+17 e 7mu)) =0.

1St</l ’H’Lt<k<mt+1

We call an object of €* a C-diagram in €. For C-diagrams K, - -- , K,,, we will define complexes
of abelian groups F(Kji,--- , K,) together with maps o, and ¢g,. So we have a quasi DG
category. Its homotopy category Ho(C?) is a triangulated category.

2 Function complexes F(Ky,- -, K,).

In (2.6) the operation ® of (0.4) is used. In (2.9) we refer to (0.3) for tensor product of “double”
complexes, and to [8], (3.6)-(3.9) for a particular construction of distinguished complexes.

Given a quasi-DG category, we have defined the notion of C-diagrams in the category. For
a sequence off C-diagrams K, --- , K,, we will define the complexes F(Ky,---, K,,) and the
maps ¢ and o among them, and show they satisfy the axioms of a quasi DG category.

(2.1) In this section a sequence is a pair (M|M') consisting of a finite increasing sequence of
integers M = (my,--- ,m,) wheremy < --- < m,, with g > 2, and a subset M’ of M —{my, m,,}.
We allow M’ to be empty. For simplicity we also use the notation M for (M|M’). When there
is no confusion denote (M|() by M.

Let in(M) = mq, tm(M) =m,, M = M — {my,m,}. Let |M| = pu. For sequences (M|M’)
and (N|N') with tm(M) = in(N), let

MoN=(MUN|M U{tm(M)} UN’).

A double sequence a quadruple (M;|Mj; My|M}). Here My, M, are finite sequences of
integers, each of cardinality > 1, and Mj and M, are subsets of M; —{in(M;)}, My—{tm(M>)},
respectively. A double sequence may be viewed as a map defined on [1,2], which sends i to
M; = (M;|M]). To be specific, we will say it is a double sequence on the set [1,2]. (Note
however that M; is not a sequence in the sense just defined, since M; may have cardinality one,
and even if |M;| > 2, M| may contain tm(M;).) We also use a single letter A to denote a
double sequence,

A = (My;My) = (M| M7; My|M)) .

The following figure illustrates a sequence, where the line segment is [m, m,], the solid dots
indicate the set M and the hollow dots the subset M’.

@ e—oO S L

my mo ms iy ms

M = (M|M') = ({ma,--- ,ms}[{ms, ma})
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The next figure illustrates a double sequence. In the first line lies M; which is a line segment
with solid and hollow dots, and in the second lies My = (My = {nq,--- ,n, }|M)).

M
my ! my,
@ @

s ny

(2.2) The complex F(M|M').  Let € be a quasi DG category. Let (K™) be a sequence of
objects indexed by integers m, all but a finite number of them being zero. To a sequence
(M|M'), one can associate the complex

F(M) = F(M|M') := F(K™, .. | K™|M') .
If M = (M]0), we simply write F(M) = F(M|D); in general, if My, --- , M, is the segmentation
of M given by M', F(M|M") = F(M,)®---®F(M,) C F(M,)®---®F(M,). In this section the

differential of F'(M) is denoted 0. For k € M — M’ there is the corresponding map of complexes
o F(M|M') — F(M — {k}|M'"). There is also the map oy : F(M|M') — F(M|M" U {k}).
The maps ), commute with each other, o, commute with each other, and ¢, and o, commute
with other.

(2.3) The complex @ F(M|M'). We will define the structure of a complex on @ F(M|M'),
the direct sum over all sequences (M |M’).

For M = (mq,---,m,), let
’Y(M):mu_ml_:u_{'l'

If M and N are sequences with tm M = in N, then v(M U N) = ~v(M) + v(N).

If k € M, let My, :== {m; € M | m < k}. In this section, for an integer d, write
{d} = (=1)% this is useful when d is a complicated expression. For u € F(M|M'), let
|u| = degu (the degree in F(M|M"))).

We will define a map 0 : F(M|M') — F(M|M’) of degree 1, and a map ¢ : @ F(M|M') —
@ F(M|M') of degree 0. They are obtained from 0 and ¢ by putting appropriate signs.

For u € F(M|() define 8(u) := du. For k € J\Zf, define ¢, : F(M|0) — F(M — {k}|0) by

pr(u) = {[ul +7(M<x) yor(u) -

In general let My, -, M, be the segmentation of M corresponding to M’ so that F(M|M') =
FM)®---®@F(M,). Foru=u, ® -+ ®@u, € F(M|M'), define

A(u) =Y D (lul +7(u) @ @ (Qu) @ -+~ Dy .

) 7>
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Here v(u;) :== v(M;) if u; € F(M;). For k € M- M, let i be such that k € M;, and define
o0+ FOMIM) = F(M — {E}AT) by

pp(u) = Z{(Wj\ + () ) ® - @ () @ - @ uy

G>i
Now let

the sum over k € M — M.
One verifies the following equalities:

99(u) =0, pp(u)=0, dp(u)+ ed(u)=0.
For u@v € F(M|M'), where u € F(M;)® -+ QF(M,), v € F(Myy1)® - QF(M,),
O(uxv)={v]|+7v)}0u@v+u®dv, @uev)={v]+v©) e @v+up).

[The last two equalities are obvious. Using them, one may assume u € F(M|}) to prove the
first three equalities. The verification is straightforward.|
Let @ F(M|M') be the direct sum over all sequences (M |M'), and

§=0+¢: PFMM)—PFMM) .
Define the first degree of uw € F(M|M') by
deg (u) = |u +~(M) .

Then 0 increases the first degree by 1. We have the following proposition, so @ F(M|M’) is
a complex with degree deg, and differential §, and the differential is compatible with tensor
product.

(2.3.1) Proposition. (1) 66 = 0.
(2) Foru®wv € F(M|M'), where u € F(M})® - --®F (M), v € F(My1)®---@F(M,), one
has 0(u ® v) = {|v| +7y(v)}ou @ v +u® dv .

If one fixes M’ and takes the sum over (M|M’) where only M varies, one still obtains a
complex; taking then the sum over M’ gives the complex discussed above.

In particular, @ F(M) = @ F(M|0) is a complex, which appears in the following subsec-
tion.

(2.4) In the complex @ F(M), an element f = (f(M)) € @ F(M) is of first degree 0 if
deg f(M) + (M) = 0. It satisfies 0(f) = 0 iff for each M = (my,--- ,m,),

Of (M) +> @ (f(MU{k})) =0

where k varies over the set [in M, tm M] — M. Concretely

p—1
af(ml>"' amu)+z Z (_1>m”+u+k+t¢k(f(mla"' 7mtak7mt+la"' 7mu) =0.

t=1 mt<k<mt+1
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We now restate the definition of a C-diagram.

(2.4.1) Definition. A C-diagram K = (K™; f(M)) in the quasi DG category is a se-
quence of objects K™ indexed by m € Z, all but a finite number of them being zero, and a
set of elements f(M) € F(M)™™) indexed by M = (my,--- ,m,), satisfying the following
conditions: .

(i) For each k € M, ox(f(M)) = f(M<) ® f(Msy) in F(M<;) ® F(Msy). (To be precise
one should write 7 for oy, but we may not make the distinction.)

(i) f=(f(M)) € @ F(M) satisfies 6(f) = 0.

For an object X and n € Z, there is a C-diagram K with K" = X, K™ =0 if m # n, and
f(M) =0 for all M. We write X[—n]| for this.

(2.5) The differential o. Under the same assumption, we define, for each k € J\;[ — M, the
map oy, : F(M|M') — F(M|M' U{k}) as follows. For u € F(M|0), if ox(u) = >_ o @ u” where
u € F(M<g) and u"” € F(Msy), let

ap(u) =) {degy(u) - y(u")}u' @u" .
In general, for u =u; Qus ® - -- @ u, € F(M|M'),

o(u) = Z<_1)|M'>k|ul ® - Qok(u) ® - @ uy

where k varies over the set M — M’'. (Here M’ denotes the subset of M’ of elements > k.)
For u € F(M|M'"), define 7(u) := |M’|. Note o increases 7(u) by one.

(2.5.1) Proposition. (1) oo(u) =0.

(2) do(u) = od(u).

(3) o(u@v) ={r(v) + }o(u) @v+uea(v).

Proof. (3) is obvious from the definitions. For (1) one may thus assume u € F(M|(), and
verify it directly. (2) is also reduced to the case u € F(M|(), and one can show (after some
calculation) the identities 8o, = 010 and orp, = @04 for k # (.

(2.6) The complezes H(K, L), G(K, L) andF(K,L). Let K = (K™; fx(M))and L = (L™; fr.(M))
be C-diagrams. To a double sequence A = (M|M’; N|N') one associates the complex

F(A) :F(M‘M/’N‘N/) :F<Km1,"' 7Km#;Ln1’_,. 7LnV‘M/UN/) )

To be precise, consider the finite ordered set M II N (where m < n if m € M and n € N), and
the sequence of objects on it.
If My,---, M, is the segmentation of M given by M’, and Ny,---, N, that of N given by
N’, then
F(M|M'; NIN') = F(M)& -+~ &F(M, U N)GF(No) - @F(N,) .

We refer to My, -+, M,_1, M, U Ny, Ny, ---, Ny as the segmentation of M UN by M’ U N'.
Let us say the double sequence is free when M’ and N’ are empty; then the corresponding
complex is free of tensor products.
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As for F(M|M'), one has maps 0, ¢ and o among the F'(A). Set |A| = |M|+ |N|, v(A4) =
(M) + v(N) + (n1 —my), and 7(A) = |M'| + |N'|. For v € F(A), let v(u) = vy(A) and
7(u) = 7(A). One can then define the maps @ and ¢ as before, as well as the sum

§=0+¢: @FA) = @F(A) .

Specifically if u € F(A) with A = (M|0; N|0), then 8(u) =d(u). fu=u; @ Qu, U1 ®
c @ Upgs1 € F(M)® - ®F(N,) as above, then

O(u) = Z {Z(|Uj| +7(uy) )} UL @ (Ou) @+ @ Uppst -

% j>1

Similarly for ¢.

One also has the map o : @ F(A) — @ F(A). These maps satisfy the same identities as
before. In addition, we will define maps fx and ;.

For this purpose one needs to invoke (1.5), (v) and take appropriate quasi-isomorphic sub-
complexes. There is a distinguished subcomplex [F(M|M'; N|N')|; — F(M|M'; N|N') satis-
fying the following conditions:

e If tm(P) =in(M), then the map

fe(P)@ (=) : [F(IM;N)]y — [F(P o M;N)];

is defined. Here P oM := (P U M|{tm(M)} U M’).

(P0) M

T\

e Similarly if tm(N) = in(Q), then

(=)@ fu(Q) : [F(M;N)]f = [F(M;No Q)]

is defined.

For the existence of such a subcomplex, with reference to (1.5),(11-1), take {fx(P)} and
{fL(Q)} as the set of constraints. In the rest of this paper we write F'(M;N) for [F(M;N)]|;.
For a sequence P = (P|0) with tm(P) = in(M) and u € F(M;N), let

fr(P)@u={|r(u)|+ 1} fx(P) ® u € F(PoM;N) .

Let fx @ u := Y fx(P) ® u where P varies over sequences with tm(P) = in(M). When there
is no confusion, we also write fx(u) = fx ® u like an operator.
If in(Q) = tm(N) let

u®f(Q) =—-u® fr(Q) € FIM;NoQ) ,

and u @£, = > u®fL(Q), the sum over @ with in(Q) = tm(N). We also write f7(u) = u® fy.
These operations are subject to the following identities.
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(2.6.1) Proposition. (1) 0fx = fxd. 6f, = £.0.

(2) o(fx @u) +fr @ fx Qu) +fxr@o(u) =0. o(uf) + (uf) @fL, +o(u) @, =0.
(With the operator-like notation, ofx + fxo + fxfx =0, etc. )

(3) fx @ (u®v) = {7(v) + 1}(fx ® u) @ v. (Here u € F(M) = F(K™), v € F(M/;N) with
tm(M) = in(M'); or either, u € F(M;N), v € F(N') = F(LY') with tm(N) = in(N"). )
Similarly (u®@v) @ f, =u® (v@fL).

(4) frcfr + fr.f = 0.

Proof. Direct verification.

For u € F(A) define
d'(u) = o(u) + fx(u) + fr(u) .

It increases 7(u) by one, d'd’ = 0 and 6d’ = d'0. Further, d'(u®v) = {7(v)+1}(d'u)@v+u(dv).
Thus the direct sum € , F'(A) is a “double” complex with respect to the two gradings

degy u = [uf +y(u), degy(u) = 7(u) +1
and the commuting differentials d, d’. Denote it by H**(K, L). Let
H(K, L) = Tot(H**(K,L))

be the associated total complex. The total degree is of u € F(A) is given by degy(u) =
|u| +7v(u) + 1, and the total differential dy is given by

d]HI — (_1)deg2u6+d/

on u € F(A). This coincides with the convention for the total complex (0.1) if we view d' as
the first differential and § the second, so it would be more legitimate if we called d’ (resp. )
the first differential (resp. the second). But as we will see in the next section, the differential
0 plays the primary role, hence the name the first differential.

One can show, for each a, the complex with respect to d’, H%' — H*? — ... is acyclic.
For the proof consider the filtration given by the sum of terms with in M < a and tm N > b,
for varying a, b; in the subquotients the maps fx and f; are zero, so the differentials are just
o, and the claim follows from (1.5) (4).

Applying the operation ® in (0.4) (with a shift to the second degree), we obtain a complex
G*(K,L) := ®H**(K,L). So the degree and differential are given by degg(u) = deg,(u) + 1
and dg = —0 on u € F(A). Set finally

F(K,L)=G(K,L)[1] .
The degree and the differential are given as follows:
degp(u) = degy(u) , dp(u) = o(u).
If K = X[0] and L = Y[n|, we have F(K, L) = F(X,Y)[n].

(2.7) The complezes H(I) and G(I). Letn > 2. Assume given a sequence of C-diagrams K; =
(K™ fr,(M)) for i = 1,--- ,n. We will define complexes H(K7,---, K,) and G(K7, -, K,,),
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generalizing H(K, L) and G(K, L) in case n = 2. As in the case |I| = 2, G is a quasi-isomorphic
subcomplex of H.
A multi-sequence on [1,n] is a 2n-tuple of finite sequences

A= (My;---;M,) = (My|M7; My|My; - -+, My |M,,_y; M,|M,)

satisfying the following conditions:
e FEach M; is non-emptys;
e M;C Mjforj=1,---,n,and in(M;) € My, and tm(M,) ¢ M,,.

The following illustrates a multi-sequence. The vertical direction is for [1,n], and the hori-
zontal direction for the M.

M

4 M,

Associated to A is a finite ordered set M; U --- U M, (disjoint union) and (K]") defines a
sequence of objects on it; so there corresponds the complex

F(A) = F(My;- - ;M) = F(My U+~ U My MU+ U M) .
Let O be its differential. Set |A| = > |M;],

n—1

Y(A) = A(Mi) + > (in Migs — tm M)
i=1
and 7(A) = > |M/|.
Now consider

D F(4)

A

the direct sum over all multi-sequences A on [1,n]. We make it into a “triple” complex,
denoted H*** = H***(K,, -, K,). It is analogous to the double complex H**® in the previous
subsection. Set

M, = U1<i<nMZ‘, M;

nt out

=M UM, .

e The first degree is deg; (u) = |u|+7(u), and the first differential is d; = ¢, to be defined
as follows.

As in the case n = 2, one has the map 8. For each k € M; — M/ with |M;| > 2 and k ¢
{in My, tm M, }, one has the map ¢, : F/(My;--- ;M,) = F(My;--- ; (M; — {k}|M]);--- ; M,).
(If M; consists of a single element, the target of ¢y is F(My;--- ,I\/ATZ-, -+« M,,), which is not
associated with a multi-sequence on [1,n]. Thus we need to require M; to contain at least two

elements.) So ¢ =Y ¢, and 0 = 9 + ¢ are endomorphisms of @ F(A).

23



e The second degree is deg,(u) = |[M],,| + 1, and the second differential is dy = o
defined by (with o as before)

Glnt(u) = Z(_1>|(M{nt)>k|u1 ® e ® o-k(uj> ® ... ® Uy

the sum over k € Ujcjcn(M; — M]).
e The third degree is degs(u) = | M|, and the third differential is d3 = o o + fx, + K,
where the three operators are defined as follows.
We let

O out(u) == Z<_1)|(M(;ut)>k|u1 @ R o) @ U,

the sum over k € M; U M, — M{U M,
Set f, (P)®u = {|M] ;| +1} fr, (P)®u, and fx, (v) = Y p fx, (P)®u. Similarly u®fk, (Q) =
—u® fx,(Q), and fr, (u) = > 5 u® fx, (Q).

By the following result, which can be shown as in the previous section, we have a “triple”
complex.

(2.7.1) Proposition. (1) o is a differential, and commutes with 6. Similarly o o, is a
differential, and commutes with 6. The differentials o;,; and o, commute.
(2) ds is a differential, and commutes with 0 and o ;.

Let H(Ky,--- , K,) be the total complex of H***. The total differential is
dy = (—1)%82 85 4 (—1)%8sd, 4 dj .
As in the case |I| = 2, we have
(2.7.2) Proposition. The complex

H..O d3 /H..l ds N

15 exact.

Let now G**(Ky, -+, K,) = ®(H***(Ky,---,K,)); it is a “double” complex. We also
define G(Ky,--- , K,) to be its total complex. Note the differential of this complex is

de = (~1)*"5 + 0,

when acting on w. It is a quasi-isomorphic subcomplex of H(K7, -+ , K,). When the sequence
Ky, -+, K, is understood, write them as G**([1,n]) and G([1,n]), respectively.

The same construction applies to any finite totally ordered set I and a sequence of C-
diagrams indexed by I. If |I| = 2 and I = {4y,42}, one has G(I) = G(K,,, K;,), as defined in
the previous subsection.

(2.8) Proposition. G([) is acyclic if |I| > 3.
Proof. 'We show the acyclicity of H(I). For each (a,b) with a < b, the sum

@ F(M1§"';Mn)

in M <a,tm M, >b
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is a subcomplex of H(7), and gives its filtration (increasing in a, decreasing in b). In a successive
quotient, which is the form

D F(My;---;M,) ,

in Mi=a,tm M, =>b
the maps fx are zero, hence d' = o. Consider its filtration

Fil°= @ FMy;---;M,) .

|M|<c

In the successive quotients one has ¢ = 0, so its is a sum of complexes of the following form

FOO—— @ FI|S)—— @ FO|S)—2s-- = FI|T) =0
1S|=1 |1S|=2

where J = ITM; (so |I| > 3) and S varies over subsets of J. Since |J| > 3, J is non-empty, so
these complexes are acyclic; we are done.

(2.9) The complex G(I|X) Let I be a finite totally ordered set, and Iy, - - - , I. be a segmentation
of I. We will define a quasi-isomorphic multiple subcomplex denoted

GH)® - ®G(l,) CG(LH) @ ®G(I,) .

The usage of the symbol ® is made in line with the convention (0.1.1) for a quasi-isomorphic
multiple subcomplex, but to avoid confusion with ®.

For simplicity let Iy = [1I,m] and I, = [m,n]. Let A; = (My;---;M,,) and Ay =
(Npn; - -+ ;N,,) be multi-sequences on [1,m] and [m, n], respectively. There are cases tm A; <
in Ay, tm A; = in Ay and tm A; > in A,.

Let

F(A1)®F(A2)

be the distinguished subcomplex of F'(A;) ® F(As) prescribed to have the following properties:
o Iftm(A;) =in(As), one has

F(A))®F(Ay) C F(A)®F(Ay) .
o If tm(P) =in(A4,), the map

(fi,(P) @ (=) @id : F(A1)®F(Ay) — F(Po A)@F(Ay)
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which sends u ® v to fx, (P) ® u ® v is defined.
o Iftm(A;)=in(P),

(-)® fk,,(P)) ®id: F(A)RF(Ay) = F(A; o P)RF(A,)

is defined.
e The same conditions for the maps id ® (fx,, (P)® (—)) and id® ((—) ® fk, (P)).
o Iftm(A;) > in(As), one has

F(A)®F(Ay) = [F(A)]; & [F(A)]f -

Here [F(Ay)]; C F(A;) is the distinguished subcomplex as in (2.6).

One can verify the subcomplex consisting of the elements satisfying these conditions is
a distinguished subcomplex of F(A;) ® F(As). Indeed, with reference to (1.5), (11-1), each
condition corresponds to a constraint.

Alternatively we can view this as an example of the special type of distinguished sub-
complexes in [8], (3.6)-(3.9). To exactly refer to the formulation there, we must specify the
constraints as follows. Let

I'=MI---1IM,,,

"= M7y O My IT--- T M,y 1T M

where M, = {k € Z|N < k < in(M;)} II M; with N small enough such that K} = 0 for
k < N (it is the set obtained by “extending M; to the left”), and similarly Mt = M,, 1 {k €
Z|tm(M,,) < k < N'} with N’ large enough. There is a sequence of objects indexed by T',
given by Ky, Ko, --- on My, M,, ..., respectively. Similarly let

I?<N,II--- 1IN, ,

=N, 1IN II--- 1IN} ;

there is a sequence of objects indexed by I?. If J C I' is to the left (resp. to the right) of
I', one has fr,(J) € F(J; K,) (vesp. fx, (J) € F(J;K,,) ). Similarly if J C I? is to the left
(resp. right) of I?, there is fr, (J) € F(J; Ky, (vesp. fx, (J) € F(J; K,) ). The distinguished
subcomplex of [F(A;)®F(As)]; with respect to these constraints was defined in (3.6)-(3.9),
which we now simply write F(A;)®@F (A,), satisfies the required conditions.
Let
He**([Lm])@H***([m, n]) C H***([1,m]) @ H***([m,n])

be the “6-ple” subcomplex defined as the sum @ F(A4;)®F(Ay). It is a quasi-isomorphic
subcomplex. Let

G+ (L m])5G** (m,n]) = B Totag(H*** (L, m]) S H***(m.n]) )
a quasi-isomorphic “quadruple” subcomplex of G**([1,m]) ® G**([m,n]). From this, we obtain
G((1L, m]) B (fm,n]) = Totss Totaa(G**([L, m)EG**([m, )
a quasi-isomorphic “double” subcomplex of G([1,m]) ® G([m,n]), and

G**([1,m])xG**([m, n]) = Toty3 Totes(G**([1,m])RG**([m, n]))
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a quasi-isomorphic “double” subcomplex of G**([1,m]) x G**([m,n]). (From (0.3) recall for
“double” complexes A®® and B*®*®, their tensor product as a “double” complex A®*® x B*®*® is
defined as Toty3 Totey(A®® ® B*®). ) There is an isomorphism of complexes (cf. (0.3))

u : G([1,m])®G([m, n]) — Tot(G**([1, m])xG**([m,n])) .

If ¢ > 2 the definition is similar. For multi-sequences Ay, --- , A. on Iy, - , I. respectively,
one can define a distinguished subcomplex

F(A)QF(A)®--- QF(A.)
subject to similar conditions. We have a “3c-ple” subcomplex
H***([,)®---@H***(I,)
(also denoted H***(I|X) ) and from this a “2c-ple” subcomplex
G**([)® - ®RG**(1.) = ® Totsg.... 3.(above) .
Then we get “c-ple” subcomplex
G(I)® - --®@G(I,) := Totig Totsy - - - Totae_12.(G**([1)® - - - RG**(I..))
of G()® - ®@G(I.) =GU|%).
The last one will play a major role. If ¥ C _; corresponds to Iy, - - , I, we write it G(I|X).

(2.10) The maps p and II.  We define the product map (for m € %)

pm  G(IX) = G(I|Z — {m}) .

For simplicity of notation let us consider the case ¥ = {m}, where the map is of the form
pm - G([1, m])@G([m,n]) — G([1,n]).
First consider a map

pm : H***([L,m))@H®**([m,n]) — H***([1, n])

defined as follows. On each direct summand F(A;)®F (As) with tm(A;) = in(Ay), py, is the
inclusion map F(A)®@F(Ay) — F(A; o Ay). (The inclusion is obvious, since the latter has
constraint with respect to fx, (P)® (—) and (—) ® fx, (P), whereas the former has in addition
with respect to (—) ® fx,, (P) ®id and id ® fk, (P)® (—).) Otherwise the map p,, is set to be
zero. This is not a map of “triple” complexes.

Taking ® Totss on the left and ® on right, we get an induced map p,,, : G**([1,m])x G**([m, n])
— G**([1,n]).

(2.10.1) Lemma. The map
pm 2 G2 ([L,m])xG**([m,n]) — G>*([1,n])

is a map of “double” complexes.
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Proof.  'We must show
Ip(u @) = (=1)%°p(du @ v) + p(u @ dv)
and
d'p(u®v) = (=1)%"p(d'u @ v) + p(u® d'v) .

Let u®@v € F(A)®F(As). If tm(A;) # in(Ay), these hold trivially (all terms are zero). If
tm(A;) = in(A,), then p acts as identities; the above equalities can be verified taking note that
the point tm A, is in the set M, , for u ® v.

wnt

Taking the total complexes and using the isomorphism u as in (0.3) one obtains the map
of complexes p,, : G([1,m])®G([m,n]) — G([1,n]); it sends the sum of terms v ® v €
F(A))®F(Ay) (with tm(A;) = in(Ay)) to the sum of {(degyu) - (deg; v)}u ® v.

The case 3 contains more than one element is similar, so one has p,, : G(I|X) — G(I|X —
{m}). Explicitly, it is induced from the map (if I; N 1,11 = {m})

pr s H2 (1)@ - @H®* (L) — H***(1)® -+ @H***(I; U Ij1)® - - - @H*** ()

which sends u; ® -+ @ u. € F(A)®---QF(A.) to itself if tm(A4;) = in(A;;1) and to zero
otherwise. From this we get a map

pm G (1)@ @G (1) = G**(1)& -+ @G (L U 11)® - - - @G**(I,)

which is, as before, a map of “2(c — 1)-ple” complexes. For m, m’ distinct, pmpm = P Pm-

For k € _; — Y, define a map of complexes
Iy : G(I|2) — G(I — {k}|X)

as follows. Let I = [1,n] for simplicity.

First assume X = ). On the direct sum F'(A) where A = (My;--- ;M,,) is a multi-sequence
on [1,n], let I, = 0 unless My = (M |0) with |My| = 1. For such My, letting My = {j} and
Al[l,n]f{k} = (Ml; e ;m; s ;Mn), we define

My : F(A) = F(Alpm-t)

by I (u) = (—1)7¢;(u) (nota typo for (=1)¢;(u)). The following figure is for the case n = 3
and k = 2.

Ml Ml

M

Taking the sum over A’s, we obtain a map Il : H***(I) — H***(I — {k}). One verifies
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(2.10.2) Lemma. (1) The map Iy : H***(I) — H***(I — {k}) is a map of “triple”
complexes.

(2) If k £ K, 11y = Il

Proof. (1) For A = (My;---;M,) with M = (M|0), |My| = 1 and My = {j},ifu € F(A),
one has
Bp;(u) = ;0(u)
pp;(u) = pie(u) .
To show the first equality, let Ay, -, A, be the segmentation of M = M;U---UM,, by M’, and

assume u = u; ® --- @ u, € F(A) with u; € F(4;). The notion of segmentaton was discussed
n (2.6) in case ¢ = 2. Then

=3 (> degy(w)}ur @ - © (Ou) ® - @

% a>1
One also has
@j(u1®~--®ur) :u1®---®(pj(uk)®...ur

by the compatibility of ¢; and the tensor product, (1.5)(3). Since deg; (uy) = deg; ¢;(ux), the
first equality follows. The proof of the second equality is similar.
We also have

oap;(u) = pjoa(u) .

Indeed ifa € M—M', a # j, and if 0,(u) = > v ®@u”, then o,(u) = > {deg, (v') -vy(u") }u' @u".
If a > j, v and @;(u’) have the same deg;; if a < j, u” and ¢;(u”) have the same deg;. Hence
the equality follows. Thus

T it (W) = Qj0int(u) ,
o'out(pj(u) = ijaout(u) .

As for f, one easily verifies

freio;(u) = ifi, (v) , i, pi(u) = oifk, (u) .

Now we look at (—1)’¢;. Since ¢; commutes with 9, One has 8((—1)¢;) = ((—=1)7¢;)0
and ¢;((—=1)7¢;) = ((—=1)7¢;)p; for i # j. In addition, if j < j/ and My, = {j,j'}, Mj = 0,
then for u € F(A),

(=170 )ip; +@((=1Y;) = 0.

To prove this assume A, contains M}, so that
=Y D degi(u)}u @ @ py(w) @ @ uy
7 a>1

and (1) = {Jul + 7((A,)<;)bp;(us). The identity follows from 7((A,)<y) — 7((A,)<;) =
J=j—1

It follows II, commutes with 0, o;,;, and ds.

(2) is obvious.

Taking ® and then Tot we get an induced map Il : G(I) — G(I — {k}).
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We extend this to a map of complexes Il : G(I/|X) — G(I — {k}|X) as follows. First
consider the map

H...(_[1>®"'®H...<IC> N H...(Il)®"'®H...(Ii _ {k})@@]’]...(lc)
which sends u =u; @ -+ - @ u. € G(I1)® - - - ®G(I,) to
U1®"'®Hk(ui)®"'®uc-

Applying Tot’s and @, we get a map of “c-ple” complexes 11, : G(I]|X) — G(I — {k}|X). Then
I, satisfies properties similar to the above, and in addition (3) below. Indeed (1), (2) hold at
the level of “triple” complexes H***(I|X), and (3) holds at the level of G**(I)® - - - @G**(I.).
The proof is straightforward.

(2.10.3) Lemma. (1) The Il : G(I|X) — G(I — {k}|X) is a map of complexes.
(2) If k £ K, T = 00,
(3) If m # k, Wypp, = pilly.

For a subset K C ;, define Il : G(I]X) — G(I — K|X) by composing I for k € K. If K
is the disjoint union of K’ and K", then I1x = Ilx/Iln.

(2.11) The complezes G(I,T). For I = [1,n], and a multi-sequence A = (My;---;M,), the
type of A is the subset of I defined by

T = {i e I|M #0}.

For T C IO , consider the complex
F(A) .
A of type T
We make it into a “triple” complex denoted H***(I,T) as follows.
The first degree and differential are the same as before. The second degree is deg, =
|M/.,| + 1 as before, and the differential is

dQ(U) = aint,T(U) = Z(—l)‘(Mz/nt)>k|u1 ® e ® o-k(u]) ® N ® U/T

the sum over k € Ujer(M; — M]). (The restriction on k is imposed so that the target is
still of type T'). The third degree and differential are the same as before: degs(u) = |M],,|,
d3 = Oout + le + fKn~

The complex H***(I) has a filtration by subcomplexes indexed by types. For a given type
T the corresponding subcomplex FilT is given as the sum @ F(A), where A varies over multi-
sequences A with type containing 7. The subquotient (at T') in the filtration is the complex
H***(I,T) introduced above.

Let G(I,T) be the complex obtained from this by applying ® and shifting the degree by
T| + 1

G(I,T) =Tot(®PH®***(I,T))[|T| + 1] .

Namely
degg(; ) (u) = deggpy(u) — |T] =1

30



and the differential dg(;7) is (=1)ITH! times the original differential (—1)3°%2§ + &1 7.
For T C T" with |T"| = |T| + 1, let

orp = (—1)>1Y " (=1)Meu>Hg, : G(I,T) - G(I,T')
the sum over k € M;, T" =T U {i}. Then o7 is a map of complexes.

(2.11.1) Lemma. (1) If i,j are distinct elements not in T, letting Ty = T U {i}, Ty =
TuU {j}, one has o T'O0TT, = O T"'OTT,.
(2) o1 is a quasi-isomorphism.

Proof. (1) Immediate from the definition and the property oo = 0, (2.5.1).
(2) For each A = (My;---;M,) of type T', T" = T'U {i}, the total complex of the following
double comlex is acyclic (by condition (4) of (1.5) ):

F(A) —T= @ F(My - (M]|M]);--- ;M,)

|M]|=1
T @ F(My;- -5 (MM M) =T - = F(My;-- - 5 (M| My); -+ ;ML) .
| M |=2

Taking the sum over A and applying @, the first term F'(A) gives G(I,T), and the terms from
the second to the last give G(I,T"). Hence the assertion.

Consider the “double” complex

G- @ G, T) - .- 9561, 1), (2.11.2)

T|=1

where & is the sum of (—1)>ilg 7 for T = T U {i}, and G(I, ) is placed in degree 1. To be
precise, the first degree for G(I,T) is |T'| 4+ 1, the first differential is &, and the second degree
and differential are the ones for G(/,T).

Note
&= (~1)Mu>tlgy
k
the sum over k € M; with ¢ ¢ T. Using this one verifies G(I) is the total complex of the
“double” complex (2.11.2). Indeed the total degree of u € G(I,T)? equals p + |T'| + 1, which
equals its total degree in G(I). The total differential acting on u € G(I,T)? is, according to
(0.3),
&+ (_1)|T|+1 . (_1)|T\+1((_1)deg2u5+ Uint,T) :

which equals the total differential in G(7).

These definitions make sense for any subset I of [1,n].

Remark. The passage from G(I,T) to G(I) is the same as the construction in [8], (2.3).
We examined the signs carefully in order to demonstrate this. Otherwise the signs will not be
too important for the rest of this paper.
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(2.12) The complezes G(I1,T|Y). It is obvious how to refine (2.10) taking the type into account.

For ¥ ¢ I and T C I — %, letting Iy,--- ,I. be the corresponding segmentation of I and
T, =TnNI, let

H**(I,TS) = H***(I, )& - &H***(L, T.)
— @ F(A)G - BF(A,)

the sum over (Ay,---,A.) where A; is a multi-sequence on I; of type T;. From this we get a
“c-ple” complex as

G([, T|E) = T0t12 s T0t2cfl,20 () T0t37...736(H...(I, T’E) )Hle + 1, HRR ‘Tc‘ + 1] .

Here Totg - - - Totge—1 9. ® Tots.... 3. is the same procedure as before to get a “c-ple” complex,
and [|Ty| 4+ 1, ,|Te| + 1] is a shift of degrees applied to it.

Clearly there is an injective quasi-isomorphism ¢y, : G(I,T|X) — G(I,T [X). The map p,
defined in (2.10) is the direct sum of the maps p,, : G(I,T|X) — G(I,T U {m}|¥ — {m}).
Composing p,,’s one obtains maps

pr G(I,T|S) = G(I,TUK|S — K) .

The map Il : G(I|X) — G(I — {k}|X) defined in (2.10) is the sum of Il : G(I,T|X) —
G(I —{k},T|%). Composing II;’s one obtains

Iy : G(I,T|S) = G(I — K,T|S) .

One also has o7 : G(I,T|X) — G(I,7'|2) the sum of which is o7 in the previous
section.

Thus Assumption (A) in [8], (2.10) is satisfied for G(/,T|Y), and the maps tx, o177, px
and Il (the last three playing the roles of r, p, 7, respectively). We do not recall Assumption
(A) here; it is enough to say that all the required conditions have been proven in (2.7)-(2.12).
The comparison of data is as follows:

this section 8], §2
G(I,T) A(1,3)
G(I]%) A(I[%)
® ®

or,1 T3,

o r

Pm Pm

1T, T
F(1]5) B(I]S) .

(2.13) The complex F(I|S). Now that we have Assumption (A) satisfied, we can apply the

construction of [8], (2.10) to obtain the bar complex F(I|S) for a subset S C I. We recall the
construction, for the convenience of the reader, and refer to [8] for the proofs of the properties.
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Let I be a finite ordered set and S C ]O ; set

F(1]S) = @ GUIE) .

3OS

where ¥ varies over subsets containing S. The degree of u = u; ® -+ @ u. € G(I|X) =

G(I)®---®G(1,) is degp(u) = >_(¢; — 1), €; = degg uj. The differential dp is the sum dg + p of
the maps given as follows. If I, --- , I. is the partition of I corresponding to ¥, on an element
u=u ®- - Qu. € G(I|X) with €; = deg(u;) — 1,

de(u ® -+~ @u,.) = — Z(—1)2j>i€f U @ @ Ui—1 ® dg(u;) ® -+ @ ue

P ® - ®u)= Y (~1)Tp ()

1<i<c—1

with k; = tm(;). If S =0, let F(I) = F(I|0). If |I| = 2, F(I) coincides with F(K, L) defined
before.

One has the obvious surjection ogg : F(I|S) — F(I|S”) for S C S'; it is easy to see ogg is
a quasi-isomorphism. There is an injective quasi-isomorphism tg : F(I]S) — F(I]S), defined
as the sum of the injections G(I|X) — G(I [Y).

For K C I disjoint from S, let vk : F(I|S) — F(I — K|X) be the sum of the maps
g : G(I|E) — G(I — K|%)

if K is disjoint from ¥, and zero otherwise.
In the next proposition we state the properties of F(I|S). The proof is in [8], (2.11)-(2.12).

(2.14) Proposition. (1) F(I) is a complex of free Z-modules. For S C I corresponding to
a segmentation Iy,--- ,I. of I, let F(I]S) =F([,) ® --- @ F(1.). F(I|S) is a complex of free
Z-modules together with an injective quasi-isomorphism vg : F(I|S) — F(I]S). If S = 0,

F(II0) =F(I). IfS=1,1=[1,n] and I, = [i,i + 1],
F(I|I) = G(I)[1]&---&G(I,_1)[1]
— G, 0)& - &G(L, 1,0) = G(1,0|).

If S8, S gives the segmentation Ir,--- ,I, and S; = Ii N.S, then one has inclusion
F(I|S) CF(L1]5) ®---@F(1]S.) CF(ITS) .

(2) For subsets S C S’ there corresponds a surjective quasi-isomorphism ogg : F(I]S) —
F(1]S"). One has oggn = g1 5105g. The o is compatible with the inclusion F(I|S) C F(I;|S1)®
- @F(1.|S.), namely if S C S” and S!' = S" N I;, the following commutes:

F(I1S) <= F(L]S) ®@- - - @F(1]S.)

Og gl ®05i s,

F(115") — F(L]S))®---@F(1.|SY) .
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(3) There are maps ¢r : F(I1]S) — F(I — K|S) which satisfy o = prror if K = K'TTK”
and are compatible with os g, namely the following diagram commutes:

F(11S) =% F(U)9)
PK lSDK
F(I - K|S) =5 F(I-K|S') .
The following square commutes in the derived category.
F(I18) — G(I,01) — G(I,0T1)
@Kl YK
F(I - K|S) % GU-K.0|I -K) —— G(I—-K0]I-K)
(Here the right vertical map is defined as follows. Consider the diagram

G(1,0[%)
PK
GOE - K) 2% G(I,K[S—K)

TK
G(I - K,0[S — K)

Inverting the quasi-isomorphism o, we get a map in the derived category of abelian groups
e GLOTS) = G(I - K0TS - K).)

(4) Let R, J be disjoint subsets of I, with J non-empty. Then the following sequence of
complezes is exact (the maps are alternating sums of the quotient maps o)

F(I|IR)—"— & FURUS)—"— @ FURUS)—Z=.---—=FUIRUJ)—0.

ScJ |S|=1 ScJ ,|S|=2

Moreover the total complex of the sequence is acyclic. (Equivalently, the induced map o :
F(I|R) — Ker <a tDscs 5= FUIRUS) = Dgey s FUIRU S)) is a surjective quasi-

isomorphism.)

3 The quasi DG category C~.

(3.1) Let € be a quasi DG category. We will define another quasi DG category G2, where
the objects are C-diagrams in C as defined in §2. For a sequence of C-diagrams Ki,--- , K,
we have defined complexes F(K7,--- , K,|S) and maps osg, ¢k satisfying the conditions of
(1.5), (1)-(4), except for the existence of direct sum. We will verify the remaining properties,
in particular (5).

In (3.10)-(3.12) we show that the homotopy category of C2 has the structure of a triangu-
lated category, concluding the proof of Main Theorem.

(3.2) The subcomplex F(K,L). We first examine the composition in the homotopy category.
Let us recall F(K, L) is given by

F(K,L)=®H** C H*!
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where

H*' = @ F(M|0; N|0)

the sum over double sequences (M |0; N|0), which we will abbreviate to (M; N). So an element
of H*! is of the form u = (u(M;N)) € @ F(M; N). The differential dr acting on u is nothing
but § = 8 + ¢ as defined in §2. u has degree (= degy) zero if u(M; N) € F(M; N)=7AEN),

(i) An element u € H*! of degree zero is in F(K, L)? if the following condition (o-consistency)
is satisfied. For k € M, k # in(M),

or(u(M; N)) = fre(M<k) @ u(Mxp; N)

For k € N, k 7é tm(N), ak(u(]\/[, N)) = U(M, Ngk) X fL(Nzk)
(ii) It is 0-closed if

O(u(M;N)) + ) pi(u(M UKL N) ) + Y en(u(M; N U{k})) =0
Here k in the first sum varies over the set [in M,00) — M, and k in the second sum over
(—oo,tm N| — N.

Recall from §1 we have the homotopy category Ho(€?). A morphism u : K — L in the
homotopy category is represented by u € F(K, L)? which is d-closed.

(3.3) The complex F(K, L, M). For a finite sequence of C-diagrams K, -- - , K, we defined in
(2.13) the complex F(Ky,---, K,). We now examine the case n = 3. Let K, L, M be three
C-diagrams. The complex F(K, L, M) is of the form

G([1,3],01{2})

hs)

G(1,3,0) =% G([L,3],{2})

which we also write

G(K, L)&G(L, M)
G(K,L,M,0) —%s G(K,L M, {2}).

e The differential dg is equal to dg + p, to be specified below.
e Recall in general the complex G(7) is the direct sum of G(I,T'), each G(I,T) is a complex
with differential dg 7,1y, and on G(I,T")

dey =Y ()" gy + 6
where & = ) o, the sum over k € M; with i € T". In particular G([1, 3]) is of the form
G([1,3], 0)——6([1,3], {2})

e Foru®ve G(K,L)®G(L, M), degg(u ® v) = degg(u) + degg(v) — 2, and dp(u ® v) =
dg(u ®v) + p(u ® v), where

de(u®v) = —(=1)%eO "1 (u) @ v — u ® dg(v) ,
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plu@v) = (=1)* O pu ) .

Further, p(u ® v) = (—1)de)deai()y @ ¢ if u € F(A), v € F(B) with tm(A4) = in(B), and
zero otherwise.

Note if u ® v € G(K, L)*®@G(L, M) one has (—1)%e()=1 = 1 and, since deg,(v) = 0,
(_1)degz(U)-deg1(v) —1.

o For W e G(0) :=G(K,L,M,0), degg(W) = degg(W) — 1 = degg gy (W), and
dg(W) = —dg(W) = dg@y(W) —a(W) .
o For z € G({2}) = G(K, L, M,{2}), degp(W) = degg (W) — 1 = degg 2y, (W) + 1, and
dp(z) = —dg(2) = —dg({2))(2) -
In particular, for a degree 0 element of F(K, L, M) is of the form (u ® v, W, z) with
u®v € G(K,L)}'®@G(L, M)* \W € G(K,L,M,0)° ,z € G(K,L,M,{2})",

then one has

dr(u®@v,W,2) = —dg(u)®@v—u®dg(v)+ plu®wv)
+dew(W) —a(W)
—d((;,(z) .

We also recall there is a map of complexes IIy =11, : G(K, L, M, ()) — G(K, M)[1].

(3.4) Proposition. Letu: K — L and v : L — M be morphisms. Assume u is represented
by u € G(K, L)' and v represented by v € G(L, M), and u®@ v € G(K, L)YRG(L, M). Then

(1) There are an element W € G(K, L, M,0)°, d-closed in G(K,L, M,(), and an element
z€ G(K,L,M,{2})"" such that

plu@v) —a(W) —dg(2) = 0.

In this case (u@v, W, 2) € F(K, L, M)° is dp-closed. (Note the degree in G(K, L, M) is shifted,
so degg(W) =1, and degg(z) =1.)

(2) If (1) is satisfied, the element T, (W) € G(K, M) is d-closed and represents the mor-
phismu-v: K — M.

Proof. (1) Since u ® v is d-closed in G(K, L)RG(L, M), p(u ® v) € G(K, L, M,{2})° is
d-closed. Since & is a quasi-isomorphism, the claim follows.
(2) By definition the composition is induced by the projection F(K, L, M) — G(K, L)®G(L, M)
and the composition of the maps as
F(K,L, M) %Gk, L, M, 0)
LG, M)[1] = F(K, M) .

So the assertion is obvious.

(3.5) The identity map. Let K = (K™; f(M)) be an object. For a non-decreasing sequence
M = (mq,---,my), mi < mg < --- < my,, let M' be the increasing sequence obtained by
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eliminating repetitions. Set y(M) = ~(M’). We have the diagonal extension map diag :
F(M') — F(M). Let f(M) € F(M) be the image of f(M') € F(M'). (We say that f(M) is
obtained from f(M’) by means of diagonal extension.)

These elements

f(M) = f(my, - ,m,) € F(K™, - Km)~YM)

satisfy the following properties:
(i) For each M,

Of(M)+> @, (f(MU{a})) =0

where a varies over [in(M),tm(M)] — M = [in(M'), tm(M")] — M.
(ii) For k = m;, k # mq, m, one has

sz<f(M>) :f<m1"" 7mi)®f(mi7"' >mu>

or op(f(M)) = f(M<i) ® f(Ms}) for short.
(iii) For k = m; which is repeated in M,

—

Spmi<f(m17"' 77n‘u)) :f(mh... Mg, - 7m”) )
(iv) If my =--- =m, =m, then f(m,--- ,m)=A(m,---,m) € F(K™, .- K™).

For a sequence (M;N) = (mq, -+ ,my;ng, -+ ,n,) withm; <--- <m, <ny <--- <y,
let

f(M,N) = f(mla"' 7m#;n17... 7”1/)
_ {(_1)n1f<m1’ s My, My o ,77/1,> c F(M, N)_’Y(M;N) if m, = Ny

0 if m, <ny.

One may simply write f(ml, cmpgsng, e ny) = (=10, f(ma, o my,n, e ny).
Note the repetition of indices can occur only in the first case for m,, and n;, and f (M;N) €
F(M; N)=/M:N) " The collection (f(M;N)), as (M; N) varies, is an element in H*!(K, K).

Proposition. The element (f(M;N)) is contained in F(K, K)° and 6-closed.

Proof. We verify the two conditions in (3.2). The first condition is obvious. To show the
identity

O(F(M;N)) + ) @u(f(MU{kEN)) + Y o (f(MiNU{k})) =0,

there are cases m, = ny and m, < ny. If m, = ny it holds by property (i) for f(M). If
m,, < ni, the first term is zero and the last two terms are

90n1<{n1}f<m1"" y My M5 Mgy = e 7”V))+Qomu({n1}f(mlv"' y Ty Ty, Ty = v 7nu))

which is zero by property (iii) above.
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Let 1 : K — K be the morphism represented by (f(M; N)). The following shows it is the
identity map.

(3.6) Proposition. For any morphism u : K — L, one has v - u = u. Similarly for any
v: K —=L vty =w.

Proof. Let u be represented by u = (u(M; N)) € F(K, L)°. Then p(f ® u) equals
> f(M;N)®u(N;R) € oF (KM KN)&F(KY; L*) c G(K, K, L, {2}) .
tm N=in N

Here (M; N) and (N; R) are free double sequences. The restriction tm N = in N occurs since
p acts as identity in that case, and as zero otherwise.

M

By means of diagonal extension, for any (M;N) = (my,---,m,;ny,---,n,) with my; <
- <my, ng < --- < n,, one obtains u(M;N) € M; N) satisfying properties similar to
(i)-(iv) for f(M) above. Let

g2

W = (W(M;N;R)) e @F(K"; KY; L¥) C G(K, K, L,0)
where for each free triple sequence (M; N; R),

iftmM=/¢=inN |,

—~1)‘u(M,N; R
W(M§N;R):Q(MAN5R>::{E) Pt if tm M #£inN .

The sign , indicates applying diagonal extension if tm M = ¢ = in N and putting sign (—1)*.
Then W is o-consistent, namely
f(M<p) @ W(Mzy; Ny R) - if k€ M — {in M}
or(W(M;N;R)) = { f(M; Neg) ® w(Ns; R) ifke N
W(M;N;R<i) ® fr(R>r) ifke R—{tmR} .

Also, W is d-closed, as can be shown by the same argument as in the proof of the above
proposition. Further one has

o2 (W) = 0s(W) = p(f @ u) .

The second equality is clear, and the first one holds because deg, f(M; N) = 0. By Proposition
(3.4), ¢ - u is represented by Ily(WW), which equals wu:

LW)(M;R) = (=1)'@u(W(M;{(};R))
= u(M;R) .
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The argument for the second statement is similar.

(3.7) o-consistent prolongation. For a = 1,2, assume given a finite sequence of objects
i— X% Let X; = X! ® X2. For a finite set of integers M and a map o : M — {1,2}, let
XM denote the sequence of objects X*@ indexed by i € M, and F(X*M) := F(M, X*")
the corresponding complex. Similarly one has F(X") = F(M,X;). Then by additivity we
have

PO = @ F(X00) @ - g F(X%)

where the sum is over all segmentations Mj, -, M, of M and functions «; : M; — {1,2} such
that at each k = tm M; = in M, 11, o;(k) # ai1(k). Note @, F(X*M), the sum over functions
o on M, is a direct summand.

Now assume for each subset M and a function o : M — {1, 2}, given an element f(a, M) €

F(X*M) such that for k € ]\;[,
or(fla, M)) = flack, M<x) @ flazg, M>r) ,

where a<j (resp. asp) is the restriction of o to My (resp. M>g)). This is a kind of o-
consistency. We then define an element f(M) € F(XM) by

f(M):Zf(alaMl)@)"'@f(O‘c,Mc)a

the sum over My, -+, M, and «; : M; — {1,2} as above. Using the compatibility of o and ¢
with the additivity, one shows:

Proposition. (1) The set of elements f(M) € F(XM) is o-consistent, namely it satisfies
o (f(M)) = f(M<y) @ f(Msg) in F(M<y) ® F(Msy). Further (f(M)) is the unique set of
o-consistent elements such that, for each M, f(M) projects to (f(a, M) ) under the projection
F(M) = @, F(X*M).

We call f the o-consistent prolongation of f.

(2) Assume in addition deg, f(a, M) = 0 and the sum (f(a, M) ) € @ F(X*M) is d-closed.
Then (f(M)) € @ F(XM) is §-closed.

(3.8) Variant for F(K,L). Assume given two sequences of objects K, = (K*) for a = 1,2.
Let K be the sequence of objects given by K™ = K" @& KI'. Assume for each free sequence M
and a function o : M — {1,2}, given an element f(a, M) € F(K*™) of deg, = 0, such that
(f(a, M) ) is o-consistent and d-closed. Then the o-consistent prolongation f(M) € F(KM) as
in the previous subsection is again of first degree zero and J-closed; thus the data (K™; f(M))
gives us a C-diagram.

We need a variant of the o-consistent prolongation for the complex F(K, L). As in the
previous subsection, one has

(KM LY) = @ F(K™1) @ F(K*Y) @ - g F(Kr " 1Y)

the sum is over segmentations M, .-+, M, of M and functions «; : M; — {1,2} taking dis-
tinet values at the intersections of the subintervals. For convenience let us call the summand
@ F(K*M; LN) the primary part.
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Assume for each free double sequence (M; N) and a function o : M — {1,2}, given an
element u(a, M; N) € F(K*M; L) satisfying o-consistency: for each k € M,

or(u(a, My N) ) = flack, M<g) @ u(Msg; N) ;

for k € N,
O'k(U(Oé, M, N)) = U(M, Ngk) X fL(NZk) .

Then we define u(M;N) € F(KM; L") by a formula analogous to the one for f(M) in the
previous subsection.

(3.8.1) Proposition. The set of elements u(M;N) € F(KM; L") is o-consistent. It is
the unique o-consistent set of elements projecting to u(a, M; N).

The elements u(«, M; N) are called the primary part of uw(M; N).

Recall F(K, L) = ®[D . F'(KM; LV)] is the subcomplex consisting of the o-consistent
elements. Likewise let ®[P, ys.n) F'(K @M. [N)] denote the subcomplex of o-consistent ele-
ments in @, vy F(KM; LY). (The notation is legitimate: there is indeed a double complex
whose ®-part coincides with this.) Let

Piof @ FEMLY)]— o @ FKYLY)

(a,M;N) (M;N)

be the map given by the o-consistent prolongation. It is an isomorphism of modules. By the
additivity of ¢, it follows:

(3.8.2) Proposition. The map P is an isomorphism of complezes.

This enables us to reduce the study of u(M; N) to that of the primary parts u(a, M; N).
For example, if deg, u(a, M;N) = 0 and (u(a, M;N)) € @ F(K*M; L") is d-closed, then
(u(M;N)) € @ F(KM; L") is also d-closed.

Variants. 1t is obvious how to generalize the above to the situation where

(i) one has a direct sum decomposition of K into more than two objects;
(ii) the L has a direct sum decomposition;
(iii) one considers the complex G(Kj,--- , K,,) with n > 3 in place of G(K, L).

(3.9) Direct sum and additivity. As a special case, assume we have two C-diagrams K, =
(K fa(M)) for a = 1,2. Let f(a, M) € F(K*") be given as f(1, M) = fi(M), f(2,M) =
f2(M), and zero otherwise. Here 1 is the function with constant value 1. Then the resulting C-

diagram K = (K™; f(M)) is by definition the direct sum of K; and K,. The next proposition
shows this is a categorical direct sum.

Proposition. We have
F(Kl EB KQ, L) - F(Kl, L) EB ]F(KQ, L) .

Similarly F(K, L) is additive in L.

40



Proof. Under the more general assumption of (3.8), we have an isomorphism between
D (011 F(K*M; [N)] and D 1. F(K™; LN)]. In the present case the source coincides
with [P F(K3"; LY)] @ @D F(K{'; LY)).

Generalizing the above, one can show F(Kq,--- , K,,) is additive in each variable in the sense
of §1. For this we first show, by a similar argument, that G(K7, - - - , K,|X) satisfies the partial
additivity: Assume K; = L; & M;. If 1 € X,

G<K17"' 7Kn’2) :G(Kh 7L'L'7"' 7Kn‘2)@G(K1> 7Mi7"' aKn‘E) ;
and if 1 € 2
G(Ky, -, K,|%)

= G(Ky,- Ly, Kp|B) @ G(Ky, -+, My, -+ Ky |E)
EBG(Klv 7Ll‘21) ®G(Ml7 7Kn‘22) EBG(KD 7M2|21) ®G(le 7Kn|22)

where 1, Y5 is the partition of X by ¢. Further p; is zero on the last two summands.
In case n = 3 and ¥ = {2}, here is the outline of the proof. With the notation of (2.9), we
have obviously

P[(BF (A1) )R(BF(Ag))] = P[(BF (A1) @ (BF(A2))] N[(BF (A1) )O(BF(Az))] -

Since P[(BF(A1)) ® (BF(A2))] = P[(®F(A1))] @ ®[(®F(As))] we have only to identify
O[(®F(Ay))], which can be done as in the above proposition.
It follows F(Kj,--- , K,,) satisfies the additivity. Compare the argument with that in (1.7).

(3.10) Shifting functor. For an increasing sequence M = (my,---,my), let M[1] = (mq +
1,---,m, +1). For a sequence M = (M|M’) as in §2, let

MI1] = (M[1]|M[1]) .

Likewise for a double sequence (M;N), another double sequence (M][1]; N[1]) is defined.
Let K = (K™; f(M)) be a C-diagram. Define another C-diagram

by (K[1)™ = K™ and (f1)(M) = F(M1)) € F(M[]) (namely (F[1))(m, -~ ,my) =
flmi+1,--- ,m, +1)).
Let K and L be C-diagrams. Recall

H**(K,L)= @ F(K", L") =@ F(M;N) .

(M:N)
So an element v has (M; N)-component u(M;N) € F(M;N). Similarly

H**(K[1], L[1]) = (S%)F(M[l];N[ll) :

Define a map

(=)[1): H**(K, L) — H**(K[1], L{1])
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by sending v = (u(M; N) ) to u[1] with (u[1])(M; N) = u(M[1]; N[1]) € F(M][1],N[1]). This map
preserves |u|, y(u) and 7(u), so it preserves deg; and deg,; it is also compatible with the maps
0 and d’. Thus shift is an isomorphism of complexes (indeed an isomorphism of the underlying
“double” complexes). We change the sign and let

shift : H**(K, L) — H**(K[1], L[1])

be the map given by by u +— —u[l]. Taking ® we get an isomorphism of complexes shift :
G(K, L) — G(K[1], L[1]).
Similarly for n C-diagrams K, - - , K,,, one defines the isomorphism of complexes

shift : G(Ky, -+, K) — G(K[1], -, K[1])

by which sends u to (—1)""'u[1]. For ¥ a subset of (1,n) with cardinality r — 1, let I,--- , I,
be the corresponding segmentation of [1,n], and let

shift : G(Ky, -+, Ko|X) = G(K[1], -+, K, [1]|X)

be given by
U= @ Qup — (—DI 1] @ @ (=), [1]

Claim. The map shift commutes with p,, and Il.

Proof. 'This follows from the definitions. To verify the commutativity with II;, assume for
example ¥ = ) and u € F(A), where A = ((My|M]);--- ;(M,|M])) is a multi-sequence on
[1,n], and My = (Mj|0) with M, = {j}; then both shift oIl (u) and IIj, o shift(u) are equal to
(—=1)7¢;(u). Note we need to need a minus sign for u[1] for the commutativity with IIj.

Thus passing to the bar complexes one obtains an isomorphism
shift : F(Kq, -+, K,|S) = F(K4[1],- -+, K,[1]]S)

compatible with the maps og s and . Thus K — K[1], u +— shift(u) give an auto-equivalence
of the quasi DG category C2.

If u: K — L is a morphism represented by v = (u(M; N)) € F(K, L), then u[l] : K[1] —
L[1] is the morphism represented by —u[l] = (—u(M][1]; N[1])) € F(K[1], L[1])°.

(3.11) The cone of a morphism. Let u: (K™; f(M)) — (L™;g(M)) be a morphism. Take a
representative u = (u(M; N)) in F(K, L)°.
The cone of u is the object C,, = (C*; h(M) ), where

cr =K @Lm

and the elements
h(ﬂ11,~-',7nu) € }F(erlv"' ,CX?”)_VOnlf“ﬂnu)

are to be specified. For my < --+ < my, the complex F(C™ .- Cy™) contains as a direct
summand

F(Kmﬁl’... ’Km;ﬁrl) o @ F(Kmﬁl’ oo KMt pmes L LMy @ F(L™, - L™
717.“7

r= pn—1
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The inclusion is compatible with the differentials 0, ¢, and preserves |u| and ~(u).
Now let h(mq,---,m,) be the element in this subcomplex consisting of:

f(ml +1,--- ,my, + 1) c F'([('mﬁ-l7 .. ’Kmu+1)—7(m17.“7mu) :

u(ml + 17 e, My + ]-;mr-i-la e 7m/L) € F(Km1+17' o 7KmT+1;LmT+17' o 7Lmu)_7(m17m7mu)

for 1 <r<pu-—1,and
g(my, -+ ,my,) € F(L™, ... L[m)=mm)
One verifies the condition
oh(my,--- ,my) —I—Zﬂok(h(mla“' My kg, - ,my) ) =0

To be concise, h(M) € F(CM) consists of f(M[1]) € F(KMM) w(M'[1]; M") € F(KM0; LM
for partitions M = M’ U M”, and g(M) € F(LM). The following matrix expression is useful:

K[1] L
M) = KI[1] f(MI1]) 0
L[ u(M'1;M") g(M)

where M', M" are obtained from M by partition.

Referring to (3.7) for notation, with respect to the decomposition C,, = K[1] & L, for a set
M and a function a : M — {1,2} there corresponds an element h(a, M) € F(C%M); only for
the functions o = (1,---,1,2,---,2) the corresponding elements are non-zero, and given as
above. We now apply the process of o-consistent prolongation to obtain elements in F(CM),
still denoted h(M). This gives us a C-diagram (C, : h(M)), the cone of w.

There are canonical morphisms a(u) : L — C, and B(u) : C, — K]1] defined as follows.
The a(u) is the morphism represented by the elements

a(u)(ml,--- s My; My = v 7nl/) :g(mla'“ s Mys My - e 7”1/)

in @ F(L™, .- L™ L™ ... L™) C F(L;C,). Recall g is given by

g(mla"' TN L PR 777'11)
_ (_1)nlg(mla y Ty Mgy e 7nu) if my,=m
0 if m, <ny.

Clearly a(u) € F(L,C,)°, and d-closed, thus representing a morphism. In short one may write

a(M;N) = g(M;N), or more precisely

L
a(M;N) = K1 0
L[ g(M;N) |
The B(u) is represented by
ﬁ(mh 7m,u;n17 : 7nu)



in @ FIK™, .- KAJ™ K™, - K[1™) CF(Cy; K1) given by

ﬁmla”' my;ny, - - 7ny)
fma+1,--- m,+1nm+1,--- n,+1) ifm,=mn
if m, <ng .
In other words,
K[1] L
B(M; N) =

K] [ (fA)(M;N) 0]

It is obvious that the composition of o and /3 is zero. One thus has a triangle

K%L co, U

Such a triangle is called a standard distinguished triangle. We declare the distinguished triangles
to be the ones isomorphic to the standard ones.

The verification of the axioms of triangulated category is parallel to the case of the homotopy
category of complexes; see e.g. [10], §1.4 for a detailed exposition. The arguments are similar
to the DG case, done in [6], IT in detail. The above definitions of h(M), «, 5 are motivated by
the DG case.

Two of the axioms are non-trivial. We will only illustrate the proof of one of the axioms.

(3.12) Proposition. There exists an isomorphism ¢ : K[1] — Cqy such that the following
diagram commutes:

a(u) —u[l]

L o, 29 Kk L[]
idl idl ¢l idl
I o(u) C, a(o(u)) Ca(u) Blo(u)) L.

Proof.  First note that ) = L™ @ K™t @ L™ and the structural elements k(M) €
F(C

)) are given as follows:

a(u)
[ K[1] L
o~ MU [ sin) 0 0
K] 0 f(M]) 0

L | g(M'aM") u(M'[1]; M") g(M)

Here we let , mean, if tm(M’) + 1 = in(M") = ¢, taking the diagonal extension at Kt and
putting the sign (—1)¢ (not (—1)**'0. These elements are the primary ones, and one must take
the o-consistent prolongation with respect to the decomposition of Cy,) into three summands.
Define morphisms ¢ : Cwy — K[1] and ¢ : K[1] = Cy(u) as follows. The 9 is represented
by
L[1]  KI1] L
WOMN) = K1) [0 () (M;N) 0] € F(Ch,y: K[LY) .
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One verifies ¢ is in F and d-closed, so represents a morphism.

The ¢ is given by the elements ¢(M; N) € F(K[l]M;CéV(u)), each ¢(M; N) consisting of
(a)-(c):

(a) the elements u(M[1]; N'[1],N") € F(K[1)M; L[1]Y", LN") for partitions N = N’ IT N”
such that N’ # () and tm N’ + 1 = in N” = ¢ (N” is allowed to be empty). Here , indicates
diagonal extension at L’ and putting sign (—1)*. The element thus obtained

w(M[1); N'[1],N") € F(KMM; [ N'1N")

can be viewed as in F(K[1]™; L[1]Y', LN"), which is part of F(K[1]; C’é\éu)).

(b) the elements u(M[1],S[1]; N") € F(K[1JM; K[1]%, LN") for partitions N = ST N” such
that S # 0 and tm M = in S = ¢ (N” may be empty). Here , means diagonal extension at
K" and putting sign (—1)¢ (not (—1)**') . One must view the element in F(KMMUSH; [N
as in F(K[1)M; K[1]%, LN"), which is part of F(K[1]M; Clluy)-

(c) the elements (f[1])"(M; N) € F(K[1]M; K[1]V).

These primary elements are o-consistent and d-closed; taking the o-consistent prolongation
we obtain elements, still denoted ¢(M;N) € F(K[1M ;Cﬁu)), that are o-consistent and J-
closed.

One can verify

(1) ale(u)) - ¥ = Bw).

(i) ¢ - Bla(u)) = —ull].

(iii) ¢ - ¢ = id.

(iv) - ¢ =i

We write out the proof of (i) and (ii) only. a(a(u)) is represented by a(a)(M;N) €
F(C); CH ) given as

K[1] L
L[1] 0 0
ala)(M;N) =
) [1] | f(M[.NT]) 0
L * g(M,N)

(we will not need the precise form of the component *). So the only non-zero component of

ala) @y € G(Clu, Coa(u)) ®G(Cowy, K[1]) is in G(K[1], K[1])®G(K[1], K[1]), which is

> f 1) @ f(N[1,R[1]) .

where (M; N) and (N; R) vary over free double sequences. Hence

pla@ @)=Y fIMLN]) @ F(N[LRL]) .

tm N=in N

Let W € G(Cl, Caquy, K[1], 0) be the element with primary parts

W(M;N; R) = f(M[1],N[1],R[1]) € F(K[1"; K[1]"; K[1]7) .
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One then has o3(W) = p(a(a) ® ¥) (it is enough to check this for primary parts). Thus
ala(u)) - ¢ is represented by Ilo(W). The only non-zero terms come from W (M; N; R) with
IN|=1and tm M =in N = ¢, so we have

LW)(M:R) = (=1) pren(fF(M[A]. N[ R[1]))
S(M1],R[1]) .

This represents [3(u).
To prove (ii), the map B(«) is represented by elements

L]l K[ L
B@)(M;N)= K[1] [ (g[1])"(M;N) 0 0] € F(Cafuy K[1]Y) .

Note (g[1])"(M; N) = g(M[1],N[1]). So ¢® B(er) € G(KT1], Co(u))®G(Cyuy, L[1]) has non-zero
components only in F(K[1]™; L[1)V) @ F(L[1]"; L[1]®), which are

> ulM[1];N[1]) ® g(N[L]; R[1])

the sum over free double sequences (M; N) and (N; R). So p(¢ ® («)) is the sum of terms
with restriction tm N = in N. Let W € G(K[1], L[1], L[1],0) be the element with components

W(M;N; R) = uw(M[1]; N[1],R[1])

the meaning of , being as above. Then one has o3(W) = p(¢ ® B(a)). Further one shows
IL(W)(M;R)) = u(M[1]; R[1]) as before. So ¢ - B(«) is represented by this. On the other
hand, recall u[1] is represented by—u(M[1]; N[1]), hence ¢ - B(«) = —u][1].

4 The triangulated category of motives over a variety

(4.1) Let S be a quasi-projective variety over a field k. We take the quasi DG category of
symbols Symb(S), recalled in (1.7), and apply the results of the previous sections. We obtain
the quasi DG category Symb(S)*, and then its homotopy category Ho(Symb(S)2).

Definition. We set D(S) = Ho(Symb(S)?). This is a triangulated category. We call this
the triangulated category of mized motives over S.

The next theorem follows from (1.7) and Main Theorem.

(4.2) Theorem. For X in (Smooth/k,Proj/S) and r € 7Z, there corresponds an object
h(X/S)(r) = (X/S,r)[—2r] in D(S). For two such objects we have

Homops)(h(X/S)(r)[2r], R(Y/S)(s)[25s — n|) = CHaimy—s4r(X xsY,n)
the right hand side being the higher Chow group of the fiber product X xgY .
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There is a functor

h : (Smooth/k , Proj/S)"" — D(S)
that sends X to h(X/S), and amap f : X — Y to the class of its graph [I'f] € CHgim x (Y xX).
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