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Let (X, H) be a pair consisting of a smooth variety and a normal crossing divisor. We
will describe a particular type of Hodge complex that calculates the Hodge structure of the
cohomology of the pair. The Hodge complex is explicit in that it only uses only (1) the complex
of topological chains, (2) the complex of differential forms on X, possibly with logarithmic
singularities, and the maps given by integration. The construction is based on the Cauchy-
Stokes formula, a combination of the Cauchy formula and the Stokes formula, and involves the
dual of the complex of logarithmic forms, which should be viewed as “currents” where we allow
the test forms to have logarithmic singularities.

The comparison to the Hodge complex of Deligne and Beilinson is the main theorem.

Conventions

For a map of complexes u : K — L, its cone shifted by —1 may be expressed by
[K——1],

which as a graded module equals K @ L[—1]. In some cases the same abbreviation denotes the
cone of u, without shift; there will be no confusion as we see to it.

1 The Hodge complexes for a smooth complete variety

For a sheaf on X, let C*(F) be its canonical resolution (by Godement), [Br], [Go]. For an
open set U of X, let S*(X) be the complex of semi-algebraic singular cochains, and 8° be its
sheafication (the singular cochain sheaf). Let A% be the sheaf of smooth forms on X.

There is a canonical map ¢ : A*(U) — S*(U) given by

(e(),a) = / .

for a smooth singular chain a. It induces a quasi-isomorphism of complexes of sheaves c :
L] L]

A% — 8¢
There are canonical quasi-isomorphisms

S&(X)—2T(X, 8° @ A®)+——A*(X)
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and canonical quasi-isomorphisms of complexes of sheaves

SL—258° @g AT A",

Definition 1. Let K = K(X) be the triple of filtered complexes
[D(X, €°Q)——T'(X, C*A")+—TI(X,A")] .

This is a mixed Hodge complex for X.
Define also a triple K by

[S°(X)—25T(X, 8° ®g A”)+2—A(X)] . (i)
which is another mixed Hodge complex.

Proposition 2. There is a canonical quasi-isomorphism between K(X) and K(X).

Proof. Consider the diagram of complexes in which the vertical and horizontal arrows are
filtered quasi-isomorphisms.

I(C°Q) T(C°A*) T(A*)

P(C°S*) —=T(C*(8* ® A®) ) —— I'(8* ® A°)

D(8*) —~T(X,8° @ A% D(A*)
id id
S(X)——T(X,8"® A% A*(X)
The top and the bottom rows are K(X) and K(X), respectively. O



2 The comparison in case H = ()

Assume that X is triangulated, and a partial ordering on vertices (which is assumed to be a
total ordering on each simplex) in the triangulation. One has the complex of simplicial chains
Ce(X) and the complex of simplicial cochains C*(X). Then there is a natural map from S*(X)
to C*(X).

Also there is a map

Kk:C*X) = Cope(X)

which sends v € CP(X) to uN[X] € Cop_p(X).
Let
A=®oko(lUc):T(X,8 ®gA®*) = DA *(X).

One has a diagram of homomorphisms of complexes:

S*(X) —2 = T(X,8° ®g A*) <2 A*(X)

K )\i id

Con_o(X) —2> DA *(X) <2 — A*(X)
The left square commutes.

We recall a theorem of Guggenheim [Gu|. The proof we give is organized in a slightly different
manner so that it will be convenient for us later.

Theorem 3. There exists a map p: A*(X)® A*(X) — Sg(X) be a map of degree -1 such that

(dp+pd)) (P @ ) = c(P A p) —c(P) Ue(p) .

Proof. Let A®*(X) = A*(X) ® A*(X). Denote by m either of the wedge product A*(X) ®
A*(X) — A*(X) or the cup product S*(X) ® S*(X) — S*(X).

We show that there is a map p : A*(X)® A*(X) — S(X) of degree -1, functorial in X, such
that dp + pd = —m(c ® ¢) + ecm. The functoriality means the identity f*p™ = p™ f* for any
map f:Y — X.

Write p™ for the restriction of p to the degree m part: p™ : A®™(X) — S™ 1(X). The
condition required for p™ is

dp"t + p"d = —m(c®@c) +em. (*)m—1

With p™ = 0 for m < 0, the identity (x),,_1 obviously holds for m < 0. We will find p™,
m > 1, by induction. Let

gl = —dp™t —m(c®c) + om: ADMHX) = S™TH(X).



Observe that m(c® c) = cm on A®°(X); hence when m = 1, §° = m(c®¢) +em = 0. Also
note that for a map f : Y — X the identity f*0™ ! = §™~1f* holds. We are to find p™ such
that p™d = 6™~ holds; also p™ should satisfy f*p™ = p™f*.

When X is one of the models AP, there is a map S : A®*(AP) — A@:*(AP) of degree —1
such that

dS+Sd=1—-r;

where 7y, : AP — {b} C AP is the contraction map to a base point b of AP. If m > 2, then one
has 17 = 0 on A®™=L(AP). Since §° = 0, we have §™ 17} = 0 for any m, a fact to be used
later.

For a € A®™(X), define an element p™(a) € S™}(X) as follows. If v : A™ ! = X is a
singular simplex, the value of p™(a) at v is given by

(p™(a),v) = (0" ' Sv*a, 1am1) .

Here v*a € A®™(A™ 1) and the maps S, #™~! are as in the diagram

sz (AT
gm—1
A(Q),m—l(Am—l) d A(Q),m(Am—l)
~—
S

(i) One has f*p™ = p" f* foramap f:Y — X.
Indeed for an m — 1 simplex w of Y,

(f7p™(a),w) = (p™(a), fw)
= (0™ 'S(fw)*a, Lam—1),

while (p™ f*(a),w) = (0™ LSw*(f*a), 1am-1), so they coincide.

(i) One has §™'d = 0.

Both ¢ and m commute with d. Using also (x),,_» we have

0" 'd = —dp™'d — m(c® c)d + emd
= —dp™'d — dm(c ® c) + dem
=d(p™'d —m(c®c) +cm)
=d(dp™ %) =0.

(iii) One has ™~1Sd = ™! as maps A@)m=L(Am—1) 5 gr—l(Am-1),
In the identity
01 Sd = 9N (—dS + 1 —1})
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the first term on the right is zero by (ii), and the term 6™ 'r} is also zero as noted before.

(iv) The identity p™d = 6™~! holds.
Using (iii) and the funtoriality of /™! we have:
(p"d(a),v) = (0" Sv*(da), Lam1)
— (0™ Sdv*(a), Lam 1)

= (0™ v (a), Lam-) [by (iii) ]
= (v 0™ Y (a), 1am1) [by v*m=1 = gm—1y*]

= (0" Y(a),v).

The next result concerns the indeterminacy of the map p.

Proposition 4. Assume that p' is another functorial map satisfying the same property as for
p. Then there exists a map m: A*(X) ® A*(X) — S&(X) of degree —2, functorial in X, such
that

dr+md=p—p'.

Proof. Let 7™ : A®™(X) — S@7?(X) be the degree m part of w. Set 7™ = 0 for m < 1. By
induction on m we will find 7™ such that

dﬂ_mfl + 1" = pmfl . p/mfl . A(Q),mfl(X) N Séan<X) (*)mfl
holds. For m < 1 it is trivially true. Assuming 7/ for j < m have been defined, let
7_mfl — _dﬂ_mfl 4 pmfl o plmfl )

It is also functorial in X.

On A™2 we take S : A@m(A™=2) — A@m=1(A™=2) guch that dS + Sd = 1 — ;. One also
has 7"~ !r# = 0, since r} is non-zero only in degree 0, and 7 is trivially zero.

For any element a € A®™(X)and v: A™? = X, we have v'a € A®™(A™2); we set

(m™(a),v) = (7™ Sv*a, 1am-—2),

which defines an element 7™ (a) € S ?(X). The verification of the following facts are parallel
to the previous case, using slightly different hypotheses.

(i) One has f*7™ = 7" f* foramap f:Y — X.

(ii) One has 7™ 'd = 0.
This follows by substituting the definition of 7!, using the identity dp + pd = dp’ + p'd and
the hypothesis (),,_o.



(iii) One has 7™"1Sd = 7m~1,
In the identity
718d = 7" (—=dS + 1 —17)
we have 7™ 1 = 0, and also 7™ 1dS = 0 by (ii).
(iv) The identity 7™d = 7! holds.
Using (iii) and the funtoriality of 77! we have:
("d(a),v) = (7" Sv*(da), 1am-1)
(r™ 1 Sdv*(a), 1am-1)
(T (a), Lam-)
= (v*7" (a), Lam-1) [by v*rm~t =

(7" Ha),v).

Define a map £ : A*(X) — DA?*"~*(X) of degree —1 by the formula
€W, 0) = (p(¥ © ), [X]) .

Proposition 5. One has
dE+E&d=No 5 —DP.

Proof. For ¢, p € A*(X) of degree adding up to 2n, one has
((dv), ) = (p(dy @ ), [X]),
(W), do) = {p(v @ dp), [X]),
thus
((€d+dE)(¥), @) = (p(dy @ o+ ¢ @ dp), [X])
= (c( Np) —c(¥) Ucly), [X]) -
Also for ¢ € AY(X) one has (1U¢)B(¢) = c(@/)) and

k(1Uc)B(W Za

in which o varies over the 2n-simplices such that > o = [X]. Therefore

(@R(LUC)BW) 0) = D (elp), o'} e(¥), 0"

g

= (c(p) Ue), [X]) .



3 The complexes of differential forms with logarithmic

poles

For a map of complexes u : K — L, its cone Cone(u) is a complex such that Cone(u) =
K[1] ® L as a graded module. We often write [K —— L] for Cone(u)[—1].
For a filtered complex K and an integer n, K(n) denotes its Tate twist.

(3.1) Let Q% be the complex of sheaves of holomorphic differential forms on X, and Q% (H)
the complex of holomorphic forms with logarithmic poles along H. It is well-known that it has
the weight filtration W,, [De].

Let Ry : Q% (H) — Q% (—1)[—1] be the residue map,

le

RH(Z_ A1) = (2mi) 01| u
1

where ¢, is a holomorphic form. One has a filtered exact sequence of complexes
0 — Q% = Q% (H) 2508 (~1)[~1] = 0.
We introduce
(%) := Cone(Ry)[~1] = [ (H)—=03 (~1) [-1]] .

The inclusion Q% — (Q% )y is a filtered quasi-isomorphism. In the sequel one often omits (—1)
in Q%,(—1), but we remind it when necessary.

(3.2) Denote by A% the complex of sheaves of smooth differential forms on X. Let ALY be
the sheaf of smooth forms of type (p,q). One has differentials 9, 0 of degree (1,0) and (0, 1),
respectively, so that A" is a double complex. The total complex of this is equal to A%.

We have the Dolbeault resolution Ox — A%®. This extends a map of complexes Q% — A%’
For each p, the map Q% — Q% ®o, A%® = AP* is induced by the Dolbeault resolution of Oy,
so it is also a resolution; hence the map Q2% — A% is a quasi-isomorphism.

For each (p, q), let

ALY = 4 (H) Go, AL

Again one has differentials 9, 0, which makes it a double complex. For each p, the map
Qb (H) — Q% (H) @0, AY" is a resolution, and the map Q% (H) — AS(H) is a quasi-

isomorphism.

By the Malgrange preparation theorem, each term A% is flat over Ox. For an Ox-module
JF, the canonical map F = JF ®o, Agg' is therefore a quasi-isomorphism. Also the complex
T ®oy Ag&' is exact in . So if J has a filtration by Ox-submodules, it induces a filtration on
F @0, AY", and the map F — F ®p, A" is a filtered quasi-isomorphism.



In particular the filtration W, on Q% (H) induces a filtration W, on A% (H), and the map
O5%(H) — AL (H) is a filtered quasi-isomorphism; it follows the map Q% (H) — A% (H) is also
a filtered quasi-isomorphism.

Taking Gr!" of this, we have a quasi-isomorphism Q3 — Q% ®¢, A%". There is also an
obvious map

Q;{ ®ox ‘Ao)é. - QJ.LI Qo ‘A(I)L}. = ‘A;{
The composition of these is the canonical map Q% — A}, which we is a quasi-isomorphism.

Thus both maps are quasi-isomorphisms.

There is a commutative diagram of complexes

0— Q% — Q% (H) — Q3 (~1)[-1] ——0
0 — Ay —= AY(H) 2203 0, AR (—1)[~1] —=0 (3.2.1)

Ap(=D[=1]

with exact rows where the maps from the first row to the second is of the form 7 — J ®q,
A%® and the the third column is what we mentioned before. The composed map A% (H) —
A (—1)[—1] will also be denoted by Rpy.

Define
(A%) i = Cone(Rp)[~1] = [A% (H) "2 A% (—1)[-1]] ;

there is a quasi-isomorphism (Q% )y — (A% )x induced from diagram (3.2.1).
One has a commutative diagram of complexes

Cx 0% A%
.
Q%) n — (AX)n

with all arrows quasi-isomorphisms.

(3.3) Each term of A® is an A%-module, hence fine, in particular c-soft. The same holds for
the complex (A®)g. Thus the quasi-isomorphism A% — (A% )g induces a quasi-isomorphism
on global sections

Defining
A* (X)) =T(X, (AX)n) .

we have a a quasi-isomorphism A®(X) — A*(X)py.
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Suppose Z C X is a closed set. The quasi-isomorphism A% — (A% )y restricts to a quasi-
isomorphism of sheaves on Z,

where A% |Z and (A% )w|Z consist of c-soft sheaves on Z. Define
A7) =T(A%|Z) and A*(Z)y :=T((AY)u|Z).
We have a quasi-isomorphism A®*(Z) — A*(Z)y and isomorphisms

H"(Z,C) = HP(A*(Z)) = H"(A*(Z)u) -

If the set Z is contractible, the map 7 : Z — * induces a quasi-isomorphism 7* : C — A*(Z).
For b a point of Z and €, : x — Z is the map with image b, the pull-back ¢ : A*(Z) — C
satisfies ;" = 1, hence they are homotopy inverse to each other.

If be Z — H, one extends the above € to €; : A*(Z)y — C in an obvious manner, and one
still has e;7* = 1; Thus the maps 7* : C — A*(Z) g and € are homotopy inverse to each other.

(3.4) Proposition. If Z is contractible and b € Z — H, then the maps
C=== A*(Z)y
%

are homotopy inverse to each other.

(3.5) Assume again Z is just closed. For any sheaf ¥ on X, one has

P(F12) = lin (FV)
V>Zz
in the right hand side of which V' varies over the open neighborhoods of Z. (See [Bredon], II,
Theorem 9.5.)
In particular, one has

P((A%)ulZ) = lim T((A%)u[V)

VoZ
Thus an element ¢ of I'((Ax)%|Z) is represented by an element ¢y € T'((Ax)%|V), which is a
pair
(vix, o), with pyx € D(AX(H)|V) and gy, € D(AR*|V N H)).
Assume further that Z is a subcomplex. We have a map of complexes ¢ : A*(Z)y — C*(Z)u
defined as follows. For an element o € Co(Z) g, view it as an element of Co(X) g, and le(yp) is

defined by
ete)a) = [ovx= [ v
a a.H
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We have obviously the restriction maps i* : A*(X)y — A*(Z)g and i* : C*(X)y — C*(Z2)n.
The maps ¢: A*(X)y — C*(X)y and ¢ : A*(Z)y — C*(Z) g are compatible via the i*s.

10. One has the wedge product
A (X))@ A*(X)g = A*(X)g

defined by

There is a map of complexes
i ANH)[=2] = A*(X)u, ¢ (0,9)
and the following diagram commutes.

A*(X) @ A*(X)y ——— A*(X)n

1®i*T Tz*

AY(X) @ A*(H)[-2] —— A*(H)[-2]
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Let X be a smooth complete variety, and H = Zi:Lm ~ H; be a normal crossing divisor on
X. For a subset I of [1, N], we set Hy =(,; Hi.

The divisor H ;1 on Hj given by
H; =Y H;nH

2
is a normal crossing divisor; we have the complex Q; (Hj).

1. The complex Q% (H) is quipped with the weight filtration W, as defined in [De].
For a local section ¢ of Q% (H) and a component H; of H, one has the residue Ry, (¢), a local

~ d
section of Q% (H;); if Hy is defined locally by z; = 0 and ¢ = LA ¥, then Ry, () = 2mi - 1.
i 21

This gives a map of complexes Q% (H) — Q}}(ﬁ,ﬂ—l}, namely dRy, (¢) = —Rp, (dy).
Let e_; = (2mi)~! be the generator of C(—1), and consider a slightly modified map map
QL (H) — Q’;{_il(Hi)(—l), which takes ¢ to Ry, (¢) ® e_y. This gives us a map of complexes

Ry, : Qx (H) — Qp (Hi)(=1)[-1].
One verifies immediately that it takes Wi, to Wy, (g (H;) (—1)[=1]) = W1 (Qf, (H)) (1) [—1].

More generally, for I of cardinality m, composing these one has a map (Poincaré residue,
[De]) Wy Q5 (H) — Qj;,(—m)[—m] which induces an isomorphism

Gr,, Qx(H) = @ Qy, (—m)[-m]. (a)

[|=m

Similarly for each pair of subsets I, J with I C J, |J| = || + 1, we have the residue map
R+ Qi (Hy) — Q3 () (~1)[-1].
We thus obtain a complex of mixed Hodge complexes

0= Q5 = U (H) > By, (H)1)[-1) — @ Q (H)(-2)[-2 — -

I:|I|=2

in which the differentials are the sums of R%. Equip the complex Q% with the trivial filtration
Wi

Proposition 6. The complex of filtered complexes

0~ O — U(H) > @A HN-DI-1 > @ Dy () (-2)[-2] > -

I:|I|=2
is filtered exact.

Proof. Use the isomorphism (a), reduce to exactness of the complex of the following type. Let
I'={1,--- N} be a finite ordered set, M be a module. Then the complex

O-M-PpM—- P M-—---—->M-=0

i€l 11 <12

in which the differentials are the alternating sums of i,;, is acyclic. O
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It follows that the map Q% — (Q%)n, where (Q% )y is defined to be

Tot ([0 () — @, (H)(~1)[-1] = @ Qp (H)(-2)[-2] =)

I:|I]=2

is a filtered quasi-isomorphism.

2. The functor (—) @, A% on Ox-modules is exact, since AY" are flat O x-modules by a
theorem of Malgrange. It follows that for any Ox-module J, the canonical map F — F®o Agg*
is a quasi-isomorphism.

In particular, let AR"(H) = Qf (H) ®p, A%*; we obtain the double complex A% (H), the
total complex of which is written A% (H). The canonical map of complexes

Oy (H) = A (H)

is a quasi-isomorphism.
Also, the filtration W, on % (H) induces a filtration W, on A% (H) and Gr)’ (A% (H)) =
(Gryy, Q3 (H)) @0, AY

3. For each I, we have canonical maps
iy, (Hr) — Qi (Hr) ®oy A" — Ay, (Hi)

The first map is a quasi-isomorphism, and the composition of the two maps is also a quasi-
isomorphism, hence the second map is also a quasi-isomorphism. We have thus a commutative
diagram of complexes

D Q;I1<ﬁl><_2)[—2] — .

[]=2

0 0% Oy (H) D (H)(~1)[-1]

0 —= Q50 AL —= Q3 ()80 A% —= D, 2y, (Hi)(-1)[-1]90 A% —= D 4y (A (-2)[-200 A% — -+

|I]=2

0 Ax A (H) DAl (Hi)(~D)[=1] —— @ Ay, (H)(=2)[-2 > -+

I]=2

with vertical maps quasi-isomorphisms.
Let (A%) g be the total complex

Tot([A;<H>%@Azﬁm(—l)[—u% D Ay, (Hi)(-2)[-2 —--]);

I:|I|=2

then there is map A% — (A% )n, and one has a commutative diagram of complexes

Cx a3 A
L
(Q)n — (AX)n



In the square on the right, the maps Q% — A%, (Q%)yx — (A%)m, and Q% — (Q% )y are
quasi-isomorphisms, thus so is Ay — (A% )g. The map Cx — Q% being a quasi-isomorphism,
all the maps in this diagram are quasi-isomorphisms.

4. Each term in the second row is an A x-module, thus a fine sheaf on X and in particular a
c-soft sheaf on X; the same holds for the terms of the third row. Each vertical map from the a
term in the second row to a term in the third row induces a quasi-isomorphism upon applying
the functor I'(X, —). Also the second row remains exact.

Therefore we obtained:
Proposition 7. The map Q% (H) — A% (H) is a filtered quasi-isomorphism.

For a local section ¢ of Q% (H) and a component H; of H, one has the residue Ry, (¢), a local
~ d
section of Q% (H;); if Hy is defined locally by z; = 0 and ¢ = LA ¥, then Ry, () = 2mi - 1.
K2 Zl
This gives a map of complexes Q% (H) — Q. (H;)[—1], namely dRp, (¢) = —Rp, (dyp).
Let e_; = (2mi)~! be the generator of Q(—1), and consider a slightly modified map map
Q5 (H) = Q' (H;)(—1), which takes ¢ to Ry, (p) ® e_1. This gives us a map of complexes
Ry, Qx (H) — Qy, (Hi) (=1)[=1].
One verifies immediately that it takes W, to W, (Q}, (H)(=1)[~1]) = W1 (82, (H))(=1)[~1],
namely this is a map of mixed Hodge complexes.
By Proposition 7, we obtain

Proposition 8. The map
Ax = Tot([Qx (H) = @ A, (H)(=1)[-1] = ﬂB Ap, (Hp)(=2)[=2] = -+ ])
i I:|I]=2
is a filtered quasi-isomorphism.

If we apply the global section functor I'(X, —) to a filtered sheaf F, we get a filtered abelian
group. Ifin addition the graded quotient Gr" F is I'(X, —)-acyclic, then one has Gr" I'(X, F) =
(X, G 7).

In particular, we obtain the filtered complexes

O (X)(H) == D(X, Qx (H))
and
AT(X)(H) =T(X, A (H)) .
Since A (H) is a complex of fine sheaves such that Gr A% (H) is also fine, one has RI'(X, A¥(H)) =
A*(X)(H) as a filtered complex.

Proposition 9. The map of complexes of C-vector spaces

A*(X)—>Tmﬁ([A*(X)<lLf>—>@A*(Hz')(lffz->(—1)[—1]—> @ A(H)(H)(-2)[-2] = ---])

I:|I|=2

is a filtered quasi-isomorphism with respect to the filtration W.
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4 The complex C,(X)y and its dual C*(X)y

Let H; be defined as before, and H (i) = U= H.

We will henceforth assume that the triangulation of X is of the following special type. Assume
Ky be a triangulation of X such that each Hj is a subcomplex, and let K be its first barycentric
subdivision. The vertices of K are the barycenters ¢ of the simplicies o of K. Give a partial
ordering on the vertices of X by: ¢ < o’ iff o < o.

The ordering is said to be compatible with H if if v, v’ are vertices, v < v’ and v’ € Hy, then
v € Hy; in other words x is more special than v'.

1. An m-simplex o of X is written o = vg - - - v,,, where vy < -+ < v,,. If p < m, the front
p-face of o is the simplex vg - - - v, (also written o)) and its back (m — p)-face is vy - - - v (also

written o) ). We will write then

o= (vy-0,) 0 (Up- V)

the symbol o denoting “concatenation” of simplices.
Let v =g - - - v, be a p-simplex. For an element a = ) ¢, - 0 € C,,(X), let

o= o
0521/
the sum over those o with front face v. Also define

(aw)p_, = Z CorOh_.

F_
O'p—I/

If we denote by C,,(X), the submodule consisting of the a with @ = «,,, then clearly we
have C,,,(X) = @, Cpn(X),. The homomorphism

Cn(X) = Cp(X) @ Crnp(X)
which sends a simplex o to 05 ® afri_p

element a € C,,(X) to >, v ® (a,)B

is called the “decatenation” map. Note it takes an

In particular, if v = v is a vertex, C,,(X), is the submodule of o which is a sum of simplicies
with first vertex v, and Cp,(X) = @, Cin(X),.

2. An m-simplex o is said to be H-transversal if dim(c N H;) < m — 2|I| for each I.
(Alternatively we say o satisfies condition (T).)

We shall introduce an equivalent condition. For a positive integer k, let N (k) be the number
of vertices v of ¢ such that v € H(k). If there is no such vertex, we set N(k) = —oo. Then
o N H(k) has dimension equal to N (k) — 1 (the empty set has dimension —oo by convention).
We have:

14



Proposition 1. (1) o is H-transversal iff N(k) < m — 2k + 1 for k > 1.
(2) If 0 = vy~ Uy, then it is H-transversal iff v, _op1 & H(k) for k > 1.

Definition 2. We say that an element o € C,,(X) is H-transversal if each ¢ with ¢, # 0 is
H-transversal. It is said to be H-admissible if o and da are H-transversal.

Let C,,(X)y be the submodule of C,,(X) consisting of the H-admissible elements; one has
a subcomplex Co(X )y of Co(X).

The following is obvious.

Proposition 3. For a =) ¢, 0 € C,,(X) be H-admissible, it is necessary and sufficient that
the following two conditions are satisfied:

(i) For each o with ¢, # 0, o is H-transversal, and
(ii) For each (m — 1)-simplex T which is not H-transversal, the coefficient of T in O« is zero:

coeff(1; 0ar) = ch[a 7] =0 (%)

o>T

where o varies over the m-simplices having T as a face, and [0 : 7] is the coefficient of T in do.

Proposition 4. Let 0 = vy ---v,, be an m-simplex, p is an integer with 0 < p < m and let
V="100"Up, §=TVp" " Up.

(1) If o satisfies (T), then v satisfies (T').

(2) If v and s satisty (T'), then o satisfies (T').

Proof. We write N,, N, and N for the function N (k) for o, v and s, respectively.

(1) If v, € H(k), then v; € H(k) for i < p so we have N, (k) = Ny(k) + p. By hypothesis one
has N, (k) <m — 2k + 1, hence Ny(k) < (m —p) — 2k + 1.

If v, & H(k), then v; € H(k) for i > p, thus Ny(k) = —o0.

(2) Suppose v, € H(k) so that N, (k) = Ns(k)+p. By assumption Ny(k) < (m —p)—2k+1,
thus N, (k) <m — 2k + 1.

If v, € H(k), then N,(k) = N, (k). Since v satisfies (T') we have N, (k) < p — 2k + 1, hence
N, (k) <m — 2k +1. O

Proposition 5. Assume H is smooth. Let v be a p-simplex with p < m — 2. Then for any
a € Cp(X)y, one has o, € Cpp(X) .
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Proof. Let T be an (m — 1)-simplex which does not satisfy (77), but is a face of an m-simplex

o satisfying (T) and o = v. We then claim 7.

0 =g Uy satisfying (T') (namely v,y € H) with v =v,---vp, and 7 =vg -+ 0; - - Vp -+ Uy

= v. Indeed assume otherwise. One can write

for some ¢ < p. But then 7 satisfies (7"), contradicting the assumption.
We now check condition (ii) of Proposition 4. Take an (m — 1)-simplex 7 not satisfying (7');
we may assume Tf = v by the previous paragraph. If a = Y ¢(0)o, then

a, = Z c(o)o
the sum over the m-simplices o that satisfy (T') and o) = v. So

coeff(; 0ar,) = Z c(o)|o 7] (sum over o satisfying (1), o’

, =vandoDT). (1)

We compare this with

coeff(7; 0ar) = Z c(o)|o: 7] (sum over o satisfying (7) and 0 D 7). (2)
by showing that the sums are over the same set.
For an m-simplex o satisfying (7) such that ¢ O 7, one has af = v. Indeed writing

T =1%g**Upn_1, 0n€ has v,,_o € H. The additional vertex w to make up ¢ must satisfy w ¢ H,
and then we have v, o < w; since p < m — 2 the front p-face of o equals v. This says that in
the sum (1) one may let o vary over the m-simplices satisfying (T"), and o D 7. Therefore (1)
and (2) are equal, but (2) is zero by hypothesis. O

Therefore if C,,(X) g, is defined to be Cy,(X) g N Crp(X),, we have
Cm(X)H = @ Cm(X)HW .

As a special case, we have:

Proposition 6. Let v be a vertex. We have C,,(X)y = @, Cin(X)n,» where Cp(X)p, is
defined to be Cp,(X)g N Cp(X),. Hence if C,,(X)? denotes the subcomplex gererated by
simplicies disjoint from H, one has

Om(X)H - @ Cm(X)H,v S¥ Cm(X>O'

veH

3. Let H be smooth. For a = ) ¢,0 in Cy,(X)n, we recall the formula for the intersection
a.H = Z,u(s;oz)s.
S
Here s varies over the (m — 2)-simplices in H, and the integer pu(s; «) is given as

p(s;a) = (Thy, (a)f) .

Here Thy is a cocycle representing the Thom class of H; a is the “s-part” of «, and (a,)? its
back chain.

16



Proposition 7. Assume H is smooth. Let v be a p-simplex with p < m — 2. Then for
a € Cp(X)y, one has
(a.H), = (av,).H .

Proof. We have
a.H = Zu(s ta)s

the sum over the (m — 2)-simplices in H, and thus

a.H = Z w(s;a)s (sum over s contained in H such that s} = v).
S

Also we have

(ov,).H = Z w(s;a,)s (sum over s contained in H such that s} = v).

We are thus reduced to showing, for each (m — 2)-simplex in H with 55 = v, the equality

u(s; @) = plsia,)

This follows from the definition of x and the identity (a,)s = a5, a consequence of 35 =v. O

Proposition 8. Let v be a p-simplex with p < m — 2. Let o be an element of C,,(X )y with

a=q,.
(1) We have o), € Crop(X)p.
(2) We have
(ozf%p).H = (04.1'17):?%1072 in Cp_po(H).

Proof. (1) Let v = vy - - - v,. Write @ =) _c(o)o, where o varies over the m-simplicies satisty-
ing (T) and o = v. Each o is of the form v o s where s is an (m — p)-simplex. Thus

a=> cvos)(vos)

where s varies over the (m — p)-simplices with initial vertex v, such that v o s satisfies (7). We

aﬁ_p:Zc(Vos)s.

Let ¢ be an (m — p — 1)-simplex not satisfying (7"), and we shall examine the coefficient of ¢

thus get

in G(aﬁ_p). Suppose first ¢ begins with v,. Then

coeff (t;0(al_,)) = Zc(u os)ls:t

S
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the sum over s as above, with extra condition s D t. On the other hand with respect to the
(m — 1)-simplex v o t, one has

coeff(v o t; 0av) :Zc(uos) [vos:vot

S

the sum over the same set of s. Since [vos:vot] = (—1)P[s: t], we have
coeff (t; 8((151_17)) = (=1)? - coeff (v o t; Dar) .

But v ot does not satisfy (7') by Proposition 4, (1), so the right hand side is zero, hence the
left hand side is also zero.

Suppose now ¢ does not satisfy (7), with initial vertex # v,. Then for an (m — p)-simplex s
with initial vertex v, such that vos satisfying (T'), it contributes non-trivially to coeff (¢;0(aZ_,))
only when s = v,t. But then ¢ satisfies (1) by Proposition 4, (1), contradicting the assumption.
Therefore one has coeff (t;0(a_))) = 0.

(2) As in the proof of the previous proposition, we have

a.H = Z w(s;a)s (sum over s contained in H such that s) =v),
S
S0

(a.H)i_p_2 = Z pu(s; a)sfl_p_Q (sum over (m — 2)-simplices s contained in H such that s} = v).

One also has

(afl_p_Q).H = Z w(t; ozf;’;_p)t (sum over (m — p — 2)-simplices ¢ contained in H with initial vertex
t

There is a bijection between the set of (m — 2)-simplices s contained in H such that 35 =v,
and the set of (m — p — 2)-simplices ¢ contained in H with initial vertex v,, given as follows:

B

S+ Sp_p oo, VOLL.

Therefore we are reduced to the identity (when s corresponds to t)

p(s;a) = p(t;al )

. : L B
This immediately follows from the identity (as)F = ((af_,)e), - O

Thanks to the propositions, the decatenation map induces the map
Cn(X)a = Cp(X) © Crnp(X) 1,

which sends a € Cr(X)n to > v ® (a,)5_, (the sum over the p-simplices v/).
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Definition 9. The cup product
CP(X)®CUX)y — C*(X)y

is defined by dualizaing the map Cpiy(X)yg — Cp(X) @ Cy(X)g. Thus for u € CP(X), v €
CUX)y and a € Cpig(X)p,, we have

(wUv) () = u(v)v(a").

One has the map of restriction
i*:Co(X)y — Coo(H) .
Dualizing gives a map of complexes
i. : C*(H)[-2] = C*(X)y .

We have a commutative diagram

Con(X) 1 Cp(X) @ Crnp(X)

i*l ll@i*

Cin—2(H) —= Cyp(H) ® Crpp(H) Cp(X) ® Crep—2(H)

—_—
1+ @1

where the lower horizontal arrow is the composition of the decatenation map with 7, ® 1.
Dualizing gives a commutative diagram

C*(X)®C*(X)n - C*(X)n

mT T

C*(X) e C*(H)[-2] C*(X) @ C*(H)[=2] —= C*(H)[=2].

—_
*®1
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Refinement of the moving lemma.

1. Let M be a smooth projective complex variety of dimension d, and H a smooth divisor.
Given a semi-algebraic triangulation K of M, one has the complex of K-chains CX (M), and
the subcomplex

CE(M)y = {a € CK(M) | @ and o meets H properly}.
Passing to the limit over K, we obtain complexes,

Ci(M)y C Cu(M).

Proposition 10. The inclusion C.(M )y C Ci(M) is a homology isomorphism.

[Proof is omitted here. In the proof, the following fact is used: For each a € C,(M), there
exists H(a) € Cpy1(M) and h(a) € Cp(M)g such that

OH(a) + H(0a) = a — h(a).
Further, if a € Cp(M) g, then H(w) € Cpiq (M) g as well. |

If K’ is a refinement of K, then one has the subdivision map \ : CX(M) — CX'(M) as in
[Mu, §17]. Since this map preserves support, it restricts to a map X : CX(M)y — CK' (M)y.

Proposition 11. For any triangulation K, the map X : CX(M)y — CX'(M)y is injective on
homology.

Proof. 1t is shown in [Mu, p.97] that if g : K’ — K is a simplicial approximation to the identity
of M, then A and
g+ CF (M) — CE(M)

are homotopy inverse to each other, and also that g; o A = id (see [Mu, p. 100]).

One can take g so that if v is a K'-vertex not contained in H, then g(v) is not contained in H
either. Indeed, the K-simplex o containing v in its interior is not contained in H, and one can
take as g(v) one of its vertices not in H. (See [Mu, Lemma 15.1]). If ¢ is so made, intersection
property with H of K’-chains, when gy is applied, gets no worse. In particular, gy restricts to
define

g:: CK (M) — CE(M)y .

We also have g;o A = id, so the assertion follows. (The homotopy between Ao g; may not restrict
to homotopy between the complexes (— )z, since it is not carried by a chain in CX(M)g. Thus
we fall short of verifying homology isomorphism. O]
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Proposition 12. There is a triangulation K such that the inclusion C¥(M)g — CX(M) is a
homology isomorphism.

Proof. We take a triangulation K. For each cycle a € C’If( (M), by what we recalled above,
there exists a refinement K’ of K, chains H(a) € CK (M) and h(a) € CKX'(M)y such that
0H(a) = a — h(a). Thus the image of [a] € H,CK(M) in H,CX' (M) comes from [h(a)]
H,CX' (M)g.

Since M is compact, the group H,CX (M) is finitely generated. The above being the case for
each of a finite set of generators of H,CX (M), taking a refinement K’ that works for them all,
it follows that the map CX'(M)y  CK'(M) is surjective on homology.

Next, in the commutative diagram

Hy(CE (M)y) —— H,(CK(M))

| 1

Hy(C.(M)i) —— Hy(C.(M))

the lower horizontal arrow is an isomorphism by Proposition 1, the right vertical arrow is
obviously an isomorphism. Further the left vertical arrow is an injection by Proposition 2, and
the upper horizontal arrow is a surjection as we have just shown. It follows that all the maps

are isomorphisms. O
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§5. The map c: A*(X)y — C*(X)y and its multiplicativity
One has the map ¢ : A*(X) — C*(X) and also the map ¢ : A*(X)y — C*(X)y defined by

(clox,pm), a) _/QSDXJF/Q_HSOH'

The latter is a map of complexes by what we call the Cauchy-Stokes formula:

Theorem 1. Let a € C,,(X)y. Then one has

—/ g0+/dcp+/ Ryu(p)=0.
Ja @ o

This can be shown by considering the Stokes formula applied to the chain « excised near H,
and then taking the limit.

Recall the wedge product A*(X) ® A*(X)y — A*(X)y and and cup product U : C*(X) ®
C*(X)g — C*(X)py defined before.

Let A®*(X)y = A*(X)® A*(X)y and CP*(X)y = C*(X) ® C*(X)g. There are products
m: AP X))y — A(X) g and m : CO*(X)y — C*(X)y.

For a vertex v in H. let M, = D(v) be the corresponding dual cell. The collection of these
dual cells together with the simplices s = AP disjoint from H will play the role of “models”.
We will write M for one of these M, or s. Write ¢ : M — X for the inclusion in either case.
There are restriction maps i* : A*(X)y — A*(M)g and * : C*(X)g — C*(M)y, as well as
i*: AD(X) g — A@D*(M)y and i* : CP*(X) g — CD*(M)y.

Proposition 2. There exist a map of degree -1
px + AN(X) @ A* (X)) — C&(X)n

and a map of degree -1

par 2 A*(M) @ A (M) — Ce(M)

for each model M, which satisfy the identities dp + pd = —m(c ® ¢) + cm and i*px = ppi* for
1M — X.

Proof. If p™ is the restriction of p to A®™(X)g (or A®™(M)y), we need the condition
dp™ '+ p"d = —m(c®c) +cem. (*)m—1

on X or M. If p™ = 0 for m < 0, then (*),,_; holds for m < 0. Assuming p’ for j < m have
been found, let

"t = —dp™ Tt —m(c®c) +em: AP X)) = (X))
and similarly on M. Note that i*6™~! = ™~ 1i* holds.
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If we choose a base point b € M — H, there is a map S : A*(M)y — A*(M)g of degree —1
such that dS+Sd = 1 —r}. There is a similar homotopy for the complex A®*(M), hence there is
an induced map S : A®*(M)y — A®*(M)y of degree —1 satisfying dS + Sd = 1 — ;. Since
77 is zero in degrees # 0, and since 0" = —m(c ® ¢) + em = 0, one has 6™ 'r; = 0 for all m.

We now produce a map p™ : A®™(X)y — CZ 7 (X)y. Let a € AP™(X)g. If v is a vertex
in H,i: M = M, — X the inclusion, one has i*a € A®™(M)y. For a € Cp,_1(X )y, recalling
that a € Cy_1(M,)p we let

(p"(a),a) = (0" 1 Si*a,a) € C.
For a simplex v : s = A™™ ! — X disjoint from H, let {p™(a),v) = (™ 1Sv*a, 1,). Since
Con 1 (X =B Cr1(X) 0 @ Cpp 1 (X)°

this defines an element p™(a) € CZ (X)) .
If in this argument X is replaced with a “model” M, one obtains a map p™ : AZ™(M)y —
e (M) n.

(i) i*p™ = p™i* foramapi: M — X.
If v > v is another vertex in H, and o € Cy;,_1(X) g, then for the inclusion i : M, — X we
have

(i*p™(a), ) = (p"(a), )
= {(0"1Si"a, )

where i’ : M,y — X. The map i’ factors as MU/LMULX, and one has
(p"(i*a), o) = (0" 1 S(k*i*a), a) .
The two thus coincide. The verification for ¢ : s — X is obvious.
(i) ™~ 'd = 0. (Follows from (x),, 5.)
(iii) 0™ 1Sd = 6™~ on M. (Follows from (ii) and the fact 6™ 'r; = 0.)

(iv) One has p™d = ™! on X and M.
For a € Cp,—1(X) v, we have

(p"d(a),a) = (0"~ Si* (da), a)
= (0" (a), @) [by (iii) ]
= (i*0™ (a), a) [by i*0m~! = gm—1*]
= (0™ Ya),q).

?
I

For s € C,,_1(X), the same reasoning holds. If X is replaced with M, the same argument
holds. ]
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Proposition 3. Assume that p' is another functorial map satisfying the same property as for
p. Then there exists a map © : A®*(X) — C2&(X) of degree —2, and a similar map on M,
satisfying

dr +7d=p—p

on X (and on M), and the identity i*m = mi*.
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We need a variant of Proposition 2. Consider now the failure of commutativitiy of the

diagram

A*(X) ® A*(H)[-2) "7

C®ci*l lci* (**)
C*(X)© C*(X)n
in which the top horizontal map is the composition A*(X)®A*(H)[-2] &A'(H)@A'(H) [—2]
—" 3 A*(H)[-2], and the ci, is the composition A*(H)[—2]—"=A*(X)y——C*(X)y.
As in Proposition 2 also consider the diagram accompanying it, obtained by replacing X with
a “model” M, and H with M N H:

m

A (M) @ A*(M n H)[—2] "2

c®ci*l \Lci*

C* (M) ® C*(M)g

Note that if M = s is a simplex disjoint from H, then M N H is empty and A*(M N H) = 0.

Proposition 4. There exist a map of degree -1
px + AYX) @ A*(H)[=2] = Ce(X)n
and a map of degree -1
par + AY(M) ® A*(M 1 H)[=2] — Ca(M)

for each model M, which satisfy the identities dp + pd = —m(c ® ¢) + c¢m on X and M, and
px = pyt* forv: M — X.
Further, if (s, p,) is another collection of maps satisfying the same property, there exists

a map of degree —2,
vx t A*(X)®@ A*(H)[-2] —» C*(X)g

and a map of degree —2
vy AS(M) @ AS(M N H)[-2] = C*(M)y

for each M, satisfying
dv+vd=p—p,

and 1*v =vi* fori: M = X.

The proof of this is parallel to that for Proposition 2, with some differences as we point out.
The identity m(c ® ¢) = cm in degree 0 for the previous proposition must be replaced with:
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Lemma 5. The following diagram commutes:

ANX) @ (A*(H)[-2))* = (A*(H)[-2))*

CUX)® C*(X)g C*( X))y .

Proof. For f® g e A°(X) ® A°(H), one must show c(i.(f|g - g)) = c(f) U c(i.g).
For an element a € Cy(X) g, with v a vertex in H, we have

(6.l - g))s ) = / a9

if a.H = mu, then the right hand side equals m(f - g)(v). On the other hand,

(e(f) U cling),a) = f(v) / 9= f(v)-mg(v),

a.H

so the two coincide.
As for a simplex s € Cy(X) disjoint from H, both cocycles obviously take the value zero. [

Proof of Proposition 4. We take the proof of Proposition 2 and repeat it with changes as
follows.

e Let p™ be the restriction of p to the degree m part of the complex A®*(X) ® A*(H)[—2].
We set p™ =0 for m < 2.

Let m > 2 and proceed to find p™. Defining ™! as before. We have #? = 0 by the above
lemma, and r; = 0 in degree # 2, thus 6™ 'r; = 0 in all degrees.

o If M = M, = D(v), then M N H = Dg(v), the dual cell of v in the simplicial complex
H. Since Dy (v) is contractible, there exists a map S from A*(M N H) to itself satisfying
dS +S5d =1 —r;, with b € M N H. It follows that there is a map S of degree -1 from
A*(M) ® A*(M N H) to itself with the property dS + Sd =1 —r}.

e In defining p™(a) for an element a of degree m in A*(X)®A*(H)[—2], one has (p"(a),s) =0
for simplices s disjoint from H. m

Our goal is Theorem 9. We first note the facts (projection formulas):

Lemma 6. The following digram commutes.

A(X) ® A(H)[-2) === A(H) @ A(H)[—2] "~ A(H)[~2)

1®i*l l*l

A(X) © A(X)u m A(X) i
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Lemma 7. The following digram commutes.

C(X) © C(H)[-2] "2 C(H) ® C(H)[~2] -~ C(H)[-2]

1®i*l i*J/

C(X)® C(X)y m C(X)n

The map ci.m(i*®1) : A*(X)® A*(H)[—2] — C*(X)g appearing in the square (*x) is equal
to em(1 ® i,) by the projection formula for A*(X), and also to i.cm(i* ® 1) by ci, = i.c. The
other map in the same diagram m(c ® ci,) is equal to m(c ® ¢)(1 ® i,) clearly, and also

m(c®ciy) =m(lRi)(c®c)=i.m(i*®@1)(c®c) =i.m(c®c)(i* ® 1)
using the projection formula for C*(X) and ¢i* = i*c.

Let now px be a homotopy as in Proposition 2; similarly let pg : A(H) ® A(H)[—2] —
C(H)[—2] be a map such that

dpy + ppd = —m(c®c)+em: A(H)® A(H)[-2] — C(H)[-2].
The element px (1 ® 7,) gives a homotopy between the maps
px(1®iy) :mc®c)(l®iy) ~em(l ®iy)
and i,py(i* ® 1) gives a homotopy
Lpg(*®1) tim(c® )i ®@ 1) ~i,em(i*® 1) .

But we know that the source and the target for the maps are the same, thus by the latter half
of Proposition 4 there is a map v of degree —2 giving homotopy

Proposition 8. Let
K—~1L
ok
K —-=1I

be a commutative diagram of complexes. Assume there exists a map £ : K — L (resp.
¢ K' — L) of degree —1 such that u = d§ + &d (resp. v = d§' + €'d). Assume also there
exists a map v : K — L' of degree —2 such that

g =& f=dv+vd.

Then the map
(u,u’) : Cp — C,

is homotopic to zero.
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One has the map
P:AX,H) — DAX){(H)) .

Let Qx : A(X, H) — D(A(X){(H))) be the composition of the maps
A(X, H)—5C* (X, H) g —5Chpa-o(X | H)—2D(A(X)(H)).
We apply the above to the diagram

A*(X) 225 D(A(X )

/| -

A*(H)j—s D(A*(H)[-2])

Pu—9Qn

and the maps px, pg and v. We obtain:

Theorem 9. There exists a map & : A(X)y — D(A(X){(H))) of degree -1 such that

dé+¢d=P—Q.
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§6. The explicit complex E(X, H)
Let H be a smooth divisor on X. One has a map
¢ : Cu(X) = D(A(X)n)
given by
@) (expn) = [ ox+ [ on.

Similarly one has ® : C.(H) — D(A(H)). The inclusion A(H)[—2] — A(X)gy induces a
surjection i* : D(A(X)y) — D(A(H)[—2]). The following square commutes:

C.(X)r ——  D(AX)n)

] I+

C.s(H) —— D(A(H)[-2))
There is the map P : A*(X) — D(A(X)py) given by

@), (ox. o)) = [

w/\g0X+/(w|H)/\g0H.
X H

One also has a similar map P : A*(H) — D(A(H)). The following square commutes:

A (X)y —=  D(AX)g)
A(H) —2= D(A(H)[-2))

The commutative diagram of complexes

C.(X)r —— DAX)y) +— A(X)y

] A |-

Cocg(H) —"= D(A(H)[-2) +— A*(H)
gives a Hodge complex; it may be abbreviated to
P P .
[Co(X[H)——D(A(X)(H)))«——A*(X, H)].
By means of the canonical map s* : D(A(X){(H))) — D(A(X)(H)) we obtain another Hodge

complex
[CL(X[H) "= D(A(X){H))¢——A"(X, H)]
This is the explicit Hodge complex E(X, H).

Definition 1. The complex
[0(X,€°Q) — I'(H,€C*Q)] = Cone(i*)[—1]

will be abbreviated to I'(X, H; C*Q). Similarly one defines the complexes I'(X, H; C*A*®) and
['(X, H; A*). There are maps among these complexes

[0(X, H; €*Q)——T'(X, H; C*"A®*)«—T'(X, H; A*)] .
This triple gives a Hodge complex, denoted K(X, H).
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Similarly we have a triple of complexes

[S°(X, H)—2—(8* @ A*)(X, H)«2—A*(X, H)].

This gives a Hodge complex denoted K(X, H).
One shows that there is a quasi-isomorphism between the Hodge complexes K(X, H) and
K(X, H).

Proposition 2. There exists a quasi-isomorphism between the Hodge complexes K(X, H) and
E(X, H).

In the following diagram

S*(X,H) — = (8* @ A*)(X, H) ~"— A*(X, H)

l g i

Con-o( X|H) =" D(A*"*(X)(H))) <"— A*(X, H)

the left square commutes and the right square commutes up to homotopy.
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