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1 A4vraEH> 3y

BEBEE (2 = CIUETRAER LT 2) ORFJCEE. ik, BT 13t~
BB, T TS TEN ICE 2 o0, BREICIZRE G 2 b % BEEZ
XTSRRI BRI A E 2 5, BlE%iTD L

o ZERIE M DEARRE G OWBPFEZER X ~DIEMH, SREICHEZ
52 WSIERITHRMICR D,

o &L singular RZEM AR T D, AIRAERHE G IZH D EBILER
ZEODDE, [Cayley 77 7| LMHINDRFTARR T 7 7B EE
., O LEOBRZERE (TFEERE) IOV T GITHFERMICEM
T 5,

—J7, AAHRIZ2 B O AR RIBEEMR & LT, BEEE G 35 2
bic &, TNEEARBICHOEM X #5825 (L2139 0IXA
RTHD, SHIT X D aspherical THDZ & (T BB E D 7IHE)
EHEETLHOLY —XFT TN THDH, EEE. £DO X REMIZCWHERK
ELTHIFELERE FE—Z2RBRWT—EBTHAZ B EHEI MbHa BN
TWb, #-oTHGD () FEuY—%2 XD (2) FEnY—LEH
THZENTED, X1T TK(G,1)2E/M] &EFEHIND A, FEG DRERL
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LT K(G,1) BEDOR/NRITLEE 2, % [geometric dimension] &
FEON geom dim(G) & H3< o BAMDZHEG D aREr ¥ —13 geom dim(G) %
R D EHRDH, geom dim IFAFREIXER S 7220 ([Br]),

& ZAHTRAVARRIE L LT, BERERZEM X 23 FHE CTh 5 02 H7E
TOHDIEIRES TR, Thbb, M X BdbHHFTEXLNT, £
DEEDEH—H TR TENRWIRR TH D, D X5 RFBEIZXT 5
— )T 72E R (D 12) 1 Morse HiR725 9,

1ooflE LT, #hild QWIt=a N7 FEERER) D Teichmuller 224
&2 XD, Teichmuller ZEM T 11X, HDEV 2T EHOELEHKEEL L
THEZONAOTHERETHD, TITITMEOEBRIER (FIRFREL 2
EHT 2D THX OREBICYE TTED, FEEE, TIFFERRTO2—7 Y v
RZERNCAAHREIRLICTH D Z E R BN TV TR CTH D, LML T
DAMETH D Z & HEERT OIRES TiEw,

ZHFba—7 Vv RZEMIX, 7287 HM520725 9 02?  Morse EimD
SEGISE TR, =27 U v RZEROH D H D O IEBEREL f I 1ZI3Fr R
RBBWNRLEFED ZEBRHED, Thbb, fO7T7VT FRT ML
2o CTEMEZERICOSEIT LV, RERICFE CHIE LTRD Cartan-
Hadamard BN H 5, 5872 n IKIE Y —~ AR M O Wik g )3
<07eb, ZOEBEBHEBILn K2 —27 Y v REMICIS R TH 0§
WZHHEl, ZOHA. BT M OEARFED geom dim 1% <n TH 5D,

UEDZ ENDRD XD REEEE X T\,

BOICRLT, K(G,1) ZE X THEN<” THILDERDITEL,
FEEORDMRT (FEE) [FfAM?

& 1L singular 2= OHFETIND, X1TV —~ U ZEE L IIRS
B0, Lo THE <02 ML LIS, TCAT(0)) ZKRETEAL, Z
UK LT ED X S ITREDARE RS TCAT(0) KoLl LMES, EELY
geom dim <CAT(0) Rt TH 5,

2 CAT(k)ZEfHE

ZDETIE CAT (k) ZERDESE & Bl AR RMHEE Z [Bal,[Bri] 225
WD, Zo/— M TIXEEBEZERICR T 5 2 R OB |z — y| &£ T
HRH D,



2.1 TEELH

FERBEZER] X OAEE D 2 SHIOEREN 2 REMS X NOHBHEDEXT
EKBEIND L&, X & IMZER) 2w, EHEESTELZ [HH
Bl eV, T2l RV —~ U BERITRHZERTH S,

U —< USRI —~ VEENSEE S (W) RN H DR, —
OB HZERNIC [T VLM EORBRICE > R 2EHETDH, =
Z T, BT VER M (k) & LT 2RO, Bk ) —< U BHRE
T, ZOWHEBENE=0,1,-1 ThH2bDEEX 5, Thbb, =2—7
U v F¥iE E2, 2 &ooEkimm S2. i Fm H? Th 5,

HHZEf] X ORI =ATE (T7obb =032 THIHER) A X LT,
ETNZEMANORM=AE T, TOZUOEINADO=ZLEFRLHD%E
(=AM EFPOA EEL, 2L, ETANS2ORHIAD=ZNOE
XDEFN 2r RIGOHATZ T KR AT EE XD, ADITERE p,q,r
EL, ST HADERE p,qr &ELS, ADHAEDR 2 IZxIET D A
DORET EEL, T TRINT DR EE, 2 ZETUINTER p, ¢ S
HIBR [p,q) T D L&, ETNERO p, g ZFESTHBR [p,q) (ZHUXAD
WTHD) LEORT, p—x|=p— 7| ZWMLTRIDILTHD,

ERE ZEELTXIZOWTRAKY LD & & X 13 TCAT(k) 22/ )
&5 9, CAT IE Cartan,Alexandrov, Toponogov MIALFTh B,

X DEBORM=FATE A D LOEBD 2 Rx,y & M(k) NOHE
ZAE EOXIET 5 282, 71220 T

|z —y| <[z —7].

B & 52 CAT(-1) ZE[1iZ CAT(0) ZZHITH V. CAT(0) ZEfIZ CAT(1)
ZEETh D,

Bl, (i) CAT(1) %2/ : S*, (n > 0). S* DFOMESR, ZoD S? ZIRE
THEY ¥ b D,

(ii) CAT(0) ZEf : E*. Wiidh3E < 0 052, HEER Y —< 25
K, Euclidean E/NT 4 7, RD 2 OOHETH LD ZEM (1) 25D
CAT(0) EMlo7a Z2 b, (2) 220 CAT(0) 22/ X, Y O5EfiMES
ACX,BCY DEERNTHDHLEE, XY 2 A BTHVAEDLELLD,
FrZ. A, B BVERJMBROG SR E,

(iii) CAT(-1) 22/ : H", (n > 0). Wi sl < —1 O5EfH. BHERKRY —
v U EARIE, BRR, EZIER YV —,

WOFERITA » b r TRARZFEREZEMSTIERTHEETH D,



BHE 2.1 X & CAT(0) =M ET %, EED 2Kz, y € X Zin SRR
7272 12T ([o,y] £23<) ., Wi o, y \CEFIARIFT D, FRIZ X 1T 7T#E,

HEBGZ2 R B2 12V CRIHBR O — B M & @it B 722, ik =ATF
o TOMBAREREND X ICBWTHRYT 52 EBN0 5, Al
TER 2RO T AERE DR y € X ITRIHHR [z, y] IT¥h > THED T 4ud
QAN

2.2 CAT(0) ZHDEREBRDHEE

CAT(0) ZERINC DN TE X D & & ZDORERIDOBIRHR BT H 21—
7 Uy F¥mE, WEhEmE, > —Z2BICEN TR DI 5,
FEf 72 CAT(0) 22 X DEREHR [+ X — X O/3EITOVTRNS,

o [RBEEREFHEOLE, [V TT 4y L), BERESDEAI
MTHD (TRDOBERD 2 SBNNE CHIHBRIC X FEIEh5)

o [TV TFT 4y TR NEBRERMMMG v ZFOL &, T
NWRY w7 LWH, y& fO T L), diIME1 D& IERS
ROBEIOESITIMEARTA X Y ICEREN, K ax yIXETH D,
BRZ 2 DDOENIE T AT Th 5,

o [MZVTT 47 THNANRRY v 7 THRVEE INXTRY v
7] ERES,

fIZoWT, =0 [BEEEE «(f) ZIRTERT D,

(f) = inf o - ()]

xzeX
EOBFEIIRDO L HIIZTEV T HND,

o t(f) =0 T, »2DHx CHEEM (=0) NERIND (TROLE
ER) LETVFT 4v 7

e t(f) > 0T, DR x THRENERE(f) NEBIND & ENA R
Uy

o t(f)EEBRTIANFELRNEERTIRY v 7 THDH, b,
Hf)=0D&E, strictly XTRY v 7 EF I L&ERH D,



IHIT, NANRY v 7 OK;, BENEREZ EB T2 o 138 Eicho, £
NIZRS, bbb Axy={re X :|z— f(z)=t(f)}

bHA, TOHNEITCAT(-) ZERICbEHTE S, ZOHE. &6
WINANRY v 7 REREHBOGIIME L > Th 5, ZIUIREhZEM H D
LEREHOEE OHFEOILRIZIE > TN D,

TV TT 4y I ERIINANNRY v I REREHREY, IV TN &
FES, —27 Uy REHE, YU —OERERIILTEI VTV TH D,
— I FEBEZE R X ICBE G DERENIEH LS L&, FBEDr e X
EEEDr > 020 T, 8 {geG: |z —g@)| <r} C GHERES
DExE, EAR TRERK] SV, ROFRIIEANTH S,

EE 2.2 CAT(0) %M X 28 G BERMI/EA L TWD &95, 1R
REfHET D, ZDEE, ge R b—VarThri s, =V
Ty THDHI LITFEE, 6T, BERX/GRar Ry Mab G D%
XTI,

HoT. X/G a2 hTGI h—a B RTIE. BALTES
A SR Y v 7 T B,

EH 2.3 (Flat torus theorem) CAT(0)ZE/H X ([ZfEHin DBHT —~
WVEEG PFERE, NEGAIERLTWS 15, FrideIv o7
Y%, ZOLE niR2—27 Yy NEREERN, G-RETHRED
ZEME" C X BWFEL, E'/G IEnkiL h—F A Th 5,

ZOFRERIT X N —~ U BRI THIE RN < 0D & &, Lawson-Yau
DEHE L TESIDOHILILTWAED, ZHIEFKRO LD ICRRBZ L
&2, TWiEE < 0DALE Y —< U BRE M IZBWT, ZOER
HRZnZEteZ e, M PR n kI flat h—F XA Z2EHrZ LI
R

3 B D CAT(0) RT

UT, BroZ20RY  fROIDHEGIZ h—Ya VERWeET 5, 1
ha &y va s THRANTZE DT, BEG & CAT(0) BfTE DREEZE 2 &
9 ET. GPEREHCRERANNEN T 555 CAT(0) 22 X D&/
otk [CAT(0) RIt) EFFDY, CAT(0)-dim(G) &EL, X/GIXK(G,1)



I THD (GITh—=YarBR0oT, EHORERMEL D ERIE
H ),

ETGOX ~OERITEI VT AL EIERERY, —fKiIcEIV T
JVIR ST E E R DFFTE, Flat torus EBHR EFND0 BLV, L1
5 Z & TLE®DCAT(0) RIEDEFRICEIER B I T v D St
HIMZT, Z2DE D7 G OERAEFHFT X OR/MNRITE CAT(0)-dimg, (G)
LEFELZLITT D, 22 X DIRITIZ topological ot, Hausdorff RIG 72
EWHIZEZ Do

GIZ b=V a 720D T, geom dim < CAT(0)-dim < CAT(0)-dim,,
Thd, HIZIEX Z" TiE, Enbn TESBRILLTWD, HHEEECD
WTIEET1I ThD, Bxldx, LULAESFVHRLLRNE S 7 G ICHB
Nhbd, T, ROX>ehlzEZ LS,

G =< a,blaba™t = b* > .

Z 3 Solvable 72 #£ T, Baumslag-Solitar # & FEZN DB DO—HITH %,
2O GIZOWT geom dim =2 IXEZITHEND LND, —FF, GII5EH
72 CAT(0) ZERICE I VU A REREBBRTIIERA LR, 20X 57
S CAT(0)-dimgs = 0o &2, EBE, BEI VU TNAREMAPRH-TL
L9, —RiCaDEBIV T NRE,

tlyay™") = t(z), t(z") = n - t(z)
THDHND, tb) = t(b*) = 2t(b). £2>TtDb) =0, LoThHiT=V T

T4y T LML, bIZ b=V a v TRVWZ EDALNTWS, ZHEfE
HAOREREICTE,

3.1 Artin (DU T® Brady-Crisp D EH

CAT(0)-dim,, 235 geom dim £ ¥ 1 72T K& RDBEG OFlE 2 DZET
%, ¥ Brady-Crisp D3 [BC|] 2> b DFERERNT D, A(m,n, p) 1FK
DFERTEZ ONDAREFREET, TArtin ] LPFHINDBHEOHITH D,

A(m,n,p) =< a,b,c[(a,b), = (b,a)m, (b,¢)n = (¢,b)n, (a,c), = (c,a), >

ZZT(a,b) 13, a THREY o, bV AREICEHNLIES mDFEE TS, f
21X (a,b)3 = aba. 1/m+1/n+1/p < 1BV NED72E, A(m,n,p) IX
2WITLDAIRR K (A, 1)-complex ZFFHOHRERRM O TWT ([CD]). geom
dim(A)=2 TH» %,



F# 3.1 (Brady-Crisp) m,n >3 Z&#E L L, A= A(m,n,2) &
ERSR

(1) A TX5EM 72 2IRTTD CAT(0) ZEMZE I L TN REFEREBRICE -
TARERNAEH TE 22U,

(2) BERREDHISNZBRNTAEED AT, 5 3RILD T 1 /3—72 CAT(0)
220 X BIFEL, A3t I v PSRRI X - TREGICHEM
L. X/AZ=au%7 k,

DF Y ERED A IOV T, CAT(0)-dimg=3 T, geom dim=2 & 1D
ZN®H D, CAT(0)-dim IZOWTIFARHATH D, T720HLEOEH (1) T
eI U7 DIREZRO TR SLONT DB 220N,

FEOBIIRIIR D L 5 Th D, A(m,n, p) B3E I T 7T 2L CAT(0)
ZEM X IEATH L LTPEREL, £7

A(m) =< a,b|(a,b),, = (b,a), >

EEFRT Do A(m) 1T A(m,n,p) DIMARETRD Z EDRMOEN TN D,
AR) = 22 ThHD, m > 20LEF, P Z2%2EFE2 5D, A = (a,b),
LEL, ZoLE

e mMMBEERL, Z =< A% >.
e mMNEELRL, 7 =< A >.

LT, zap & A(m) O Z DERRITTET D, Thbb, A2EZITA
ThD, ZODEDHE < a,z2,p >, < b, 245 > 1E, Z2IZRABITR D,
WIZ A(m,n,2) DFIZIRD 5 >DOEZHEEZE 2 D,

<A, Zap >, < b, zgp >, < b, 2y >, <cC 25 >,<a,c>.

IHBITETZ2ZEAETHY ., Lo T Flat torus EFUZ X 0 22/ X D
2, B ODOEDEECXIGT DAL FEN 5 OHET D, Znbld,
LREDHGTTHREBL TS, Thbb, 1 ZBOYHEE 2% HDOFYH
1L z,, DM, 2FH L 3FRITvOEIE VS K D1T, BERIED 2->DF
(5FEL1IFBED) 1T, DI NARY v 7 BHBOEHOEMRZ LA L,
BELELTF A DX IThRoTWVS, —FF X T2 THERTH
HZEEELETFENENIND,



3.2 Bridson Ol

KIZ Bridson D@3 [Bri] 225 DGR EZMEITT D, WD X 5 A RFR
HEEZD,

G={a,b,vy,s thyay ' =a ', 9y ' =b ' sas ' =[a,b] = tbt '}

EH 3.2 (Bridson) (1) geom dim (G)=2.

(2) G 1 35EH 72 2 IRTED CAT(0) 2T E L2 PNV RERERIZ I -
TAEBRNTAEH TE 220,

(3) &% 3WILD T m/3—72 CAT(0) 22 X BIFEL, GldkIv v
TNVIRFEREBIN & o TRERAICER L, X/GiZar 37 b,

€2 T CAT(0)-dimg,=3. geom dim=2 TH 5D, ZDHIH CAT(0)-dim (2
DWTIIRHATH D, (2) DIERNIL t(4?) I B 7 5B #YE T Baumslag-
Solitar #EZ DWW T Diggim & R TUVN D,

4 CAT(0) ZEFDEBIZR

F 413 CAT(0)-dim,s & geom dim D F ¥ FITOWTRZA, fEHD
T I geom dim DEFRIZHENLRW TRGRE] THY, T
Z AU CAT(0)-dim & geom dim DRFRIZONTE X T2\, ZDT2DITIE
CAT(0) ZZEM X ORI RV v 7 % 5 WD, NARNKY
IIERERDEE, 2O B0 iFEo A Thotz, —FH, TR
U ZRBHBIBEALUIX 1 BAE AR bk, LoT
X0l | #AAZFILEI, 20 TIHCAT(0) ZMo  iZ20
<o K7t % [Ba] [Bri | 226 %

is
ZE X DZDOD  BRry(t),vy (t),t > 025 Tas mptotic] &1E. &
DEBK BPFIELT, T TOt>0 LT, |y(t) 7 (1) < K K

W3iEoZ e, (ZD —hRTIXZ  HORT — 1T RETD), =2
D B as mptotic D& XF &L, ZD[HE X o [#

& v )& K, ZhbD FEX( ). X X( )EX
K, TTTEHERT RV XIZT /b m —HBFEL.
SEf72 CAT(0) 22 X oBRE#HIT  #ME2 #HRiC LE Rz

»n X Wz iz 95 Zi [H Wz 2
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